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LAURICELLA HYPERGEOMETRIC FUNCTIONS, UNIPOTENT

FUNDAMENTAL GROUPS OF THE PUNCTURED RIEMANN
SPHERE, AND THEIR MOTIVIC COACTIONS

FRANCIS BROWN® axp CLEMENT DUPONT

Abstract. The goal of this paper is to raise the possibility that there exists a
meaningful theory of ‘motives’ associated with certain hypergeometric integrals,
viewed as functions of their parameters. It goes beyond the classical theory of
motives, but should be compatible with it. Such a theory would explain a recent
and surprising conjecture arising in the context of scattering amplitudes for a
motivic Galois group action on Gauss’s 2F hypergeometric function, which
we prove in this paper by direct means. More generally, we consider Lauricella
hypergeometric functions and show, on the one hand, how the coefficients in
their Taylor expansions can be promoted, via the theory of motivic fundamental
groups, to motivic multiple polylogarithms. The latter are periods of ordinary
motives and admit an action of the usual motivic Galois group, which we call the
local action. On the other hand, we define lifts of the full Lauricella functions
as matrix coefficients in a Tannakian category of twisted cohomology, which
inherit an action of the corresponding Tannaka group. We call this the global
action. We prove that these two actions, local and global, are compatible with
each other, even though they are defined in completely different ways. The
main technical tool is to prove that metabelian quotients of generalised Drinfeld
associators on the punctured Riemann sphere are hypergeometric functions. We
also study single-valued versions of these hypergeometric functions, which may
be of independent interest.
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§1. Introduction

Let ¥ ={00,01,...,0,} be distinct points in C, where o9 = 0. In this paper, we study
the Lauricella hypergeometric functions with singularities in 3 which are defined by

o; n d
(Ls)i; = _sj/ w0 [ (1 - a0yt~ for 1<i,j <n. (1)
0 k=1

l’—()'j

The most familiar examples are Euler’s beta function (5(a,b) = Fr(aig;) (see §1.2) and

Gauss’s hypergeometric function F' =5 F; (see §9), which satisfies the integral formula

B(b,c—b)F(a,b,c;y):/o 2271 —z) 7 (1 —yx) % (2)

whenever it converges. It can be expressed in terms of (1) for ¥ = {0,1,y71}.

There are two possible ways in which one might try to define a ‘motivic’ Galois group
acting on these functions using Tannakian theory, by viewing them in one of the following
ways.

(G) Globally, for generic values of the exponents s € C, where genericity means that the
sk ¢ Z for each k and so+---+ s, ¢ Z. For such generic sy, it is known [Al], [DM]
how to interpret (1) as ‘periods’ of the cohomology of Xy, = A'\Y with coefficients in
a rank-one algebraic vector bundle with integrable connection (or local system). One
can interpret these twisted cohomology groups as realizations of objects in a suitable
Tannakian category, and hence interpret them as representations of a global Tannaka
group.

(L) Locally, as formal power series in the s, around the non-generic point sg =---=s, =0.
Even though the integral in (1) is divergent at that point, the prefactor s; compensates
the pole and (1) has a Taylor expansion in the s at the origin. Its coefficients are
generalized polylogarithms, which can be lifted to periods of mixed Tate motives.
They admit an action of the usual motivic Galois group, which acts term by term on
coefficients in the series expansion.

As is customary in the Tannakian formalism, it is easier to compute the motivic coaction
of the Hopf algebra of functions on the motivic Galois group, which is dual to the group
action. In this article, we compute the global (G) and local (L) motivic coactions and prove

1 These numbers are not periods in the sense of Kontsevich and Zagier [KZ2] unless the exponents s; are
rational.
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that they are formally identical. This strongly suggests that there exists an underlying
‘Lauricella motive’, viewed as a function of the sy, of which (G) and (L) are two different
incarnations, or realizations. The realization (G) is obtained by specializing s to generic
complex numbers; the realization (L) is obtained by expanding locally in the si. Such
a theory has a consequence for ordinary motives: it implies that the ordinary motivic
Galois group acts on the coefficients of the power series expansion (L) in a uniform way.
This is surprising since in general these coefficients are periods of unrelated motives. For
example, in the case of the Euler beta function, it implies that the motivic Galois group acts
uniformly on all (motivic) zeta values of all weights (see §1.2). For the general Lauricella
function (1), the main geometric object in the local framework (L) is the mixed Tate
motivic fundamental groupoid of the punctured Riemann sphere Xs, with respect to suitable
tangential basepoints.

The impetus for this work came from a remarkable conjecture [ABD+3], [ABD+4] arising
in the study of dimensionally regularized one-loop and two-loop Feynman amplitudes
in 4 — 2¢ space-time dimensions, which can be expressed in terms of hypergeometric
functions [ABD+1], [ABD+2]. It was observed experimentally that the motivic coaction
(L), computed order by order in an e-expansion of F'(ny+ aie,ns + ase,ng +ase;y), where
ni,Na,N3,01,02,a3 are integers, could, at least to low orders in €, be succinctly packaged
into a coaction formula on the hypergeometric function itself with only two terms. We give a
rigorous sense to these statements and prove a complete (global and local) coaction formula
for the hypergeometric function.

A large part of this paper is also devoted to studying the single-valued versions of the
integrals (Lx);;, defined by the following complex integrals:

dz dz dz

2 —12 .

(L5, zg—Qm//IZ!s"HIl—ZU IS’“< —Z>/\Z_Jj, for 1 <i,j <n. (3)
The prototype for such functions is the single-valued (or ‘complex

)
s _ b 2a] _ ,2 dz dz _ T(a)I'®)I(l-—a-b) )
B(Q’b)_zm'//c|z| It |b§(1—§)/\z(1—z)_ T(a+b)T(1—a)T(1-b)

’) beta function

They are closely related to constructions in conformal field theory (see [BPZ, (E)], [KZ1, §4],
[DF]) and have been studied from the global point of view (G) in [A2], [Mi], [MY]. We recast
them and their double copy formulae in the general framework of single-valued integration
developed in [BD1], [BD2]. In particular, we prove that they can also be interpreted as
single-valued versions of Lauricella hypergeometric functions in the local sense (L), that is,
by applying the single-valued period homomorphism term by term to the coefficients in the
series expansion. As a special case, we define and study two single-valued versions of the
hypergeometric function (2), one of which may be new.

In summary, we prove that both the Galois coaction and single-valued period map
coincide for (G) and (L); in other words, they ‘commute’ with Taylor expanding at
so=---=8,=0.

1.1 Contents
This paper is in two parts, corresponding to the two points of view (G) and (L). In the
first part (G), we interpret the Lauricella function as a matrix coefficient in a Tannakian
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category of Betti and de Rham realizations of cohomology with coefficients. To make this
a little more precise, consider the trivial algebraic vector bundle of rank one on Xy with
the integrable connection

= d
Ve=d+» s ’
0

k=

r— 0

Let L£; be the rank one local system generated by z = [[,_,(1 —zo; !)~**, which is a
flat section of V. For generic sg,...,s,, integration defines a canonical pairing between
algebraic de Rham cohomology and locally finite homology groups

Hig(Xs,V,) and H{'(X5(C),LY)

which are both of rank n. The period matrix, with respect to suitable bases, is exactly the
(n xn) matrix (1). Its entries can be promoted to equivalence classes

L m
(L) = [Mz , 5@ [[(1—zop )™, —s;dlog(z— o)
k=1

of Betti-de Rham matrix coefficients (a.k.a. motivic periods), where §; is a path from 0 to
o;, and My is an object of a Tannakian category encoding the data of the Betti and de
Rham cohomology together with the integration pairing. They map to (1) under the period
homomorphism:

per(Ly) = Ly.

We also define de Rham versions of (L), as equivalence classes of matrix coefficients as

follows. Consider the (classes of the) logarithmic 1-forms:

dx _dj

r—0;

V; = for 1 <i<n,

with residues at 0 and o; only (see Remark 3.2 for an interpretation of these forms as
de Rham ‘versions’ of the paths ¢;). They define de Rham cohomology classes in the
space H éR(Xg,V_Q, which is isomorphic, via the de Rham intersection pairing, to the

dual Hjg(Xs,V,)V. Consider the de Rham-de Rham matrix coefficients (a.k.a. de Rham
periods)

(L%t)ij = [Ms , v, *dek)g(x*‘jj)]at-

Comultiplication of matrix coefficients immediately implies a global coaction formula which
takes the very simple matrix form:

ALR = LB ® LY. (4)

The period map cannot be applied to the de Rham Lauricella functions, but one can replace
them with variants LY by passing to a slightly different Tannakian category (where a
coaction formula similar to (4) holds) which takes into account the real Frobenius, that
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is, complex conjugation. This added feature yields a single-valued period homomorphism s
which can be applied to de Rham periods, whenever all the s; are real.” We recover in this
way the single-valued Lauricella hypergeometric functions (3):

s(LY) = L%,
This implies, by the definition of the single-valued period homomorphism, the identity
L3,(s) = Lyy(—s) "' Ls(s), (5)

where ¥ = {50,07,...,0,}, and Lx(s) denotes the matrix (1) with dependence on s =
(80,---,5n) made explicit. After applying twisted period relations [CM], (5) can be rewritten
as a quadratic formula for single-valued Lauricella functions, which we call a double copy
formula:

I3(5) = 5 ' Is(s) T2(~s) D), (0

™

where Ig(—g) is a Betti intersection matriz computed in terms of intersection numbers on
X»(C).

In §4, we make the transition from the global to the local picture and explain how
to renormalise the integrals (1), following a similar procedure to [BD2], to expose their
poles in the sq,...,s, in a neighborhood of the origin. These poles are compensated by the
prefactors s; in the definition (1), yielding Taylor expansions for both the functions (Lsx;);;
(Proposition 4.4) and their single-valued versions (L%;);; (Proposition 4.8).

In the remaining, local, part of the paper, we compute the periods, single-valued periods,
and motivic coaction order by order in the Taylor expansion with respect to the s;. For
this, we assume that the o; lie in a number field £ C C and work in the Tannakian category
MT (k) of mixed Tate motives over k [DG]. It has a canonical fiber functor w. Alternatively,
one can avoid fixing the o; by working in the category of mixed Tate motives over the moduli
space of configurations ¥, which leads to identical formulae. The motivic torsor of paths
oY Xs, to, —t;), where to is the tangent vector 1 at 0, and ¢; is the tangent vector o; at
04, is dual to an ind-object of MT (k) whose periods are regularized iterated integrals of
logarithmic 1-forms. Since it is a torsor over the motivic fundamental group based at tg, one
can define its metabelian (or double-commutator) quotient. It turns out that the periods of
the latter are very closely related to generalized beta integrals of the form (1). To make this

more precise, for any formal power series F' € R({(eg,...,€,)) in non-commuting variables
€o,---,en with coefficients in a commutative ring R, consider its abelianisation and jth beta
quotient

F and F; € R[so,-...,s4]],

where S denotes the image of a formal power series S under the abelianization map ey, +— sy,
where the s, are commuting variables, and the F; are the unique power series such that

F=Fg+Foeo+ -+ Fren,

2 This is an unnatural technical assumption that is forced upon us by the fact that the parameters s; are
not treated as formal variables (see §3.5), but formulae such as (5) and (6) remain valid for complex s;.
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where Fy € R is simply the constant term of F. The motivic torsor of paths from g to —t;
defines formal power series Z™*, Z%% in the ey, ..., e, whose coefficients are motivic periods
and (canonical) de Rham periods of MT (k), respectively,® and whose abelianizations and
beta quotients are of interest. We assemble them into a matrix of formal power series in

S0y-+ySn:

(FLg)ij = 11‘:]‘W_ SjZ?’i7

for 1 <i,5 <n (resp. with m replaced with @). The following result (Theorems 6.18 and
7.11) states that these are indeed local motivic lifts of the expanded Lauricella functions
(viewed as power series in the si). This justifies the notation F' Ly, where the letter F' stands
for formal.

THEOREM 1.1. We have the equalities of formal power series in sg,...,Sp:

(1) per(FLY) = Ly,
(i)  s(FLY)=1L%,

where per and s are the period map and single-valued period map of MT (k) applied order
by order to the coefficients in the expansion in the variables sy.

In the special case ¥ = {0,1}, part (i) of the theorem reduces to Drinfeld’s well-known
computation of the metabelian quotient of the Drinfeld associator in terms of Euler’s beta
function.

Having therefore established that F'LY; is a local motivic lift of the Lauricella functions
viewed as power series, we then prove that its local motivic coaction is given by the same
formula as the global motivic coaction (4) of the global motivic lift L.

THEOREM 1.2. The (local) motivic coaction on the formal power series FLY reads:
AFLE(s0,- . 8n) = FLE (0, ... ,50) @ FLE (5o(L7) 7", ... s, (L7) 1), (7)

where L= is the (canonical) de Rham Lefschetz motivic period (motivic version of 2mi). In
this formula, the variables s, should be viewed as having weight —2 and as such admit a
nontrivial motivic coaction: A(sg) = s, (1® (L®)71).

In the last two sections, we apply our results to Gauss’s hypergeometric function F' = F}.
Via the integral formula (2) we define global and local lifts of the function F'(a,b,c;y). In
the global setting, a,b,c are generic complex numbers, that is, a,b,c,c—a,c—b ¢ Z, whereas
in the local setting, they are formal variables around a = b = ¢ = (0. The global motivic
coaction formula reads:

AF™(a,b,c;y) = F™(a,b,¢;9) @ F*(a,b,¢;y) — #F“‘(Wr Lb+1,c+2y) @G (a,b,c;y),
C

and the local formula (Theorem 10.9) is formally similar, with dt replaced with w and extra
(L=)~1! factors inserted as in Theorem 1.2. The term G°F appearing in the formula is a de

3 The reader should be warned that the superscripts m, w, 0t, corresponding to different types of matrix
coefficients in Tannakian categories, have two different interpretations in this paper: one in the global
setting, and one is the local setting. This should not create any ambiguity.
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Rham version of the function

-1

) 5(b,c—b)_1/y 2PN 1 —z) b (1 —ya) 2 da,

sin(7a) sin(mw(c—

G(a,b,cy) = .

