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Abstract In this paper, we obtain theHp1 ×Hp2 ×Hp3 →Hp boundedness for trilinear Fourier multiplier
operators, which is a trilinear analogue of the multiplier theorem of Calderón and Torchinsky [4]. Our
result improves the trilinear estimate in [22] by additionally assuming an appropriate vanishing moment
condition, which is natural in the boundedness into the Hardy space Hp for 0< p≤ 1.
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1. Introduction

For a function σ on Rn, let Tσ be the corresponding Fourier multiplier operator given by

Tσf(x) :=

∫
Rn

σ(ξ)f̂(ξ)e2πi〈x,ξ〉 dξ

for a Schwartz function f on Rn, where f̂(ξ) :=
∫
Rn f(x)e

2πi〈x,ξ〉dx is the Fourier transform

of f. The function σ is called an Lp multiplier if Tσ is bounded on Lp(Rn) for 1< p <∞.

For several decades, figuring out a sharp condition for σ to be an Lp multiplier has been

one of the most interesting problems in harmonic analysis. Although there is no complete
answer to this question, we have some satisfactory results. In 1956, Mihlin [23] proved

that σ is an Lp multiplier provided that

|∂ασ(ξ)| � |ξ|−|α|, ξ �= 0 for any multi-indices |α| ≤ [n/2]+1. (1.1)

This result was refined by Hörmander [21] who replaced (1.1) by the weaker condition

sup
k∈Z

∥∥σ(2k·)ψ̂∥∥
L2

s(R
n)

<∞ for s > n/2,

where L2
s(R

n) denotes the fractional Sobolev space on Rn and ψ is a Schwartz function on

Rn generating Littlewood–Paley functions, which will be officially defined in Section 2.1.
We also remark that s > n/2 is the best possible regularity condition for the Lp

boundedness of Tσ.

Now, we define the (real) Hardy space. Let φ be a smooth function on Rn that is

supported in {x ∈ Rn : |x| ≤ 1}, and we define φl := 2lnφ(2l·). Then the Hardy space
Hp(Rn), 0< p≤∞, consists of tempered distributions f on Rn such that

‖f‖Hp(Rn) :=
∥∥∥sup

l∈Z

∣∣φl ∗f
∣∣∥∥∥

Lp(Rn)
(1.2)

is finite. The space provides an extension to 0< p≤ 1 in the scale of classical Lp spaces
for 1< p≤∞, which is more natural and useful in many respects than the corresponding

Lp extension. Indeed, Lp(Rn) = Hp(Rn) for 1 < p ≤ ∞ and several essential operators,

such as singular integrals of Calderón–Zygmund type, that are well-behaved on Lp(Rn)
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only for 1< p≤∞ are also well-behaved on Hp(Rn) for 0< p≤ 1. Now, let S(Rn) denote

the Schwartz space on Rn and S0(R
n) be its subspace consisting of f satisfying∫

Rn

xαf(x) dx= 0 for all multi-indices α.

Then it turns out that

S0(R
n) is dense in Hp(Rn) for all 0< p <∞. (1.3)

We remark that S(Rn) is also dense in Hp(Rn) = Lp(Rn) for 1 < p < ∞, but not for
0 < p ≤ 1. See [31, Chapter III, §5.2] for more details. Moreover, as mentioned in [31,

Chapter III, §5.4], if f ∈ L1(Rn)∩Hp(Rn) for 0< p≤ 1, then∫
Rn

xαf(x) dx= 0 for all multi-indices |α| ≤ n

p
−n. (1.4)

We refer to [2, 3, 7, 31, 33] for more details.

In 1977, Calderón and Torchinsky [4] provided a natural extension of the result of

Hörmander to the Hardy space Hp(Rn) for 0 < p ≤ 1. For the purpose of investigating
Hp estimates for 0 < p ≤ 1, the operator Tσ is assumed to initially act on S0(R

n) and

then to admit an Hp-bounded extension for 0< p<∞ via density, in view of (1.3). Then

Calderón and Torchinsky proved

Theorem A [4]. Let 0< p≤ 1. Suppose that s > n/p−n/2. Then we have∥∥Tσf
∥∥
Hp(Rn)

� sup
k∈Z

∥∥σ(2k·)ψ̂∥∥
L2

s(R
n)
‖f‖Hp(Rn)

for all f ∈ S0(R
n).

For more information about the theory of Fourier multipliers, we also refer the reader

to [1, 13, 19, 20, 25, 28, 29, 30] and the references therein.
We now turn our attention to multilinear extensions of the above multiplier results. Let

m be a positive integer greater or equal to 2. For a bounded function σ on (Rn)m, let Tσ

now denote an m-linear Fourier multiplier operator given by

Tσ

(
f1, · · · ,fm

)
(x) :=

∫
(Rn)m

σ(�ξ )
( m∏

j=1

f̂j(ξj)
)
e2πi〈x,ξ1+···+ξm〉 d�ξ, �ξ := (ξ1, · · · ,ξm)

for f1, . . . ,fm ∈ S0(R
n). The first important result concerning multilinear multipliers was

obtained by Coifman and Meyer [5] who proved that if N is sufficiently large and∣∣∂αm

ξ1
· · ·∂αm

ξm
σ(ξ1, . . . ,ξm)

∣∣�α1,...,αm

∣∣(ξ1, . . . ,ξm)
∣∣−(|α1|+···+|αm|)

, (ξ1, . . . ,ξm) �= �0 (1.5)

for all |α1|+ · · ·+ |αm| ≤N , then Tσ is bounded from Lp1(Rn)×·· ·×Lpm(Rn) into Lp(Rn)

for 1 < p1, . . . ,pm < ∞ and 1 ≤ p < ∞. This result is a multilinear analogue of Mihlin’s

result in which Equation (1.1) is required, but the optimal regularity condition, such as
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|α| ≤ [n/2]+1 in Equation (1.1), is not considered in the result of Coifman and Meyer.

Afterwards, Tomita [32] provided a sharp estimate for multilinear multiplier Tσ, as a

multilinear counterpart of Hörmander’s result. Let Ψ(m) be a Schwartz function on (Rn)m

having the properties that

supp(Ψ̂(m))⊂
{
�ξ := (ξ1, . . . ,ξm) ∈ (Rn)m : 1/2≤ |�ξ| ≤ 2

}
,

∑
j∈Z

Ψ̂(m)(2−j�ξ) = 1, �ξ �= �0.

For s≥ 0, we define the Sobolev norm

‖F‖L2
s((R

n)m) :=
(∫

(Rn)m

(
1+4π2|�ξ|2

)s∣∣F̂ (�ξ)
∣∣2 d�ξ)1/2. (1.6)

Theorem B [32]. Let 1< p,p1, . . . ,pm <∞ with 1/p= 1/p1+ · · ·+1/pm. Suppose that

sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

s((R
n)m)

<∞

for s >mn/2. Then we have

∥∥Tσ

(
f1, . . . ,fm

)∥∥
Lp � sup

k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

s((R
n)m)

m∏
j=1

‖fj‖Lpj (Rn) (1.7)

for f1, . . . ,fm ∈ S0(R
n).

The standard Sobolev space L2
s((R

n)m) in Equation (1.7) is replaced by a product-type

Sobolev space in many recent papers.

Theorem C [14, 15, 18, 24]. Let 0 < p1, . . . ,pm ≤∞ and 0 < p <∞ with 1/p = 1/p1+

· · ·+1/pm. Suppose that

s1, . . . ,sm >
n

2
,

∑
j∈J

(sj
n

− 1

pj

)
>−1

2
(1.8)

for any nonempty subsets J of {1, . . . ,m}, and

sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

(s1,...,sm)
((Rn)m)

<∞. (1.9)

Then we have

∥∥Tσ

(
f1, . . . ,fn

)∥∥
Lp(Rn)

� sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

(s1,...,sm)
((Rn)m)

m∏
j=1

‖fj‖Hpj (Rn) (1.10)

for f1, . . . ,fm ∈ S0(R
n).

Here, the space L2
(s1,...,sm)((R

n)m) indicates the product type Sobolev space on (Rn)m,

in which the norm is defined by replacing the term (1+4π2|�ξ|2)s in Equation (1.6) by
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∏m
j=1

(
1+4π2|ξj |2

)sj
. It is known in [27] that the condition (1.8) is sharp in the sense that

if the condition does not hold, then there exists σ such that the corresponding operator Tσ

does not satisfy Equation (1.10). We also refer the reader to [6, 11] for weighted estimates

for multilinear Fourier multipliers.

As an extension of Theorem A to the whole range 0<p1, . . . ,pm ≤∞, in the recent paper
of the authors, Lee, Heo, Hong, Park and Yang [22], we provide a multilinear multiplier

theorem with standard Sobolev space conditions.

Theorem D [22]. Let 0 < p1, · · · ,pm ≤∞ and 0 < p <∞ with 1/p = 1/p1+ · · ·+1/pm.

Suppose that

s >
mn

2
and

1

p
− 1

2
<

s

n
+
∑
j∈J

( 1

pj
− 1

2

)
(1.11)

for any subsets J of {1, . . . ,m}, and

sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

s((R
n)m)

<∞. (1.12)

Then we have

∥∥Tσ(f1, . . . ,fm)‖Lp(Rn) � sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

s((R
n)m)

m∏
j=1

‖fj‖Hpj (Rn) (1.13)

for f1, . . . ,fm ∈ S0(R
n).

The optimality of the condition (1.11) was achieved by Grafakos, He and Hónzik [12]
who proved that if Equation (1.13) holds, then we must necessarily have s ≥mn/2 and

1/p−1/2≤ s/n+
∑

j∈J

(
1/p−1/2

)
for all subsets J of {1, . . . ,m}.

We remark that in the bilinear case m = 2, Theorem D follows from Theorem C
as Equation (1.11) implies the existence of s1 and s2, with s1 + s2 = s, satisfying

Equation (1.8). This is well described in the first proof of Theorem D in [22]. However,

when m≥ 3, this inclusion is not evident even if similar types of regularity conditions are
required in both theorems.

Unlike the estimate in Theorem A, the multilinear extensions in Theorems C and D

consider the Lebesgue space Lp as a target space when p ≤ 1 (recall that Lp = Hp for

1< p <∞).
If a function σ on (Rn)m satisfies Equation (1.9) for s1, . . . ,sm > n/2 or (1.12) for

s > mn/2, then Theorems C and D imply that Tσ(f1, . . . ,fm) ∈ L1 for all f1, . . . ,fm ∈
S0(R

n). Therefore, in order for Tσ(f1, . . . ,fm) to belong to Hp(Rn) for 0< p≤ 1, it should
be necessary that ∫

Rn

xαTσ

(
f1, . . . ,fm

)
dx= 0 for |α| ≤ n

p
−n, (1.14)
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in view of Equation (1.4). However, this property is generally not guaranteed, even if all

the functions f1, . . . ,fm satisfy the moment conditions, in the multilinear setting, while,

in the linear case,∫
Rn

xαf(x) dx= 0, |α| ≤N implies

∫
Rn

xαTσf(x) dx= 0, |α| ≤N

for N ≥ 0. Recently, by imposing additional cancellation conditions corresponding to

(1.14), Grafakos, Nakamura, Nguyen and Sawano [16, 17] obtain a mapping property

into Hardy spaces for Tσ.

Theorem E [16, 17]. Let 0< p1, · · · ,pm ≤∞ and 0< p≤ 1 with 1/p= 1/p1+ · · ·+1/pm.
Let N be sufficiently large and σ satisfy Equation (1.5) for all multi-indices |α1|+ · · ·+
|αm| ≤N . Suppose that ∫

Rn

xαTσ

(
a1, . . . ,am

)
(x) dx= 0

for all multi-indices |α| ≤ n
p −n, where aj’s are (pj,∞)-atoms. Then we have

∥∥Tσ(f1, . . . ,fm)
∥∥
Hp(Rn)

�σ,N

m∏
j=1

‖fj‖Hpj (Rn) (1.15)

for f1, . . . ,fm ∈ S0(R
n).

Here, the (p,∞)-atom is similar, but more generalized concept than Hp-atoms defined

in Section 2, and we adopt the convention that (∞,∞)-atom a simply means a∈L∞(Rn)

with no cancellation condition. See [16, 17] for the definition and properties of the (p,∞)-
atom.

We remark that Theorem E successfully shows the boundedness into Hp(Rn), but the

optimal regularity conditions considered in Theorems C and D are not pursued at all as
it requires sufficiently large N.

The aim of this paper is to establish the boundedness into Hp for trilinear multiplier

operators, analogous to Equation (1.15), with the same regularity conditions as in

Theorem D, which is significantly more difficult in general. Unfortunately, we do not
obtain the desired results for general m-linear operators for m ≥ 4 and we will discuss

some obstacles for this generalization in the appendix.

To state our main result, let us write Ψ := Ψ(3) and in what follows, we will use the
notation

L2
s[σ] := sup

k∈Z

∥∥σ(2k�· )Ψ̂∥∥
L2

s((R
n)3)

for a function σ on (Rn)3. Let 0 < p ≤ 1, and we will consider trilinear multipliers σ

satisfying ∫
Rn

xαTσ

(
f1,f2,f3

)
(x) dx= 0 for all multi-indices |α| ≤ n

p
−n (1.16)

for all f1,f2,f3 ∈ S0(R
n). Then the main result is as follows:
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Theorem 1. Let 0< p1,p2,p3 <∞ and 0< p≤ 1 with 1/p= 1/p1+1/p2+1/p3. Suppose

that

s >
3n

2
and

1

p
− 1

2
<

s

n
+
∑
j∈J

( 1

pj
− 1

2

)
, (1.17)

where J is an arbitrary subset of {1,2,3}. Let σ be a function on (Rn)3 satisfying L2
s[σ]<∞

and the vanishing moment condition (1.16). Then we have∥∥Tσ(f1,f2,f3)
∥∥
Hp(Rn)

� L2
s[σ]‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)‖f3‖Hp3 (Rn) (1.18)

for f1,f2,f3 ∈ S0(R
n).

We remark that (1/p1,1/p2,1/p3) in Theorem 1 is contained in one of the following sets:

R0 :=
{
(t1,t2,t3) : 0< t1,t2,t3 < 1, 0< t1+ t2,t2+ t3,t3+ t1 < 3/2, 1≤ t1+ t2+ t3 < 2

}
,

Ri :=
{
(t1,t2,t3) : 0< tj < 1/2, 1≤ ti <∞, j �= i

}
, i = 1,2,3,

R4 :=
{
(t1,t2,t3) : 0< t3 < 1/2, 1/2≤ t1,t2 <∞, 3/2≤ t1+ t2

}
,

R5 :=
{
(t1,t2,t3) : 0< t1 < 1/2, 1/2≤ t2,t3 <∞, 3/2≤ t2+ t3

}
,

R6 :=
{
(t1,t2,t3) : 0< t2 < 1/2, 1/2≤ t1,t3 <∞, 3/2≤ t1+ t3

}
,

R7 :=
{
(t1,t2,t3) : 1/2≤ t1,t2,t3 <∞, 2≤ t1+ t2+ t3 <∞

}
.

See Figure 1 for the regions Ri. Then the condition (1.17) becomes

s >

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3n/2, (1/p1,1/p2,1/p3) ∈ R0,

n/pi+n/2, (1/p1,1/p2,1/p3) ∈ Ri, i = 1,2,3

n/p1+n/p2, (1/p1,1/p2,1/p3) ∈ R4,

n/p2+n/p3, (1/p1,1/p2,1/p3) ∈ R5,

n/p3+n/p1, (1/p1,1/p2,1/p3) ∈ R6,

n/p1+n/p2+n/p3−n/2, (1/p1,1/p2,1/p3) ∈ R7.

(1.19)

In the proof of Theorem 1, we will mainly focus on the case (1/p1,1/p2,1/p3) ∈ Ri,

i = 1,2,3, in which s > n/pi + n/2 is required. Then the remaining cases follow from
interpolation methods. More precisely, via interpolation,

the estimates (1.18) in R1 and R2 ⇒ the estimate (1.18) in R4,

the estimates (1.18) in R2 and R3 ⇒ the estimate (1.18) in R5,

the estimates (1.18) in R3 and R1 ⇒ the estimate (1.18) in R6,

the estimates (1.18) in R1,R2, and R3 ⇒ the estimate (1.18) in R0,

the estimates (1.18) in R1,R2, and R3 ⇒ the estimate (1.18) in R7,

where the case 1/p1+1/p2+1/p3 =1 for (1/p1,1/p2,1/p3)∈R0 will be treated separately.
Here, a complex interpolation method will be applied, but the regularity condition on s

will be fixed. Moreover, the index p will be also fixed so that the vanishing moment

condition (1.16) will not be damaged in the process of the interpolation. For example,
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Figure 1. The regions Ri, 0≤ i≤ 7.

when (1/p1,1/p2,1/p3) ∈ R4, we set s > n/p1 + n/p2 and fix the index p with 1/p =

1/p1+1/p2+1/p3. We also fix σ satisfying the vanishing moment condition (1.16). Now,

we choose (1/p01,1/p
0
2,1/p3) ∈R1 and (1/p11,1/p

1
2,1/p3) ∈ R2 so that

s > n/p01+n/2, s > n/p12+n/2,

1/p= 1/p01+1/p02+1/p3 = 1/p11+1/p12+1/p3.

