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Abstract

We discuss the p-adic Weierstrass zeta functions associated with elliptic curves defined over the field of
algebraic numbers and linear relations for their values in the p-adic domain. These results are extensions
of the p-adic analogues of results given by Wiistholz in the complex domain [see A. Baker and G.
Wiistholz, Logarithmic Forms and Diophantine Geometry, New Mathematical Monographs, 9 (Cambridge
University Press, Cambridge, 2007), Theorem 6.3] and also generalise a result of Bertrand to higher
dimensions [‘Sous-groupes & un parametre p-adique de variétés de groupe’, Invent. Math. 40(2) (1977),
171-193].
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1. Introduction

Let K be a subfield of the field of complex numbers C. Let E be an elliptic curve
defined over K by the Weierstrass form

Y*Z - 4X3 + g X7* + g37° = 0,

where g,, g3 are elements in K satisfying gg - 27g§ # 0. Let e; and e, be two roots
among the three (distinct) complex roots of the polynomial 4X° — g,X — g3. Put
A = Zw] + Zw} with

. f‘x’ dx and o f“’ dx
w] = _ wy = _
A VA3 — gox — g3 A Va3 — gox — g3

Then A is a lattice in C. The elliptic function p : C\ A — Crelative to A is defined by

PO =pEA =5t > (=)

PRV
weA\(0) @-w? o
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This function is called the Weierstrass elliptic function associated with the elliptic
curve E and A is called the lattice of periods of ¢ (or the lattice associated with
E). The Weierstrass zeta function associated with E (or relative to A) is the function
{: C\ A — C defined by

1 z
Q=N ==+ (—+_+_2)
) w
The Weierstrass zeta function is related to the Weierstrass elliptic function by ¢’ = —¢
and one can write the Laurent expansion at zero of { as

(@) == - Z Gorrn (W),

k>1

where Goi+2(A) is the Eisenstein series of weight 2k + 2 (with respect to the lattice A).
By induction, Ga+2(A) can be represented as a polynomial in g,, g3 with rational
coefficients (see [5, Ch. IV]). In other words,

l(2) = - + Za Z21<+1

k>1

with a; € Q[g,, g3] for all positive integers k.

Since g is a periodic function, it follows that { is a quasiperiodic function, that is,
for each w € A, there exists a complex number 17 = n(w) satisfying {(z + w) = {(2) + 1
for all z € C\ A. The number 7 is called a quasiperiod of the elliptic curve E. If
(w1, wy) 1s a pair of fundamental periods of A (that is, w; and w, are complex numbers
generating A over Z), one can show that n(aw; + bw,) = an; + bn, for any integers
a, b, where 11 = n(w) and 1, = n(w;). Furthermore, in the case when the ratio w,/w;
has positive imaginary part, we obtain the Legendre relation between the periods and
the quasiperiods:

wan — w2 = 2.

Schneider was the first to give a transcendence result concerning linear relations
between periods and quasiperiods, by showing that any nonvanishing linear com-
bination of w and 1 over @ is transcendental (see [12]). The result was extended
by Coates to pairs of fundamental periods. He obtained a similar result for the
numbers 27i, wy, wy, N1, 172, Where (w1, wy) is a pair of fundamental periods (see [6]).
Masser established the dimension of the vector space generated by 1, 27, w1, w2, 11,172
over Q, proving that this dimension is either 4 if the elliptic curve E has complex
multiplication, or 6 otherwise.

In the 1980s, Wiistholz formulated and proved a celebrated theorem in complex
transcendental number theory which is called the analytic subgroup theorem (see [1]
or [15]). The theorem states that an analytic subgroup defined over Q of a commutative
algebraic group defined over Q contains a nontrivial algebraic point if and only if
it contains a nontrivial algebraic subgroup defined over Q. The analytic subgroup
theorem has many significant consequences, some of which concern elliptic curves.
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In particular, Wiistholz himself used the theorem to deduce a result on linear relations
for the values of the Weierstrass zeta function { at algebraic points of the Weierstrass
elliptic function p. Here, a complex number u € C \ A is called an algebraic point of
@ if p(u) € @ Let End(E) denote the ring of endomorphisms of E. Then it is known
that K := End(E) ®z Q (the field of endomorphisms of E) is either Q or an imaginary
quadratic field. The following theorem was given by Wiistholz (see [1, Theorem 6.3]).