(a,,¢:9) msin(7me)
which equals y! ¢ F(1+b—c,1+a—c,2—c;y) up to a prefactor. We also study single-valued
versions of the functions F and G, both in the global and local settings, and prove double
copy formulae relating them to F and G (see Proposition 9.12).

1.2 Example
Let n=1, X ={0,1}, k=Q, and X5 =P'\{0,1,00}. The canonical fiber functor w on
MT(Q) is simply the de Rham fiber functor.

1.2.1. Cohomology with coefficients

Let sg,s1 € C be generic, that is, {sg,s1,50+ 1} NZ = @. The algebraic de Rham
cohomology HJp(X,V,) has rank one over Q(so,s1) and is spanned by the class of 172 .
The locally finite homology HII(X(C),LY) also has rank one over Q(e27%%0 e27i1) and is
spanned by the class of (0,1) @z (1 — ). The corresponding period matrix is the (1 x 1)

matrix
1
dx S0S1
L = S0 1— S1 = .
{0,1} <$1/0 0 ( ) 1_33) <80+813(80,51)>

Note that Lyg 1y is a priori only defined for generic sg,s;. It turns out a posteriori that

it admits a Taylor expansion at the point (sg,s1) = (0,0), which is not generic. The lifted
(global) period matrix Lr{“OJ} also has a single entry and satisfies the (global) coaction
formula

ALT{‘}M} = L‘{Ttm} ®L?{571}. (8)
This is immediate from the fact that the matrix has rank one.

1.2.2. Formal series expansion

Consider the Drinfeld associator

zZ= Z C(w)w =1+¢(2)(ege1 —e1€0) + -+,

we{eg,e1}

where ((w) are shuffle regularized multiple zeta values. Its abelianization satisfies Z = 1.
The (1 x 1) matrix of formal expansions of Lauricella functions FLg 1y is therefore

FL{O,I} = <1 — 81271) .
Its entry is the formal power series

dx S0S1
1— 50(1 —x)%t =
Sl/dchx (1-2) r—1 So+51ﬁ(80’81)’
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where dch is the straight line path between tangential basepoints at 0 and 1, and the second
equality follows from Proposition 6.16. It is well known that

5051

80+81[3(30,31):exp éw«sﬁsm—sg—s?) . (9)

The above objects have motivic and de Rham versions Zm,FL‘E’O 1} (resp. Z°°, F L?g 1}),
formally denoted by adding superscripts in the appropriate places, which are formal power
series in sp,s1 whose coefficients are motivic (resp. de Rham) periods of MT(Q).* For
example, the entry of the matrix F. L?O,l} is exactly the right-hand side of (9), in which ¢{(n)
is replaced by ¢(™(n). The (local) motivic coaction satisfies®

AFLY, 11(s0,81) = FLY 11 (50,81) ® FLYG 1y (L) " 0, (L°F) ~1sy), (10)

where A acts term by term and on the formal variables s via A(sy) = sg(1® (L°%)~1). The
formula (10) is equivalent to the equation:

A¢M(n) =¢"(n)® (L*)" +1®¢"(n), (11)

for all n > 2, using a variant of the well-known fact that in a complete Hopf algebra,
an element is group-like if and only if it is the exponential of a primitive element. Since
¢°(2n) =0, for n > 1, we retrieve the known coaction formulae on motivic zeta values [B1].

REMARK 1.3. Equation (11) is equivalent to the fact that zeta values are periods
of simple extensions in the category MT(Q). It is very interesting that this nontrivial
statement shows up as the apparently simpler fact (8) that the cohomology group underlying
L{o,1y has rank one. It also explains why the formula is uniform for all values of n.

1.2.3. Single-valued versions

The single-valued beta integral is

51 2s0(1 0s, [ dZ  dz dz 8081 L
- = = _Z)A = 1), 12
27r2'//(c|z -2 (z—l z ) M= T sots ) Gos) (12)

where the single-valued (or ‘complez’) beta function 55(sg,s1) satisfies the formula

5051 g ~ B(s0,81)
80+81ﬁ (50’81)_—5(—80,—51)'

The expansion of (12) can be expressed in the form

1—518(Z%) =exp Zw((so—i-sl)”—sg—s’f) ,

n
n>2

where the single-valued zeta (*V(n) equals 2((n) for n odd > 3 and vanishes for even n.

4 They are actually motivic and de Rham periods of the Tannakian subcategory MT (Z).

5 1If one writes this in terms of the motivic beta function 8™ (so,s1) defined by (sg ' +s7 ") times the entry
of FLY; 1y, then it takes the form

S081
S0+ S1

A" (s0,51) = B™(s0,51) @ B ((L°%) "' s0, (L) " 's1).

https://doi.org/10.1017/nmj.2022.27 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.27

MOTIVIC GALOIS ACTIONS ON LAURICELLA HYPERGEOMETRIC FUNCTIONS 157

This discussion of the beta function generalizes to the case of the moduli spaces of curves
of genus zero with marked points. It has been studied in [BD2], [SS1], [VZ].

1.3 Comments

1.3.1. Comparing local expansions

It is natural to ask what can be said about Taylor expansions of Lauricella functions
around different (rational) values of the parameters si. Clearly, the expansions around
different values of si are independent from each other: trying to compare them quickly
leads to identities involving infinite sums of the kind

oo

Y Km -1 =1,

n=2
for which there is no motivic interpretation. In fact, the coefficients of expansions at
different rational points are very different from the motivic point of view. For example,
the value of ((sg,s1) at non-integer rational values of sg,s; is not a mixed Tate period in
general. However, we believe that there should be a general Tannakian framework which,
when correctly interpreted, controls the motivic Galois theory of all the expansions of
Lauricella functions (and related hypergeometric-type integrals) around rational values of
the parameters. This is beyond the scope of this article.

1.3.2. Divergences

The main technical point in this paper is, as usual, dealing with divergences. For
cohomology with coefficients, this appears as non-genericity of the parameters si. For
motivic fundamental groups, it takes the form of tangential basepoints. The following key
example illustrates the point.

EXAMPLE 1.4. Suppose that Re(s) > 0. Then, viewed as a function of s,

1
I(s)—/ :L'Sd—mzl-
0

T S

The renormalized version I™"(s) of this integral (defined in §4) removes the pole in s, and
hence I'*"(s) = 0. Now, consider the integral as a formal power series in s. We perform a
Taylor expansion of the integrand and integrate term by term. Since the integrals diverge,
they are regularized with respect to a tangent vector of length 1 at the origin, which is
equivalent to integrating along the straight line path dch (for droit chemin):

" d
r'ocal(s) = Z ;/ log" () oo
n>0 v Jden x

Thus, I'°¢?l(s) is indeed the Taylor expansion of I""(s), which would not be true if one
were to regularize with respect to a different tangential basepoint. In general, our tangential
basepoints are chosen to be consistent with the renormalization of divergent integrals.

1.3.3. Higher-dimensional generalizations

There are precursors in the physics literature to coaction formulae on generating series of
motivic periods. Indeed, in [SS2], open string amplitudes in genus 0 (which can be computed
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in terms of associators [BSS+]) were recast in terms of series of motivic multiple zeta values,
and some conjectures were formulated about their f-alphabet decomposition to all orders.
For four particles, this is equivalent to Example 1.2.

We can make these conjectures precise as a simple application of the framework described
here. Let Mg s denote the moduli space of curves with points marked by a set S with n+3
elements, and let V4, £, be the Koba-Nielsen connection and local system considered
in [BD2, §6]. The periods and single-valued periods studied in that paper can be easily
formalized using the Tannakian categories defined in this paper: in brief, the triple

MS = (HS(MO,Sv‘Ci) ) HcTIIR(M(),S?vé) ) CompB7dR)

defines an object of any of the global Tannakian categories considered in §3. From this, one
can define global Tannakian lifts of the closed and open superstring amplitudes in genus 0.
Local lifts (after expanding in the variables s;;) were worked out in [BD2]. We can define
global matrix coeflicients

I™(w) = [M?%,~y,w]™ and I (v,w) = [M®,v,w]®

for suitable Betti homology classes v and de Rham (resp. dual de Rham) classes w (resp.
v). The period of I™(w) is an open string amplitude, and the single-valued period of (a
slight variant of) I°*(v,w) is a closed string amplitude. The general coaction formalism (33)
or [B3] yields

AT™(w ZI"‘ YR (Y, w),

where 7 ranges over a basis of Hz (My,s,V) and 0" is the dual basis. The objects I™(w)
can be viewed as versions of open string amplitudes, and the objects I°*(n¥,w) can be viewed
as versions of closed string amplitudes. In terms of the de Rham intersection pairing, this
can equivalently be written

AI™w) = (o, )R () @ 17 (1 w),

nn’

where 7,7’ range over bases of HJy(Mo,s,Vs) and HJp(Mos,V_s), respectively. We
proved in [BD2] that the Laurent expansions of open and closed string amplitudes admit
(noncanonical) motivic lifts. In the light of the present paper, it is natural to expect that
their coactions are compatible with the global formula written above. It would be interesting
to see if this is equivalent to the conjectures of Stieberger and Schlotterer mentioned above.

1.3.4. Generalizations to other settings

There should be interesting possible generalizations of our results to the elliptic [Ma2]
and ¢-adic [IKY], [N] settings.

Convention

Throughout this paper, we use the following convention: we denote the coordinate on
the affine line C by = when dealing with line integrals, and by z when dealing with double
(single-valued) integrals.
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§2. Cohomology with coefficients of a punctured Riemann sphere

We first recall the interpretation of the integrals (1) as periods of the cohomology of the
punctured Riemann sphere with coefficients in a rank-one algebraic vector bundle or local
system. Most of the results of this section can be found in the classical literature [A1], [CM],
[HK], [KN], [KY1], [KY2]. However, we provide an original treatment of the single-valued
period homomorphism for cohomology with coefficients. It is based on the Frobenius at
infinity, as in the general setting of [BD1], [BD2] and not on the complex conjugation of
coefficients, as in [HY], [MY].

2.1 Periods of cohomology with coefficients
Let k£ C C be a field, and let X = {oy,...,0,} be distinct points in k£ with oy = 0. Write

X5 =A}\X.
We consider a tuple s = (sg,...,s,) of complex numbers that we shall often assume to be
generic, meaning that we have
{50,815---,8n, S0+ S1+ -+ s} NZL=2. (13)

An alternative point of view, that we do not develop here, would be to treat the s; as formal
variables (see §3.5).
2.1.1. Algebraic de Rham cohomology
For any subfield k£ C C, denote by
k:gR =k(S0,---,5n)-

The algebraic de Rham cohomology groups that we will consider are k:gR—vector spaces with
a natural QgR—Structure. Define the following logarithmic 1-forms on Pj:

dx

r—0;

w; = for i=0,...,n, (14)

which have residue 0 or 1 at points of ¥, and —1 at co. They form a basis of the
space of global logarithmic forms F(P,lg,QI}l,l (logX U{o0})), which maps isomorphically to
k

Hig (X5 /).

DEFINITION 2.1. Let Ox, denote the trivial rank-one bundle on X xj k‘gR, and
consider the following logarithmic connection upon it:

n
Vs:Ox, — QX given by V§:d+25iwi.
i=0

It is automatically integrable since Xy has dimension one, and is in fact closely related
to the abelianization of the canonical connection on the de Rham unipotent fundamental
group of Xx. Consider the algebraic de Rham cohomology groups

HgR(XE7v§) = HgR(XZ)v (OX27V§))’

which are finite-dimensional k:gR—Vector spaces. The fact that the s; are generic implies, by
[D1, Prop. I1.3.13], that one has a logarithmic comparison theorem for (Ox,,,Vy). Since
the cohomology of Xy is spanned by global logarithmic forms, this implies (see [ESV]) that
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the cohomology groups Hjp (X5, V) are computed by the complex of global logarithmic
forms

vs
0— k" =S kM wed - @kt w, — 0,

where V(1) =>"" s;w;. Again, by genericity of the s;, H](Xx, V) vanishes for r # 1,
and HJy(Xs,V,) has dimension n. It is generated by the w; subject to the single relation

n
Zsiwi —0. (15)
=0

Since the forms w; have rational residues, they in fact define a natural QER—structure on
H}i(Xx,V,) which we shall denote by HL (X5, V). We therefore have

H, (X5, Vs) =2 <@@S%i) / QY siwi. (16)
i=0 i=0
We shall use the following basis for (16):

{=swj, fori=1,...,n}. (17)

2.1.2. Betti (co)homology
We introduce the subfield of C defined by

Q§B — Q(627ri50’ s €2ﬂi5").

