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CHARACTERISATION OF THE ISOMETRIC COMPOSITION
OPERATORS ON THE BLOCH SPACE

FLAviA COLONNA

In this paper, we characterise the analytic functions ¢ mapping the open unit disk
A into itself whose induced composition operator Cy, : f — f o ¢ is an isometry on
the Bloch space. We show that such functions are either rotations of the identity
function or have a factorisation ¢ = gB where g is a non-vanishing analytic function
from A into the closure of A, and B is an infinite Blaschke product whose zeros
form a sequence {z,} containing 0 and a subsequence {zy,} satisfying the conditions

|9(2n;)| = 1, and
i, 11

5

Zn; — 2k

- |=1.
1—Zn;z

1. INTRODUCTION

An analytic function f on A = {z € C : || < 1} is said to be Bloch if
By =sup(L — |21*)| f'(2)]
€A

is finite. Denote by B the space of all Bloch functions. The map f — J; is a semi-norm on
B, and B is a Banach space, known as the Bloch space, under the norm || f||z = | f (O)|+B 5.
We shall refer to these as the Bloch semi-norm and the Bloch norm. For a good reference
on Bloch functions, see [1].
By the Schwarz-Pick lemma, if f is an analytic function of A into itself, then for all
z€A,
(1= 1P)f ) < 1= |f@) <1,

so f is a Bloch function and 8y < 1. If, in addition, f(0) =0, then ||f{lz < 1. f Sis a
conformal automorphism of A, so that S = AL,, where |A] = 1 and

a—=z

L,(2) = i

az’
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Thus (1 - [22)[$'(2)] = 1 = [S(2)|%, so that (1 — |af?)|S"(a)| = 1, hence Bs = 1.
Furthermore, for all f € B, we have

(1= 1:P) |7 (S@)|S'@)] = (1- [S@F) | ()|

then
sup(1 — |=1%)| /(5(2)) ||$'(2)| = sup (1 ~ wf?) | (w)],

that is, Bros = By. If, in addition, S(0) = 0 then S is a rotation of the identity: S = Aid,
for some constant A of modulus 1.

REMARK 1. By the Schwarz-Pick lemma, for any Bloch function f and any analytic
function ¢ mapping A into itself Bs., < By, and the inequality is actually an equality if
@ is a conformal automorphism of A.

An analytic function ¢ from A into itself induces on B the bounded composition
operator Cy,(f) = f op. The norm of C, is defined by

ICslls = sup |[Ifoells.
JeBflis=1
In [7], Xiong gave estimates for the norm of the composition operator on the Bloch
space and obtained several necessary conditions for this operator to be isometric (that
is, preserving the Bloch norm). He proved the following result (see [7, Lemma 3 and
Theorem 3)):

THEOREM 1. ([7]) Let ¢ be an analytic function from A into itself such that
C, is isometric on the Bloch space. Then ¢(0) = 0 and ||¢|ls = 1. In addition, if ¢ is
bounded or ¢ is univalent, then ¢ must be a rotation of the identity. If  is not a rotation
of the identity, then for each a € A there exists a sequence {z,} such that |z,| — 1 and
w(zn) — a.

Xiong then raised the following question: Does there erist a function ¢ other than
a rotation of the identity function whose corresponding composition operator is isometric
on the Bloch space?

In this article, we prove that the answer is affirmative. In section 2, we characterise
the class of all functions ¢ mapping A into itself satisfying the conditions ©(0) = 0
and ||pllzs = 1, thus providing a large class of functions other than the rotations of
the identity that are candidates for inducing an isometric composition operator on B.
We then give a convergence theorem for Bloch functions that will allow us to prove in
section 3 (Theorem 5) that, in fact, every analytic function ¢ of A into itself mapping 0
to 0 and having unitary Bloch norm induces an isometric composition operator on the
Bloch space. We conclude the paper with an example.
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2. THE ANALYTIC SELF MAPS OF UNITARY BLOCH SEMI-NORM

In [3, Theorem 2], we proved the following result.