THEOREM 1.1. Let E be an elliptic curve defined over Q and Yis...,Yn algebraic
points of 9. Denote by W the vector space generated by vy, ...,y, over K and by V
the vector space generated by 1,2mi,y1,...,Yn, {(¥1),-..,L{(yy) over Q. Then

dimg V = 2dimg W + 2.

It is natural to extend this result to the p-adic case and the main goal of this paper
is to establish an extension of the p-adic analogue of Theorem 1.1. To state it, let E be
an elliptic curve given by

Y2Z —4X3 + X7 + g37° = 0,

now defined over C,, (that is, g2, g3 € C,). Here, C, denotes the completion of Q, with
respect to the p-adic absolute value |- |, as usual. Let ¢, be the (Lutz—Weil) p-adic
elliptic function associated with the elliptic curve E (see [9, 14]). The function g, is
analytic on the set &, \ {0}, where &, is the p-adic domain of E defined by

Dy =1z € C, : |1/4], max{lgal,*. g3],/%)z € B(r,)}

with B(r,) the set of all p-adic numbers x in C,, such that |x|, < r, := p~//?~D_As in
the complex case, we say that a nonzero p-adic number u € 9, is an algebraic point of
9p if pp(u) € Q. Let {p be the p-adic Weierstrass zeta function (p-adic analogue of the
Weierstrass zeta function ) associated with E which is, by definition, the (unique) odd
p-adic meromorphic function on %, satisfying ¢ » = —¢p-LetLog, : C,\ {0} — C, be
the Iwasawa logarithm (see [11, Ch. 5, Section 4.5]). We now state our main theorem.

THEOREM 1.2. Let E be an elliptic curve defined over Q. Let uy,...,u; be nonzero
algebraic numbers and vy, . . ., v, algebraic points of 9 ,. Denote by U the vector space
generated by Log,(u1), ..., Log,(u;) over Q and by V the vector space generated by
Vi,...,Vy over the field K of endomorphisms of E. Then the dimension of the vector
space W generated by 1, Log[,(ul), el Logp(u[), Vis oo s Vs $p(01), - .o, $p(vy) over Qs
determined by
dimg W =1 + dimg U + 2dimg V.

In the case when [ =n =1, we deduce at once from Theorem 1.2 the follow-
ing result which is an extension of a result given by Bertrand in 1977 (see [2,
Proposition 1]).
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COROLLARY 1.3. Let E be an elliptic curve defined over Q. Let u be a nonzero
algebraic number with Log,(u) # 0 and v an algebraic point of ¢,. Let a, B and
Y be algebraic numbers not all zero. Then the number alog,(u) + Bv +y{p(v) is
transcendental.

2. Extensions of commutative algebraic groups

In this section, let K be a fixed algebraically closed field of characteristic 0. Let
A and B be commutative algebraic groups defined over K. A commutative algebraic
group C defined over K is called an extension of A by B if there is an exact sequence
of commutative algebraic groups

0 B—>C—"5A 0.

To give an extension C of A by B is equivalent to giving a pair (i, 1) € Hom(B, C) X
Hom(C, A) for which the above sequence is exact. Let

0 B—'sC—"5A 0

and

i ’

0 B—>(C-—1sA 0

be extensions of commutative algebraic groups. A homomorphism between the above
two extensions is a triple of homomorphisms ¢ : C - C',a: A - A’,8: B — B’ of
algebraic groups such that the diagram

0 B—'s>C—"sA 0
N
0 ;A o . S 0

commutes. Clearly, ¢ is an isomorphism if and only if @ and S are isomorphisms. In
the case A = A’,B = B’ and « = id4,8 = idg, we say that the two extensions C and
C’ are equivalent if there is a homomorphism between them. The set of equivalence
classes [C] of extensions forms a commutative group Ext'(A, B) with the neutral
element [A X B] (via the Baer sum). We write C for its equivalence class [C] by
abuse of notation. The bi-functor Ext! which assigns to the pair (A, B) the group
Ext!(A, B) is contravariant in the first variable and covariant in the second one. This
means that if @ : A” - A and 8 : B — B’ are homomorphisms between commutative
algebraic groups, then they induce homomorphisms o* : Ext'(A, B) — Ext!(A’, B)
and S, : Ext!(A, B) — Ext'(4, B"). The two homomorphisms " and . make the
diagram
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Ext'(4, B) —% > Ext'(4’, B)
b I
Ext'(A, B') —~> Bxt'(4’, B
commute. Furthermore, Ext! is additive in both variables, which implies that
Ext'(A; x A,, B) = Ext'(A;, B) x Ext!(A,, B)
and
Ext!(A, B| x B,) = Ext'(4, B)) x Ext'(4, B,).