DEFINITION 2.2. Let L, denote the rank-one local system of QE—Vector spaces on the
complex points Xy (C) = C\X defined as

n

o= Q§B x50 H(l —xak_l)_sk.

k=1

The local system L has monodromy e ~2™%* around the point oy. After extending scalars
to C, it is identified with the horizontal sections of the (analytified) connexion Vg on the
trivial vector bundle of rank one on Xx(C):

Lo C= (0%)72
We will be interested in its cohomology
Hp(Xs,L,) =H"(C\X,Ls) = H,(C\X,L])",

where Cg is the dual local system

n
L) :Q§B o [ (1 — o t)s.
k=1

The genericity assumption (13) implies that £, and E\g/ have nontrivial monodromy around
every point of 3 and around oo, which implies that the natural map

H.(C\X,LY) — H)(C\,L))
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from ordinary homology to locally finite homology is an isomorphism. Its inverse is some-
times called regularization. An easy computation shows that all homology is concentrated
in degree one and Hif(C\X,L£Y) has rank n. It has a basis consisting of the (classes of the)
locally finite chains -

sz [ [(1—zo, 1), (18)
k=1

fori=1,...,n, where ¢; : (0,1) - C\X is a smooth path from 0 to o; that can be extended
to a smooth path &; : [0,1] — C, and z*° [[_,(1 —z0; ')** denotes some choice of section
of L on d;.

REMARK 2.3. In all that follows, we assume that the choices of representatives are such
that J; does not wind infinitely around 0 and o;, that is, that the argument of §;(¢) is
bounded as ¢t approaches 0 and that the argument of §;(¢) — o; is bounded as ¢ approaches
1. This assumption will ensure the convergence of the integrals considered below.

2.1.3. Comparison isomorphism.

There is a canonical isomorphism [D1, §6]
compg 4r (5) : Hig (X5, V) ®pan C = Hp (X5, L) @gs C, (19)
whose restriction to the QgR—structure we shall denote by
compg ., (5) : Hy, (X, V) @gan C = Hg (X5, L,) @gp C. (20)

Assuming (13), we can identify Betti cohomology Hi(Xs, L) with the dual of locally finite
homology, which leads to a bilinear pairing

H{(C\Z, L)) x HL (X%, V) — C.

It is well-known that the comparison isomorphism is computed by integration when it makes
sense.

LEMMA 2.4. Assuming (13), a matriz representative for the comparison isomorphism
in the bases (17) and (18) is the (n xn) period matrix Ly, with entries

n
dx
1
(Ls)ij = —31/5_ v [[(1—woy )s’“w_gja
i k=1

ifi#7,

-1
provided that Resy > —1 and Res; > ’
0, if 1=7.

Proof. By definition, the pairing that we wish to compute is

n
S S
H (1—woy! )**, compg _gg(8)(—s;w;)) / 0 H (1 -0, 1)+,
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where @; is a smooth form on C\ X with compact support, representing the cohomology
class of w; = dz/(z—0;). In other words, we have

Bj—w;=Vp=do+ > spddlog(z—oy),
k=0

where ¢ is a smooth function on P!(C). Since @; vanishes in the neighborhood of ¥ U oo,
taking residues in the previous equation along points of ¥ Uoo implies that ¢ vanishes at
every oy, k # j, including at o9 = 0. Now, we only need to prove that the integral

/ %0 H(l —azak_l)s’“ Vs
% p=1

vanishes. Since 2 [[}_,(1 —z0;,')** V¢ = d(z* [[,_, (1 — w0y ')** ¢), this integral is
computed by Stokes’ theorem and we need to prove that = [];_,(1— :L‘a,gl)s’“qb vanishes
at 0 and at o;.

— At 0, this amounts to proving that 0(¢)*°¢(d(t)) goes to 0 when ¢ — 0. Since ¢ is smooth
and vanishes at 0, we have |¢(d(t))| < C|d(t)| for some constant C, and so

[6()*6(8()] < Cla()* T = O[6(1)[*C*)* exp(~Tm(so)arg(4(t)))-

By assumption, Re(sp)+1> 0 and arg(d(t)) is bounded as ¢ approaches zero (see Remark
2.3), which implies that the limit of §(¢)%*1, and also §(¢)*°¢(5(t)), is zero when t — 0.

— At 0y, the same argument gives the desired vanishing, by using the fact that ¢ vanishes
at o; if i # j.

The result follows. O

2.2 Intersection pairings
For generic s; (13), the natural map Hy(C\X,LY) — H{'(C\X,LY) is an isomorphism.
Poincaré duality gives an isomorphism

Hif((C\Z,[,;/) ~ H, (C\E"Ci)v ~ H; ((C\Z>[’\—/§)v>

where we set —s = (—sq,...,—S,). By combining these two isomorphisms, we get a perfect
pairing, called the Betti intersection pairing [KY1, §2], [CM], [MY, §2]:

(B Hi(C\Z,LY,) @gs Hi(C\Z, L) — Q7
or dually in cohomology:
()P Hp(X5, L) ©gp Hp (X5, L) — Q7. (21)
The de Rham counterpart is the de Rham intersection pairing [CM], [Mal]:
() Hl (X5, Vo) @pan Hig (X5, V) — k2R, (22)
which comes from Poincaré duality and the fact that the natural map

Hgg o(X5,Vs) — Hgp(Xx, V) (23)
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is an isomorphism if the s; are generic, where the subscript ¢ denotes compactly supported
cohomology. The map (22) respects the natural QgR—structures and induces

()7 Hp(Xs, Vo) ®gan Hy (X5, V) — Q.

We set
dx B dﬁ

Tr—0; T

v; = for 1<i<n (24)

and use the same notation for the corresponding class in H. (X5, V_j).

LEMMA 2.5. For all1<1i,j<n, and so,...,S, satisfying (13),

=——1
Si

1
dR
<Vi’wj>

i=j- (25)

Proof. By definition, the de Rham intersection pairing that we wish to compute is

Vi>W Vi AW,
( J 27TZ //]pl((c) J

where v; is a smooth form on C\ ¥ with compact support, representing the cohomology
class of v;. In other words, we have

Ui—vi=V_sp=dp— Y sppdlog(x—op),

k=0

where ¢ is a smooth function on P!(C). Since ; vanishes in the neighborhood of ¥ U oo,
taking residues along points of ¥ Uoco implies that ¢ vanishes at every oy, k ¢ {0,i}, and at

oo, and
60) = dlo) =

%

By noticing that v; Aw; =0 and dlog(z — o) Aw; =0, we thus get

Vi wj) dpNw; = // d(pw;
< J 27TZ //IP’l((C) I 271 P1(C) ]

By Stokes, this last integral can be computed as the limit when e goes to zero of

where P. is the complement in P!(C) of e-disks around the points of ¥ U oo, and the sign
comes from the orientation of OP.. By using the fact that ¢(co) =0 and w; is regular at
every oy, k # j, a local computation (variant of Cauchy’s formula) thus gives

1
(vi,w;)™® = —Res,, (pw;) = —glz’:j-

1

This lemma implies that the dual basis to (17) is given by the classes
vi € HL(X%,V_,) fori=1,...,n.
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REMARK 2.6. The Betti and de Rham intersection pairings are compatible with the
comparison isomorphism, which leads to quadratic relations among periods of cohomology
with coefficients, known in the literature as twisted period relations [CM], [G]. In matrix
form, they read:

"Ly (=s) I3 (s) Lz (s) = 2mi I (), (26)

where I3(s) and I&R(s) are the matrices of the Betti and de Rham intersection pairings
(21) and (22), respectively.

2.3 Single-valued periods of cohomology with coefficients
We can define and compute a period pairing on de Rham cohomology classes by
transporting complex conjugation.

2.3.1. Definition of the single-valued period map

Let ¥ = {60,01,...,0,} denote the complex conjugates of the points in ¥. We have an
anti-holomorphic diffeomorphism

conj: C\X — C\X

given by complex conjugation. We note that the induced map H;(C\X) — H;(C\X) sends
the class of a positively oriented loop around o; to the class of a negatively oriented
loop around o;. Since a rank one local system on C\X (resp. C\Y) is equivalent to a
representation of the abelian group H;(C\X) (resp. H1(C\XY)), we see that we have an
isomorphism of local systems:

conj Ly~ L_,. (27)
We thus get a morphism of local systems on C\X:
Ls — conj,conj* Ly ~ conj, L_g,
which at the level of cohomology induces a morphism of Q§B—Vector spaces
Fo: H5(C\X,Ly) — HE(C\Z,L_,).

We call F, the real Frobenius or Frobenius at the infinite prime. We will use the notation
F(s) when we want to make the dependence on s explicit. One checks that the Frobenius
is involutive: Fio(—s)F(s) = id.

REMARK 2.7. The isomorphism (27) is induced by the trivialisation of the tensor
product conj*Ls ® Ls given by the section

n
gs =272 [ 11— 203,172,
k=1

Thus, the homological real Frobenius

Foo HF(C\S)[@) —>HF((C\E,[,,§)
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is computed at the level of representatives by the formula

n n

sz [[a-zon ) oz [[(1-2on ) g ' =02 [[(1— 20, ")
k=1 k=1 k=1

REMARK 2.8. A morphism similar to F,, was considered in [HY] and leads to similar
formulae but has a different definition and a different interpretation. Our definition only
uses the action of complex conjugation on the complex points of the variety Xs relative
to two complex conjugate embeddings of k£ in C, whereas the definition in [HY] conjugates
the field of coefficients of the local systems, which requires the s; to be real. Note that our
definition does not require the assumption that the s; € R.

In the rest of this article, however, we often assume that the s; are real. (This is an
unnatural assumption and would not be necessary if the s; were treated as formal variables;

see §3.5.) In this way, the complex conjugate of the field k¢ inside C is the field k(s1,...,5,).

We use the notation (—) ®k§m@ for the tensor product with C, viewed as a k3R-vector space

via the complex conjugate embedding. We thus have an additional C-linear comparison
isomorphism:

compg 4y (8) : Higp(Xs,Vy) ®kgR@ — HE(C\ X, L) ®qe C.

DEFINITION 2.9. Assume that the s; are real. The single-valued period map is the C-
linear isomorphism

s: Hip (X5, Vs) @pan C — Hip (X5, V) @pan C
defined as the composite
s = comp;dR(—ﬁ) o (Foo ®1d) 0 compg ggr ().
In other words, it is defined by the commutative diagram

CompB,dR(§)

HéR(X&vg) ®kgR(C H]%((C\E"Cﬁ) ®Q§C

S\L \LF(X,@id

HéR(XE,V_§) ®k§R@ Hé(@\§,£_§) ®Q§B C.

Compﬁ,dﬁ(—é
We will use the notation s(s) when we want to make the dependence on s explicit.

The single-valued period map is a transcendental comparison isomorphism that is
naturally interpreted at the level of analytic de Rham cohomology via the isomorphisms

Hlp (X5, V) 84an C = Hlp 10 (C\S, (Ogy5, V)
and

Hgp(X5,V_s) @pan C = Hig 1y (C\Z, (Op\ 55, V-))-

To avoid any confusion, we use the coordinate w =% on C\X.

https://doi.org/10.1017/nmj.2022.27 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.27

166 F. BROWN AND C. DUPONT

LEMMA 2.10. Assume that the s; are real. In analytic de Rham cohomology, the single-
valued period map is induced by the morphism of smooth de Rham complexes

San * (A\s3; V) — conj, (.A('C\E, s)
given on the level of sections by
A0 3w = fw J] 1 —wey ' conj*(w) € A =(0).
k=1

Proof. Let P = |w|?*°[}_, |1 —woy '|>**. We first check that s,, is a morphism of

complexes:
V_s(San(w)) = V_s(Pconj*(w))
= ((Zskdlog w—0% —|—Zskdlog w— Uk)> /\conj*(w)+d(conj*(w))>
k=0
—Zskdlog w—0%) A (Pconj*(w))
k=0
=P (Zn: sy dlog(w — oy,) A conj™ (w) +d(conj*(w))>
k=0

= Pconj* <Z sk dlog(z — o) /\w—{—dw)

k=0
= San (vé(w))'

On the level of horizontal sections, we compute

n n n
San (zso H(l—zok_l)s’“> = |w|?**° H 11— way, '[P H (1—woy, ")k
k=1

k=1 k=1
n
H (1—wog
Thus, s,, induces the morphism £4 — conj, £_, and the result follows. O

2.3.2. Integral formula for single-valued periods
We derive a formula for the single-valued period map s using the de Rham intersection
pairing (22), that is, for the single-valued period pairing,
Hip(X5,V,) x Hig(X%,Vs) — C | (r,w) — (v,sw)¥. (28)
Note that this pairing is k:gR—linear in each argument, where in the first slot the complex
conjugate embedding of kgR inside C is understood: this means that we have, for a,b € kgR,

(av,sbw) B =ab (v,sw) R,

PrRoOPOSITION 2.11. Assume that sg,...,Sp, are real and generic (13). Let w,v €
(]P’}C,Ql (logXUo0)), and write w and v for their classes in Hig(Xx, V). Assume that v
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has no pole at co. Then the single-valued pairing is

1 n
(u,sw)dR_—zm//C|z]280H]l—zak_l\%’“u/\w (29)
k=1

whenever s; >0 for all 0 <i<n, and so+---+s, <1/2.

Proof. Let us first note that the integral in (29) converges under the assumptions on w,
v, and the s;. To check this, pass to local polar coordinates z = pe? in the neighbourhood
|23% is proportional to p?*~'dpdf and is integrable
when Re(s) > 0. At oo, use the fact that v has no pole to obtain a local estimate of the
form p=2%0==252dpdf), which is integrable for sq+---+s, < 1/2.