Then the two estimates

‖Tσ‖Hp01×Hp02×Hp3→Hp
,‖Tσ‖Hp11×Hp12×Hp3→Hp

� L2
s[σ]

imply

‖Tσ‖Hp1×Hp2×Hp3→Hp � L2
s[σ].

The detailed arguments concerning the interpolation (for all the cases) will be provided
in Section 3.

The estimates for (1/p1,1/p2,1/p3) ∈ Ri, i = 1,2,3, will be restated in Proposition 3.1

below, and they will be proved throughout three sections (Sections 5–7). Since one of
pj ’s is less or equal to 1, we benefit from the atomic decomposition for the Hardy

space. Moreover, for other indices greater than 2, we employ the techniques of (variant)

ϕ-transform, introduced by Frazier and Jawerth [8, 9, 10] and Park [26], which will be
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presented in Section 2. Then Tσ(f1,f2,f3) can be decomposed in the form

Tσ(f1,f2,f3) =
∑
κ∈K

Tκ(f1,f2,f3)

where K is a finite set, and then we will actually prove that each Tκ(f1,f2,f3) satisfies

the estimate

sup
l∈Z

∣∣φl ∗
(
Tκ(f1,f2,f3)

)
(x)

∣∣� L2
s[σ]u1(x)u2(x)u3(x), (1.20)

where ‖ui‖Lpi (Rn) � ‖fi‖Hpi (Rn) for i = 1,2,3. Since the above estimate separates the left-

hand side into three functions of x, we may apply Hölder’s inequality with exponents

1/p= 1/p1+1/p2+1/p3 to obtain, in view of Equation (1.2),

∥∥Tκ(f1,f2,f3)
∥∥
Hp(Rn)

=
∥∥∥sup

l∈Z

∣∣φl ∗
(
Tκ(f1,f2,f3)

)∣∣∥∥∥
Lp(Rn)

� L2
s[σ]‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)‖f3‖Hp3 (Rn).

Such pointwise estimates (1.20) will be described in several lemmas in Sections 6 and 7,

and the proofs will be given in Section 9 separately, which is one of the keys in this paper.

Notation

For a cube Q in Rn let xQ be the lower left corner of Q and �(Q) be the side-length of Q.
We denote by Q∗, Q∗∗ and Q∗∗∗ the concentric dilates of Q with �(Q∗) = 10

√
n�(Q),

�(Q∗∗) =
(
10
√
n
)2
�(Q) and �(Q∗∗∗) =

(
10
√
n
)3
�(Q). Let D stand for the family of all

dyadic cubes in Rn and Dj be the subset of D consisting of dyadic cubes of side-length

2−j . For each x ∈ Rn and l ∈ Z, let Bl
x := B(x,100n2−l) be the ball of radius 100n2−l

and center x. We use the notation 〈·〉 to denote both the inner product of functions

and 〈y〉 := (1+4π2|y|2)1/2 for y ∈ RM , M ∈ N. That is, 〈f,g〉 =
∫
Rn f(x)g(x)dx for two

functions f and g, and 〈x1〉 := (1+4π2|x1|2)1/2, 〈(x1,x2)〉 :=
(
1+4π2(|x1|2 + |x2|2)

)1/2
for x1,x2 ∈ Rn.

2. Preliminaries

2.1. Hardy spaces

Let θ be a Schwartz function on Rn such that supp(θ̂) ⊂ {ξ ∈ Rn : |ξ| ≤ 2} and θ̂(ξ) = 1

for |ξ| ≤ 1. Let ψ := θ− 2−nθ(2−1·), and for each j ∈ Z we define θj := 2jnθ(2j ·) and

ψj := 2jnψ(2j ·). Then {ψj}j∈Z forms a Littlewood–Paley partition of unity, satisfying

supp(ψ̂j)⊂
{
ξ ∈ Rn : 2j−1 ≤ |ξ| ≤ 2j+1

}
and

∑
j∈Z

ψ̂j(ξ) = 1, ξ �= 0.

We define the convolution operators Γj and Λj by

Γjf := θj ∗f, Λjf := ψj ∗f.
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The Hardy space Hp(Rn) can be characterized with the (quasi-)norm equivalences

‖f‖Hp(Rn) ∼
∥∥{Γjf

}
j∈Z

∥∥
Lp(�∞)

, 0< p≤∞ (2.1)

and

‖f‖Hp(Rn) ∼
∥∥{Λjf

}
j∈Z

∥∥
Lp(�2)

, 0< p <∞, (2.2)

which is the Littlewood–Paley theory for Hardy spaces. In addition, when p ≤ 1, every

f ∈Hp(Rn) can be decomposed as

f =

∞∑
k=1

λkak in the sense of tempered distributions, (2.3)

where ak’s are Hp-atoms having the properties that supp(ak) ⊂ Qk, ‖ak‖L∞(Rn) ≤
|Qk|−1/p for some cube Qk,

∫
xγak(x)dx = 0 for all multi-indices |γ| ≤ M , and(∑∞

k=1 |λk|p
)1/p � ‖f‖Hp(Rn), where M is a fixed integer satisfying M ≥ [n/p− n]+,

which may be actually arbitrarily large. Furthermore, each Hp-atom ak satisfies

‖ak‖H1(Rn) � |Qk|−1/p+1.

2.2. Maximal inequalities

Let M denote the Hardy–Littlewood maximal operator, defined by

Mf(x) := sup
Q:x∈Q

1

|Q|

∫
Q

|f(y)|dy

for a locally integrable function f on Rn, where the supremum ranges over all cubes Q

containing x. For given 0< r <∞, we define Mrf :=
(
M
(
|f |r

))1/r
. Then it is well-known

that ∥∥{Mrfk
}
k∈Z

∥∥
Lp(�q)

� ‖{fk}k∈Z‖Lp(�q) (2.4)

whenever r < p <∞ and r < q ≤∞. We note that for 1≤ r <∞∥∥∥∥f(x−·)
〈2j ·〉t

∥∥∥∥
Lr(Rn)

� 2−jn/rMrf(x) if t > n/r. (2.5)

For m ∈ Zn and any dyadic cubes Q ∈ D, we use the notation

Q(m) :=Q+ �(Q)m.

Then we define the dyadic shifted maximal operator Mm
dyad by

Mm
dyadf(x) := sup

Q∈D:x∈Q

1

|Q|

∫
Q(m)

|f(y)|dy,

where the supremum is taken over all dyadic cubes Q containing x. It is clear that

M0
dyadf(x)≤Mf(x) and accordingly, M0

dyad is bounded on Lp for p > 1. In general, the
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following maximal inequality holds: For 1< p <∞ and m ∈ Zn we have∥∥Mm
dyadf

∥∥
Lp(Rn)

�
(
log (10+ |m|)

)n/p ‖f‖Lp(Rn). (2.6)

The inequality (2.6) follows from the repeated use of the inequality in one-dimensional
setting that appears in [31, Chapter II, §5.10], and we omit the detailed proof here. Refer

to [22, Appendix] for the argument.

2.3. Variants of ϕ-transform

For a sequence of complex numbers b := {bQ}Q∈D, we define

‖b‖ḟp,q :=
∥∥gq(b)∥∥

Lp(Rn)

for 0< p <∞, where

gq(b)(x) :=
∥∥{|bQ||Q|−1/2χQ(x)

}
Q∈D

∥∥
�q
, 0< q ≤∞.

Let ψ̃j :=ψj−1+ψj+ψj+1 for j ∈Z. Observe that ψ̃j enjoys the properties that supp(
̂̃
ψ)⊂

{ξ ∈ Rn : 2j−2 ≤ |ξ| ≤ 2j+2} and ψj = ψj ∗ ψ̃j . Then we have the representation

Λjf(x) =
∑

Q∈Dj

bQψ
Q(x), (2.7)

where ψQ(x) := |Q|1/2ψj(x− xQ), ψ̃Q(x) := |Q|1/2ψ̃j(x− xQ) for each Q ∈ Dj , and

bQ = 〈f,ψ̃Q〉. This implies that

f =
∑
j∈Z

Λjf =
∑
j∈Z

∑
Q∈Dj

bQψ
Q in S ′/P,

where S ′/P stands for a tempered distribution modulo polynomials. Moreover, in this

case, we have

‖b‖ḟp,q ∼
∥∥{Λjf}j∈Z

∥∥
Lp(�q)

. (2.8)

Therefore, the Hardy space Hp(Rn) can be characterized by the discrete function space

ḟp,2, in view of the equivalence in Equation (2.2). We refer to [8, 9, 10] for more details.
It is also known in [26] that Γjf has a representation analogous to (2.7) with

an equivalence similar to (2.8), while f �=
∑

j∈Z
Γjf generally. Let θ̃ := 2nθ(2·) and

θ̃j := 2jnθ̃(2j ·) = θj+1 so that θj = θj ∗ θ̃j . Let θQ(x) := |Q|1/2θj(x− xQ), θ̃Q(x) :=

|Q|1/2θ̃j(x−xQ), and bQ = 〈f,θ̃Q〉 for each Q ∈ Dj . Then we have

Γjf(x) =
∑

Q∈Dj

bQθ
Q(x) (2.9)

and for 0< p <∞ and 0< q ≤∞∥∥{Γjf}j∈Z

∥∥
Lp(�q)

∼ ‖b‖ḟp,q . (2.10)

We refer to [26, Lemma 3.1] for more details.
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3. Proof of Theorem 1: reduction and interpolation

The proof of Theorem 1 can be obtained by interpolating the estimates in the following
propositions.

Proposition 3.1. Let 0 < p1,p2,p3 < ∞ and 0 < p < 1 with 1/p = 1/p1 +1/p2 +1/p3.

Suppose that (1/p1,1/p2,1/p3) ∈ R1∪R2∪R3 and

s >
n

min{p1,p2,p3}
+

n

2
.

Let σ be a function on (Rn)3 satisfying L2
s[σ] <∞ and the vanishing moment condition

(1.16). Then we have∥∥Tσ(f1,f2,f3)
∥∥
Hp(Rn)

� L2
s[σ]‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)‖f3‖Hp3 (Rn)

for f1,f2,f3 ∈ S0(R
n).

Proposition 3.2. Let 0< p≤ 1. Suppose that one of p1,p2,p3 is equal to p and the other

two are infinity. Suppose that s > n/p+ n/2. Let σ be a function on (Rn)3 satisfying
L2
s[σ]<∞ and the vanishing moment condition (1.16). Then we have∥∥Tσ(f1,f2,f3)

∥∥
Hp(Rn)

� L2
s[σ]‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)‖f3‖Hp3 (Rn)

for f1,f2,f3 ∈ S0(R
n).

We present the proof of Proposition 3.1 in Sections 5, 6 and 7 and that of Proposition 3.2
in Section 8. For now, we proceed with the following interpolation argument, simply

assuming the above propositions hold.

Lemma 3.1. Let 0< p01,p
0
2,p

0
3 ≤∞, 0< p11,p

1
2,p

1
3 ≤∞ and 0< p0,p1 <∞. Suppose that∥∥Tσ

∥∥
Hpl1×Hpl2×Hpl3→Hpl

� A, l = 0,1.

Then for any 0< θ < 1, 0< p1,p2,p3 ≤∞ and 0< p <∞ satisfying

1/pj = (1−θ)/p0j +θ/p1j for j = 1,2,3,

1/p= (1−θ)/p0+θ/p1,

we have

‖Tσ‖Hp1×Hp2×Hp3→Hp � A.

The proof of the lemma is essentially same as that of [22, Lemma 2.4], so it is omitted

here.

3.1. Proof of Equation (1.18) when (1/p1,1/p2,1/p3) ∈ R4∪R5∪R6

We need to work only with (1/p1,1/p2,1/p3)∈R4 since the other cases are just symmetric
versions. In this case, 2 < p3 < ∞ and as mentioned in Equation (1.19), the condition

(1.17) is equivalent to

s > n/p1+n/p2.

https://doi.org/10.1017/S1474748023000518 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748023000518


Trilinear Fourier multipliers on Hardy spaces 2229

Now, choose p̃1,p̃2 < 1 such that

1/p1+1/p2 = 1/p̃1+1/2 = 1/2+1/p̃2

and thus

s > n/p̃1+n/2, s > n/2+n/p̃2.

Let ε1,ε2 > 0 be numbers with

s > n/(p̃1− ε1)+n/2, s > n/2+n/(p̃2− ε2)

and select q1,q2 > 2 such that

1/p= 1/(p̃1− ε1)+1/q1+1/p3 = 1/q2+1/(p̃2− ε2)+1/p3.

Then we observe that

(1−θ)
( 1

p̃1− ε1
,
1

q1
,
1

p3

)
+θ

( 1

q2
,

1

p̃2− ε2
,
1

p3

)
=
( 1

p1
,
1

p2
,
1

p3

)
for some 0< θ < 1. Let C1 := (1/(p̃1− ε1),1/q1,1/p3) and C2 := (1/q2,1/(p̃2− ε2),1/p3). It

is obvious that C1 ∈ R1, C2 ∈ R2, and thus it follows from Proposition 3.1 that

‖Tσ‖Hp̃1−ε1×Hq1×Hp3→Hp � L2
s[σ] at C1 = (1/(p̃1− ε1),1/q1,1/p3) ∈ R1,

‖Tσ‖Hq2×Hp̃2−ε2×Hp3→Hp � L2
s[σ] at C2 = (1/q2,1/(p̃2− ε2),1/p3) ∈ R2.

Finally, the assertion (1.18) for (1/p1,1/p2,1/p3)∈R4 is derived by means of interpolation

in Lemma 3.1. See Figure 2 for the interpolation.

3.2. Proof of Equation (1.18) when (1/p1,1/p2,1/p3) ∈ R0

We first fix 1/2 < p < 1 such that 1/p1+1/p2+1/p3 = 1/p and assume that, in view of
Equation (1.19),

s > 3n/2 = n/1+n/2.

Then we choose 2 < p0 < ∞ such that 1 + 1/2 + 1/p0 = 1/p. Then it is clear that
(1/p1,1/p2,1/p3) is located inside the hexagon with the vertices (1,1/p0,1/2), (1,1/2,1/p0),

(1/2,1,1/p0), (1/p0,1,1/2), (1/p0,1/2,1) and (1/2,1/p0,1). Now, we choose a sufficiently

small ε > 0 and 2< p̃0 <∞ such that

1

2+ ε
+

1

p̃0
=

1

2
+

1

p0
,

and the point (1/p1,1/p2,1/p3) is still inside the smaller hexagon with D1 :=
(1,1/p̃0,1/(2 + ε)), D2 := (1,1/(2 + ε),1/p̃0), D3 := (1/(2 + ε),1,1/p̃0), D4 := (1/p̃0,1,1/

(2 + ε)), D5 := (1/p̃0,1/(2 + ε),1), and D6 := (1/(2 + ε),1/p̃0,1). Now, Proposition 3.1

deduces that ∥∥Tσ

∥∥
Hq1×Hq2×Hq3→Hp � L2

s[σ]
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Figure 2. (1− θ)
(

1
p̃1−ε1

, 1
q1

, 1
p3

)
+ θ

(
1
q2

, 1
p̃2−ε2

, 1
p3

)
= ( 1

p1
, 1
p2

, 1
p3

) ∈ R4.

Figure 3.
(

1
p1

, 1
p2

, 1
p3

)
∈ R0.

for (1/q1,1/q2,1/q3) ∈ {D1,D2,D3,D4,D5,D6}, as D1,D2 ∈ R1, D3,D4 ∈ R2 and D5,

D6 ∈ R3. This implies, via interpolation in Lemma 3.1,∥∥Tσ(f1,f2,f3)
∥∥
Hp(Rn)

� L2
s[σ]‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)‖f3‖Hp3 (Rn).

See Figure 3 for the interpolation.

For the case p = 1, we interpolate the estimates in Proposition 3.2. To be specific, for
any given 0 < p1,p2,p3 <∞ with 1/p1+1/p2+1/p3 = 1, the estimate (1.18) with p = 1

follows from interpolating∥∥Tσ(f1,f2,f3)
∥∥
H1(Rn)

� L2
s[σ]‖f1‖H1(Rn)‖f2‖H∞(Rn)‖f3‖H∞(Rn),∥∥Tσ(f1,f2,f3)

∥∥
H1(Rn)

� L2
s[σ]‖f1‖H∞(Rn)‖f2‖H1(Rn)‖f3‖H∞(Rn),∥∥Tσ(f1,f2,f3)

∥∥
H1(Rn)

� L2
s[σ]‖f1‖H∞(Rn)‖f2‖H∞(Rn)‖f3‖H1(Rn).
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Figure 4. θ1
(

1
p0−ε

, 1
q
, 1
q

)
+ θ2

(
1
q
, 1
p0−ε

, 1
q

)
+ θ3

(
1
q
, 1
q
, 1
p0−ε

)
=

(
1
p1

, 1
p2

, 1
p3

)
∈ R7.

3.3. Proof of Equation (1.18) when (1/p1,1/p2,1/p3) ∈ R7

Let 0< p≤ 1/2 be such that 1/p= 1/p1+1/p2+1/p3, and assume that

s > n/p−n/2.

We choose 0< p0 ≤ 1, satisfying 1/p0+1 = 1/p, so that

s > n/p0+n/2.