For example, we describe the exponential map of G in the case where G is an extension
of an elliptic curve by the additive group G, defined over Q as given in [4]. (We refer
the reader to [7] for the general case.) Let E be an elliptic curve defined over @ and let
G be an extension of E by G,. By compactification,

0 P— G- >E 0.

Denote by O the identity element in E. The divisor D = (G - G) +31(0) is very
ample for G and /(D) = 6. Hence, there is an embedding of G into Ps, and one can
express the exponential map of G in terms of the Weierstrass elliptic and zeta functions
9(2), £(z) associated with E. One can identify the Lie algebra Lie(G(C)) with C? and
the exponential map of G is expressed by

eXPgo)(at) = (1: 9() : 9'(2) : filz, D) : folz. 1) : fs(z, 1) forz ¢ A
and exp(z,) =(0:0:1:0:0: 1+ bn(z)) for z € A, where

b
filz, ) =t + bl(2), fo(z, 1) = p(2) fi(z, 1) + 530’(1), £ D =9 @fi(z.1) + 2bp*(2)

for some algebraic number b.

3. Analytic representation of exponential maps

In this section, we discuss the analytic representation of the complex and p-adic
exponential maps of a commutative algebraic group defined over Q (with respect to
a fixed basis for its Lie algebra). Let G be a commutative algebraic group defined
over Q of positive dimension n. It is known that, by a compactification constructed
by Serre, there is an embedding defined over Q from G into the projective space P
with projective coordinates X, . .., Xy for some positive integer N (see [13]). One can
now describe the exponential maps of G (over C and C,) by analytic functions as
follows. Let G denote the Zariski closure of G in PY and let G, be the open affine
subset defined by Gn {Xo # 0}. Then the affine algebra I'(Go, Og) of G is generated
over @ by & = X;/Xy (the affine coordinates on Gy) for i = 1,...,N, and we write it
as Q[¢,...,&n]. It is known that any element in the Lie algebra Lie(G) of G maps
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@[51, ...,¢&n] into itself. In particular, for each D € Lie(G), there exist polynomials
Pip,...,Pypin N variables with algebraic coefficients such that

Dfi:Pi,D(gl?""gN) forizl,...,N.

Let v be a place of Q. Then there is a natural embedding from Q into C,, where C, = C
if v is infinite, and C, = C,, if v is finite and lies above p. The set G(C,) is a v-adic
Lie group whose Lie algebra Lie(G(C,)) = Lie(G) ®g C,, and it is known that the
v-adic exponential map expgc,, of the Lie group G(C,) is a local diffeomorphism
defined on a subgroup G, of Lie(G(C,)) (see [3]). From now on, we fix a basis
D,...,D, for the @—Vector space Lie(G) which is also a basis for the C,-vector space
Lie(G(C,)) (by the identifications D; = D;® 1 fori =1,...,N). Let 81,..., 9, denote
the canonical basis of Lie(C}), that is, dixj = 6; fori=1,...,nand forj=1,...,N,
where §;; is Kronecker’s delta and x, .. ., x, are the coordinate functions of C}. There
exists an isomorphism ¢ : C; — Lie(G(C,)) with the property that the differential of
the composition map expgc,, ¢ satisfies

d(expg(c, °9)(0;) =D; fori=1,...,n.