We use the notation w = w, for the smooth form on C\ ¥ induced by w, and ws for

of every point in 3, and verify that |z

the smooth form on C\ ¥ induced by w. (It is obtained by replacing each occurrence of oj
in w by a @;.) Then, by definition, we have (v,sw) = (V5,Sanw,). By Lemma 2.10 and the
definition of the de Rham intersection pairing, this equals the integral

1 - .
// w50 H 11 —way** vz Aconj* (w,), (30)
P(C)

211
k=1

where 75 is a smooth form on C\ ¥ with compact support, representing the cohomology
class of vz. In other words, we have

Vs —ve=Vsp=dp+» siddlog(w—o%),
k=0

where ¢ is a smooth function on P!(C). The assumption that v has no pole at oo and the
fact that so+---+ s, # 0 imply, by taking residues, that ¢(co) = 0. We first prove that we
may remove the tilde in (30), that is, that the integral

n

JI P TL = wmw o Vg con ) (31)
P1(C)

k=1

vanishes. Its integrand equals

d (WSO TTh—wor o conj*<w>>

k=1

because dw A conj* (w, ) = conj*(dz Awy) = 0. By Stokes, the integral (31) can be computed
as the limit when e goes to zero of

n
[ e TL - wor e con (o),
OP.

k=1

where P. is the complement in P!(C) of e-disks around the points of ¥ U oo, and the sign
comes from the orientation of OP.. The contribution of each point of 3 vanishes, as can be
seen from a computation in a local coordinate, because of the assumption that s; > 0 for
all 4. The contribution of the point oo also vanishes because of the fact that ¢(co) =0 and
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the assumption that so+---+s, < 1/2. Thus, we have

s = [ o PP TL w2 mconf )
P1(C

k=1

250 1_7—1 stcon'* - A -
2m//md [T 117012 coni (v) A

k=1
— z 250
27TZ //]P’l((C)| |

The second equality follows from performing a change of variables via conj: C\X — C\,
which reverses the orientation of C, hence the minus sign. The third equality relies on
conj* (vz) = 7,, which is obvious. The result follows. 0

n
]1 — 205 % Uy A,
k=1

COROLLARY 2.12. Assume that sg,...,Sp, are real and generic (13). Then, for all
1 <i,j <n, the single-valued Lauricella function (L3,);; (3) is a single-valued period of
cohomology with coefficients:

(L%)i = (vi,s(—sjw;)) "
for s >0 for all0 <k <n and so+---+ s, < 1/2.
Proof. This follows from Proposition 2.11. O

COROLLARY 2.13. Under the assumptions of the previous corollary, we have the matrizx
equality

L3.(s0,..-,8n) = Lf(—s(),...,—Sn)_ng(SO,...,sn) , (32)

where it is understood that the Lauricella functions (Lx)i; and (Ls);; are computed via
choices of paths which are complex conjugate to each other.

Proof. This follows from the definition of the single-valued period homomorphism and
Corollary 2.12 since the classes v; are the dual basis, with respect to the de Rham pairing,
of the basis (—s;w;) by Lemma 2.5. O

REMARK 2.14. The inverse of the matrix Ly (—s) appearing in (32) can be computed
in terms of Ly(s) from the twisted period relation (26). This leads to quadratic expressions
of the single-valued Lauricella function in terms of ordinary Lauricella functions, which we
call double copy formulae. They read, in matrix form,

L3(s) = %%(ﬁ) I5(~5) Lu(s).

™

This is because the matrix I%R(—g) is the identity matrix in the bases (+s;w;) and (v;) by
Lemma 2.5. They are related to double copy formulae in the physics literature such as the
Kawai-Lewellen—Tye formula [KLT], which was interpreted in the framework of cohomology
with coefficients in [Mi2].

83. Tannakian interpretations and global coaction

Using some simple Tannakian formalism, we compute a global coaction formula on
Tannakian lifts of Lauricella functions. We also consider a more refined Tannakian formalism
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which takes into account the Frobenius at infinity and interpret single-valued Lauricella
functions in this more refined framework.

3.1 Minimalist version

Let kqr C C and Qp C C be two subfields of C. Consider the Q-linear abelian category
T whose objects consist of triples V = (Vg,Vir,c) where Vi, Vgr are finite-dimensional
vector spaces over Qp and kqr, respectively, and ¢ : Vg @, C = Vi ®qy C is a C-linear
isomorphism. The morphisms ¢ in T are pairs of linear maps ¢, ¢qr compatible with the
isomorphisms ¢. The category 7 is Tannakian with two fiber functors

war : T — Vecy, and wp : T — Vecg,.

The ring PP = O(Isom%(war,wp)) is the (Qp,kqr)-bimodule spanned by equivalence
classes of matrix coefficients [V,o,w]™ where o € Vi and w € Vgr. The kqr-algebra
PI = O(Aut?(wqr)) is spanned by equivalence classes of matrix coefficients [V, f,w]®* where
[ €V and w € Vyr. The multiplicative structure is given by tensor products. There is a
natural coaction

A: PR — P} @k PY,

which expresses P¥ as an algebra comodule over the Hopf algebra P3*. It is given by the
formula

AV,o0]™ =) [Vio,e]" ®[V,e) ,w]’, (33)
where the sum ranges over a kqr-basis {e;} of Vygr, and e; denotes the dual basis of Vd\ﬁ.

DEFINITION 3.1. For generic complex numbers s; (13), let kqr = QgR and Qp = QE,
and define

My = ( Hy(Xs,L,) , HL(X5,Vs) , compg ,(s) ) € Ob(T).
Define a matrix L§t € My, (PT) by

n m
(LE)ij = [ME , Groa® [[(1—ao ), —Sjwj] :
k=1

where the basis elements are given by (17) and (18). We will use the notation Mx(s) and
L$(s) when we want to make the dependence on s explicit.
The image of L§ under the period homomorphism

per: P7 — C
[(VB,VdR,C),O',W]m = <U7 C(W)>

is precisely the matrix of Lauricella functions (when the integral converges; see Lemma 2.4):

dx
er (Lyy S0 —z0;, .
per (L) / H £ z—0,

For this reason, we think of L} as a (global) motivic lift of the matrix of Lauricella functions
(1). Define a (global) de Rham version

(th)w [Mg , Vi —Sjw]‘]at,
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where the forms v;, defining classes in HL (Xx,V_;), were defined in (24). Recall that
the de Rham pairing (23) induces an isomorphism H} (Xx,V_;) ~ HL (X%, V)Y and that
Lemma 2.5 implies that the basis {v;} is dual to the basis {—s;w;}.

REMARK 3.2. The class of v; is the image of the relative homology class (viewed in
homology with trivial coefficients) of the path §; under the map ¢y studied in [BD1, §4.5.1].
It would be interesting to know whether this map can be naturally defined at the level of
cohomology with coefficients by relying on Hodge theoretic arguments as in [BD1].

ExampLE 3.3. For all n € Z, one has ‘ Tate’ objects
Qs(—n) = (QF, Q" 1 — (210)").

The Betti and de Rham pairings (21) and (22), along with their compatibility with the
comparison map (19) (a.k.a. the twisted period relations), can be succinctly encoded as a
perfect pairing

Ms(=s)® Ms(s) — Qs(-1)

in the category 7. Equivalently, Myx(s)Y ~ Msx(—s)(1), where (n) is the standard notation
for Tate twist, that is, tensor product with Qs(n).

PROPOSITION 3.4. The (global) coaction satisfies
ALY =LY ® LY.
Proof. This is an immediate consequence of the formula (33). 0

REMARK 3.5. The coproduct A in the Hopf algebra P3* is given by a formula similar
o0 (33) and satisfies ALY = L¥ @ LY.

3.2 Version with real Frobenius involutions

In order to incorporate the real Frobenius isomorphism, and hence single-valued periods,
into a Tannakian framework, we are obliged to consider a more complicated version of
the previous categorical construction. This is somewhat artificial, but is forced upon us by
the fact that complex conjugation does not define an involution on Hg (X, Ls), but rather
relates the cohomology of £, with that of £_. For this reason, we must consider two de
Rham and two Betti realizations corresponding to coefficients Vs, V_, and L, £_,, which
we denote by superscripts +/—.

Let s; € R be real numbers satisfying the genericity conditions (13). Let kqg C C and
Qp C C be two subfields of C. We let (—) ®,,; C denote the tensor product taken with
respect to the complex conjugate embedding. One solution is to consider a category 7o
defined in a similar manner as 7T, except that the objects are given by:

1. a pair of finite-dimensional kqr-vector spaces Vd’;{, Virs
2. two pairs of finite-dimensional Qg-vector spaces VBJr , Vi and Vg Vg
3. two C-linear comparison isomorphisms

B ar * ViR @kan € — Vi ®05 C

c%,dR : Vd—;{ Rk C — Vg ®qs C,

and another two defined in the same way with all +’s replaced by —,
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4. two Qp-linear real Frobenius maps
+ _~op— + ~oy-
Vg — Vg and Ve — Vg,
and another two with the +’s and —’s interchanged. These maps will simply be

denoted by F.,, since the source and, hence, the target will be clear from context.
The composition of any two such maps, when defined, is the identity: Fo, F = id.

The morphisms ¢ between objects are given by the data of two kqr-linear maps ¢IR,¢(;R,
and four Qg-linear maps qﬁg, g, %, gz% which are compatible with (3) and (4). One checks
+

that this category is Tannakian, equipped with six fiber functors w dR,wg,wg (over kqr,Qp,

respectively) which are obtained by forgetting all data except one of the vector spaces in
(1) or (2).

REMARK 3.6. For objects of T, coming from geometry such as the ones that we will
shortly define, there are compatibilities between the real Frobenius isomorphisms F, and
the comparison isomorphisms. We do not include such compatibilities in our definition
because they will be irrelevant to the computations that we will be performing.

The category 7o admits various rings of periods defined in a similar manner as before.
Consider the eight rings of periods:

BT dr* Bt drt
Pr. = O(Isom% (Wi, wi)) and Pr_ = O(Isom% (wffR,w:Et)),
corresponding to all possible choices of signs. The four comparison isomorphisms define four
period homomorphisms:

+ 4R+ Bt qrt
73,},3. (g and per:737B- ART ¢

[sS) [}

per:

and similarly with + replaced with —. The four Frobenius maps define isomorphisms:
+ 5 - ha
Fy : 73%0" = 73,][3_007‘ and F : 7373300" = 73,113_00»'7

where o € {dR",dR™}. By composing with the period homomorphism per, one obtains a
full set of eight period homomorphisms for each of our period rings, for example, per Fi, :
7)B+,dfr C

7"00 % .

There are also four possible rings of de Rham periods. We shall mainly consider two of
them:

7331—2 AR :(’)(ISOJrn%‘)ioo (ng,ng)) and Pfdri AR :(’)(Isom%o (ng,wj'R)).

- drt + dR- )
dR™,dRY 7751—2 AR hich we shall not make

Duality induces a canonical isomorphism P =
use of here. Both of these rings admit a single-valued period map, which can be used to
detect the nonvanishing of de Rham periods.

DEerFINITION 3.7. There is a homomorphism single-valued period
— + J—
st 'Pg—z ART C®par C

defined by the composite

+ -1
CB,dR Fo®id (CE,dR)

Vd—E Rkar C Vg_ ®qs C VE_ ®qs C ViR Okar C.
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Since C and C have different kqg-structures, this map defines a point on the torsor of
isomorphisms from w;fR to wyy only after extending scalars to C®y,,, C. The single-valued
map therefore sends [V, f,w]®" to (f, (c%,dR)_lFoocngw).

kIR C R, which is the case that we shall mostly consider, we can

compose with the multiplication homomorphism C ®ar C — C to obtain a homomorphism

However, in the case when

— 4+ . »dR7,dRT
S cPr

oo

— C.

There is a variant s™ ~obtained by interchanging all +’s and —’s in the above. When it is
clear from the context, we drop the superscripts and simply write s.

REMARK 3.8. Alternatively, one can view s as a morphism of the (kqgr,kqr)-
— + —
bimodule Pﬁirz ART o C, with the bimodule structure on the latter given by (kqr,kdr)-

In other words, for A1, A2 € kqr, one has s7 T (A1&€X2) = A1s 7T (£)Xa. When £ is real, these
bimodule structures coincide and we obtain a genuine linear map.

The composition of torsors between fiber functors defines several coaction morphisms,
including

B+ + B+ — — +
APl PRt g P AR (34)

and likewise with +4,— interchanged. The period homomorphisms defined earlier are
compatible with composition of torsors between fiber functions. In particular, one has

per (§) = (per Foy @) (AE)  forall ¢ e PEIRT, (35)
DEFINITION 3.9. For s; real and generic (13), let kqr = QgR and Qp = §B, and define

an object of rank n in T, denoted by Mg, whose underlying vector spaces are given by
Vi =Ho(Xs, Vi) . Vg =H'(C\S,Lyy) , Vg =H'(C\T, L)

and similarly with all 4+’s replaced with —’s. The Frobenius maps F, are induced on Betti
cohomology by complex conjugation conj* and its inverse. The comparison isomorphisms
cg dR,c% 4R are defined by

CompB,w(+§) : Hzlz (XEv v+§) Okar C—H' ((C\E, ‘C+§) ®Qs C,
compng(—i@) : H‘z}v (XZ? V"ré) Qpar C— H' (C\i> ‘C+§) XQp (C7

and cg 4R, are similarly defined by replacing all +’s with —’s. Since kqr = QgR CR,

Cc—
B,dR -
the complex conjugate C in the left-hand side of the previous equation can, in fact, be

replaced with C.