Then there exist ε > 0 and 2 < q < ∞ so that s > n/(p0 − ε) + n/2 and 1/p = 1/

(p0 − ε) + 2/q. Let E1 :=
(
1/(p0 − ε),1/q,1/q

)
, E2 :=

(
1/q,1/(p0 − ε),1/q

)
, and E3 :=(

1/q,1/q,1/(p0 − ε)
)
. Then it is immediately verified that E1 ∈ R1, E2 ∈ R2, E3 ∈ R3,

and

θ1

( 1

(p0− ε)
,
1

q
,
1

q

)
+θ2

(1
q
,

1

(p0− ε)
,
1

q

)
+θ3

(1
q
,
1

q
,

1

(p0− ε)

)
=
( 1

p1
,
1

p2
,
1

p3

)
for some 0< θ1,θ2,θ3 < 1 with θ1+θ2+θ3 = 1. Therefore, Proposition 3.1 yields that

‖Tσ‖Hp0−ε×Hq×Hq→Hp � L2
s[σ] at E1 =

(
1/(p0− ε),1/q,1/q

)
∈ R1,

‖Tσ‖Hq×Hp0−ε×Hq→Hp � L2
s[σ] at E2 =

(
1/q,1/(p0− ε),1/q

)
∈ R2,

‖Tσ‖Hq×Hq×Hp0−ε→Hp � L2
s[σ] at E3 =

(
1/q,1/q,1/(p0− ε)

)
∈ R3,

and using the interpolation method in Lemma 3.1, we conclude the estimate (1.18) holds

for (1/p1,1/p2,1/p3) ∈ R7. See Figure 4 for the interpolation.

4. Auxiliary lemmas

This section is devoted to providing several technical results which will be repeatedly

used in the proof of Propositions 3.1 and 3.2.
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Lemma 4.1. Let N ∈N and a ∈Rn. Suppose that a Schwartz function f, defined on Rn,
satisfies ∫

Rn

xαf(x)dx= 0 for all multi-indices α with |α| ≤N. (4.1)

Then for any 0≤ ε≤ 1, there exists a constant Cε > 0 such that

∥∥φl ∗f
∥∥
L∞(Rn)

≤ Cε2
l(N+n+ε)

∫
Rn

|y−a|N+ε|f(y)| dy.

Proof. Using the Taylor theorem for φl, we write

φl(x−y) =
∑

|α|≤N−1

∂αφl(x−a)

α!
(a−y)α

+N
∑

|α|=N

1

α!

(∫ 1

0

(1− t)N−1∂αφl

(
x−a+ t(a−y)

)
dt
)
(a−y)α.

Then it follows from the condition (4.1) that

∣∣φl ∗f(x)
∣∣�N

∑
|α|=N

∣∣∣∫
Rn

(∫ 1

0

(1− t)N−1∂αφl

(
x−a+ t(a−y)

)
dt
)
(a−y)αf(y) dy

∣∣∣
�N

∑
|α|=N

∣∣∣∫
Rn

[∫ 1

0

(1− t)N−1∂αφl

(
x−a+ t(a−y)

)
dt

−
∫ 1

0

(1− t)N−1∂αφl(x−a)dt
]
(a−y)αf(y) dy

∣∣∣
�

∑
|α|=N

∫
Rn

(∫ 1

0

∣∣∂αφl

(
x−a+ t(a−y)

)
−∂αφl(x−a)

∣∣dt)|y−a|N |f(y)| dy.

For |α|=N , we note that∣∣∂αφl

(
x−a+ t(a−y)

)
−∂αφl(x−a)

∣∣� 2l(N+n+1)|y−a| (4.2)

and ∣∣∂αφl

(
x−a+ t(a−y)

)
−∂αφl(x−a)

∣∣
≤
∣∣∂αφl

(
x−a+ t(a−y)

)∣∣+ ∣∣∂αφl(x−a)
∣∣� 2l(N+n). (4.3)

Then by averaging both Equation (4.2) and Equation (4.3), we obtain that∣∣∂αφl

(
x−a+ t(a−y)

)
−∂αφl(x−a)

∣∣�ε 2
l(N+n+ε)|y−a|ε, 0≤ ε≤ 1,

which completes the proof.

Now, we recall that ψ̃j = ψj−1+ψj +ψj+1 and θ̃j = 2nθj(2·), and then define Λ̃jg :=

ψ̃j ∗g and Γ̃jg := θ̃j ∗g.
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Lemma 4.2. Let 2≤ q <∞, s > n/q, and L> n,s. Let ϕ be a function on Rn satisfying

|ϕ(x)| �M
1

(1+ |x|)M for all M > 0.

For j ∈ Z and for each Q ∈ Dj, let

ϕQ(x) := 2jn/2ϕ
(
2j(x−xQ)

)
,

and for a Schwartz function g on Rn let

BQ(g) :=
〈∣∣Λ̃jg

∣∣, 2jn/2

〈2j(·−xQ)〉L
〉

or
〈∣∣Γ̃jg

∣∣, 2jn/2

〈2j(·−xQ)〉L
〉
.

Then we have ∥∥∥∥ ∑
Q∈Dj

|BQ(g)|
χQc(x)

〈2j(x−xQ)〉s
∣∣ϕQ(z)

∣∣∥∥∥∥
Lq(z)

�L 2−jn/q

( ∑
Q∈Dj

(
|BQ(g)||Q|−1/2 χQc(x)

〈2j(x−xQ)〉s
)q)1/q

.

Proof. For 2≤ q <∞, we have( ∑
Q∈Dj

|BQ(g)|
χQc(x)

〈2j(x−xQ)〉s
∣∣ϕQ(z)

∣∣)q

�
( ∑

Q∈Dj

|BQ(g)|q/2
χQc(x)

〈2j(x−xQ)〉qs/2
∣∣ϕQ(z)

∣∣)2( ∑
Q∈Dj

∣∣ϕQ(z)
∣∣)q−2

,

where Hölder’s inequality is applied if 2< q <∞. Clearly,( ∑
Q∈Dj

∣∣ϕQ(z)
∣∣)q−2

�M 2jn(q−2)/2
( ∑

Q∈Dj

1

〈2j(z−xQ)〉M
)q−2

= 2jn(q−2)/2
( ∑

m∈Zn

1

〈2jz−m〉M
)q−2

�M 2jn(q−2)/2

for sufficiently large M > n. Therefore, the left-hand side of the claimed estimate is less

than a constant times

2jn(1/2−1/q)
∥∥∥ ∑
Q∈Dj

|BP (g)|q/2
χQc(x)

〈2j(x−xQ)〉qs/2
∣∣ϕQ(z)

∣∣∥∥∥2/q
L2(z)

. (4.4)

The L2 norm is dominated by( ∑
Q∈Dj

|BQ(g)|q/2
χQc(x)

〈2j(x−xQ)〉qs/2
∑
R∈Dj

|BR(g)|q/2
1

〈2j(x−xR)〉qs/2
〈
|ϕQ|,|ϕR|

〉)1/2
.

https://doi.org/10.1017/S1474748023000518 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748023000518


2234 J. B. Lee and B. J. Park

Note that 〈
|ϕQ|,|ϕR|

〉
�q,L

1

〈2j(xQ−xR)〉3Lq/2

and thus the preceding term is controlled by a constant multiple of( ∑
Q∈Dj

∣∣BQ(g)
∣∣q χQc(x)

〈2j(x−xQ)〉qs
∑
R∈Dj

1

〈2j(xQ−xR)〉Lq/2

)1/2
.

Here, we used the facts that ∣∣BR(g)
∣∣

(1+2j |xQ−xR|)L
≤
∣∣BQ(g)

∣∣
and

1

〈2j(x−xR)〉qs/2〈2j(xQ−xR)〉Lq/2
≤ 1

〈2j(x−xQ)〉qs/2
.

Since the sum over R ∈ Dj converges, we deduce

(4.4) � 2−jn/q

( ∑
Q∈Dj

(∣∣BQ(g)
∣∣|Q|−1/2 χQc(x)

〈2j(x−xQ)〉s
)q)1/q

and thus the desired result follows.

Lemma 4.3. Let 2≤ p,q <∞, s > n/min{p,q} and L > n,s. For j ∈ Z and Q ∈ Dj, let

BQ(g) :=
〈∣∣Λ̃jg

∣∣, 2jn/2

〈2j(·−xQ)〉L
〉
,

where g is a Schwartz function on Rn. Then we have∥∥∥∥
(∑

j∈Z

∑
Q∈Dj

(∣∣BQ(g)
∣∣|Q|−1/2 χQc(·)

〈2j(·−xQ)〉s
)q)1/q∥∥∥∥

Lp(Rn)

� ‖g‖Lp(Rn). (4.5)

Proof. It is easy to verify that for Q ∈ Dj

1

〈2j |x−xQ|〉s
χQc(x) � Mn

s
χQ(x)

and thus the left-hand side of Equation (4.5) is less than a constant multiple of∥∥∥∥
(∑

Q∈D

(∣∣BQ(g)
∣∣|Q|−1/2Mn

s
χQ(·)

)q)1/q∥∥∥∥
Lp(Rn)

�
∥∥∥∥
(∑

Q∈D

(∣∣BQ(g)
∣∣|Q|−1/2χQ(·)

)q)1/q∥∥∥∥
Lp(Rn)
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by virtue of the maximal inequality (2.4) with s > n/min{p,q}. We see that

(∑
Q∈D

(∣∣BQ(g)
∣∣|Q|−1/2χQ(x)

)q)1/q

≤
(∑

Q∈D

(∣∣BQ(g)
∣∣|Q|−1/2χQ(x)

)2)1/2

=

(∑
j∈Z

∑
Q∈Dj

χQ(x)
(∫

Rn

∣∣Λ̃jg(y)
∣∣ 2jn

〈2j(y−xQ)〉L
dy
)2)1/2

�
(∑

j∈Z

(∫
Rn

∣∣Λ̃jg(y)
∣∣ 2jn

〈2j(y−x)〉L dy
)2)1/2

�
∥∥{MΛjg(x)

}
j∈Z

∥∥
�2

since �2 ↪→ �q, L > n and 〈2j(y − xQ)〉 � 〈2j(y − x)〉 for Q ∈ Dj and x ∈ Q. Using

Equation (2.4) again, the left-hand side of Equation (4.5) is less than a constant times∥∥{Λjg
}
j∈Z

∥∥
Lp(�2)

∼ ‖g‖Lp(Rn).

Lemma 4.4. Let 1≤ q <∞, s > n/q and L > n,s. For j ∈ Z and Q ∈ Dj, let

BQ(g) :=
〈∣∣Γ̃jg

∣∣, 2
jn
2

〈2j(·− cQ)〉L
〉
,

where g is a Schwartz function on Rn. Then for 1< p≤∞ with q ≤ p we have

∥∥∥∥sup
j∈Z

( ∑
Q∈Dj

(∣∣BQ(g)
∣∣|Q|−1/2 1

〈2j(·− cQ)〉s
)q)1/q∥∥∥∥

Lp(Rn)

� ‖g‖Lp(Rn). (4.6)

Proof. For any j ∈ Z and Q ∈Dj , there exists a unique lattice mQ ∈ Zn such that xQ =

2−jmQ. For any j ∈ Z and x ∈ Rn, let Qj,x be a unique dyadic cube in Dj containing x.

Then we have the representations xQj,x
= 2−jmQj,x

for mQj,x
∈ Zn and

x= 2−j(mQj,x
+ux) for some ux ∈ [0,1)n.

Now, for Q ∈ Dj , we write

|BQ(g)||Q|−1/2 �L

∫
Rn

∣∣Mg(y)
∣∣ 2jn

〈2j(y−cQ)〉L
dy �

∫
Rn

∣∣Mg(y)
∣∣ 2jn

〈2j(y−xQ)〉L
dy

=

∫
Rn

∣∣Mg(y)
∣∣ 2jn〈
2j(y−x)+mQj,x

−mQ+ux

〉L dy

�L

∫
Rn

∣∣Mg(y)
∣∣ 2jn〈
2j(y−x)+mQj,x

−mQ

〉L dy

� MmQj,x
−mQ

dyad Mg(x),
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where the penultimate inequality follows from the fact that ux ∈ [0,1)n. This deduces

sup
j∈Z

( ∑
Q∈Dj

(∣∣BQ(g)
∣∣|Q|−1/2 1

〈2j(x− cQ)〉s
)q)1/q

� sup
j∈Z

( ∑
m∈Zn

(
MmQj,x

−m

dyad Mg(x)
1

〈mQj,x
−m〉s

)q)1/q

=

( ∑
m∈Zn

(
Mm

dyadMg(x)
1

〈m〉s
)q)1/q

.

Therefore, the left-hand side of Equation (4.6) is less than a constant times( ∑
m∈Zn

〈m〉−sq
∥∥Mm

dyadMg
∥∥q

Lp(Rn)

)1/q
� ‖Mg‖Lp(Rn)

( ∑
m∈Zn

〈m〉−sq( log(
10+ |m|

))qn/p
)1/q

� ‖g‖Lp(Rn)

as sq > n, where we applied Minkowski’s inequality if p > q and the maximal inequality
(2.6). This completes the proof.

Lemma 4.5. Let a be an Hp-atom associated with Q, satisfying∫
Rn

xγa(x) dx= 0 for all multi-indices |γ| ≤M, (4.7)

and fix L0 > 0. Then we have∣∣Λja(x)
∣∣�L0

l(Q)−n/pmin
{
1,
(
2j l(Q)

)M+n+1}(
χQ∗(x)+χ(Q∗)c(x)

1

〈2j(x−xQ)〉L0

)
,

(4.8)

and∣∣Γja(x)
∣∣�L0

l(Q)−n/pmin
{
1,
(
2j l(Q)

)M+n+1}(
χQ∗(x)+χ(Q∗)c(x)

1

〈2j(x−xQ)〉L0

)
.

(4.9)

Moreover, for 1≤ r ≤∞,

‖Λja‖Lr(Rn),‖Γja‖Lr(Rn) � l(Q)−n/p+n/rmin{1,(2j l(Q))M+n−n/r+1}. (4.10)

Proof. We will prove only the estimates for Λja, and the exactly same argument is

applicable to Γja as well. Let us first assume 2j�(Q)≥ 1. Then we have∣∣Λja(x)
∣∣≤ �(Q)−n/p

(
χQ∗(x)‖ψj‖L1(Rn)+χ(Q∗)c(x)

∫
y∈Q

∣∣ψj(x−y)
∣∣ dy)

�L0
�(Q)−n/p

(
χQ∗(x)+χ(Q∗)c(x)

∫
y∈Q

2jn

〈2j(x−y)〉n+1

1

〈2j(x−y)〉L0
dy
)

� �(Q)−n/p
(
χQ∗(x)+χ(Q∗)c(x)

1

〈2j(x−xQ)〉L0

)
since |x−y| � |x−xQ| for x ∈ (Q∗)c and y ∈Q.
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Now, suppose that 2j�(Q) < 1. By using the vanishing moment condition (4.7), we

obtain

∣∣Λja(x)
∣∣≤ 2j(M+n+1)

∫
Q

∫ 1

0

1

〈2j(x− ty− (1− t)xQ)〉L0
|y−xQ|M+1|a(y)| dtdy.

If x ∈Q∗, then it is clear that∣∣Λja(x)
∣∣� (

2j�(Q)
)M+n+1

�(Q)−n/p.

If x ∈ (Q∗)c, then we have

〈2j(x− ty− (1− t)xQ)〉−1 � 〈2j(x−xQ)〉−1,

which implies

∣∣Λja(x)
∣∣�L0

1

〈2j(x−xQ)〉L0

(
2j�(Q)

)M+n+1
�(Q)−n/p.

This proves Equation (4.8).

Moreover, using the estimate (4.8), we have∥∥Λja
∥∥
Lr(Rn)

≤
∥∥Λja

∥∥
Lr(Q∗)

+
∥∥Λja

∥∥
Lr((Q∗)c)

� �(Q)−n/pmin
{
1,
(
2j l(Q)

)M+n+1}(|Q|1/r+
∥∥∥ 1

〈2j(·−xQ)〉n+1

∥∥∥
Lr(Rn)

)
� �(Q)−n/p+n/rmin

{
1,
(
2j l(Q)

)M+n+1}(
1+

(
2j�(Q)

)−n/r
)

≤ �(Q)−n/p+n/rmin
{
1,
(
2j l(Q)

)M+n−n/r+1}
.

This concludes the proof of Equation (4.10).

5. Proof of Proposition 3.1: Reduction

5.1. Reduction via paraproduct

Without loss of generality, we may assume

‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2
s[σ] = 1.

We first note that Tσ(f1,f2,f3) can be written as

Tσ(f1,f2,f3) =
∑

j1,j2,j3∈Z

Tσ

(
Λj1f1,Λj2f2,Λj3f3

)
.