Put f;,, = & o expgc,)o¢ for i = 1,...,N. The functions f,,..., fy, are analytic on
a neighbourhood C, of the origin in C}, and the system {fi,,..., fy,} is called the
(normalised) analytic representation of the exponential map expgc,, (With respect
to D). By convention, for each i € {1,...,N}, we write f;, for f;, and C, for C, if
C, =C,, and we write f; for f;, and C for C, if C, = C. (Note that in the complex
case, the functions fi, ..., fy can be extended as meromorphic functions on the whole
space C*.)Fori=1,...,Nandj=1,...,n,
0i(fin) = 0j(&; o €XPs(c,) op) = (d(eXPG(c‘,) 0¢)(9))¢;) o eXPg(c,) °P
=(Djé) o €XPgc,) °P = Pi,Dj(fl, ..-»én) o eXPg(c,) °P = Pi,Dj(fl,V’ oo )

By induction, one can show that forj = 1, ..., N and for nonnegative integers i1, . .., i,

,,,,,

Since expg,)(0) = e € G(@) (where e denotes the identity element of G), it follows

that £;(0) = f; ,(0) € @ fori =1,...,N. Using the Taylor expansions of fi,,..., fy, at
0, we get the following proposition.

PROPOSITION 3.1. There exist formal power series Fi,...,Fy € @[[Xl, Xl
converging both in C and C), such that

fix) = Fi1(x), ..., fv(x) = Fy(x) forallxeC

and

fip(0) =Fi(x), ..., fvpx) = Fy(x) forallx € C),.
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4. Proof of the main theorem

This section is devoted to the proof of Theorem 1.2 which follows that of
Theorem 1.1 with some extensions.

PROOF OF THEOREM 1.2. Without loss of generality, we may assume that the
elements Logp(ul), e ,Logp(ul) are linearly independent over Q and the elements
Vi,...,V, are linearly independent over K, that is, dimg U = [ and dimg V = n. It is

clear that there exists a positive integer r sufficiently large for which w; := ul’.’ ‘e B(rp)
foralli=1,...,1 Letlog, denote the p-adic logarithm function. Then
log,(w;) = Log,(w;) = Logp(ufr) = p’Logp(u,-) fori=1,...,L
We have to show that the elements
1, logp(wl), e logp(wl), Vi oo s Vi $p(01), o0, (Vi)

are linearly independent over Q. Suppose that this is not true. Then there exists a

nonzero linear form Lin [ + 2n + 1 variables To, T, ..., T}, T}, ..., T,, T, ..., T,/ with

coefficients in @ such that L vanishes on l,logp(wl), .. .,logp(wl),vl, eV O (1),
s {p(vy). We write L in the form L = Lo+ L’ + L”, where Ly = aTo + 81 T1 +--- +
BT, with a,B1,...,B8 € @ and where L’,L” are linear forms in T77,...,7, and
TY,..., T, respectively. Let G € Ext!(G!, x E", G,) be the extension of G/, x E" by

sdno
G, determined by L”. The components of the complex exponential map expgc, of G
are give by the functions

X0+ L7 (00, LOn) e e 90D, 9' 5, - 9On), 9 )

for complex variables xg, x1,...,x;,y1,-..,Y,. By Proposition 3.1, the corresponding
components of the p-adic exponential map eXPg(c,) are given by the functions

20 t+ LN({[;(II )’ [REE] gp(tn))v ep(zl)’ (R ep(zl)9 S{)P(tl )7 @/(tl), cee pp(tn)v S{);;(tn)

for p-adic variables zo,z1,...,z,t,...,t,, where e, denotes the p-adic exponential
function. Consider the point

€ = (Bilog,(w1) + -+ Bilog,(wp) + L' (vi, ..., vy),1og,(w1), ..., 1og,(wi), vi, ..., V).
Then the point y := expgc,)(€) is
(B1log,(w1) + -+ + Bilog,(wp) + L' (vi, ..., va) + L"({p(v1), - - -, (Vi)
Wiy Wi 9p (0D, 9,01, - 9p(V), 9,(V))-
Since
L(1,1og,(w1), ..., 1og, (W), vi, ..., vn, p(V1), ..., §p(v)) = 0,
it follows that

Bilog,(wi) + -+ +Bilog,(w) + L'(1,...vs) + L"), £p(va) = —a € Q.
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In particular, this means that the point y is an algebraic point of G. Let logg,, be

the p-adic logarithm map of G and let S be the Q-vector subspace of Lie(G) (which is
—Ln+1

identified with @ ) given by

—l+n+1

S ={(s0,51,...,54n) €Q 2850 = Bist— = Bisi = L' (8141, .- ., Sin) = 0}

We see that

logG(cp)(y) = logG(Cp)(expG(Cp)(e)) ENA) ®g C,.