The image of My under the functor 7o, — 7 which forgets all data except for
(ngvd—E,CB,dR) is the object My, which was defined in Definition 3.1.
Let us define an (n x n) matrix

~ + qrR+
LT € Myn(P3 )

whose entries are

n
~ —~ m
(L‘g)ij = |:M2 ooz [ (1 —zot)s —sjwj} ,
k=1
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where the Betti homology class lies in Hj(Xx,L,)" = H1(C\X,£Y) and the de Rham class
lies in HL (X5, Vy). We will use the notation Ms(s) and L% (s) when we want to make the

~ + qr+
dependence on s explicit. The image of L§; under the natural map Pf],g- dR

2 — P} is Ly,
and its period is the Lauricella matrix

per L% = Ly, (36)

3.3 de Rham motivic version and single-valued periods
Now, let us define a de Rham motivic Lauricella function

~ — ot ot
(L%t) = |:MZ y Viy —8jWj c 'P%i-R AR ,
ij

oo

where the de Rham class v; is to be viewed in HL (Xx,V,) = HL (Xx,V_,)" and the second
is to be viewed in HL (Xx,V;). Note that this differs from the earlier definition of the de
Rham Lauricella matrix in the ring of de Rham periods of the category T because the de
Rham classes reside in different cohomology groups. This is required so that we may speak
of its single-valued period. By Corollary 2.12, the matrix of single-valued periods consists
of the single-valued Lauricella hypergeometric functions (3):

s(L¥) = L3,
whenever all the s; are real and generic and satisfy s; >0 for all 0 <i<mn, and sg+---+ s, <

1/2.

3.4 Coaction
The coaction (34), applied to the motivic Lauricella function, will give rise to a third but
closely related quantity, given by the matrix
~ _ —~ m 1 m B+ dR~
(157 ), = [Ms(s) s @ [[(-wop )™, siwy] € PR
" k=1
where the de Rham class s;w; is in HL (X5, V_;). It is the image under Fi, of
~ — — n m =5— —
(Lg(_§)> = [Mg(g) L Si@a [[ (-0 t) o, sjwj] e PE IR

ij

where the Betti class is viewed in Hi(C\X,L£Y,) (see Remark 2.7) and the de Rham class
s;jwj is viewed in HL (X%, V_;) as before. More precisely, we have

LY (s) = Foo L2(—s),

+ —
and hence, by definition of the period homomorphism per F, : P?—oo’dR — C, the period is

per Fi <Eg‘(§)) = Ls(—s).
COROLLARY 3.10. The coaction (34) satisfies
ALE(s) = Ly (s) © LE (s).

Proof. This is an immediate consequence of the formula for the coaction on matrix
coefficients in a Tannakian category. [
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Equation (35), applied to the matrix Eg (s), reduces to the equation
Lx(s) = Lg(—s) L3(s),

which is another way of writing formula (32). Consider the following refinement of the
period map:

Bt ,drt A Bt ,dR™
P. PT

oo oo

dR,i,dR,JF perFoo®sf’+

Indeed, by composing it with the multiplication map C®gC — C, one recovers the usual
period map, by (35). Then, under this map, the elements (L$(s));;, for 1 <4,j <n, map
to

n n d
(el ).
=1 8 k=1 vt
j - dz dz d
5J.<//\z\280H|1—w,:1!28k (Z—Z)A : ) (37)
2mi C Pt zZ—0¢ Z z2—0j

The point of this formula is that both sides of the tensor product admit a Taylor expansion
in the s;, which is the subject of the next section.

3.5 Variant

We had to assume that the parameters s; are real in order to obtain a Tannakian
interpretation of the single-valued period homomorphism. This was so that the subfield
k(s0,...,8,) C C is isomorphic to k(so,...,s,), which ensures that there is a comparison
map for de Rham cohomology associated with the complex conjugate embedding of &:

Higr (X5, Vs) @par C — Hy(C\E, L) @gar C.

However, such an assumption is unnatural, for instance, because formulae such as (5) are
true for all s; € C for which they make sense. A way to remedy this would be to treat
the s; as formal parameters and work with modules over the polynomial ring k[so, ..., s,].
This would also be needed to build a bridge between the framework of cohomology with
coeflicients that we discussed in this section and the Taylor expansions that we consider in
the rest of this article.

84. Laurent series expansion of periods of cohomology with coefficients

The Lauricella functions (1) are not a priori defined for so,...,s, at the origin. We show
using a renormalization procedure that they extend to a neighborhood of the origin and
admit a Taylor expansion there. We prove a similar statement for their single-valued versions
(3). The reason for the (ab)use of the word ‘renormalization’ is explained in [BD2].

4.1 Renormalization of line integrals

Let ¥ = {o¢,...,0,,} be distinct complex numbers with oy = 0. We fix an index i €
{1,...,n} and a locally finite path ¢; in C\ ¥ from 0 to o;. More precisely, d; : (0,1) - C\ 2
is a smooth path that can be extended to a smooth path §; : [0,1] — C satisfying §;(0) = 0
and 6;(1) = 0;. As in all this paper, we assume that J; does not wind infinitely around 0 or
0; (Remark 2.3).
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Let w be a global meromorphic form on P!(C) with logarithmic poles at ¥ U {cc}. We
define

Q=% H(l L
k=1

and view it as a multivalued 1-form which depends holomorphically on the parameters s,
and that we wish to integrate along §;.

REMARK 4.1. Since we shall only consider the integral of €2 along J;, it suffices to define
the pullback 672, which is a 1-form on the contractible space (0,1). It depends only on a
determination of log(c;), which we choose once and for all. Hence, 0;° = exp(sglog(c;))
is defined. This fixes a branch of §7Q as follows. Close to 1 (i.e., for z near o;), the
function z*° is prescribed and so 4;z°° is analytically continued to the open interval
(0,1). Close to 0 (i.e., for = near 0), the function log(1 —zo; ') is analytic and the terms
(1— a:a,;l)sk = exp (sk log(1 —:Bakfl)) are well-defined, and so their pullbacks along ¢ are
analytically continued to (0,1).

REMARK 4.2. Let us fix a parameter s = (sq, ..., s,) € C"*!. The recipe given in Remark
4.1 gives rise to a determination of x [],_, (1 —z0; ')** along the path ¢;, and thus a class
in the cohomology group Hi'(Xx(C),£Y) which we denote &; 5.

Without any assumption on the residues of w at 0 and o;, the integral of Q along J;
defines a holomorphic function of the parameters s in the domain {Re(sg),Re(s;) > 0}.

DEFINITION 4.3. Following [BD2], let us define the renormalized version of ) with
respect to the points {0,0;}to be
dx

Xr—0;

(2

Qe = Q — Resp(w) xSOd—x —Resg,; (w) (U-SO H(l - Jiagl)s’“> (1—xo; )
x
ki

PROPOSITION 4.4.  We have, for every s in the domain {Re(so),Re(s;) > 0}, the equality

50 o0 (1—oj0;. 1)k
/Q:Reso(w)aZ —Res,, (w)— L e ) +/ Qren, (38)
5 S0 Si i

The integral of Q™ along §; defines a holomorphic function of the parameters s in the
domain {Re(sp),Re(s;) > —1}.

Proof. The equality follows from the computations:

d Jo d 1
/ g0 =% and / R

T S0 Xr—0; S;

Since w — Resp (w)d?gC does not have a pole at 0, the singularities of 2**"* at 0 are at worst
of the type z°°dx and therefore integrable for Re(sg) > —1. Likewise, its singularities at o;
are at worst of the type (1 —xo; ')%dx and are integrable for Re(s;) > —1. 0

Since s =0 is in the domain of convergence of the integral of Q'™ along d;, we see that
(38) yields a Laurent series expansion at s =0 for the integral of Q along ¢;. We record
the following special case, which shows that the Lauricella functions (Ly);; admit Taylor
expansions around s = 0. Here, the integrand of (Lyx),; is understood according to the
conventions of Remark 4.1.
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PRrOPOSITION 4.5. We have the following equality:

(Ls)ij = li=j (Ufo I1a _Jiak_l)Sk> —81/6 5,

ki i
where

Qieni — (ms(’ [[a-zo )y =10 [0 —Uz’ffil)s’“) (1—zo; )" — _xa. 7
ki ki J

and the integral on the right-hand side defines a holomorphic function of the parameters s

in the domain {Re(so),Re(s;) > —1}.
Proof. This follows from applying Proposition 4.4 to the case w =w; = dlog(x — ;) and
multiplying (38) by —s;. 0

4.2 Renormalization of complex volume integrals
Let ¥ = {o00,...,0,} be distinct complex numbers with oy = 0. Let w be a global
meromorphic form on P!(C) with logarithmic poles at ¥ U{cc}. We define

|230H|1_z0_ |2$k

and view it as a smooth 1-form on P!(C)\ (XU {oo}), which depends holomorphically on
the parameters s. We fix an index i € {1,...,n} and consider the integral

//( dz dz)/\QS
2 Z—0;

Without any assumption on the residues of w, this integral defines a holomorphic function
of the parameters s in the domain

D = {Re(s¢),Re(s;) >0, Re(sg) > —1/2 (k¢ {0,i}), Re(so) +---+Re(s,) < 1/2}.
One can check this by passing to local coordinates around every point of ¥ U{co}.

DEFINITION 4.6. Following [BD2], let us define the renormalized version of Q% with
respect to the points {0,0;}to be

dz dz
,ren; __ (O)s 2s 2s —1|2s —12s;
Q07 = 0"~ Resolw) |21 7~ Reser (@) (Jof> [T L =i P2 ) L =20 =
k#i
The following lemma will be used several times in the sequel. It is a single-valued analog
of the identity fog zs% =<,

S

LEMMA 4.7. For any o,s € C with Re(s) >0, we have

dz |o|*
28 7 —
2mi // < >/\|Z| z '

s
Proof. One verifies in local polar coordinates that the integral converges. Let

. _
F= —z|2s( dz —dz).
S

Z—0 z
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Its total derivative is the integrand on the left-hand side. By Stokes’s formula applied to
the complement of three disks in P1(C) centered at 0, co, o, it suffices to compute

1 11 dz dz
- F=-— ‘Z|2S (Z_Z),
27t Jp, $2mi Jp_ z—0 Z

where D. is the union of three circles of radius ¢ winding negatively around 0, oo, and o.
When e goes to zero, the integral around the first and the second vanish, and the integral
around the third gives 2mi |o|*. 0

PROPOSITION 4.8. We have, for every s in the domain D, the equality

//< dz dz)/\ﬂs_
2mi Z—0;

| | 2s0

) o;|?% (1 —Jid_l 25k

g; — ReSo',L' (OJ) | ‘ Hk?ﬁz | k ‘ // ( > A QSreni
S0 S; - 2mi z—0;

(39)

Resg(w)

The integral on the right-hand side defines a holomorphic function of the parameters s in
the domain

D' ={Re(sy) > —1/2 (k€{0,...,n}), Re(so) +---+Re(s,) < 1/2}. (40)

Proof. The equality follows from the computations

dz 950 4% dz ’0'2'|280
2 . - = /\| | b
i zZ—0; z S0
dz d d 1
//( z Z)/\‘l—ZO'_IFSlZ:_,
2 Z—0; z—0; S;

which follows from Lemma 4.7 (for the second, apply the change of variables z <» o — z

and

and multiply by |o|~2%). Since w — Resg (w)dz—m does not have a pole at 0, the singularities of
Qsreni at 0 are at worst of the type |z|?*°dz and therefore

<dZ _d§> A ()S:ren;
zZ—0; Z

is integrable around zero for Re(sg) > —1/2. Likewise, it is integrable around o; for Re(s;) >

—1/2. 0

Since s = 0 lies in the domain D’ this proposition provides a Laurent series expansion
at s = 0 for the integral on the left-hand side. We record the following special case Which
shows that the single-valued Lauricella functions (3) admit Taylor expansions around s =

PropPoOSITION 4.9. We have the following equality:

(Lsz)zj = 12:]<‘O'l|250 H ‘1 —0'2‘0',€_I|25k // <ZU ) /\QS renl

ki

where

Q;,reni _ <|Z|230 H |1 _ Zo_k—l|2$k - 1i:j ‘Gi|280 H ’1 _ O_io_k—1|2$k> |1 20, 1‘231
k#i k#i

dz

Z—O'j
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The integral on the right-hand side defines a holomorphic function of the parameters s in
the domain D' described in (40).

Proof. This follows from applying Proposition 4.8 to the case w = w; = dlog(x — o) and
multiplying (39) by —s;. O

§5. Notations relating to motivic fundamental groups

In this, the second part of the paper, we of the paper, we study (1) from the point of
view of the motivic fundamental group of the punctured Riemann sphere. This requires a
number of notations and background, mostly from [DG], [B3], which we recall here. Let
k C C be a number field.

5.1 Categorical and Tannakian

1. Let MT (k) denote the category of mixed Tate motives over k. One can replace MT (k)
with a category of Betti and de Rham realizations, with essentially no change to our
arguments. The category MT (k) has a canonical fiber functor @ : MT (k) — Vecg. Let
us set

It is an affine group scheme over Q. Let us denote by wp : MT (k) — Vecg the Betti
realization functor with respect to the given embedding & C C. The de Rham realization
functor war : MT (k) — Vecy, is obtained from w by extending scalars: war = w ®q k.

2. Let P™ = O(Isom%lnk)(w,wg)) denote the Q-algebra of motivic periods on MT (k).
Let

denote the Q-algebra of (canonical, i.e., (w,w))) de Rham motivic periods. The latter
is a graded Hopf algebra, and the former is a graded algebra comodule over it. Denote
the corresponding motivic coaction by

A:P™ — PP @y P,

We let per : P™ — C denote the period homomorphism and let s: P® — C denote the
single-valued period homomorphism (see [BD1, §2.6]).

3. Let L™ = [Q(—1),1},15]™, respectively, L¥ = [Q(—1),1Y,15]%, denote the Lefschetz
motivic period, whose period is 27i, respectively, its (canonical) de Rham version.

4. Let P™T C P™ denote the subspace of effective motivic periods. It is spanned by the
motivic periods of objects M € MT (k) with W_;M = 0. It is a nonnegatively graded
subalgebra and sub-P%-comodule of P™, and contains the Lefschetz motivic period L™.