THEOREM 2. Let ¢ be an analytic function from A into itself such that 8, = 1.
Then either ¢ is a conformal automorphism of A or else there exists a sequence {S,} of
conformal automorphisms of A such that ISn(O)l approaches 1 and {¢ o S,} converges
to the identity function uniformly on compact subsets of A.

To better understand the nature of the functions ¢ described in Theorem 2 which
are not conformal automorphisms of A, we recall the definition of Blaschke product (see
for example, [5, pp. 54-55]).

Let {z,} be a sequence in A such that ) (1 — |z4]) < co. A Blaschke product is an
analytic function mapping A into itself of the form

om Zn—Z) A
B(z) ==z lenl(l—zn , Z €A,

where the product is taken over the z, # 0 and m is the number of terms in the sequence

that are equal to 0. If the zero set is finite (respectively, infinite), B is said to be a finite
(respectively, infinite) Blaschke product. In the finite case, the number of zeros (counted
according to multiplicity) is called the degree of B.

In [3], we showed that the Bloch semi-norm of every finite Blaschke product of
degree greater than 1 is strictly less than 1 and in Theorem 4 we characterised the
infinite Blaschke products whose Bloch semi-norm is unitary. More generally, we have

THEOREM 3. Let ¢ be an analytic function from A into itself such that 8, = 1.
Then either ¢ is a conformal automorphism of A, or the zeros of ¢ form an infinite
sequence {z,} such that

limsup(1 — |za|?)|¢'(za)] = 1.
n—>00

The proof uses the same methods used in the proof of Theorem 4 in [3] for the
special case of Blaschke products, but we present it here for completeness.

PROOF: Assume ¢ is not a conformal automorphism of A. By Theorem 2, there
exists a sequence of conformal automorphisms {S,} of A such that ¢ o S, converges
uniformly to the identity on compact subsets of A. If there were some positive number
r such that for all n sufficiently large, ¢ o S, had no zero of modulus less than r, then
1/(¢ o Sp) would converge uniformly to the reciprocal of the identity on a compact
neighbourhood of zero, which is obviously impossible. Thus, passing to a subsequence,
if necessary, we may assume that o S, has a zero (, such that the sequence {(,} tends
to 0. Let z, = S5,(¢,), which is a zero of ¢, and define the sequence of automorphisms

w=S1oL,,. Since T,(0) = S;'(z,) = (s — 0, passing again to a subsequence if
necessary, we may assume that T,,(z) — Az uniformly on compact subsets of A, where A
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is some unimodular constant. Thus o L.,(z) = 90 S, 0Tn(z) — Az locally uniformly in
A. Taking the derivative of @ o L,, at zero, we obtain ¢'(z,)(|zn|? — 1) = A as n — co.
Hence (1 — |2a]?)|¢'(2s)| = 1 s n = 0. 0
OBSERVATION 1. Let B be a Blaschke product with zeros {2, }nen and fix £ € N. Then

B can be factored as L,, By, where B is a rotation of the Blaschke product whose zeros
are the same as those of B, except, possibly, for zy. Then

Bulax) = 7% = (= 1B ar).

Taking the modulus, we obtain

(1 - 1) |B'(z)] = |Bi(z)] =
n#k

zn_zkl

Since (2, — 2x)/(1 — Zn2x) and (2¢ — 2,)/(1 — Zxz,) have the same modulus, we deduce
that

&) (1 - 12f?)| B (z) | = H|

zkz

Recall that, by the Canonical Factorisation Theorem in H®(A), any bounded an-
alytic function ¢ mapping A into itself has the form gB, where g is a non-vanishing
analytic function of A into the closure of A, and B is a Blaschke product.

COROLLARY 1. Let ¢ be an analytic function from A into itself. Then 8, =1
if and only if  is a conformal automorphism of A, or the zeros of ¢ form an infinite
sequence {z,} containing a subsequence {z,,j} such that |g(za;)| — 1 and

(2) fim, H

sz

Zn, 2k

where g is the non-vanishing analytic function such that ¢/g is a Blaschke product.