We shall work with only the case j1 ≥ j2 ≥ j3 as other cases follow from a symmetric

argument. When j1 ≥ j2 ≥ j3, it is easy to verify that

Tσ

(
Λj1f1,Λj2f2,Λj3f3

)
= Tσj1

(
Λj1f1,Λj2f2,Λj3f3

)
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where σj(�ξ) := σ(�ξ)Θ̂(�ξ/2j) and Θ̂(�ξ) :=
∑2

l=−2 Ψ̂(2l�ξ) so that Θ̂(�ξ) = 1 for 2−2 ≤ |�ξ| ≤ 22

and supp(Θ̂)⊂ {�ξ ∈ (Rn)3 : 2−3 ≤ |�ξ| ≤ 23}. Then we observe that

sup
k∈Z

∥∥σk(2
k�· )

∥∥
L2

s((R
n)3)

� L2
s[σ] = 1 (5.1)

by virtue of the triangle inequality. Moreover, using the fact that Γjf =
∑

k≤jΛkf, we
write ∑

j1∈Z

∑
j2,j3∈Z:j3≤j2≤j1

Tσj1

(
Λj1f1,Λj2f2,Λj3f3

)

=
∑
j∈Z

Tσj

(
Λjf1,Γj−10f2,Γj−10f3

)
+

9∑
k=0

∑
j∈Z

Tσj

(
Λjf1,Λj−kf2,Γj−kf3

)

=: T (1)
σ (f1,f2,f3)+

9∑
k=0

T (2),k
σ (f1,f2,f3),

and especially, let T
(2)
σ := T

(2),0
σ . Then it is enough to prove that∥∥T (μ)
σ (f1,f2,f3)

∥∥
Hp(Rn)

� 1, μ= 1,2 (5.2)

since the operator T
(2),k
σ , 1≤ k ≤ 9, can be handled in the same way as T

(2)
σ .

It should be remarked that the vanishing moment condition (1.16) now implies∫
Rn

xαTσj

(
f1,f2,f3

)
(x) dx= 0 for all multi-indices |α| ≤ n

p
−n. (5.3)

5.2. Proof of (5.2) for μ= 1

In this case, we may simply follow the arguments used in the proof of Theorems B and D.
The proof is based on the fact that if ĝk is supported in {ξ ∈ Rn : C−1

0 2k ≤ |ξ| ≤ C02
k}

for C0 > 1, then ∥∥∥∥{Λj

(∑
k∈Z

gk

)}
j∈Z

∥∥∥∥
Lp(�q)

�C0

∥∥{gj}j∈Z

∥∥
Lp(�q)

. (5.4)

The proof of Equation (5.4) is elementary and standard, simply using the estimate

∣∣∣∣Λj

(∑
k∈Z

gk

)
(x)

∣∣∣∣=
∣∣∣∣Λj

( j+h∑
k=j−h

gk

)
(x)

∣∣∣∣�r,h Mrgj(x)

for all 0< r <∞ and for some h∈N, depending on C0, and the maximal inequality (2.4).
We refer to [34, Theorem 3.6] for details.

By using the equivalence in Equation (2.2),

∥∥T (1)
σ (f1,f2,f3)

∥∥
Hp(Rn)

∼
∥∥∥∥
{
Λj

(∑
k∈Z

Tσk

(
Λkf1,Γk−10f2,Γk−10f3

))}
j∈Z

∥∥∥∥
Lp(�2)

.
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We see that the Fourier transform of Tσk

(
Λkf1,Γk−10f2,Γk−10f3

)
is supported in{

ξ ∈ Rn : 2k−2 ≤ |ξ| ≤ 2k+2
}
and thus the estimate (5.4) yields that

∥∥T (1)
σ (f1,f2,f3)

∥∥
Hp(Rn)

�
∥∥∥(∑

j∈Z

∣∣Tσj

(
Λjf1,Γj−10f2,Γj−10f3

)∣∣2)1/2∥∥∥
Lp(Rn)

.

Then it is already proved in [14, (3.14)] that the preceding expression is dominated by

the right-hand side of Equation (5.2) for s > n/min{p1,p2,p3}+n/2, where we remark
that min{p1,p2,p3} ≤ 1. This proves Equation (5.2) for μ= 1.

5.3. Proof of Equation (5.2) for μ= 2

Recall that

T (2)
σ (f1,f2,f3) =

∑
j∈Z

Tσj

(
Λjf1,Λjf2,Γjf3

)
(5.5)

and observe that

Tσj

(
Λjf1,Λjf2,Γjf3

)
(x) = σ∨

j ∗3n
(
Λjf1⊗Λjf2⊗Γjf3

)
(x,x,x),

where ∗3n means the convolution on R3n.
It suffices to consider the case when (1/p1,1/p2,1/p3) belongs to R1 or R3, as the

remaining case is symmetrical to the case (1/p1,1/p2,1/p3)∈R1, in view of Equation (5.5).

We will mainly focus on the case (1/p1,1/p2,1/p3) ∈ R1, while simply providing a short

description for the case (1/p1,1/p2,1/p3) ∈ R3 in the remark below as almost same
arguments will be applied in that case.

Therefore, we now assume 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and in turn, suppose that

s > n/p1 + n/2. By using the atomic decomposition in Equation (2.3), the function
f1 ∈ Hp1(Rn) can be written as f1 =

∑∞
k=1λkak, where ak’s are Hp1 -atoms associated

with cubes Qk, and

( ∞∑
k=1

|λk|p1

)1/p1

� 1. (5.6)

As mentioned before, we may assume that M is sufficiently large and
∫
xγak(x)dx = 0

holds for all multi-indices |γ| ≤M .
By the definition in Equation (1.2), we have

∥∥T (2)
σ (f1,f2,f3)

∥∥
Hp(Rn)

∼
∥∥∥∥sup

l∈Z

∣∣∣ ∞∑
k=0

λkφl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

and thus we need to prove that∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkφl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

� 1. (5.7)
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The left-hand side is less than the sum of

I :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχQ∗∗∗
k

φl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

and

J :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )cφl ∗

(∑
j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

,

recalling that Q∗∗∗
k is the dilate of Qk by a factor (10

√
n)3. The two terms I and J will

be treated separately in the next two sections.

Remark. When (1/p1,1/p2,1/p3) ∈ R3 (that is, 0 < p3 ≤ 1, 2 < p1,p2 <∞), we need to

prove ∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkφl ∗
(∑

j∈Z

Tσj
(Λjf1,Λjf2,Γj ãk)

)∣∣∣∥∥∥∥
Lp(Rn)

� 1,

where ãk is the Hp3 -atom associated with f3. This is actually, via symmetry, equivalent

to the estimate that for 0< p1 ≤ 1 and 2< p2,p3 <∞,∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkφl ∗
(∑

j∈Z

Tσj
(Γjak,Λjf2,Λjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

� 1, (5.8)

where ak is the Hp1 -atom for f1. The proof of Equation (5.8) is almost same as that of

Equation (5.7) which will be discussed in Sections 6 and 7. So this will not be pursued in
this paper, just saying that Equation (4.9) will be needed rather than Equation (4.8), and

the estimate
∥∥{Γjak

}
j∈Z

∥∥
Lr(�∞)

∼ ‖ak‖Hr(Rn) will be required in place of the equivalence∥∥{Λjak
}
j∈Z

∥∥
Lr(�2)

∼ ‖ak‖Hr(Rn).

6. Proof of Proposition 3.1: estimate for I

For the estimation of I, we need the following lemma whose proof will be given in

Section 9.

Lemma 6.1. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and suppose that ‖f1‖Hp1 (Rn) =

‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2
s[σ] = 1 for s > n/p1 + n/2. Then there exist

nonnegative functions u1, u2 and u3 on Rn such that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3,

and for x ∈ Rn

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχQ∗∗∗
k

(x)φl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (6.1)

This lemma, together with Hölder’s inequality, clearly shows that

I � ‖u1‖Lp1 (Rn)‖u2‖Lp2 (Rn)‖u3‖Lp3 (Rn) � 1.
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7. Proof of Proposition 3.1: estimate for J

Recall that for each Qk and l ∈ Z, Bl
xQk

= B(xQk
,100n2−l) stands for the ball of radius

100n2−l and center xQk
. Simply writing Bl

k :=Bl
xQk

, we bound J by the sum of

J1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )cχ(Bl

k)
cφl ∗

(∑
j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

and

J2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )cχBl

k
φl ∗

(∑
j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)∣∣∣∥∥∥∥
Lp(Rn)

and treat them separately.

7.1. Estimate for J1

Using the representations in Equations (2.7) and (2.9), we write

Λjf2(x) :=
∑

P∈Dj

b2Pψ
P (x), Γjf3(x) :=

∑
R∈Dj

b3Rθ
R(x),

where we recall ψP (x) = |P |1/2ψj(x−xP ) and θR(x) = |R|1/2θj(x−xR) for P,R ∈ Dj .

Then it follows from Equations (2.8), (2.10), (2.1) and (2.2) that∥∥{b2P }P∈D
∥∥
ḟp2,2

∼
∥∥{Λjf2

}
j∈Z

∥∥
Lp2 (�2)

∼ ‖f2‖Hp2 (Rn) = 1 (7.1)

and ∥∥{b3R}R∈D
∥∥
ḟp3,∞ ∼

∥∥{Γjf3
}
j∈Z

∥∥
Lp3 (�∞)

∼ ‖f3‖Hp3 (Rn) = 1. (7.2)

We write

φl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)
(x) =

4∑
ν=1

φl ∗
(
Uν(x,·)

)
(x),

where

Ων(P,R) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

P ∩R ν = 1

P c∩R ν = 2

P ∩Rc ν = 3

P c∩Rc ν = 4

(7.3)

and

Uν(x,y) :=
∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χΩν(P,R)(x), ν = 1,2,3,4. (7.4)

Then we have

J1 �p J 1
1 +J 2

1 +J 3
1 +J 4

1 ,
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where

J ν
1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
Uν(x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

, ν = 1,2,3,4.

Now, we will show that

J ν
1 � 1, ν = 1,2,3,4. (7.5)

7.1.1. Proof of Equation (7.5) for ν = 1. We further decompose U1(x,y) as

U1(x,y) = U in
1 (x,y)+Uout

1 (x,y),

where

U in
1 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χP∩R(x),

Uout
1 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χP∩R(x),

(7.6)

and accordingly, we define

J 1,in/out
1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
U in/out
1 (x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

.

Then we claim the following lemma.

Lemma 7.1. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let U in/out
1 be defined as in

Equation (7.6). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2
s[σ] = 1

for s > n/p1+n/2. Then there exist nonnegative functions uin
1 , uout

1 , u2 and u3 on Rn

such that

∥∥uin/out
1

∥∥
Lp1 (Rn)

� 1, ‖ui‖Lpi (Rn) � 1 for i = 2,3,

and for x ∈ Rn

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
U in/out
1 (x,·)

)
(x)

∣∣∣� u
in/out
1 (x)u2(x)u3(x). (7.7)

The proof of Lemma 7.1 will be given in Section 9. Taking the lemma for granted and

using Hölder’s inequality, we can easily show that

J 1
1 �p J 1,in

1 +J 1,out
1 � 1.
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7.1.2. Proof of Equation (7.5) for ν = 2. For P ∈ D and l ∈ Z let Bl
P := Bl

xP
=

B(xP ,100n2
−l). By introducing

U1,in
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χP c∩(Bl

P )c∩R(x),

U1,out
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χP c∩(Bl

P )c∩R(x),

U2,in
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χP c∩Bl

P∩R(x),

U2,out
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χP c∩Bl

P∩R(x),

(7.8)

we write U2 = U1,in
2 +U1,out

2 +U2,in
2 +U2,out

2 and consequently,

J 2
1 �p J 2,1,in

1 +J 2,1,out
1 +J 2,2,in

1 +J 2,2,out
1 ,

where

J 2,η,in/out
1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x) φl ∗

(
Uη,in/out
2 (x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

, η = 1,2.

Then we apply the following lemma that will be proved in Section 9.

Lemma 7.2. Let 0<p1 ≤ 1 and 2<p2,p3 <∞, and let Uη,in/out
2 be defined as in Equation

(7.8). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2
s[σ] = 1 for s >

n/p1+n/2. Then there exist nonnegative functions uin
1 , uout

1 , u2 and u3 on Rn such that

∥∥uin/out
1

∥∥
Lp1 (Rn)

� 1, ‖ui‖Lpi (Rn) � 1 for i = 2,3,

and for each η = 1,2

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
Uη,in/out
2 (x,·)

)
(x)

∣∣∣� u
in/out
1 (x)u2(x)u3(x). (7.9)

Then Lemma 7.2 and Hölder’s inequality yield that J 2
1 is controlled by the sum of four

terms in the form

∥∥uin/out
1

∥∥
Lp1 (Rn)

‖u2‖Lp2 (Rn)‖u3‖Lp3 (Rn),

which is obviously less than a constant. This proves Equation (7.5) for ν = 2.
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7.1.3. Proof of Equation (7.5) for ν = 3. This case is essentially symmetrical to

the case ν = 2. For R ∈ D and l ∈ Z, let Bl
R :=Bl

xR
=B(xR,100n2

−l). Let

U1,in
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χP∩Rc∩(Bl

R)c(x),

U1,out
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χP∩Rc∩(Bl

R)c(x),

U2,in
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χP∩Rc∩Bl

R
(x),

U2,out
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χP∩Rc∩Bl

R
(x),

(7.10)

and then we write

J 3
1 �p J 3,1,in

1 +J 3,1,out
1 +J 3,2,in

1 +J 3,2,out
1 ,

where

J 3,η,in/out
1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x) φl ∗

(
Uη,in/out
3 (x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

, η = 1,2.

Now, Equation (7.5) for ν = 3 follows from the lemma below.

Lemma 7.3. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let Uη,in/out
3 be defined as in

Equation (7.10). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1+n/2. Then there exist nonnegative functions uin
1 , uout

1 , u2, and u3 on Rn

such that ∥∥uin/out
1

∥∥
Lp1 (Rn)

� 1, ‖ui‖Lpi (Rn) � 1 for i = 2,3,

and for each η = 1,2

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
Uη,in/out
3 (x,·)

)
(x)

∣∣∣� u
in/out
1 (x)u2(x)u3(x).

The proof of the lemma will be provided in Section 9.

7.1.4. Proof of Equation (7.5) for ν =4. In this case, we divide U4 into eight types

depending on whether x belongs to each of Bl
P and Bl

R and whether Λjak is supported
in Q∗

k. Indeed, let

Ξη(P,R,l) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

P c∩Rc∩ (Bl
P )

c∩ (Bl
R)

c, η = 1

P c∩Rc∩ (Bl
P )

c∩Bl
R, η = 2

P c∩Rc∩Bl
P ∩ (Bl

R)
c, η = 3

P c∩Rc∩Bl
P ∩Bl

R, η = 4,

(7.11)
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and we define

Uη,in
4 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χQ∗

k
Λjak,ψ

P ,θR
)
(y)χΞη

(x),

Uη,out
4 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
χ(Q∗

k)
cΛjak,ψ

P ,θR
)
(y)χΞη

(x)
(7.12)

for η = 1,2,3,4.
Then we use the following lemma to obtain the desired result.

Lemma 7.4. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let Uη,in/out
4 be defined as in

Equation (7.12). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1+n/2. Then there exist nonnegative functions uin
1 , uout

1 , u2, and u3 on Rn

such that ∥∥uin/out
1

∥∥
Lp1 (Rn)

� 1, ‖ui‖Lpi (Rn) � 1 for i = 2,3, (7.13)

and for each η = 1,2,3,4,

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(
Uη,in/out
4 (x,·)

)
(x)

∣∣∣� u
in/out
1 (x)u2(x)u3(x). (7.14)

We will prove the lemma in Section 9.

7.2. Estimate for J2

Let x ∈ (Q∗∗∗
k )c ∩Bk,l. For ν = 1,2,3,4, let Ων(P,R) be defined as in Equation (7.3).

Then as in the proof of the estimate for J1, we consider the four cases: x ∈ Ω1(P,R),

x ∈ Ω2(P,R), x ∈ Ω3(P,R) and x ∈ Ω4(P,R). That is, for each ν = 1,2,3,4, let Uν be

defined as in Equation (7.4) and

J ν
2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
Uν(x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

.

Then it suffices to show that for each ν = 1,2,3,4,

J ν
2 � 1. (7.15)

7.2.1. Proof of Equation (7.15) for ν = 1. In this case, the proof can be simply

reduced to the following lemma, which will be proved in Section 9.

Lemma 7.5. Let 0<p1 ≤ 1 and 2<p2,p3 <∞, and let U1 be defined as in Equation (7.4).
Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2

s[σ] = 1 for s > n/p1+

n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3,
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and for x ∈ Rn

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U1(x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.16)

Then it follows from Hölder’s inequality that

J 1
2 � ‖u1‖Lp1 (Rn)‖u2‖Lp2 (Rn)‖u3‖Lp3 (Rn) � 1.

7.2.2. Proof of Equation (7.15) for ν = 2. For P ∈D and l ∈ Z, let Bl
P :=Bl

xP
be

the ball of center xP and radius 100n2−l as before. We define

U1
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χP c∩(Bl

P )c∩R(x),

U2
2 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χP c∩Bl

P∩R(x)
(7.17)

and write

J 2
2 � J 2,1

2 +J 2,2
2

where

J 2,η
2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
Uη
2 (x,·)

)
(x)

∣∣∣ ∥∥∥∥
Lp(x)

, η = 1,2.

Then we need the following lemmas.

Lemma 7.6. Let 0<p1 ≤ 1 and 2<p2,p3 <∞ and let U1
2 be defined as in (7.17). Suppose

that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) = 1 and L2
s[σ] = 1 for s > n/p1+n/2. Then

there exist nonnegative functions u1, u2 and u3 on Rn such that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3,

and

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U1
2 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.18)

Lemma 7.7. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let U2
2 be defined as in

Equation (7.17). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1 +n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such

that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3,

and

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U2
2 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x).
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The above lemmas will be proved in Section 9. Using Lemmas 7.6 and 7.7, we obtain

J 2,η
2 � ‖u1‖Lp1 (Rn)‖u2‖Lp2 (Rn)‖u3‖Lp3 (Rn) � 1, η = 1,2,

which finishes the proof of Equation (7.15) for ν = 2.