There is a canonical projection homomorphism
gt Pt P

which, in particular, sends L™ to zero. It can be defined by composing the coaction A
with projection onto the weight-graded zero piece WyP™ T = Q.
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5.2 Geometric
Let ¥ = {09,01,...,0,} C Al (k) be distinct points with oy = 0. Recall that Xy = A}\X.

1. Let tg € TOA,If denote the tangent vector 1 at 0. For each i > 1, let

to, € T, A;

7

be the tangent vector o; based at the point o;. Let m,°°(Xx(C),t;,—t;) denote the

fundamental torsor of homotopy classes of paths between the tangential basepoints ¢;

and —t;. Concretely, an element of this set is represented by a (piecewise) smooth path

v:(0,1) — C\ X that can be extended to a path 7 : [0,1] — C which is smooth at 0 and 1

and satisfies 7(0) = 0; and 7(1) = o, with prescribed velocities 7'(0) = ¢; and 7'(1) = ¢;.
2. For all 0 <14,7 <n, denote by

JA15 =77 (X, ty, ) where e € {B,w,mot}

the Betti, (canonical) de Rham, or motivic fundamental torsor of paths from the
tangential basepoint ¢; at o;, to —t; at o;. The versions Z-H}B and Z-H}” are affine Q-
schemes; the version ;I is an affine scheme in the category MT (k), which simply
means that its affine ring is isomorphic to an algebra ind-object O(;IT}**") in MT (),
whose (B, resp. w) realizations are O(;I1}) and O(;IT7). There is a groupoid structure
olIf X pII8 — ,II? | for all a,b,c in the set of our tangential basepoints (composition of
paths). There are maps

v=A" s (X (C) i, —t;) — JI7(Q),

which are Zariski-dense and compatible with the groupoid structure. (They identify iH}B
as the Maléev, or pro-unipotent, completion of 7;° (X% (C),t;, —t;).)

3. The scheme ;II7” does not depend on i, j, although the action of the (canonical) motivic
Galois group G%[T( ) upon it does depend on 7, 5. On Xy, we considered the logarithmic
1-forms w; for i =0,...,n (14). Since they have residue 0 or £1 at points of ¥, they
generate the canonical Q-structure (or w-structure) on the de Rham realization of
H'(Xs) € Ob(MT(k)), which we shall denote simply by Hl(Xs). It is the Q-vector
space spanned by the classes w;. The affine ring of the de Rham canonical torsor of paths
is

ouIIY) =P HL (Xx)®".

n>0

It is isomorphic to the graded tensor coalgebra on H! (Xyx), equipped with the shuffle
product m and deconcatenation coproduct. For any commutative unital Q-algebra R,
the R-points of ;IT%7,

% (R) C R{(eq,... en)),

are the set of group-like formal power series with respect to the continuous coproduct
for which the e; are primitive. They are formal power series

S = Z S(w)yw €  R{{eo,...,en)),

we{eo,e1,...,en } ¥
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where the linear extension of the map w — S(w) is a homomorphism with respect to
the shuffle product. The letters ¢;, for 1 <i <n, are dual to the w;.

4. For all 0 <i<mn, let ¢1; € oII¥(Q) denote the canonical w-path. It is defined by the
augmentation map O(oII¥) — Q onto the degree zero component (or by quotienting by
the Hodge filtration F'*). It is the formal power series 1 € Q({eo,...,e,)) consisting only
of the empty word.

5. Since the motivic fundamental torsor of paths is the spectrum of an ind-object in the
category MT (k), there is a canonical universal comparison isomorphism of schemes (see
[B3, §4.1])

COmMpp ., Z-H? X P™ — I xo P™,

for all 0 <4,j < n, compatible with the groupoid structure. Composing compg ., with
the period homomorphism gives back the canonical comparison isomorphism whose
coefficients are regularized iterated integrals:

compg ,, I xgC 5 17 x¢C.

§6. Generalized associators and their beta quotients

We now study the generalized associators Z?, which are formal power series in non-
commuting variables ey, ...,e, whose coeflicients are regularized iterated integrals on Xs.
We compute their beta quotients, which are formal power series in commuting variables
S0,.--,8n, and use them to define a matrix F'Ly, of power series which we prove to be the
matrix of Taylor series of the Lauricella functions Ly, (1) (Theorem 6.18, which is Theorem
1.1(i) from the introduction).

6.1 Generalized (motivic) associators

Let us fix an index 1 <7 < n. The generalized associator Z?, that we will soon define, is a
formal power series that records all the iterated integrals that can be computed on X5 on
a given (homotopy class of) path 7; between the tangential basepoints ¢y, and —t;. For this,
we will need to fix a class v; € 7.°(X5(C),to, —t;) as in §5.2(1). We will need to impose an
extra condition on +; that can be stated as follows. Consider the following maps between
fundamental torsors:

F;OP(XZ((C)JQ? —tz‘) — W;OP(C\{O,O'Q‘},t(), —ti) — F;OP(C\{UZ‘},O, _ti) ~ Z (41)

The first map is induced by the inclusion X5 (C) < C\ {0,0;}. The second map is also
induced by the inclusion C\ {0,0;} < C\ {0;}, where the tangential basepoint t; becomes
the usual basepoint 0. There is a canonical element in 7.°(C\ {o;},0,—t;), namely the
homotopy class of the straight path ¢t +— o;t, which provides the identification of the torsor

m°P(C\ {0:},0,—t;) with the fundamental group 7}°°(C\ {;},0) ~ Z.

DEFINITION 6.1. The class v; € 7,°°(Xx(C),tg, —t;) is said to be admissible if its image
under the composite (41) is the class of the straight path ¢ +— o;t.

Roughly speaking, it means that ; ‘does not wind around’ ;. A representative of an
admissible class in 7}°P (X5 (C),to, —t;) can be constructed as follows: first, travel via a small
arc from the tangential basepoint tg to o, for a small € > 0, and then travel via the straight
path ¢t — o;t toward the tangential basepoint —t; (avoiding if necessary the points o; that
are on the line segment between ;e and o; via small arcs). We see in Remark 6.12 that
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the admissibility of ~; is equivalent to the vanishing of the following regularized iterated

/ Wy =0.
Yi

We fix an admissible class «; for every 1 <i <n for the remainder of this article.

integral:

DEFINITION 6.2. Define a formal power series
Zhm S UHT('Pm) C Pm<<€0, .. ,en>>

by Z™ = comp§ _(v;’) where ;> € oII}(Q) is the image of v; as in §5.2(2). It is called a
generalized motivic associator.

Since O(pII¥) has weights > 0, it follows that Z%™ actually lies in oIL;(P™™). Explicitly,
Zim= N[O (Xs o, )70 w] T w,
we{eq,...,en I X

where the sum is over all words w in e;, which are in turn dual to words in the w; (14) and
hence define an element w € O(oII7). The path 7P is viewed as an element in O(oII2)V.

DEFINITION 6.3. The image Z° = per (ZZ“‘) of Z%™ under the period homomorphism
is called a generalized associator.

Explicitly, it is the group-like formal power series
Zi= Z (/ w>w € C((eo,.--,€n)),
we{eq,...,en } X Vi

where the sum is over all words w in {ey,...,e,}, and the integral is the regularized iterated
integral (from left to right) of the corresponding word in {wy,...,ws,}.

When we wish to emphasize the dependence on the variables e;, we shall write
Zi™(eq,...,e,) for Z¥™ and so on.

EXAMPLE 6.4. Let ¥ ={0,1} and k=Q. Then Z1™ = Z™ where

zh= )  (Mww € Plrglleoen) (42)

we{eg,eq}*

is the motivic Drinfeld associator. Drinfeld’s associator is Z = per (Z™) € R((eg,e1)).

6.2 Beta quotients
Let R be any commutative unital Q-algebra.

DEFINITION 6.5. Consider the abelianization map
F—F : R{eg,---,en)) — R[[50,---,8a]],

which sends e; to s;, where the s; are commuting variables. We shall call F' the abelianization
of F.

Computing the abelianization of a group-like series is easy, as the next lemma shows.
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LEMMA 6.6. For a group-like series F, we have
F=exp(F(eg)so+--+F(en)sn) Hexp (ex)Sk).
Proof. Since F' is group-like, F' = exp(log F')), where log(F') is a Lie series of the form

log(F Z F(eg)er, + commutators.
k=0

The exponential and the logarithm are taken with respect to the concatenation product,
and commute with the abelianization map. Since abelianization sends all commutators to
zero, we have log F ="', F(e;)sy and the result follows. 0

DEFINITION 6.7. For any series F' € R({eo,...,en)), let us write
F=Fg+Fyeg+--+Fpen, (43)

where Fz € R denotes the coefficient of the empty word (constant coefficient) and Fj
is obtained from F by deleting the last letter from all words ending in e;. We call the
abelianization F}; the jth beta quotient of F.

REMARK 6.8. The Fj are very closely related to the image of F' in what is known as
the metabelian quotient.

For any two series A, B € R{{eq,...,ey)), their product satisfies

(AB); = A(B;) + A;Bo. (44)
We verify that, if F' is invertible, then
1 Fj
F-1), = — 22, 45
(F1); =5 (45)

This follows from applying (44) to FF~! = 1, which gives F(F~1); + F;F;' =0, and
then applying the abelianization map. All series F' that we shall consider are group-like (for
the continuous coproduct on formal power series for which all letters ey, are primitive) and
therefore have constant term Fiy = 1.

Recall that F'(w) denotes (a linear combination of) coefficients of words w in F.

LEMMA 6.9. For any series F € R{{eq,...,en)), we have

= M mo mm 5810 Sy
Fj: Z F([eo o - - IIe, n]ej) m0|'uﬁ7
! nt

mo,...,Mn >0

where [w]e; denotes the right concatenation of e; to any linear combination w of words in
the letters eq,...,e,. The previous expression can also be written

Fr= > Fleg™m me]e;)sg sy,

mo,...,Mp >0

Proof. Notice that

7:ZEF(U/€]‘): Z S0 .. gmn Z F(we;)

mo,...,My >0 w_sglo g

https://doi.org/10.1017/nmj.2022.27 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.27

MOTIVIC GALOIS ACTIONS ON LAURICELLA HYPERGEOMETRIC FUNCTIONS 183

and substitute in the expression

OImo I .,

(& e
E w|=-=2 oo —2 :eglom---mem".
| | n
fouy mog: ury
E:S() 0~~~SZ,{L”

6.3 Beta quotients of generalized associators
DEFINITION 6.10. We define the following n x n matrices of power series:

(FLY)ij = 1i=; 20 —SjZ;’m € P™[s0,---,5n]]-
(FLy)ij =127 — Sj?; € Cl[so,---,5n]]-

We clearly have per(FL$}) = F Ly, where per : P™ — C denotes the period map of MT (k)
applied coefficientwise. Our next goal (Theorem 6.18) is to prove that F' Ly, equals the matrix
of Taylor series of the Lauricella functions Ly, (1). (This justifies the notation F Ly, where
the letter F' stands for formal.) We now compute the abelianization and beta quotients of
the generalized associators Z*.

We first need a lemma that clarifies the role of the choice of tangential basepoints. For
a point x = ;(t), for t € (0,1), we let 7¥ denote the restriction of 7; to the interval (0,t).
By abuse of notation, we manipulate functions and forms on C\ ¥ when we actually mean
their pullbacks to (0,1) via the path ~;.

LEMMA 6.11. For 0 <k <mn, we have the equalities, for x =;(t) with t € (0,1):

/ log(x), ifk=0,
W = 1 .
vE log(l -0, "), if1<k<n.

Furthermore, for x = oy, that is, for t =1, we have

log(o;), ifk=0,
/ wg = log(l—aiak_l), if1<k#i<n,
7 0, if k=1.

Proof. For the first claim, the 1 <k <n case is clear, since the differential form w; does
not have a singularity at 0. For j = 0, we compute, by definition,

t
/ wo=Reg, o / 7iwo = Reg, o(log(x) — log(14(2)),
vy €

where applying Reg,_,, amounts to formally setting log(¢) =0 and € = 0 in the logarithmic
asymptotic development (see [BGF, Def. 3.237]). Since ; extends to a smooth function on
[0,1] whose derivative at 0 is 1, we have 7;(¢) = e+ O(e?) and thus log(v;(g)) =log(g) + O(e).
We thus have Reg,_,(log(7i(¢))) =0 and the claim follows.

For the second claim, only the k =14 case requires a comment since in the other cases the
form w; does not have a singularity at o; and we can simply pass to the limit x — o; in
the first statement. We will use the admissibility condition (Definition 6.1). Since w; only
has poles at o; and oo, its iterated integral along 7; only depends on the image of ~; in
m°P(C\ {0;},0,—t;). By the admissibility condition, this image is the class of 7;(t) = ot
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and we can compute

1—¢ . 1—e dt €
Yi Vi € : - -

The claim follows. U

REMARK 6.12. From the proof of Lemma 6.11, one sees that the admissibility condition
on ; (Definition 6.1) is equivalent to the vanishing of the regularized iterated integral f,y, W;.
In general, that iterated integral could be any integer multiple of 27i.

PROPOSITION 6.13. The abelianization of the generalized associator Z° is

Zi= gl |(1- aialgl)s’“. (46)
ki

For every 0 < j <mn, the jth beta quotient of Z° is

=i - Cpyse d
Z;:/ 2o ] (1-zopt)™ — (47)
S

These expressions are formal power series in the s; obtained by expanding the exponentials

as power series and interpreting the various logarithms which appear as coefficients as
reqularized iterated integrals via Lemma 6.11.