Thanks to the p-adic analytic subgroup theorem (see [8] or [10]), there exists a
nontrivial connected algebraic subgroup H of G defined over Q such that yeH (@)
and Lie(H) C S. Let 7 be the composition of the homomorphism G — G/, x E" and
the canonical projection G/ x E" — E". Then the algebraic subgroup & := m(H) is
isogenous (over Q) to E" with m < n. This gives a corresponding element p : E" —
& — E™ in End(E™). Note that 7 : G — E" induces the differential dr from the Lie
algebra of G to that of E” and the algebra of endomorphisms End(E") ®z Q is identified
with the matrix algebra M, (K). This means that the endomorphism idg. — p can be
written as an n X n matrix with entries in K. Furthermore, since y € H, one has

€ =loggc,)(¥) =logyc, (y) € Lie(H) & C,,.

It follows that the point (vy,...,v,) = dr(e) € Lie(&) which turns out to be the kernel
of the endomorphism given by the above matrix. However, the elements vy,..., v,
are linearly independent over K, so that this matrix must be trivial. In other words,
p = idg», thatis, & = E".

Next, we see that G = G/ x G,, where Gy € Ext!(E",G,) since Ext'(G,,,G,) is
trivial (in fact, it is known more generally that the group extension of linear algebraic
groups is trivial). Hence, without loss of generality, we may assume that the algebraic
numbers 81, ..., 5; are not all zero (since, if not, one can take the quotient of G by the
multiplicative group G,,, and we are in a simpler case with Gy). The intersection of
H with G, x G, is an algebraic subgroup of G, x G,, and therefore has the form
H,x H,,, where H, and H,, are (connected) algebraic subgroups of G, and Gﬁn,
respectively (see [1, Proposition 4.3]). This leads to

Lie(H,) X Lie(H,,) = Lie(H, X H,,)
= Lie(H) N (Lie(G,) x Lie(G! )) = Lie(H) N (Q x @1).

If H,, is a proper algebraic subgroup of the torus G/, it follows from [1, Lemma 4.4]
that the Lie algebra Lie(H,,) is givenby Ly = --- = L; =0, where d = [ —dim H,, > 1
and Ly,...,L; are nonzero linear forms in n variables with integer coefficients. In
particular, this means that log,(w1),...,log,(w;) are linearly dependent over Q, or
equivalently, Log,(u1), ..., Log,(u) are linearly dependent over Q. This contradiction
shows that H,, = G, and then H, must be trivial (since dim H < dimg S = n + ). This

https://doi.org/10.1017/5S0004972724000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000091

242 D. H. Pham [9]

enables us to conclude that Bys; + -+ B;s; =0 forall s1,...,s; € @ and this happens
if and only if 81 = --- = 5; = 0, which is a contradiction. The theorem is proved. O

As in the complex case, it is also possible to slightly extend the main theorem to the
case of several p-adic Weierstrass zeta functions as follows. Let Ey, ..., E, be elliptic
curves defined over Q. For each i € {1,...,n}, denote by p,,; and {,,; the p-adic elliptic
function and the p-adic Weierstrass zeta function associated with the elliptic curve E;,
respectively. Let v; be an algebraic point of @,,; fori=1,...,n. Let I, (v=1,...,k)
be maximal sets of indices such that E; are pairwise isogenous (over @) forall i €1,.
Fix an element E® in the set {E; : j € I,}. The field of endomorphisms of EY is the
same as that of E; for any j € /,, and we denote it by K,. Let V, be the vector space
generated by the set {v; : j € I,} over K,. Then we obtain the following theorem which
is an extension of the p-adic analogue of [1, Theorem 6.4].

THEOREM 4.1. Let uy,...,u; be nonzero algebraic numbers and U the vector space
generated by Log,(u1),...,Log,(u;) over Q. Then the dimension of the vector space

W generated by l,Logp(ul),...,Logp(ul),vl,...,vn,gp,l(vl),...,(:,,,n(vn) over @ is
determined by

dlm@W =1+ dlmQ U+ 2(d1mK1 Vi+--+ dika Vo).
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