7.2.3. Proof of Equation (7.15) for ν = 3. We use the notation Bl
R := Bl

xR
for

R ∈ D and l ∈ Z as before and write

J 3
2 � J 3,1

2 +J 3,2
2 ,

where

U1
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χP∩Rc∩(Bl

R)c(x),

U2
3 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χP∩Rc∩Bl

R
(x),

(7.19)

and

J 3,η
2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
Uη
3 (x,·)

)
(x)

∣∣∣∥∥∥∥
Lp(x)

, η = 1,2.

As in the proof of the case ν = 2, it suffices to prove the following two lemmas.

Lemma 7.8. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let U1
3 be defined as in

Equation (7.19). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1 +n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such
that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3, (7.20)

and

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U1
3 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.21)

Lemma 7.9. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let U2
3 be defined as in

Equation (7.19). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1 +n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such

that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3, (7.22)

and

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U2
3 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.23)

The proof of Lemmas 7.8 and 7.9 will be provided in Section 9.
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7.2.4. Proof of Equation (7.15) for ν = 4. Let Bl
P := Bl

xP and Bl
R := Bl

xR
for

P,R ∈ D and l ∈ Z, and let Ξη(P,R,l) be defined as in Equation (7.11). Now, we write

U4 = U1
4 +U2

4 +U3
4 +U4

4 ,

where

Uη
4 (x,y) :=

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

b2P b
3
RTσj

(
Λjak,ψ

P ,θR
)
(y)χΞη(P,R,l)(x), η = 1,2,3,4. (7.24)

Accordingly, we define

J 4,η
2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
Uη
4 (x,·)

)
(x)

∣∣∣ ∥∥∥∥
Lp(x)

, η = 1,2,3,4.

Then we obtain the desired result from the following lemmas.

Lemma 7.10. Let 0< p1 ≤ 1 and 2< p2,p3 <∞, and let Uη
4 , η = 1,2,3, be defined as in

Equation (7.24). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1+n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3,

and for each η = 1,2,3

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
Uη
4 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.25)

Lemma 7.11. Let 0 < p1 ≤ 1 and 2 < p2,p3 < ∞, and let U4
4 be defined as in

Equation (7.24). Suppose that ‖f1‖Hp1 (Rn) = ‖f2‖Hp2 (Rn) = ‖f3‖Hp3 (Rn) =1 and L2
s[σ] = 1

for s > n/p1+n/2. Then there exist nonnegative functions u1, u2 and u3 on Rn such that

‖ui‖Lpi (Rn) � 1 for i = 1,2,3, (7.26)

and

sup
l∈Z

∣∣∣ ∞∑
k=0

λkχ(Q∗∗∗
k )c(x)χBl

k
(x)φl ∗

(
U4
4 (x,·)

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (7.27)

The proof of the lemmas will be given in Section 9.

8. Proof of Proposition 3.2

We need to deal only with, via symmetry, the case when 0< p1 = p≤ 1 and p2 = p3 =∞.

As before, we assume that ‖f1‖Hp(Rn) = ‖f2‖L∞(Rn) = ‖f3‖L∞(Rn) = 1 and L2
s[σ] = 1 for

s > n/p+n/2. In this case, we do not decompose the frequencies of f2,f3 and only make

use of the atomic decomposition on f1. Let ak’s be Hp-atoms associated with Qk so that

f1 =
∑∞

k=1λkak and
(∑∞

k=1 |λk|p
)1/p � 1. Then we will prove that
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∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=1

λkχQ∗∗∗
k

φl ∗Tσ(ak,f2,f3)
∣∣∣∥∥∥∥

Lp(Rn)

� 1 (8.1)

and ∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )c φl ∗Tσ(ak,f2,f3)

∣∣∣∥∥∥∥
Lp(Rn)

� 1. (8.2)

8.1. Proof of Equation (8.1)

Since ∣∣φl ∗Tσ(ak,f2,f3)(x)
∣∣� MTσ(ak,f2,f3)(x),

the left-hand side of Equation (8.1) is controlled by

( ∞∑
k=1

|λk|p
∥∥MTσ(ak,f2,f3)

∥∥p
Lp(Q∗∗∗)

)1/p
.

Using Hölder’s inequality, the L2 boundedness of M and Theorem D, we have∥∥MTσ(ak,f2,f3)
∥∥
Lp(Q∗∗∗)

� |Qk|1/p−1/2
∥∥Tσ(ak,f2,f3)

∥∥
L2(Rn)

� |Qk|1/p−1/2‖ak‖L2(Rn) � 1

and thus Equation (8.1) follows from
(∑∞

k=1 |λk|p
)1/p � 1.

8.2. Proof of Equation (8.2)

Let Bl
k = B(xQk

,100n2−l) as before. We now decompose the left-hand side of Equa-

tion (8.2) as the sum of

V1 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )cχ(Bl

k)
c φl ∗Tσ(ak,f2,f3)

∣∣∣∥∥∥∥
Lp(Rn)

,

V2 :=

∥∥∥∥sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )cχBl

k
φl ∗Tσ(ak,f2,f3)

)∣∣∣∥∥∥∥
Lp(Rn)

,

and thus we need to show that

V1,V2 � 1.

Actually, the proof of these estimates will be complete once we have verified the following
lemmas.

Lemma 8.1. Let 0 < p ≤ 1. Suppose that ‖f1‖Hp(Rn) = ‖f2‖H∞(Rn) = ‖f3‖H∞(Rn) = 1

and L2
s[σ] = 1 for s > n/p+n/2. Then there exist nonnegative functions u1, u2 and u3

on Rn such that

‖u1‖Lp(Rn) � 1, ‖ui‖L∞(Rn) � 1 for i = 2,3,
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and

sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x) φl ∗Tσ

(
ak,f2,f3

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (8.3)

Lemma 8.2. Let 0 < p ≤ 1. Suppose that ‖f1‖Hp(Rn) = ‖f2‖H∞(Rn) = ‖f3‖H∞(Rn) = 1

and L2
s[σ] = 1 for s > n/p+n/2. Then there exist nonnegative functions u1, u2 and u3

on Rn such that

‖u1‖Lp(Rn) � 1, ‖ui‖L∞(Rn) � 1 for i = 2,3,

and

sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )c(x)χBl

k
(x) φl ∗Tσ

(
ak,f2,f3

)
(x)

∣∣∣� u1(x)u2(x)u3(x). (8.4)

The proof of the two lemmas will be given in Section 9.

9. Proof of the key lemmas

9.1. Proof of Lemma 6.1

Let 1< r < 2 such that s > 3n/r > 3n/2, and we claim the pointwise estimate∣∣Tσj
(Λjak,Λjf2,Γjf3)(y)

∣∣� MrΛjak(y)MrΛjf2(y)MrΓjf3(y). (9.1)

Indeed, choosing t so that 3n/r < 3t < s, we apply Hölder’s inequality to bound the

left-hand side of Equation (9.1) by∫
(Rn)3

〈2j�z〉3t
∣∣σ∨

j (�z)
∣∣ |Λjak(y− z1)|

〈2jz1〉t
|Λjf2(y− z2)|

〈2jz2〉t
|Γjf3(y− z3)|

〈2jz3〉t
d�z

≤
∥∥〈2j�· 〉3tσ∨

j

∥∥
Lr′ ((Rn)3)

∥∥∥∥Λjak(y−·)
〈2j ·〉t

∥∥∥∥
Lr(Rn)

∥∥∥∥Λjf2(y−·)
〈2j ·〉t

∥∥∥∥
Lr(Rn)

∥∥∥∥Γjf3(y−·)
〈2j ·〉t

∥∥∥∥
Lr(Rn)

.

We observe that∥∥〈2j�· 〉3tσ∨
j

∥∥
Lr′ ((Rn)3)

� 23jn/r‖σ(2j�· )‖Lr
3t((R

n)3) � 23jn/r‖σ(2j�· )‖L2
s((R

n)3) � 23jn/r

using the Hausdorff–Young inequality, Equation (5.1) and the inclusion

Lt0
s0(A) ↪→ Lt1

s1(A) for s0 ≥ s1, t0 ≥ t1,

where A is a ball of a constant radius, whose proof is contained in [19, (1.8)]. Applying
Equation (2.5) to the remaining three Lr norms, we finally obtain Equation (9.1).

Now, we choose r̃ and q such that 2 < r̃ < p2,p3 and 1/q+2/r̃ = 1. Finally, using the

estimate (9.1) and Hölder’s inequality, we have
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∣∣∣ ∞∑
k=0

λkχQ∗∗∗
k

(x)φl ∗
(∑

j∈Z

Tσj
(Λjak,Λjf2,Γjf3)

)
(x)

∣∣∣
�

∞∑
k=0

λkχQ∗∗∗
k

(x)2ln
∫
|x−y|≤2−l

∥∥{MrΛjak(y)
}
j∈Z

∥∥
�2

∥∥{MrΛjf2(y)
}
j∈Z

∥∥
�2

×
∥∥{MrΓjf3(y)

}
j∈Z

∥∥
�∞

dy

� u1(x)u2(x)u3(x),

where we choose

u1(x) :=
∞∑
k=0

λkχQ∗∗∗
k

(x)Mq

(∥∥{MrΛjak
}
j∈Z

∥∥
�2

)
(x),

u2(x) :=Mr̃

(∥∥{MrΛjf2
}
j∈Z

∥∥
�2

)
(x),

u3(x) :=Mr̃

(∥∥{MrΓjf3
}
j∈Z

∥∥
�∞

)
(x)

and this proves (6.1). Moreover,

‖u1‖Lp1 (Rn) ≤
( ∞∑

k=0

|λk|p1

∥∥∥Mq

(∥∥{MrΛjak
}
j∈Z

∥∥
�2

)∥∥∥p1

Lp1 (Q∗∗∗
k )

)1/p1

� 1,

where the last inequality follows from Equation (5.6) and the estimate∥∥∥Mq

(∥∥{MrΛjak
}
j∈Z

∥∥
�2

)∥∥∥
Lp1 (Q∗∗∗

k )
� |Qk|1/p1−1/r0

∥∥∥Mq

(∥∥{MrΛjak
}
j∈Z

∥∥
�2

)∥∥∥
Lr0 (Rn)

� |Qk|1/p1−1/r0
∥∥{Λjak

}
j∈Z

∥∥
Lr0 (�2)

∼ |Qk|1/p1−1/r0‖ak‖Lr0 (Rn) � 1

for q < r0 < ∞. Here, we applied Hölder’s inequality, the maximal inequality (2.4), the

equivalence in (2.2) and properties of the Hp1 -atom ak. It is also easy to verify

‖u2‖Lp2 (Rn) �
∥∥{Λjf2

}
j∈Z

∥∥
Lp2 (�2)

∼ 1

and

‖u3‖Lp3 (Rn) �
∥∥{Γjf3

}
j∈Z

∥∥
Lp3 (�∞)

∼ 1

using Equations (2.4), (2.1) and (2.2).

9.2. Proof of Lemma 7.1

Since

s > n/p1+n/2 =
(
n/p1−n/2

)
+n/2+n/2,

we can choose s1,s2,s3 such that s1 > n/p1−n/2, s2,s3 > n/2, and s= s1+s2+s3.

Using the estimates∥∥ψP
∥∥
L∞(Rn)

≤ |P |−1/2 and
∥∥θR∥∥

L∞(Rn)
≤ |R|−1/2,

https://doi.org/10.1017/S1474748023000518 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748023000518


2252 J. B. Lee and B. J. Park

we have∣∣U in
1 (x,y)

∣∣�∑
j∈Z

( ∑
P∈Dj

|b2P ||P |−1/2χP (x)
)( ∑

R∈Dj

|b3R||R|−1/2χR(x)
)

×
∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χQ∗

k
(z1) d�z

≤ g2
(
{b2P }P∈D

)
(x)g∞

(
{b3R}R∈D

)
(x)

×
(∑

j∈Z

(∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χQ∗

k
(z1) d�z

)2)1/2

. (9.2)

We observe that for |x−y| ≤ 2−l, x ∈ (Q∗∗∗
k )c∩ (Bl

k)
c and z1 ∈Q∗

k,

|x−xQk
| � |y− z1| (9.3)

and thus, by using Lemma 4.5,

〈2j(x−xQk
)〉s1

∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χQ∗

k
(z1) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}∫
(Rn)3

〈2j(y− z1)〉s1
∣∣σ∨

j (y− z1,z2,z3)
∣∣χQ∗

k
(z1) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}∥∥〈2j ·〉−s2
∥∥
L2(Rn)

∥∥〈2j ·〉−s3
∥∥
L2(Rn)

2jnI ink,j,s(y)

∼ �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

for sufficiently large M, where

I ink,j,s(y) := 2−jn

∫
Q∗

k

∥∥∥〈2j(y− z1),2
jz2,2

jz3〉s
∣∣σ∨

j (y− z1,z2,z3)
∣∣∥∥∥

L2(z2,z3)
dz1. (9.4)

This proves that∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χQ∗

k
(z1) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(x−xQk
)〉−s1I ink,j,s(y), (9.5)

and therefore, we obtain∣∣U in
1 (x,y)

∣∣� g2
(
{b2P }P∈D

)
(x)g∞

(
{b3R}R∈D

)
(x)�(Qk)

−n/p1 |x−xQk
|−s1 (9.6)

×
(∑

j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

)2)1/2

.

Similar to Equation (9.2), we write∣∣Uout
1 (x,y)

∣∣� g2
(
{b2P }P∈D

)
(x)g∞

(
{b3R}R∈D

)
(x)

×
(∑

j∈Z

(∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χ(Q∗

k)
c(z1)d�z

)2)1/2

.
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Instead of Equation (9.3), we make use of the estimate

〈2j(x−xQk
)〉 � 〈2j(y−xQk

)〉 ≤ 〈2j(y− z1)〉〈2j(z1−xQk
)〉 (9.7)

for |x−y| ≤ 2−l and x ∈ (Q∗∗∗
k )c∩ (Bl

k)
c. Then, using the argument that led to Equation

(9.5), we have∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣χ(Q∗

k)
c(z1) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(x−xQk
)〉−s1Ioutk,j,s(y), (9.8)

where M, L0 are sufficiently large numbers and

Ioutk,j,s(y) := 2−jn

∫
(Q∗

k)
c

(2j�(Qk))
n

〈2j(z1−xQk
)〉L0−s1

(9.9)

×
∥∥∥〈2j(y− z1),2

jz2,2
jz3〉s

∣∣σ∨
j (y− z1,z2,z3)

∣∣∥∥∥
L2(z2,z3)

dz1.

Now, we deduce∣∣Uout
1 (x,y)

∣∣� g2
(
{b2P }P∈D

)
(x)g∞

(
{b3R}R∈D

)
(x)�(Qk)

−n/p1 |x−xQk
|−s1 (9.10)

×
(∑

j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)M}
Ioutk,j,s(y)

)2)1/2

.

According to Equations (9.6) and (9.10), the estimate (7.7) follows from taking

u
in/out
1 (x) :=

∞∑
k=0

|λk|�(Qk)
−n/p1χ(Q∗∗∗

k )c(x)|x−xQk
|−s1

×M
[(∑

j∈Z

(
2−s1jmin{1,(2j�(Qk))

M}I in/outk,j,s (·)
)2)1/2]

(x),

u2(x) := g2
(
{b2P }P∈D

)
(x),

u3(x) := g∞
(
{b3R}R∈D

)
(x).

It is clear that

‖u2‖Lp2 (Rn) =
∥∥{b2P }P∈D

∥∥
ḟp2,2

∼ 1 (9.11)

‖u3‖Lp3 (Rn) =
∥∥{b3R}R∈D

∥∥
ḟp3,∞ ∼ 1 (9.12)

in view of Equations (7.1) and (7.2). To estimate uin
1 and uout

1 , we note that

∥∥I ink,j,s1∥∥L2(Rn)
≤ 2−jn

∫
Qk

(∫
Rn

∥∥∥〈2jy,2jz2,2jz3〉s∣∣σ∨
j (y,z2,z3)

∣∣∥∥∥2
L2(z2,z3)

dy

)1/2

dz1

0 = 2−jn�(Qk)
n
∥∥〈2j�· 〉sσ∨

j

∥∥
L2((Rn)3)

≤ 2jn/2�(Qk)
n, (9.13)
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where we applied Minkowski’s inequality and a change of variables, and similarly,

∥∥Ioutk,j,s

∥∥
L2(Rn)

� 2−jn

∫
(Q∗

k)
c

(2j�(Qk))
n

〈2j(z1−xQk
)〉L0−s1

dz1
∥∥〈2j�· 〉sσ∨

j

∥∥
L2((Rn)3)

� 2jn/2�(Qk)
n
(
2j�(Qk)

)−(L0−s1−n)
(9.14)

for L0 > s+n. Now, we have

∥∥uin
1

∥∥p1

Lp1 (Rn)
≤

∞∑
k=0

|λk|p1�(Qk)
−n

∫
(Q∗∗∗

k )c
|x−xQk

|−s1p1

×
(
M
[(∑

j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)M}
I ink,j,s1(·)

)2)1/2]
(x)

)p1

dx

and the integral is dominated by∥∥| ·−xQk
|−s1p1

∥∥
L(2/p1)′ ((Q∗∗∗

k )c)

×
∥∥∥∥
(
M
[(∑

j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)M}
I ink,j,s1(·)

)2)1/2])p1
∥∥∥∥
L2/p1 (Rn)

.