Proof. Since Z° is a group-like series, the first claim follows from Lemma 6.6 and the
computations of Z%(e;) performed in the second part of Lemma 6.11. The second claim

(f o)™ ([ o)

follows from Lemma 6.9 and the equality

Vi v

which by the first part of Lemma 6.11 equals

i

dx

r—0j

/ log™® (z) H log™* (1 — oy ')
Yi k=1

The claim follows. O

Equation (47) in the case ¥ = {0,1} reduces to Drinfeld’s computation of the metabelian
quotient of his associator in terms of the usual beta function [D2]. See also [E], [L] for
further developments.

The following lemma will be useful.

LEMMA 6.14. For all m >0,

d
/% log™(1 —xa[l)x_xai =0. (48)

Proof. The integral is proportional to the (m 4 1)-fold iterated integral of —

i, which, by the shuffle product formula, is in turn proportional to the (m+ 1)th power of

d_’fj - along ~y;, which vanishes by Lemma 6.11. O

dx
&, along

the integral of

xT
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6.4 Comparing Ls and FLx

Up until now, we have considered two types of integrals: convergent line integrals of
smooth 1-forms along a smooth (locally finite) path d; from 0 to o;, and regularized iterated
integrals of words in the w;’s along a path v; from 0 to o; with prescribed tangent directions
at 0 and o0;. In order to compare these two different objects, we have to impose some
compatibility between v; and 0;. Let us first fix parameters s = (sg, s1,...,5,). There is a
natural map

hi : TP (X5 (C), to, i) — HE (X (C),LY)

defined in the following way. For a class in 7,°"(Xx(C), to, —t;) represented by a continuous
map v : (0,1) — C\ %, its image under h; has ~ as its underlying (locally finite) path,
together with the section of LY given by

0= sk_Hexp(sk/ ).

which makes sense thanks to Lemma 6.11. One checks that this is well defined.

Let 6; : (0,1) — C\ ¥ be a smooth map that can be extended to a smooth map &; :
[0,1] — C, and which does not wind infinitely around 0 or o; (see Remark 2.3). Let us fix
a determination of log(o;) for every 1 <i <n. In Remark 4.2, we defined out of this data
a class 0; s € Hif(Xx(C),LY) for every parameter s = (so,...,s,) € C"*1. Let 4; be a class
in WEOP(XE((C),to, —ti).

DEFINITION 6.15. We say that §; and ~; are compatible if for every s € C**! we have
hi(7i) = 0i s

Note that this implies that the determinations of log(c;) are given by the regularized
iterated integrals log(o;) f wo-
For all 1 <j <n, we deﬁne

H (1—moy! dz , (49)

l’—O'j

which we interpret as a 1-form on d; as in Remark 4.1. Let Q;en" denote its renormalized
versions (Definition 4.3) with respect to {0,0;}, given by

@ = (e [0 )™~ Ligyor [T =i )™ ) (1 = o)™
k#i k#i

dzx

r—0j

According to Proposition 4.5, the integral [ 5, Q3" defines a holomorphic function of the
parameters s around s = 0 and thus has a Taylor expansion. In the next proposition, we
identify this Taylor expansion with the jth beta quotient Zjl of the generalized associator,
defined via regularized iterated integrals along ~;.

PROPOSITION 6.16. For all 1 < j <n, the Taylor series at s =0 of the integral [; Qe
is Z;.

Before proving the proposition, we need a technical lemma that allows us to exchange
summation and integration.
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LEMMA 6.17.  Let us write Q"™ as a formal power series:

56n0 A
ren; __ ren; n .
= Z £ (m)m0!~--m I
mo,...,mMn >0 "
Then we have the equality of formal power series:
mo m
S DY S n
Qreni — Z / Qreni (m) 0 n .
/5 J 5Z J — mO! “ee mn!

i mo,...,Mnp >0

Proof.  Let us write 0; Q" (m) = f,,,(t)dt. By Fubini, it is enough to prove that the
multiple series

1 387‘0 co.gMn
> [fm (B)]dt =" (50)

mg!- - my!

MQy.eeyMy >0 0 n
is absolutely convergent for |s| small enough, and therefore we need to estimate the integral
of | fm(t)|. We do so in the case j = i; the case j # i is even simpler. For simplicity, we only
treat the case n = 1. The general case is similar and is left to the reader. We write o0 = o

and § = ;. For indices mg,m1 > 0, we have, according to Definition 4.3,

o (8) = E N g 1)) (),

Note that ¢’(t) is bounded for ¢t € (0,1). To prove convergence, we can clearly assume that
there exist small closed disks Dy and D, around 0 and o, respectively, and constants
0 <a< f<1,suchthat §(t) ¢ D, for all t € (0,3), and §(t) ¢ Dy for all t € (a,1). We treat
separately the cases t € (0,03) and t € (a, 1), and assume that mgy,mq > 1.

— For t € (0,), log(1 —6(t)o~1) is bounded and §(t) — o is bounded below in absolute
value, which gives an estimate

| Fimo.mi ()] < ([1og™? (6(£))[ + [log™* (o)[) A™

for some positive constant A. Now, since by assumption (Remark 2.3) the argument of
0(t) is bounded as t approaches zero, and since |log|d(¢)|| tends to infinity when ¢ goes to
zero, we have |log(d(t))| < B|log|d(t)|| for some positive constant B, and therefore since
0 is smooth at 0, we have |log(d(t))| < B'|log(t)| for all ¢ € (0,1/2), for some positive
constant B’. We deduce the estimate |log™(d(¢))| + |log™° (o) < (B”)™°|log(t)|™ for
all t € (0,5), for some positive constant B”. Therefore,

| Frmp.ma (B)] < C™0T log (#)|™,

for all ¢t € (0,3), for some positive constant C.

— For t € (a,1), the quotient log™0 (5§2§:?gmo(g) is bounded by D™° for some positive
constant D, and by the same argument as before (using the assumption of Remark 2.3)
we have an estimate |log™* (1 —§(t)o1)| < E™|log(1—t)|™ for all ¢ € (a, 1), for some

positive constant F. Therefore,

’fmo,ml (t)’ < FmOerl | log(l - t)|m1’

for all ¢t € (o, 1), for some positive constant F.
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Putting those two contributions together, we get

1 1
u/mmmmW<GMMﬁ/m%mwwmmmmw
0 0

for some positive constant G. Since fol |log(t)|™dt = m! for all m, we therefore get the
estimate

1
[ o ®1dt < G707 (mal )
0

for some positive constant G. Therefore, the series (50) converges for |sq|,|s1| < G™1, and
the claim follows. 0

We now give two proofs of Proposition 6.16, since they are instructive.
Proof (First proof). We consider only the case EZ since the argument for ?} with j #£14
is even simpler. According to Definition 4.3, we have, with the notation of Lemma 6.17,

dx

Q" (m) =log™ (1 - oy )
Tr—0;

x | log™°(x) H log"* (1 —z0;, ') —log™ (o) H log™* (1 — o0, )
1<k+#i 1<k#i

According to Lemma 6.17, the Taylor series of [; Q" has coefficients [; Q;°"(m), and

we claim that they equal
[ = [ o), 1)
6 .

i

where the integral on the left is an ordinary, convergent integral, and the one on the right
is regularized along the path 7; between tangential basepoints (see §5.2). To see this, use
the fact that regularization with respect to the tangential basepoint —t; is equivalent to
taking a primitive of ;" (m) in the ring C[[z — o;]|[log(x — 0;)], and formally setting all
log(x — 0;) terms to zero, before in turn setting = to o;. Since the term in brackets in the
above expression for ;" (m) vanishes at x = o;, it actually has a primitive in the subspace
(x — 0;)Cl[x — 04]][log(z — )], and one can simply take its limit as  — o;, which is the
procedure for computing an ordinary integral (without tangential basepoint regularization).
A simpler argument applies at 2 =0 and proves (51).
The formula for Z! follows by applying Lemma 6.14 and implies that

dx
Qreni 1 1 (1—xz0; " )
A M (m) = Aog Hog e

smn

This is precisely the coefficient of % -+ 72 in the Taylor expansion of (47). [

Proof (Second proof). For v a path between (tangential) basepoints x,y € X5, and w a
closed formal 1-form taking values in the Lie algebra of the ring of formal non-commutative
power series C((eo,...,en)), consider the formal power series defined by iterated integration:

w):l—i-/w—i-/ww—i—-“
2l g
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It is known as the transport of (the connection associated with) w along ~, and satisfies
the composition of paths formula I, (w) = I,(w)l,(w). By applying the prescription
for computing iterated integrals with respect to tangential basepoints, we find that the
transport of the formal 1-form wys = eqwg + -+ + enw, along the path ~; defined in §5.2
equals

2' = L (ws) = Ly ()11, (wn)
= lim (I'yiz (ws) 1y, (WZ))

Tr—0;

= Jlim (Iyr (ws)Lo, (eiwi)

where x = ~;(t) for some 0 <t < 1; 77¥ is the restriction of ~; to [0,¢]; and v, is a path from
x to —t;. The first equation is simply the composition of paths formula. Since the left-hand
side does not depend on the choice of point =, we may take a limit as x — ¢;, which implies
the second equation. In the third equation, we view the path v, as a path in the tangent
space at o;, which we identify with P'\{o;,00}. The form e;w; is the localisation of ws to
the punctured tangent space and captures the divergent iterated integrals terminating in
the letter e;.
It follows from (44) that

E} = lim (Iﬁ (ws) L, (ejwi)j+ Iyx (wz)j) . (52)

Tr—0o;
The tangential integral I,,_(e;w;) is simply an exponential:
I, (eiw;) = exp(—e;log(1 —zo; 1)), (53)

and its abelianization is therefore obtained by replacing e; with s; in the previous expression.
Equation (53) follows, for example, from

—t d O d
/ (/ / ) i (48)/ i —|—0——log(1 xo; )
x Z_Gl 2_0-1 T zZ—

From equation (53), the expression I, (e;w;) ; vanishes if j # i, but equals

I, (eiw;)i = L (1—zo;t) ™ —1)

Si v

otherwise. Thus, if j # 4, the term I,z (ws)I,, (€;w;); in (52) vanishes and we find that

using the version of (47) with the upper range of integration replaced with the point z
(which follows from the computations in the second paragraph of the proof of Proposition
6.13—one needs only check that one can replace 7y with an ordinary path from 0 to z,
i.e., that the tangential component of 7 at the origin plays no role since the integral is
convergent there). This proves the formula for j # 4, thanks to Lemma 6.17. In the case
j =1, a version of (46) with upper range of integration z implies that

n
I J,‘SOH 1 xak
k=1

https://doi.org/10.1017/nmj.2022.27 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.27

MOTIVIC GALOIS ACTIONS ON LAURICELLA HYPERGEOMETRIC FUNCTIONS 189

Substituting this into (52) gives

n N n
Zz’i: lim (:):SOH(I—xak_l)sk Xl((l—fol)si—1)+/ xSOH(l—:rak_l)sk dz )
‘ 0 k=1

T—0; S T —0;
i k1 i i

Using the identity (1 —xo;')* x ((1—=zo;")™% —1) = 1— (1 —zo; ')*, the previous
expression can be rewritten in the form

x n
lin (UfOH(l—w]Sl)skx1(1—(1—m0{1>si)+/ 2o T (1 -0ty -2 )
0

r—0; S; xr— 0y
' ki ’ k=1 i

Finally, substitute in the following identity

1 —1ys; ¢ C1ys, A
57(1_(1_950'1 D) l):_/o (1—zo; l)zm (54)
to deduce the stated formula for ?}, thanks to Lemma 6.17. a

We are now ready to prove Theorem 1.1(i) from the introduction.

THEOREM 6.18. For all i,j, (FLsx);; is the Taylor series at s =0 of the Lauricella
function (Lyx);;.

Proof. This follows from comparing the definition of (FLx);; with the expression in
Proposition 4.5, and using the expressions for Z* and Z} of Propositions 6.13 and 6.16. [J

87. Generalized single-valued associators and their beta quotients

This section is the single-valued version of the previous one. We introduce the single-
valued versions Z%* of the generalized associators, which are non-commutative power series
whose coeflicients are single-valued versions of iterated integrals on Xyx. Through their
beta quotients, we define a matrix F'L$, of power series which we prove to be the matrix
of Taylor series of the single-valued Lauricella functions L3, (3) (Theorem 7.11, which is
Theorem 1.1(ii) from the introduction).

7.1 Generalized de Rham and single-valued associators
We fix an index 1 < ¢ <n. We start by defining de Rham and single-valued versions of
the generalized associators from the previous section.

DEFINITION 7.1. We define
Zh% e oIIF (PT) C P ({en, .- en))

to be the canonical element in Hom (O(oII¥),P¥) given by the morphism of schemes
fAT(k) — olIf” induced by the action g +— g.ol; of G%ﬂ'(k) on the canonical w-path ¢1;. It
is called a generalized (canonical) de Rham associator.

It is given explicitly by the group-like formal power series

Zi,w — Z [O(ﬂ'inOt(XZ,tO,_ti))voli’w]ww

w€{607~~'78n}><
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whose coefficients are (canonical) de Rham versions of iterated integrals. Since the empty
iterated integral along -; is 1, it follows that Z%% is the image of Z“™ under the coefficient-
wise application of the projection 7™, that is,

Zhw = 7r{§7+Z’V‘“. (55)
DEFINITION 7.2. We define
ZhS — S(Zi’w) € C((eo,---,en)),

where s: P¥ — C is the single-valued period map of M7 (k) applied coefficientwise. It is
called a generalized single-valued associator.

The coefficients of Z%* are single-valued versions of iterated integrals.