ProOF: Assume that 8, = 1 and ¢ is not a conformal automorphism of A. We
now show that (2) holds for some (necessarily infinite) sequence of zeros of ¢ and the
modulus of the nonvanishing factor of the canonical factorisation of ¢ approaches 1
along this sequence. By Theorem 3, the zeros of ¢ form an infinite sequence {z,} such
that llm sup(l = |z?)|¢’ (2a)| = 1. Thus, there exists a subsequence {z,,} such that

(1- lznklz)‘ga (2s,)] = 1 as k — oco. By the Canonical Factorisation Theorem, we may
write ¢ = gB, where g is a nonvanishing analytic function of A into itself, and B is an
infinite Blaschke product sharing the zeros of . Using the fact that B(z,,) = 0 and (1),
we obtain

(1 - |2n,,lz)|<ﬂ’(zn,,)| = (1 - Iznglz)lg(zng)”B,(zng)l = |g(zn,,), H

n¥tng

Zny — 2n

1-7%2,
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This implies that

3) lun|g(z,,,= I H

n#ng

Zny — Zn
1—z e 2n

Since each factor in the above product is bounded and no greater than 1, there must be
a subsequence {znkj} of {zn,} such that |g(z,.,‘j)| — 1 as j — co. By (3), we obtain

an -

]lgglg(znk | H

kg 1-7, L #n

Thus ] |(z,.,=j —2z,)/(1 - Z,;;z,,)| must also converge to 1 as j — oo, proving (2).
ny‘:nkj

Let us now prove the converse. If ¢ is a conformal automorphism of A, as observed
in the introduction, its semi-norm is 1 and we are done. So assume ¢ = gB with ¢
nonvanishing analytic function and B Blaschke product with an infinite number of zeros
{zn} such that (2) holds for some subsequence {zn,} such that |g(z,,)| = 1. Then

lengo(l — |20, 1?) | ¢’ (2n, |— lim ]g (2n,)] H lzrjz_ == 1.
n#ng
Hence
1= lim (1 - |an, [*)[¢'(zn,)| < by < 1,
proving that ¢ has semi-norm 1. 0

Recall that an infinite sequence {z,} in A is said to be interpolating if for each
bounded sequence {w,} in C there exists a bounded analytic function mapping each z,
to w,. Carleson [2] proved that an infinite sequence {z,} in A is interpolating if and

Only lf
1 ﬂ k

An interpolating sequence {z,} is said to be thin if

2n — 2

l—-)lasn—)oo.

k#n

As a consequence of Corollary 1 we deduce that the zero set of an analytic function ¢
of A into itself, not a rotation of the identity, with Bloch semi-norm one must contain a
thin sequence, but the full sequence of the zeros of ¢ need not be interpolating.

We now recall a convergence theorem for Bloch functions (see [4, Theorem 11] for
details). This result was based on the fact that the Bloch functions are precisely the
Lipschitz maps between the Poincaré disk and the complex plane under the Euclidean

https://doi.org/10.1017/50004972700035073 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035073

288 F. Colonna (6]

distance. Furthermore, the Lipschitz number of a Bloch function f is precisely its Bloch
semi-norm Sy, that is,

B, = sup ) = J )|
z#wW P(Z, ’U))
where p is the hyperbolic distance in A:
1 1+ |L,(w)|
= = log| ———=2—2], fi .
p(z,'UJ) 2 og(l_ILz(w)I)) or leEA

THEOREM 4. ([4]) Let {f.} be a sequence of Bloch functions converging locally
uniformly to some analytic function f. If the sequence {fBy,} is bounded, then f is Bloch
and

< limi
Br < ]‘,{’_‘,g’fﬂf»'
That is, the function f — f; is lower semi-continuous on B.

OBSERVATION 2. An example of an infinite Blaschke product with unitary Bloch semi-
norm was constructed by Heins in (6] and referred to as a universal Blaschke product. He
proved the existence of an infinite Blaschke product b satisfying the following properties:

(a) 1 is the only cluster point of the zeros of b, and

(b) there exists an increasing sequence {z,} converging to 1, with z5 = 0, such
that every analytic function ¢ mapping A into itself can be expressed as the
uniform limit in A of gx = bo L, ,, o (~id) for some subsequence {zn)}.