The first term is no more than a constant times �(Qk)
−p1(s1−(n/p1−n/2)), and the second

one is bounded by(∑
j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)N}∥∥I ink,j,s1∥∥L2(Rn)

)2)p1/2

� �(Qk)
p1n

(∑
j∈Z

(
2−s1jmin

{
1,
(
2j�(Qk)

)M}
2jn/2

)2)p1/2

� �(Qk)
s1p1+p1n/2,

due to Equation (9.13). This proves

∥∥uin
1

∥∥
Lp1 (Rn)

�
( ∞∑

k=0

|λk|p1

)1/p1

� 1. (9.15)

In a similar way, together with Equation (9.14), we can also prove

∥∥uout
1

∥∥
Lp1 (Rn)

�
( ∞∑

k=0

|λk|p1

)1/p1

� 1, (9.16)

choosing M >L0−3n/2.

9.3. Proof of Lemma 7.2

As in the proof of Lemma 7.1, we pick s1,s2,s3 satisfying s1 > n/p1−n/2, s2,s3 > n/2,

and s= s1+s2+s3 > n/p1+n/2.
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We first consider the case η = 1. For x ∈ P c∩ (Bl
P )

c and |x−y| ≤ 2−l, we have

〈2j(x−xP )〉 � 〈2j(y−xP )〉 ≤ 〈2j(y− z2)〉〈2j(z2−xP )〉. (9.17)

By using ∥∥θR∥∥
L∞(Rn)

≤ |R|−1/2,

we have∣∣U1,in
2 (x,y)

∣∣�∑
j∈Z

( ∑
R∈Dj

|b3R||R|−1/2χR(x)
)∫

(Rn)3

∣∣σ∨
j (y− z1,y− z2,z3)

∣∣ (9.18)

×
∣∣Λjak(z1)

∣∣χQ∗
k
(z1)

( ∑
P∈Dj

|b2P |χP c(x)χ(Bl
P )c(x)

∣∣ψP (z2)
∣∣) d�z.

Using Equations (9.3) and (9.17) and Lemma 4.5, the integral in the preceding expression

is bounded by

�(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(x− cQk
)〉−s1

∫
(Rn)3

〈2j(y− z1)〉s1〈2j(y− z2)〉s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣χQ∗

k
(z1)

( ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉s2
∣∣ψ̃P (z2)

∣∣) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(x−xQk
)〉−s1I ink,j,s(y)

×2jn/2
∥∥∥∥ ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉s2
∣∣ψ̃P (·)

∣∣∥∥∥∥
L2(Rn)

for sufficiently large M > 0, where ψ̃P (z2) := 〈2j(z2−xP )〉s2ψP (z2) for P ∈Dj and I ink,j,s
is defined as in Equation (9.4). Note that

|b2P | � B2
P (f2) :=

〈∣∣Λ̃jf2
∣∣, 2jn/2

〈2j(·−xP )〉L
〉

for L > n,s, (9.19)

and thus it follows from Lemma 4.2 that the L2 norm in the last displayed expression is

dominated by

2−jn/2

( ∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

.

This yields that

∣∣U1,in
2 (x,y)

∣∣� �(Qk)
−n/p1 |x− cQk

|−s1
(∑

j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

)2)1/2

×
(∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

g∞
(
{b3R}R∈D

)
(x). (9.20)
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Similarly, using Equations (9.7) and (9.17), Lemma 4.5 and Lemma 4.2, we have

∣∣U1,out
2 (x,y)

∣∣�∑
j∈Z

( ∑
R∈Dj

|b3R||R|−1/2χR(x)
)∫

(Rn)3

∣∣σ∨
j (y− z1,y− z2,z3)

∣∣
×
∣∣Λjak(z1)

∣∣χ(Q∗
k)

c(z1)
( ∑

P∈Dj

|b2P |χP c(x)χ(Bl
P )c(x)

∣∣ψP (z2)
∣∣) d�z

� �(Qk)
−n/p1 |x−xQk

|−s1
(∑

j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
Ioutk,j,s(y)

)2)1/2

×
(∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

g∞
(
{b3R}R∈D

)
(x),

(9.21)

where Ioutk,j,s is defined as in Equation (9.9).

When η = 2, we use the inequality

〈2j(x−xQk
)〉−1 ≤ 〈2j(x−xP )〉−1 (9.22)

for x ∈ (Bl
k)

c∩Bl
P . Then, similar to Equation (9.18), we have

∣∣U2,in
2 (x,y)

∣∣�∑
j∈Z

( ∑
R∈Dj

|b3R||R|−1/2χR(x)
)∫

(Rn)3

∣∣σ∨
j (y− z1,y− z2,z3)

∣∣
×
∣∣Λjak(z1)

∣∣χQ∗
k
(z1)

( ∑
P∈Dj

|b2P |χP c(x)χBl
P
(x)

∣∣ψP (z2)
∣∣) d�z,

and the integral is dominated by a constant times

�(Qk)
−n/p1 min{1,

(
2j�(Qk)

)M}〈2j(x−xQk
)〉−(s1+s2)

∫
(Rn)3

〈2j(y− z1)〉s1+s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣χQ∗

k
(z1)

( ∑
P∈Dj

|b2P |χP c(x)χBl
P
(x)

∣∣ψP (z2)
∣∣) d�z

≤ �(Qk)
−n/p1 min{1,

(
2j�(Qk)

)M}〈2j(x−xQk
)〉−s1

∫
(Rn)3

〈2j(y− z1)〉s1+s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣χQ∗

k
(z1)

( ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉s2
∣∣ψP (z2)

∣∣) d�z

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(x−xQk
)〉−s1I ink,j,s(y)

×
(∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2
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due to Equations (9.3) and (9.22), Lemma 4.5 and Lemma 4.2, where I ink,j,s and B2
P (f2)

are defined as in Equations (9.4) and (9.19). Therefore,

∣∣U2,in
2 (x,y)

∣∣� �(Qk)
−n/p1 |x−xQk

|−s1
(∑

j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

)2)1/2

×
(∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

g∞
(
{b3R}R∈D

)
(x). (9.23)

Similarly, we can also prove that∣∣U2,out
2 (x,y)

∣∣� �(Qk)
−n/p1 |x−xQk

|−s1
(∑

j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
Ioutk,j,s(y)

)2)1/2

×
(∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

g∞
(
{b3R}R∈D

)
(x).

(9.24)

Combining Equations (9.20), (9.21), (9.23) and (9.24), the estimate (7.9) holds with

u
in/out
1 (x) :=

∞∑
k=0

|λk|�(Qk)
−n/p1χ(Q∗∗∗

k )c(x)|x−xQk
|−s1

×M
[(∑

j∈Z

(
2−s1jmin{1,(2j�(Qk))

M}I in/outk,j,s (·)
)2)1/2]

(x),

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

,

u3(x) := g∞
(
{b3R}R∈D

)
(x).

Clearly, as in Equations (9.15), (9.16) and (9.12),∥∥uin/out
1

∥∥
Lp1 (Rn)

� 1, ‖u3‖Lp3 (Rn) � 1

and Lemma 4.3 proves that

‖u2‖Lp2 (Rn) � 1.

9.4. Proof of Lemma 7.3

The proof is almost same as that of Lemma 7.2. By letting M > 0 be sufficiently large

and exchanging the role of terms associated with f2 and f3 in the estimate (9.18), we
may obtain∣∣U1,in

3 (x,y)
∣∣�∑

j∈Z

( ∑
P∈Dj

|b2P ||P |−1/2χP (x)
)∫

(Rn)3

∣∣σ∨
j (y− z1,z2,y− z3)

∣∣
×
∣∣Λjak(z1)

∣∣χQ∗
k
(z1)

( ∑
R∈Dj

|b3R|χRc(x)χ(Bl
R)c(x)

∣∣θR(z3)∣∣) d�z
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� �(Qk)
−n/p1 |x−xQk

|−s1

(∑
j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

)2)1/2

×g2
(
{b2P }P∈D

)
(x)sup

j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

,

(9.25)

where I ink,j,s is defined as in Equation (9.4), θ̃R(z3) := 〈2j(z3−xR)〉s3θR(z3) for R ∈ Dj

and

B3
R(f3) :=

〈∣∣Γ̃jf3
∣∣, 2jn/2

〈2j(·−xR)〉L
〉

for L > s,n. (9.26)

Similarly,

∣∣U1,out
3 (x,y)

∣∣� �(Qk)
−n/p1 |x−xQk

|−s1

(∑
j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
Ioutk,j,s(y)

)2)1/2

×g2
(
{b2P }P∈D

)
(x)sup

j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

,

(9.27)

where Ioutk,j,s is defined as in Equation (9.9).

For the case η = 2, we use the fact that for x ∈ (Bl
k)

c∩Bl
R,

〈2j(x−xQk
)〉−1 ≤ 〈2j(x−xR)〉−1,

instead of Equation (9.22). Then we have

∣∣U2,in
3 (x,y)

∣∣� �(Qk)
−n/p1 |x−xQk

|−s1
(∑

j∈Z

(
2−js1 min

{
1,
(
2j�(Qk)

)M}
I ink,j,s(y)

)2)1/2

×g2
(
{b2P }P∈D

)
(x)sup

j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

and

∣∣U2,out
3 (x,y)

∣∣� �(Qk)
−n/p1

(∑
j∈Z

(
min

{
1,
(
2j�(Qk)

)M}〈2j(x−xQ)〉−s1Ioutk,j,s(y)
)2)1/2

×g2
(
{b2P }P∈D

)
sup
j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

which are analogous to Equations (9.25) and (9.27).
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Then Lemma 7.3 follows from Equations (9.15), (9.16) and (9.11) and Lemma 4.4 by

choosing

u
in/out
1 (x) :=

∞∑
k=0

|λk|�(Qk)
−n/p1χ(Q∗∗∗

k )c(x)|x−xQk
|−s1

×M
[(∑

j∈Z

(
2−s1jmin{1,(2j�(Qk))

M}I in/outk,j,s (·)
)2)1/2]

(x)

u2(x) := g2
(
{b2P }P∈D

)
(x)

u3(x) := sup
j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

.

9.5. Proof of Lemma 7.4

Let I ink,j,s, I
out
k,j,s, B

2
P (f2) and B3

R(f3) be defined as before. Let M > 0 be a sufficiently
large number. We claim the pointwise estimates that for each η = 1,2,3,4,

∣∣Uη,in/out
4 (x,y)

∣∣ � �(Qk)
−n/p1 |x−xQk |

−s1

(∑
j∈Z

(
2−js1 min

{
1,

(
2j�(Qk)

)M}
I
in/out
k,j,s (y)

)2
)1/2

×
( ∑

P∈D

(∣∣B2
P (f2)

∣∣|P |−1/2 χPc(x)

〈2j(x−xP )〉s2
)2

)1/2

× sup
j∈Z

( ∑
P∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2

)1/2

.

The proof of the above claim is a repetition of the arguments used in the proof of

Lemmas 7.2 and 7.3, so we omit the details. We now take

u
in/out
1 (x) :=

∞∑
k=0

|λk|�(Qk)
−n/p1χ(Q∗∗∗

k )c(x)|x−xQk
|−s1

×M
[(∑

j∈Z

(
2−s1jmin{1,(2j�(Qk))

M}I in/outk,j,s (·)
)2)1/2]

(x)

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

u3(x) := sup
j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 1

〈2j(x−xR)〉s3
)2)1/2

.

Then it is obvious that Equations (7.13) and (7.14) hold.

9.6. Proof of Lemma 7.5

We choose 0< ε < 1 such that

Np1
:=
[
n/p1−n

]
≤ n/p1−n <

[
n/p1−n

]
+ ε < s−3n/2. (9.28)

https://doi.org/10.1017/S1474748023000518 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748023000518


2260 J. B. Lee and B. J. Park

We note that

2l � |x−xQk
|−1 for x ∈Bl

k.

By using Lemma 4.1 with the vanishing moment condition (5.3), we have

∣∣φl ∗
(
U1(x,·)

)
(x)

∣∣�∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP∩R(x)2
l(n+Np1

+ε)

×
∫
Rn

|y−xQk
|Np1

+ε
∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣ dy

� 1

|x−xQk
|n+Np1

+ε

∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP∩R(x)

×
(
K

j,in
Np1

+ε(Qk,P,R)+K
j,out
Np1

+ε(Qk,P,R)
)
,

where

K
j,in
Np1

+ε(Qk,P,R) :=

∫
Q∗∗

k

|y−xQk
|Np1

+ε
∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣ dy,

and

K
j,out
Np1

+ε(Qk,P,R) :=

∫
(Q∗∗

k )c
|y−xQk

|Np1
+ε
∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣ dy.

Now, the left-hand side of Equation (7.16) is dominated by Jin(x)+Jout(x)

Jin/out(x) :=

∞∑
k=0

|λk|χ(Q∗∗∗
k )c(x)

1

|x−xQk
|n+Np1

+ε

×
∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP∩R(x)K
j,in/out
Np1

+ε (Qk,P,R).

To estimate Jin, we first see that

K
j,in
Np1

+ε(Qk,P,R)

� �(Qk)
Np1

+ε|P |−1/2|R|−1/2

∫
y∈Q∗∗

k

∫
(Rn)3

∣∣σ∨
j (y− z1,z2,z3)

∣∣∣∣Λjak(z1)
∣∣ d�zdy

� �(Qk)
Np1

+ε|P |−1/2|R|−1/2‖Λjak‖L1(Rn),

using the Cauchy–Schwarz inequality with s > 3n/2, and thus
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∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP∩R(x)K
j,in
Np1

+ε(Qk,P,R)

� �(Qk)
Np1

+ε
∥∥{Λjak

}
j∈Z

∥∥
L1(�2)

g2
({

b2P
}
P∈D

)
(x)g∞

({
b3R
}
R∈D

)
(x)

� |Qk|−1/p1�(Qk)
n+Np1

+εg2
({

b2P
}
P∈D

)
(x)g∞

({
b3R
}
R∈D

)
(x) (9.29)

by using the fact that∥∥{Λjak
}
j∈Z

∥∥
L1(�2)

∼ ‖ak‖H1(Rn) � �(Qk)
−n/p1+n.

For the other term Jout, we choose s1 such that

Np1
+n/2+ ε < s1 < s−n, (9.30)

which is possible due to Equation (9.28), and s2,s3 > n/2 such that

s1+n < s1+s2+s3 = s. (9.31)

We observe that, for y ∈ (Q∗∗
k )c,

〈2j(y−xQk
)〉s1

∣∣Λjak(z1)
∣∣

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}〈2j(y−xQk
)〉s1

×
(
χQ∗

k
(z1)+χ(Q∗

k)
c(z1)

(2j�(Qk))
n

〈2j(z1−xQk
)〉L0

)
� �(Qk)

−n/p1 min
{
1,
(
2j�(Qk)

)M}〈2j(y− z1)〉s1

×
(
χQ∗

k
(z1)+χ(Q∗

k)
c(z1)

(2j�(Qk))
n

〈2j(z1−xQk
)〉L0−s1

)
,

where Lemma 4.5 is applied in the first inequality. Here, M and L0 are sufficiently large

numbers such that L0−s1 > n and M −L0+3n/2> 0. By letting

Aj,Qk
(z1) := χQ∗

k
(z1)+χ(Q∗

k)
c(z1)

(2j�(Qk))
n

〈2j(z1−xQk
)〉L0−s1

, (9.32)

we have∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣χ(Q∗∗

k )c(y)

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M} 1

〈2j(y−xQk
)〉s1 |P |−1/2|R|−1/2 (9.33)

×
∫
(Rn)3

〈2j(y− z1)〉s1
∣∣σ∨

j (y− z1,z2,z3)
∣∣Aj,Qk

(z1) d�z

and the integral is, via the Cauchy-Schwarz inequality, less than

2−jn

∫
Rn

|Aj,Qk
(z1)|

∥∥〈2j(y− z1,z2,z3)〉sσ∨
j (y− z1,z2,z3)

∥∥
L2(z2,z3)

dz1.
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This deduces that

K
j,out
Np1

+ε(Qk,P,R)

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}|P |−1/2|R|−1/22−js12−jn

∫
Rn

∣∣Aj,Qk
(z1)

∣∣
×
(∫

(Q∗∗
k )c

1

|y−xQk
|s1−(Np1

+ε)

∥∥〈2j(y− z1,z2,z3)〉sσ∨
j (y− z1,z2,z3)

∥∥
L2(z2,z3)

dy
)
dz1

� �(Qk)
−n/p1 min

{
1,
(
2j�(Qk)

)M}|P |−1/2|R|−1/22−js12−jn‖Aj,Qk
‖L1(Rn)

×
∥∥∥∥ 1

| ·−xQk
|s1−(Np1

+ε)

∥∥∥∥
L2((Q∗∗

k )c)

∥∥〈2j�· 〉sσ∨
j

∥∥
L2((Rn)3)

� �(Qk)
−n/p1+n+Np1

+ε
(
2j�(Qk)

)−(s1−n/2)
min

{
1,
(
2j�(Qk)

)M−L0+s1+n}|P |−1/2|R|−1/2

since

‖Aj,Qk
‖L1(Rn) � �(Qk)

n
(
1+(2j�(Qk))

−(L0−s1−n)
)

for L0−s1 > n.

Therefore, by using the Cauchy–Schwarz inequality∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP∩R(x)K
j,out
Np1

+ε(Qk,P,R)

� |Qk|−1/p1�(Qk)
n+Np1

+εg2
({

b2P
}
P∈D

)
(x)g∞

({
b3R
}
R∈D

)
(x)

×
(∑

j∈Z

((
2j�(Qk)

)−(s1−n/2)
min

{
1,
(
2j�(Qk)

)M−L0+s1+n})2)1/2

� |Qk|−1/p1�(Qk)
n+Np1

+εg2
({

b2P
}
P∈D

)
(x)g∞

({
b3R
}
R∈D

)
(x), (9.34)

where the last inequality holds due to s1 > n/2 and M −L0+3n/2> 0.

In conclusion, the estimate (7.16) can be derived from Equations (9.29) and (9.34),

using the choices of

u1(x) :=

∞∑
k=0

|λk||Qk|−1/p1χ(Q∗∗)c
�(Qk)

n+Np1
+ε

|x−xQk
|n+Np1

+ε
,

u2(x) := g2
({

b2P
}
P∈D

)
(x),

u3(x) := g∞
({

b3R
}
R∈D

)
(x).

It is obvious from Equations (7.1) and (7.2) that ‖u2‖Lp2 (Rn),‖u3‖Lp3 (Rn) � 1. Further-

more,

‖u1‖Lp1 (Rn) �
( ∞∑

k=0

|λk|p1 |Qk|−1

∫
(Q∗∗∗

k )c

�(Qk)
(n+Np1

+ε)p1

|x−xQk
|(n+Np1

+ε)p1
dx

)1/p1

�
( ∞∑

k=0

|λk|p1

)1/p1

� 1. (9.35)

This completes the proof.
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9.7. Proof of Lemma 7.6

Choose s1, s2, and s3 such that s1 > n/p1−n/2, s2 > n/2, s3 > n/2 and s= s1+s2+s3.

For x ∈Bl
k ∩ (Bl

P )
c and |x−y| ≤ 2−l, we have

|x−xQk
| ≤ |x−xP | � |y−xP |. (9.36)

This implies

〈2j(x−xQk
)〉s1〈2j(x−xP )〉s2

∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� |R|−1/22ln

∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y−xP )〉s1+s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣∣∣Λjak(z1)

∣∣∣∣ψP (z2)
∣∣ d�z dy

≤ |R|−1/22ln
∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z2)〉s1+s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣∣∣Λjak(z1)

∣∣∣∣ψ̃P (z2)
∣∣ d�z dy,

where

ψ̃P (z2) := 〈2j(z2−xP )〉s1+s2ψP (z2).

By using the Cauchy–Schwarz inequality and Lemma 4.2, we obtain∣∣φl ∗
(
U1
2 (x,·)

)
(x)

∣∣
�
∑
j∈Z

∑
P∈Dj

∑
R∈Dj

|b2P ||b3R|χP c(x)χR(x)
1

〈2j(x−xQk
)〉s1

1

〈2j(x−xP )〉s2
|R|−1/2

×2ln
∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z2)〉s1+s2
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣∣∣Λjak(z1)

∣∣ d�zdy
� g∞

({
b3R
}
R∈D

)
(x)

∑
j∈Z

1

〈2j(x−xQk
)〉s1 2

ln

∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z2)〉s1+s2

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣∣∣Λjak(z1)

∣∣( ∑
P∈Dj

|b2P |
χ(P )c(x)

〈2j(x−xP )〉s2
∣∣ψ̃P (z3)

∣∣) d�zdy

� g∞
({

b3R
}
R∈D

)
(x)

1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

×
(∑

j∈Z

∑
P∈Dj

(∣∣B2
P (f2)

∣∣|P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

, (9.37)

where B2
P (f2) is defined as in Equation (9.19) for some L > n,s2, and

J1
k,j,s(y) := 2−jn

∫
Rn

∣∣Λjak(z1)
∣∣∥∥∥〈2j(y− z1,z2,z3)〉sσ∨

j (y− z1,z2,z3)
∥∥∥
L2(z2,z3)

dz1. (9.38)
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Now, we choose

u1(x) :=
∞∑
k=0

|λk|χ(Q∗∗∗
k )c(x)

1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

,

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

,

u3(x) := g∞
({

b3R
}
R∈D

)
(x).

Clearly, Equation (7.18) holds and ‖u2‖Lp2 (Rn),‖u3‖Lp3 (Rn) � 1 due to Lemma 4.3 and
Equation (7.2). In addition,

‖u1‖p1

Lp1 (Rn) �
∞∑
k=0

|λk|p1

∫
(Q∗∗∗

k )c
|x−xQk

|−s1p1

(∑
j∈Z

(
2−s1jMJ1

k,j,s(x)
)2)p1/2

dx

and the integral is controlled by

∥∥| ·−xQk
|−s1p1

∥∥
L(2/p1)′ ((Q∗∗∗

k )c)

∥∥∥∥(∑
j∈Z

(
2−s1jMJ1

k,j,s(x)
)2)p1/2

∥∥∥∥
L2/p1 (Rn)

� �(Qk)
−p1(s1−(n/p1−n/2))

(∑
j∈Z

2−2js1
∥∥J1

k,j,s

∥∥2
L2(Rn)

)p1/2

by using Hölder’s inequality and the L2 boundedness of M. It follows from Minkowski’s
inequality and Lemma 4.5 that

∥∥J1
k,j,s

∥∥
L2(Rn)

� 2−jn
∥∥Λjak

∥∥
L1(Rn)

∥∥∥〈2j�· 〉s∣∣σ∨
j

∣∣∥∥∥
L2((Rn)3)

� �(Qk)
−n/p1+n2jn/2min

{
1,
(
2j�(Qk)

)M}
,

and this finally yields that

‖u1‖Lp1 (Rn) �
( ∞∑

k=0

|λk|p1

)1/p1

� 1. (9.39)

9.8. Proof of Lemma 7.7

For x ∈Bl
k ∩Bl

P ,

2l � |x−xQk
|−1,|x−xP |−1. (9.40)

Since s > n/p1+n/2, there exist 0< ε0,ε1 < 1 such that

n/p1+n/p2 <
[
n/p1+n/p2

]
+ ε0 and

[
n/p1+n/p2

]
+ ε0+ ε1 < s−

(
n/2−n/p2

)
.
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Choose t1 and t2 satisfying t1 > n/p1, t2 > n/p2 and t1+ t2 =
[
n/p1+n/p2

]
+ ε0, and let

N0 :=
[
n/p1+n/p2

]
−n. Then Lemma 4.1, together with the vanishing moment condition

(5.3), and the estimate (9.40) yield that∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� 2l(N0+n+ε0)

∫
Rn

|y−xP |N0+ε0
∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣ dy

� |R|−1/2 1

|x−xQk
|t1 2

−j(t1−n)

∫
Rn

∫
(Rn)3

〈2j(y− z2)〉N0+ε0

×
∣∣σ∨

j (y− z1,y− z2,z3)
∣∣∣∣Λjak(z1)

∣∣ |ψ̃P (z2)|
〈2j(x−xP )〉t2

d�zdy,

where

ψ̃P (z2) := 〈z2−xP 〉N0+ε0ψP (z2).

This deduces∣∣φl ∗
(
U2
2 (x,·)

)
(x)

∣∣
� g∞

({
b3R
}
R∈D

)
(x)

1

|x−xQk
|t1
∑
j∈Z

2−j(t1−n)

∫
Rn

∫
(Rn)3

〈2j(y− z2)〉N0+ε0

×
∣∣σj(y− z1,y− z2,z3)

∣∣∣∣Λjak(z1)
∣∣( ∑

P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣) d�zdy. (9.41)

Using Hölder’s inequality with 1
2 +

1
(1/p′

2−1/2)−1 +
1
p2

= 1 and Lemma 4.2, we see that

∫
Rn

〈2j(y− z2)〉N0+ε0
∣∣σj(y− z1,y− z2,z3)

∣∣( ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣) dz2

≤
∥∥〈2jz2〉s−n−ε1σ∨

j (y− z1,z2,z3)
∥∥
L2(z2)

∥∥〈2j ·〉−(s−t1−t2−ε1)
∥∥
L(1/p′2−1/2)−1

(Rn)

×
∥∥∥ ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣∥∥∥
Lp2 (Rn)

� 2−
jn
2

∥∥〈2jz2〉s−n−ε1σ∨
j (y− z1,z2,z3)

∥∥
L2(z2)

×
( ∑

P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

because s−n− ε1 = s− t1− t2− ε1+N0+ ε0, s− t1− t2− ε1 > n(1/p′2−1/2). This shows

that the integral in the right-hand side of Equation (9.41) is dominated by a constant

times
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‖Λjak‖L1(Rn)

( ∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

×2−jn/2

∫
(Rn)2

∥∥〈2jz2〉s−n−ε1σ∨
j (y,z2,z3)

∥∥
L2(z2)

dy dz3

� �(Qk)
−n/p1+nmin

{
1,
(
2j�(Qk)

)M}( ∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

,

where B2
P (f2) is defined as in Equation (9.19) and M is sufficiently large. Consequently,

∣∣φl ∗
(
U2
2 (x,·)

)
(x)

∣∣
� g∞

({
b3R
}
R∈D

)
(x) sup

j∈Z

( ∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

× 1

|x−xQk
|t1 �(Qk)

−n/p1+n
∑
j∈Z

2−j(t1−n)min
{
1,
(
2j�(Qk)

)M}

� |Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

(9.42)

×g∞
({

b3R
}
R∈D

)
(x).

Now, we are done with

u1(x) :=

∞∑
k=0

|λk||Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1 χ(Q∗∗∗

k )c(x)

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

u3(x) := g∞
({

b3R
}
R∈D

)
(x)

as ‖ui‖Lpi (Rn) � 1, i = 1,2,3, follow from Lemma 4.3, Equation (7.2) and the argument
that led to (9.35) with t1 > n/p1.

9.9. Proof of Lemma 7.8

Let s1, s2 and s3 satisfy s1 > n/p1 −n/2, s2 > n/2, s3 > n/2 and s = s1 + s2 + s3. By

mimicking the argument that led to Equation (9.37) with

|x−xQk
| ≤ |x−xR| � |y−xR|

for x ∈Bl
k ∩ (Bl

R)
c and |x−y| ≤ 2−l, instead of Equation (9.36), we can prove
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∣∣φl ∗
(
U1
3 (x,·)

)
(x)

∣∣� 1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

g2
({

b2P
}
P∈D

)
(x)

× sup
j∈Z

( ∑
R∈Dj

(∣∣B3
R(f3)

∣∣|R|−1/2 χRc(x)

〈2j(x−xR)〉s3
)2)1/2

,

where J1
k,j,s and B3

R(f3) are defined as in Equations (9.38) and (9.26) for some L> n,s3.

Now, let

u1(x) :=
∞∑
k=0

|λk|χ(Q∗∗∗
k )c(x)

1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

u2(x) := g2
({

b2P
}
P∈D

)
(x)

u3(x) := sup
j∈Z

( ∑
P∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉s3
)2)1/2

.

Then the estimate (7.21) is clear and it follows from Equations (9.39) and (7.1) and

Lemma 4.4 that Equation (7.20) holds.

9.10. Proof of Lemma 7.9

Let 0< ε0,ε1 < 1 satisfy

n/p1+n/p3 <
[
n/p1+n/p3

]
+ ε0 and

[
n/p1+n/p3

]
+ ε0+ ε1 < s−

(
n/2−n/p3

)
,

and select t1,t3 so that t1 > n/p1, t3 > n/p3 and t1+ t3 =
[
n/p1+n/p3

]
+ ε0. Let N0 :=[

n/p1+n/p3
]
−n and B3

R(f3) be defined as in Equation (9.26). Then, as the counterpart

of Equation (9.42), we can get

∣∣φl ∗
(
U2
3 (x,·)

)
(x)

∣∣� |Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1 g

2
({

b2P
}
P∈D

)
(x)

× sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

,

where the embedding �2 ↪→ �∞ is applied. By taking

u1(x) :=
∞∑
k=0

|λk||Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1 χ(Q∗∗∗

k )c(x)

u2(x) := g2
({

b2P
}
P∈D

)
(x),

u3(x) := sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

,

we obtain the inequality (7.22) and Equation (7.23).
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9.11. Proof of Lemma 7.10

The proof is almost same as that of Lemmas 7.6 and 7.8. Let s1, s2 and s3 be numbers

such that s1 > n/p1 −n/2, s2 > n/2, s3 > n/2 and s = s1 + s2 + s3. We claim that for

η = 1,2,3,

∣∣φl ∗
(
Uη
4 (x,·)

)
(x)

∣∣� 1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

(9.43)

×
(∑

j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

× sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉s3
)2)1/2

,

where J1
k,j,s, B

2
P (f2) and B3

R(f3) are defined as in Equations (9.38), (9.19) and (9.26),

respectively. Then we have Equation (7.25) with the choice

u1(x) :=
∞∑
k=0

|λk|χ(Q∗∗∗
k )c(x)

1

|x−xQk
|s1
(∑

j∈Z

(
2−js1MJ1

k,j,s(x)
)2)1/2

,

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉s2
)2)1/2

,

u3(x) := sup
j∈Z

( ∑
P∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉s3
)2)1/2

.

The estimates for u1,u2,u3 follow from Equation (9.39), Lemma 4.3 and Lemma 4.4.
Now, we return to the proof of Equation (9.43). For x ∈ Bl

k ∩ (Bl
P )

c ∩ (Bl
R)

c and

|x−y| ≤ 2−l, we have

|x−xQk
| ≤ |x−xP | � |y−xP | and |x−xR| � |y−xR|. (9.44)

Then we have

〈2j(x−xQk
)〉s1〈2j(x−xP )〉s2〈2j(x−xR)〉s3

∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� 2ln

∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z2)〉s1+s2〈2j(y− z3)〉s3
∣∣σ∨

j (y− z1,y− z2,y− z3)
∣∣

×|Λjak(z1)|
∣∣ψ̃P (z2)

∣∣∣∣θ̃R(z3)∣∣ d�zdy,
where

ψ̃P (z2) := 〈2j(z2−xP )〉s1+s2ψP (z2),

θ̃R(z3) := 〈2j(z3−xR)〉s3θR(z3).

Now, using the method similar to that used in the proof of Equation (9.37), we obtain

Equation (9.43) for η = 1.
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For the case η= 2, we use the fact, instead of Equation (9.44), that for x∈Bl
k∩(Bl

P )
c∩

Bl
R and |x−y| ≤ 2−l,

|x−xQk
|,|x−xR| ≤ |x−xP | � |y−xP |.

This shows that

〈2j(x−xQk
)〉s1〈2j(x−xP )〉s2〈2j(x−xR)〉s3

∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� 2ln

∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z2)〉s
∣∣σ∨

j (y− z1,y− z2,y− z3)
∣∣

×|Λjak(z1)|
∣∣ψ̃P (z2)

∣∣∣∣θR(z3)∣∣ d�zdy,
where

ψ̃P (z2) := 〈2j(z2−xP )〉sψP (z2),

and then Equation (9.43) for η = 2 follows.
Similarly, we can prove that for x ∈Bl

k ∩Bl
P ∩ (Bl

R)
c and |x−y| ≤ 2−l,

〈2j(x−xQk
)〉s1〈2j(x−xP )〉s2〈2j(x−xR)〉s3

∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� 2ln

∫
|x−y|≤2−l

∫
(Rn)3

〈2j(y− z3)〉s
∣∣σ∨

j (y− z1,y− z2,y− z3)
∣∣

×|Λjak(z1)|
∣∣ψP (z2)

∣∣∣∣θ̃R(z3)∣∣ d�zdy,
where

θ̃R(z3) := 〈2j(z3−xR)〉sθR(z3).

This proves (9.43) for η = 3.

9.12. Proof of Lemma 7.11

We first note that

2l � |x−xQk
|−1,|x−xP |−1,|x−xR|−1 (9.45)

for x ∈Bl
k ∩Bl

P ∩Bl
R. Since n/p < s−

(
n/2−n/p2−n/p3

)
, there exist 0< ε0,ε1 < 1 such

that

n/p <
[
n/p

]
+ ε0 and

[
n/p

]
+ ε0+ ε1 < s−

(
n/2−n/p2−n/p3

)
.

Choose t1, t2, and t3 satisfying t1 >n/p1, t2 >n/p2, t3 >n/p3, and t1+t2+t3 =
[
n/p

]
+ε0

and let N0 :=
[
n/p

]
−n. Then it follows from Lemma 4.1 and the estimate (9.45) that∣∣φl ∗Tσj

(
Λjak,ψ

P ,θR
)
(x)

∣∣
� 2l(N0+n+ε0)

∫
Rn

|y−xP |N0+ε0
∣∣Tσj

(
Λjak,ψ

P ,θR
)
(y)
∣∣ dy
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� 1

|x−xQk
|t1 2

−j(t1−n)

∫
Rn

∫
(Rn)3

〈2j(y− z2)〉N0+ε0
∣∣σ∨

j (y− z1,y− z2,y− z3)
∣∣

×
∣∣Λjak(z1)

∣∣ |ψ̃P (z2)|
〈2j(x−xP )〉t2

|θR(z3)|
〈2j(x−xR)〉t3

d�zdy,

where

ψ̃P (z2) := 〈z2−xP 〉N0+ε0ψP (z2).