To verify that 8, = 1 observe that by Theorem 4, we have
1=p4< ligglfﬂg,, =/ <L

We shall use a universal Blaschke product to obtain an example of a function ¢, not
a rotation of the identity, such that C, is an isometry of the Bloch space.

3. ANALYTIC SELF MAPS OF A INDUCING AN ISOMETRY ON B

In this section, we characterise the analytic self maps of A inducing an isometry on
B. In the following lemma, we show that instead of having to test a composition operator
on all Bloch functions, it suffices to restrict our attention to the Bloch functions that have
0 as a fixed point.

LEMMA 1. Let ¢ be an analytic function of A into itself such that ¢(0) = 0 and
llplls = 1. Suppose that for all g € B such that g(0) = 0 and ||g||s = 1, we have
llg o wlls = 1. Then C, is isometric on the Bloch space.

PROOF: Assume f € B and ||f||sg = 1. Let f(0) = a and observe that |a| < 1 since

|£0)] < I flls- '
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Ifla| =1, B = ||fllz — la| =0, so f’ must be identically zero, hence f is a constant.
Then f o ¢ is a constant as well and so || f o ¢||s = |f(<p(0))| =|f(0)] =1.

So assume |a| < 1. Define the analytic function g = (f —a)/(1—|al). Then g(0) =0
A= 1=PUFE _ By _ Wflls—lel _ |,

1 - |aj 1-|a 1—]al '
Thus g € B and ||g||s = B, = 1. By our hypothesis, ||go ¢|ls =1, so

1, _lfoglls—al
1—[a] 7°® 1-la

and

sup(1 — |2|*)|¢'(z)| = sup
zZEA z€A

1 =ﬁgo<p =

Hence || f o ¢||g = 1, completing the proof. 0
We are now ready to prove our main result.

THEOREM 5. The analytic functions ¢ from A into itself which induce an iso-
metric composition operator on the Bloch space are precisely the functions mapping 0 to
0 and having Bloch semi-norm equal to one.

PRrOOF: The necessity follows from Theorem 1. To prove the sufficiency, assume ¢
satisfies the conditions ¢(0) = 0 and B, = 1. By Theorem 2, either ¢ is a rotation of
the identity, in which case the corresponding composition operator is clearly isometric on
B, or there exists a sequence {S,} of conformal automorphisms of A such that ]S,.(O)l
approaches 1 and {¢ o S,} converges to the identity function uniformly on compact
subsets of A. We now show that ¢ induces an isometric composition operator on B. By
Lemma 1, it suffices to show that if a Bloch function f satisfies f(0) = 0 and By = 1, then
Brop = 1. Since limp o0 ¢ © Sp(z) = 2 locally uniformly in A, the sequence {f o 9o S,}
converges to f uniformly on compact subsets of A, and Byopos, is bounded above by 1,
so by Theorem 4,

Br < liﬂiofolf BfopoSa-

On the other hand, by Remark 1, for each 7, Bfopes, < By, so the latter inequality is
actually an equality. Since Bfogpos, = Bfop, for each n € N, it follows that 8., = 8y =1,
proving the result. a

As a direct application of Theorem 5 and Corollary 1, we deduce the following result.

COROLLARY 2. The analytic functions ¢ from A into itself which induce an
isometric composition operator on the Bloch space are precisely the rotations of the
identity and the functions of the form ¢ = gB where g is a nonvanishing analytic function
of A into the closure of A, and B is a Blaschke product whose zeroes form an infinite
sequence {z,} containing 0 and an infinite subsequence {zn;} such that |g(zn;)| =1 and

_zk

lim H |li"’T| =1
sveo LT =202
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EXAMPLE 3.1. Let b be a Blaschke product satisfying conditions (a) and (b) of Obser-
vation 2. In particular, b has infinitely many zeros, and 8, = 1. Let a be a zero of b.
Then the function ¢ = bo L, is a unimodular constant multiple of an infinite Blaschke
product mapping 0 to 0 such that S, = 1. By Theorem 5, C,, is isometric on the Bloch
space.
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