This deduces that

∣∣φl ∗
(
U4
4 (x,·)

)
(x)

∣∣
� 1

|x−xQk
|t1
∑
j∈Z

2−j(t1−n)

∫
Rn

∫
(Rn)3

〈2j(y− z2)〉N0+ε0
∣∣σj(y− z1,y− z2,z3)

∣∣∣∣Λjak(z1)
∣∣

×
( ∑

P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣)( ∑
R∈Dj

|b3R|
χRc(x)

〈2j(x−xR)〉t3
∣∣θR(z3)∣∣) d�zdy.

(9.46)

Since s−
[
n/p

]
+n/2− ε0− ε1 >

(
n/2−n/p2

)
+
(
n/2−n/p3

)
, there exist μ2 and μ3 such

that μ2 > n/2−n/p2, μ3 > n/2−n/p3, and μ1 +μ2 = s−
[
n/p

]
+n/2− ε0 − ε1. Using

Hölder’s inequality with

1

2
+

1

(1/p′2−1/2)−1
+

1

p2
=

1

2
+

1

(1/p′3−1/2)−1
+

1

p3
= 1,

we have∫
(Rn)2

〈2j(y− z2)〉N0+ε0
∣∣σj(y− z1,y− z2,y− z3)

∣∣
×
( ∑

P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣)( ∑
R∈Dj

|b3R|
χRc(x)

〈2j(x−xR)〉t3
∣∣θR(z3)∣∣) dz2dz3

≤
∥∥〈2jz2〉N0+ε0+μ2〈2jz3〉μ3σ∨

j (y− z1,z2,z3)
∥∥
L2(z2,z3)

∥∥〈2j ·〉−μ2
∥∥
L(1/p′2−1/2)−1

(Rn)

×
∥∥〈2j ·〉−μ3

∥∥
L(1/p′3−1/2)−1

(Rn)

∥∥∥∥ ∑
P∈Dj

|b2P |
χP c(x)

〈2j(x−xP )〉t2
∣∣ψ̃P (z2)

∣∣∥∥∥∥
Lp2 (z2)

×
∥∥∥∥ ∑
R∈Dj

|b3R|
χRc(x)

〈2j(x−xR)〉t3
∣∣θR(z3)∣∣

∥∥∥∥
Lp2 (z3)

,
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and then Lemma 4.2 yields that the preceding expression is less than a constant times

2−jn
∥∥〈2j(z2,z3)〉N0+ε0+μ1+μ2σ∨

j (y− z1,z2,z3)
∥∥
L2(z2,z3)

×
( ∑

P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

×
( ∑

R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

because μ2 >n(1/p′2−1/2) and μ3 >n(1/p′3−1/2), where B2
P (f2) and BR(f3) are defined

as in Equations (9.19) and (9.26).
Now, the integral in the right-hand side of Equation (9.46) is dominated by a constant

times

2−jn‖Λjak‖L1(Rn)

∫
Rn

∥∥〈2j(z2,z3)〉s−n/2−ε1σ∨
j (y,z2,z3)

∥∥
L2(z2,z3)

dy

×
( ∑

P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

×
( ∑

R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

,

and this is no more than

�(Qk)
−n/p1+nmin

{
1,
(
2j�(Qk)

)M}
×
( ∑

P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

×
( ∑

R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

,

where N0+ ε0+μ2+μ3 = s− n
2 − ε1. Hence, it follows that∣∣φl ∗

(
U4
4 (x,·)

)
(x)

∣∣
� 1

|x−xQk
|t1 �(Qk)

−n/p1+n
∑
j∈Z

2−j(t1−n)min
{
1,
(
2j�(Qk)

)M}

× sup
j∈Z

( ∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

× sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3
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� |Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

× sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

.

Now, let

u1(x) :=

∞∑
k=0

|λk||Qk|−1/p1
�(Qk)

t1

|x−xQk
|t1 χ(Q∗∗∗

k )c(x),

u2(x) :=

(∑
j∈Z

∑
P∈Dj

(
|B2

P (f2)||P |−1/2 χP c(x)

〈2j(x−xP )〉t2
)p2

)1/p2

,

u3(x) := sup
j∈Z

( ∑
R∈Dj

(
|B3

R(f3)||R|−1/2 χRc(x)

〈2j(x−xR)〉t3
)p3

)1/p3

.

Then it is easy to prove Equations (7.26) and (7.27).

9.13. Proof of Lemma 8.1

Using the fact that
∑

j∈Z
Ψ̂(2−j�ξ) = 1 for �ξ �= �0, we can write

Tσ(ak,f2,f3) =
∑
j∈Z

Tσ̃j
(ak,f2,f3), (9.47)

where σ̃j(�ξ) := σ(�ξ)Ψ̂(2−j�ξ) so that

sup
k∈Z

∥∥σ̃k(2
k�· )

∥∥
L2

s((R
n)3)

= L2
s[σ] = 1.

Moreover, due to the support of σ̃j ,

Tσ̃j
(ak,f2,f3) = Tσ̃j

(Γj+1ak,f2,f3). (9.48)

Now, the left-hand side of Equation (8.3) is less than

sup
l∈Z

∣∣∣ ∞∑
k=1

λkχ(Q∗∗∗
k )c(x)χ(Bl

k)
c(x)φl ∗

(∑
j∈Z

Tσ̃j

(
Γj+1ak,f2,f3

)
(x)

)
(x)

∣∣∣.
Let s1,s2,s3 be numbers such that s1 >n/p−n/2, s2,s3 >n/2, and s= s1+s2+s3. For

x ∈ (Q∗∗∗)c∩ (Bl
k)

c and |x−y| ≤ 2−l,

|x−xQk
| � |y−xQk

|.

In the same argument as in the proof of Equations (9.5) and (9.8), with Equation (4.8)

replaced by Equation (4.9), we can get

〈2j(x−xQk
)〉s1

∣∣Tσ̃j

(
Γj+1ak,f2,f3

)
(y)
∣∣

� ‖f2‖L∞(Rn)‖f3‖L∞(Rn)〈2j(x−xQk
)〉s1

∫
(Rn)3

∣∣σ̃j
∨(y− z1,z2,z3)

∣∣|Γj+1ak(z1)| d�z

� �(Qk)
−n/pmin

{
1,
(
2j�(Qk)

)M}
Ik,j,s(y),
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where Iink,j,s and Ioutk,j,s are defined as in Equaitons (9.4) and (9.9), respectively, and

Ik,j,s(y) := Iink,j,s(y)+ Ioutk,j,s(y).

This yields that∣∣∣φl ∗
(∑

j∈Z

Tσ̃j

(
Γj+1ak,f2,f3

))
(x)

∣∣∣
� �(Qk)

−n/p|x−xQk
|−s1M

(∑
j∈Z

2−s1jmin
{
1,
(
2j�(Qk)

)M}
Ik,j,s(·)

)
(x)

and thus Equation (8.3) follows from choosing u2(x) = u3(x) := 1 and

u1(x) :=

∞∑
k=1

|λk|χ(Q∗∗∗
k )c(x)�(Qk)

−n/p|x−xQk
|−s1

×M
(∑

j∈Z

2−s1jmin
{
1,
(
2j�(Qk)

)M}
Ik,j,s(·)

)
(x).

Now, it is straightforward that ‖u1‖Lp(Rn) is less than

( ∞∑
k=1

|λk|p�(Qk)
−n

∥∥∥∥| ·−xQk |
−s1M

(∑
j∈Z

2−s1j min
{
1,

(
2j�(Qk)

)M}
Ik,j,s(·)

)∥∥∥∥p

Lp((Q∗∗∗
k

)c)

)1/p

,

and the Lp-norm in the preceding expression is less than

∥∥| ·−xQk
|−s1

∥∥
Lp(2/p)′ ((Q∗∗∗

k )c)

∥∥∥∥M(∑
j∈Z

2−s1jmin
{
1,
(
2j�(Qk)

)M}
Ik,j,s1(·)

)∥∥∥∥
L2(Rn)

� �(Qk)
−(s1−(n/p−n/2))

∑
j∈Z

2−s1jmin
{
1,
(
2j�(Qk)

)M}‖Ik,j,s‖L2(Rn)

� �(Qk)
−(s1−(n/p−n/2))�(Qk)

n
∑
j∈Z

2−(s1−n/2)jmin
{
1,
(
2j�(Qk)

)M}� �(Qk)
n/p,

where Equations (9.13) and (9.14) are applied in the penultimate inequality for sufficiently

large M. This concludes that

‖u1‖Lp(Rn) �
( ∞∑

k=1

|λk|p
)1/p

� 1.

9.14. Proof of Lemma 8.2

Select 0< ε < 1 such that

Np := [n/p−n]≤ n/p−n < [n/p−n]+ ε < s−3n/2.
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Then Lemma 4.1 yields that

∣∣φl ∗Tσ

(
ak,f2,f3

)
(x)

∣∣� 2l(Np+n+ε)

∫
Rn

|y−xQk
|Np+ε

∣∣Tσ(ak,f2,f3)(y)
∣∣ dy

� 1

|x−xQk
|Np+n+ε

∫
Rn

|y−xQk
|Np+ε

∣∣Tσ(ak,f2,f3)(y)
∣∣ dy

≤ 1

|x−xQk
|Np+n+ε

(
Kin

Np+ε(ak,f2,f3)+Kin
Np+ε(ak,f2,f3)

)
,

where we applied 2l � |x−xQk
| for x ∈Bl

k in the penultimate inequality and

Kin
Np+ε(ak,f2,f3) :=

∫
Q∗∗

k

|y−xQk
|Np+ε

∣∣Tσ(ak,f2,f3)(y)
∣∣ dy,

Kout
Np+ε(ak,f2,f3) :=

∫
(Q∗∗

k )c
|y−xQk

|Np+ε
∣∣Tσ(ak,f2,f3)(y)

∣∣ dy.
Now, we claim that

Kin/out
Np+ε (ak,f2,f3) � �(Qk)

Np−n/p+n+ε. (9.49)

Once Equation (9.49) holds, we obtain

∣∣φl ∗Tσ

(
ak,f2,f3

)
(x)

∣∣� |Qk|−1/p �(Qk)
Np+n+ε

|x−xQk
|Np+n+ε

,

which implies (8.4) with u2(x) = u3(x) := 1 and

u1(x) :=

∞∑
k=1

|λk||Qk|−1/p �(Qk)
Np+n+ε

|x−xQk
|Np+n+ε

χ(Q∗∗∗
k )c(x).

Moreover,

‖u1‖Lp(Rn) ≤
( ∞∑

k=1

|λk|p|Qk|−1�(Qk)
p(Np+n+ε)

∥∥| ·−xQk
|−(Np+n+ε)

∥∥p
Lp((Q∗∗∗

k )c)

)1/p

�
( ∞∑

k=1

|λk|p
)1/p

� 1

because Np+n+ ε > n/p.

Therefore, it remains to show Equation (9.49). Indeed, it follows from Theorem D that

Kin
Np+ε(ak,f2,f3) � �(Qk)

Np+ε
∥∥Tσ(ak,f2,f3)

∥∥
L1(Rn)

� �(Qk)
Np+ε‖ak‖L1(Rn) � �(Qk)

Np−n/p+n+ε.

For the other term, we use both Equations (9.47) and (9.48) to write

Kout
Np+ε(ak,f2,f3) �

∑
j∈Z

2−j(Np+ε)

∫
(Q∗∗

k )c
〈2j(y−xQk

)〉Np+ε
∣∣Tσ̃j

(
Γj+1ak,f2,f3

)
(y)
∣∣ dy.
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Let s1,s2,s3 be numbers satisfying

Np+n/2+ ε < s1 < s−n, s2,s3 > n/2, s1+n < s1+s2+s3 = s,

similar to Equations (9.30) and (9.31). Then, using the argument in Equation (9.33), we

have∣∣Tσ̃j

(
Γj+1ak,f2,f3

)
(y)
∣∣χ(Q∗∗

k )c(y) � �(Qk)
−n/pmin

{
1,
(
2j�(Qk)

)M} 1

〈2j(y−xQk
)〉s1

×2−jn

∫
Rn

|Aj,Qk
(z1)|

∥∥〈2j(y− z1,z2,z3)〉sσ̃j
∨(y− z1,z2,z3)

∥∥
L2(z2,z3)

dz1,

where Aj,Qk
is defined as in Equation (9.32). This finally yields that

Kout
Np+ε(ak,f2,f3) � �(Qk)

−n/p
∑
j∈Z

2−j(Np+n+ε)min
{
1,

(
2j�(Qk)

)M}∫
Rn

|Aj,Qk (z1)|

×
(∫

(Q∗∗
k

)c

1

〈2j(y−xQk )〉s1−(Np+ε)

∥∥〈2j(y−z1,z2,z3)〉sσ̃j
∨(y−z1,z2,z3)

∥∥
L2(z2,z3)

dy
)
dz1

� �(Qk)
−n/p

∑
j∈Z

2−j(s1+n)min
{
1,

(
2j�(Qk)

)M}
‖Aj,Qk‖L1(Rn)

×
∥∥〈2j�· 〉sσ̃j

∨∥∥
L2((Rn)3)

∥∥| ·−xQk |
−(s1−(Np+ε))

∥∥
L2(Rn)

� �(Qk)
−n/p+n�(Qk)

−(s1−(Np+n/2+ε))
∑
j∈Z

2−j(s1−n/2)min
{
1,

(
2j�(Qk)

)M−(L0−s1−n)}
� �(Qk)

Np−n/p+n+ε

for M and L0 satisfying M >L0−s1−n, which completes the proof of Equation (9.49).

Appendix A. Bilinear Fourier multipliers (m= 2)

We remark that Theorem 1 still holds in the bilinear setting where all the arguments
above work as well.

Theorem 2. Let 0< p1,p2 ≤∞ and 0< p≤ 1 with 1/p= 1/p1+1/p2. Suppose that

s > n and
1

p
− 1

2
<

s

n
+
∑
j∈J

( 1

pj
− 1

2

)
,

where J is an arbitrary subset of {1,2}. Let σ be a function on (Rn)2 satisfying

sup
k

∥∥σ(2k�· )Ψ̂(2)
∥∥
L2

s((R
n)2)

<∞

and the bilinear analogue of the vanishing moment condition (1.16). Then the bilinear

Fourier multiplier Tσ, associated with σ, satisfies∥∥Tσ(f1,f2)
∥∥
Hp(Rn)

� sup
k

∥∥σ(2k�· )Ψ̂(2)
∥∥
L2

s((R
n)2)

‖f1‖Hp1 (Rn)‖f2‖Hp2 (Rn)

for f1,f2 ∈ S0(R
n).
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The proof is similar, but much simpler than that of Theorem 1. Moreover, unlike
Theorem 1, Theorem 2 covers the results for pj =∞, j = 1,2, which follow immediately

from the bilinear analogue of Proposition 3.2.

Appendix B. General m-linear Fourier multipliers for m≥ 4

The structure of the proof of Theorem 1 is actually very similar to those of Theorems C

and D, in which Tσ(f1, . . . ,fm) is written as a finite sum of Tκ(f1, . . . ,fm) for some variant
operators Tκ, and then∣∣Tκ

(
f1, . . . ,fm

)
(x)

∣∣� sup
k∈Z

∥∥σ(2k�· )Ψ̂(m)
∥∥
L2

s((R
n)m)

u1(x) · · ·um(x), (B.1)

where ‖uj‖Lpj (Rn) � ‖fj‖Lpj (Rn) for 1 ≤ j ≤m. Compared to the Hp1 ×·· ·×Hpm → Lp

estimates in Theorems C and D, one of the obstacles to be overcome for the boundedness

into Hardy space Hp is to replace the left-hand side of Equation (B.1) by

sup
l∈Z

∣∣φl ∗Tκ
(
f1, . . . ,fm

)
(x)

∣∣,
and we have successfully accomplished this for m = 3 as mentioned in Equation (1.20).

One of the methods we have adopted is

χQ∗∗∗
k

(x)2ln
∫
|x−y|≤2−l

F1(y)F2(y)F3(y) dy � χQ∗∗∗
k

(x)MqF1(x)Mr̃F2(x)Mr̃F3(x),

where 2< r̃ < p2,p3 and 1/q+2/r̃ = 1. Then we have

‖Mr̃F2‖Lp2 (Rn) � ‖Fj‖Lpj (Rn), j = 2,3

by the Lpj boundedness of Mr̃ with r̃ < pj . Such an argument is contained in the proof
of Lemma 6.1. However, if we consider m-linear operators for m ≥ 4, then the above

argument does not work for p2, . . . ,pm > 2. For example, it is easy to see that 1/q+3/r̃

exceeds 1 if r̃ > 2 is sufficiently close to 2. That is, we are not able to obtain m-linear
estimates for 0 < p1 ≤ 1 and 2 < p2, · · · ,pm < ∞, m ≥ 4. This is critical because our

approach in this paper highly relies on interpolation between the estimates in the regions

R1,R2,R3, which are trilinear versions of {(1/p1, · · · ,1/pm) : 0 < p1 ≤ 1, 2 < p2, · · · ,pm <
∞}.
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