REMARK 7.3. As should be clear from the definitions, the power series Z%® and Z*$
do not depend on the choice of a (class of a) path 7; as in the previous section.

EXAMPLE 7.4. Let ¥ ={0,1} and k= Q. Then @w = wqr and Z1'% = Z°% where
2= ) Cww € Pl e er))
we{eg,eq } X

is the de Rham Drinfeld associator. It is obtained from the motivic Drinfeld associator (42)
by replacing every motivic multiple zeta value (™ with its de Rham version (°F. Its image
under the single-valued period map is the Deligne associator

Z5 — Z Cww € R{{eg,e1)),

we{eg,e1}
whose coefficients are single-valued multiple zeta values [B2].
The following definition is parallel to Definition 6.10.

DEFINITION 7.5. We define the following n x n matrices of power series:

(FLE)ij =1i—j 207 —5; 2,7 € P¥[[s0,...,5all,

(FLS)ij = 1i=; 275 — SjZ;’S € C[[sgy---,Sn]]-
We clearly have
S(FLE) = FL,

where s: P% — C denotes the single-valued period map of MT (k) applied coefficientwise.
By (55), we also have

FLE =% FL®,

where 7+ . P™F 5 PO is the de Rham projection applied coefficientwise.

Our next goal (Theorem 7.11) is to prove that FL$, equals the matrix of Taylor
series of the single-valued Lauricella functions L$. (3). To this end, we first compute the
abelianization and beta quotients of the generalized single-valued associators Z»S. Our
techniques can be used more generally to give integral formulae for the single-valued periods
of motivic torsors of paths between tangential basepoints.
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PROPOSITION 7.6. The abelianization of the generalized single-valued associator ZS
satisfies

Zbs = |0y 2s0 H ‘1 —Uiak_l‘%’“.
ki

Proof. This follows from Lemma 6.6 and the following claim about the length one
coefficients of Z%S:

log |o;|?, for k=0,
Z4S(ep) = log|l— o0 '?, for1<k#i<n,
0, for k=1.

Let us prove this claim. By definition and since wy only has poles at o, and oo, we have
Zi’w(ek) = [WZO(T({HO‘: (All; \ {Uk}a tO) _ti))a 01i7 [Wk]] “

The object WoO(m Y (AL \ {0k}, to, —t;)) denotes the weight <2 (or length < 1) subobject;
it has rank 2, with de Rham basis (1, [w]) and Betti basis ([y], [y'] —[y]) for some paths ~, 7/
from t( to —t; such that the closed path v/y~! is homologous to a small positively oriented
loop around oy. (Note that for k& # 0, to denotes the usual basepoint 0, and for k # i, —t;
denotes the usual basepoint 0;.) We note that, by definition, ¢1;(1) =1 and 1;([wk]) = 0.
The period matrix in these bases is

po (b L)
0 2w

By the definition of the single-valued period homomorphism [BD1, Def. 2.5], Z%5(e;.) =

s(Z%%(e)) is the top-right coefficient of the single-valued period matrix FﬁlP, where
P denotes the complex conjugate matrix. An easy computation shows that this equals
ZHS(eg) = 2Re(f7 wg) and the claim follows from Lemma 6.11. 0

7.2 Beta quotients of generalized single-valued associators
We start with a version of beta quotients which have finite, rather than tangential,
basepoints. We extend Definition 7.1, and let

I7(z,y) € LI (P)

denote the generating series of canonical de Rham periods from x to y, where x and y
are either finite basepoints in Xy (k) or tangential basepoints +tj, for 0 < k <n. We let
I3(z,y) =s(IZ(z,y)) denote its image by the single-valued period homomorphism. We thus
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have Z%® = [*(tq,—t;) for € {zv,s}. Note that the same method of proof as in Proposition
7.6 gives the abelianization of I3(z,y):

25k (56)

We will need the following lemma, which gives a single-valued version of the integral

/Z dw (z—a)
=log .
. W—0 rT—0

LEMMA 7.7. Suppose that o,x,z € C are distinct. Then

//( = ) =
R = log
o w—2Z — w—0o

Proof. See [BDI, §6.3]. O

zZ—0

2

r—0

PROPOSITION 7.8. For every 0 < j<mn, the jth beta quotient of I3(x,y) is

e L B (-5t o

1- xak zZ—Y zZ—T Z—0j
This expression is a formal power series in the s; obtained by erpanding the exponentials
as power Sseries.

Proof. The following argument is slightly more intuitive using motivic, rather than de
Rham periods, so we shall first compute I (z,y) € .11 (P™), the image under the universal
comparison map (see §5.2(5)) of a path v € 1 (C\X,z,y), and then use the projection

17 (x,y) =7 (I (x,y))

to deduce a formula for I¥(z,y). Since z,y are ordinary basepoints, the motive underlying
the torsor of paths is given by Beilinson’s cosimplicial construction [DG, §3.3] and

IF(zy) = > (X5, YO,y A w]™ w,
we{eg,...,en} X, |w|=~£
where |w| denotes the length of a word w, and the divisor Y* C X§ is
={z1=2}U{z1 =2}U---U{z1 = 2.} U{ze =y},
and Ay is the standard simplex
Ap={t; €R : 0<t; <ty <---<t; <1} CR"

The coordinates 21,...,2, are the coordinates on X&. By Lemma 6.9, the coefficient of
mo mn s ——

So Sp . Ll

op e ey in I (2,y) 1S

[Hm+1(X7E”+1,Ym+1) s YAl e(I)HmOm...me:le”ej]m,

where m = mg + --- +m,. By expanding out the shuffle products, we get a sum of m!
terms indexed by permutations o € &,,. After permuting the coordinates, the sum can be
rewritten as

~ m
€= [Ijrmﬂ()(;;+1 Y™ [y O] eg”m...emnej} , (58)
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where

ymtt = U oymti and Cmy1 = U oAmi1
UEGm O'GGm

and o € G,,, ranges over permutations of all but the last coordinate, that is,
0(215- 3 2ms Zmt1) = (Zo-1(1)5 > Zo—1(m), Zmt1)-
The union of the m! simplices oA, 11 glue together to form a cone
Conir={ti ER:0<ty,. .oty <ty <1} CR™TL

The boundary of 7(Cy,+1) is contained in the complex points of the divisor V ¢ Xgt!
defined by the union of {z; = 2}, {z; = zm41} for 1 <i<m, and {z+1 = y}. In (58),
therefore, we can replace Hm+1(Xg”+1,}~/m+1) with H™ (X 2+ V). Now, take the image
of (58) under the projection 7. By [BD1, §4.4], the image of the homology framing under
the rational period map ¢y studied in [BD1] is the differential form (writing z = 2,,41):

m(mt1) p dz; dz; dz dz
v={(-1) /\(Ziz_zix>/\<zy_zx>'

=1

It follows, then, from Theorem 3.17 in [BD1] that the single-valued period of 7™*¢ is

'm(m+1)

// dz A dzm A dz
27TZ (=2mi)m+1 Cm+1 Zl 61 Zm—Bm  Z2— 0j 7

where (ﬁl,...,ﬂm) (0™ g™, ...,om) (a sequence of mgy 0’s followed by m;y o1’s, and
so on), corresponding to the differential form associated with the word ej™...e'"e; in the
affine ring of the de Rham fundamental groupoid. Now, rearrange the integrand and apply

2)
for 1 <7 <m to obtain

—zo; ! dz dz dz
1 mp k 2 o )
2omi // H o8 <‘1 xakl > <z—y z—m) /\z—crj

This yields (57) after expanding the exponential factors as power series in the s;. U

Lemma 7.7 repeatedly to perform the m integrals:

27”// <dzl —ilx>/\ dzﬂz log<

z— B
x— B

Our next step is to replace z by tg and y by —¢t; in (57). This is slightly subtle because
Beilinsons’s description of the motivic fundamental group with finite basepoints that was
used in the proof of Proposition 7.8 is not available in the case of tangential basepoints.
Thus, we will proceed as in [DG, §4] and use the composition of paths to travel between
two tangential basepoints by using finite basepoints as intermediate steps. We will thus
need to understand the behaviour of single-valued versions of iterated integrals between a
tangential basepoint and an infinitesimally close finite basepoint.

We will consider non-commutative power series F(1) € C((eq,e€1,...,€,)) depending on a
‘small’ rational point 7 € k™ and having constant coefficient 1. We say that such a series
F (1) has logarithmic growth if each of its coefficients a(7) satisfies a(7) = O(log" |7|) for
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some integer r (that may depend on the coefficient) when 7 — 0. We say that such a series
F(7) is asymptotic to 1 and write F(7) ~,_ 1 if each of its nonconstant coefficients a(7)
satisfies a(7) = O(|7| %) for every € >0 when 7 — 0. The class of series with logarithmic
growth and the subclass of series asymptotic to 1 are stable under products and inversion.
This implies that the following relation is an equivalence relation that is compatible with
products:

F(r) ~ G(1) & F(r)G(r)™' ~ 1.

T—0 T—0

LEMMA 7.9. We have, for 7 € Xs(k),
s 2
I¥(to,7) ~, expleolog]r).

Proof. By a slight generalization of [B2, (5.4)] to the case of the projective line minus
several points ¥ (which follows, e.g., by the argument in [B2, 6.3]), we have an expression
of the form

I5(to,7) = I(to,7)I(to,7),

where I is the complex conjugate of the series I(tg,7), in which the letters e;, for i > 1, are
replaced with certain power series, the letter eg is unchanged, and all words are reversed.
Note that in that paper, the order is reversed because iterated integrals were computed
from left to right, but it makes no difference to the conclusion of the lemma. Since

I(tg,7) ~ exp(eglogT),
T—0
it follows also that I(tg,7) ~ exp(eplogT) and hence I®3(tg, ) ~ exp(eglog|T[?). O
T— T—

For all 1 < j <n, we define

5 d
Qf = | 2|20 H 11—z, | v (59)

zZ—0j

Let Q""" denote its renormalized versions (Definition 4.6) with respect to {0,0;}, given
by

| d
Qj,ren,z _ <|Z’230 H ‘1 _ za’;l’Zsk — 1 ‘O_i‘280 H ’1 — O'io'k_l|28k> ’1 — 20;1‘231-2_720-‘ .
ki s J

According to Proposition 4.9, the integral —z& [ (,di g) AQZT™ defines a holomor-

zZ—0;

phic function of the parameters s around s = 0 and thus has a Taylor expansion. We now

identify this Taylor expansion with the jth beta quotient 2;75 of the generalized single-
valued associator Z%S.

PROPOSITION 7.10. For all 1 <j <mn, the jth beta quotient of Z;’S s the Taylor series

at s =0 of the integral
QS renl 60
 2mi // (z —o; ) (60)
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Proof. By the composition of paths formula, we have, for any small enough 7 € X5 (k),
the equality

Zhs — IP(to,7)I°(T,0, —7) I3(0; — T, —1;). (61)
Now, Lemma 7.9 implies that we have

IF(to,T) o exp(eolog|T|?) and Fo;—T,—-1;) o exp(—e;log|T|> +e;log |o;[?).

(For the second claim, one needs to apply the change of variables z +— 1 —xz0; 1.) Since Z%S
is independent of 7, we conclude that

Z7® =Reg, o (I3(r,0i —7) exp(e;log [04]?)) ;,

where Reg,_,, means the following: formally set log|7|? to zero, and then take the limit
as 7 — 0. Since the coefficients in the formal power series I(7,0; — 7) can be expressed as
elements in C[[7,7]][log|7|?], this operation is well defined. By (44), we thus get

2} =Rog,_ (F(ro0—7) (o) + T (rooi = 7); ). (62)
Note that by (56) we have

2Sk
’

=T 1—(oi—T7)oy "

1

n
11

k=1

Is(t,0,—71) =

T 1—-710

so that

Reg, o(I5(7,0i — 7)) = |os[**° o> [ 11— oy, 1"
ki

Indeed, the factors |7|2%° and |7|*% are sent to 1 by the regularization map. We also have
(Joil?¢); = Lizj5- L(|o;?% — 1), which yields

—19s 1 9.
Reg,_,o(I5(1,0—7) (J0:%);) = Ligyloa* | [[ 11— o0y " ~ (1=l 25)- (63)
ki v

Using a variant of Lemma 4.7, we interpret the right-most factor as

1 1 dz dz\  dz
Z (1= |gil725) = _— 1—po L2 [ 22 2% )
55 (1= loif ™) = Reg.g (2m‘//(c‘ 20, (Z—Ui—i-T z ) 4 z—ai>

This allows us to rewrite (63) as

. . i dz dz\  dz
RegHo< // Lizjloil* [ 11— oo P x 1 - 1|21<W—Z>AZU.>'

k#i
(64)

By Proposition 7.8,

. //(
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which implies that

Reg, ,o(F5(r0r—7),) = RegHO( 2m// <z—aZ+T dj)m;), (65)

since one has

and the left-hand side can be expanded out in terms in 7,7 and log|7|?, which factor out
of the integral. Resubstituting (64) and (65) into (62) yields

‘ 1 dz dz dz dz
Z%S _ s G Qren N2 — Qren 'l
j RegT%O( 2772'//@ (Z—UH-T Z) ) 277@// (Z_UZ )

Here, Reg,_,, is simply the limit when 7 — O since the last integral is convergent by
Proposition 4.9. The claim follows. O

7.3 Comparing L3, and FL3,
We are now ready to prove Theorem 1.1(ii) from the introduction.

THEOREM 7.11. For every i,j, (F'L3,);; is the Taylor series at s =0 of the single-valued
Lauricella function (L3,);;.

Proof. This follows from comparing the definition of (F'L$.);; with the expression in

Proposition 4.9 and using the expressions for Z%$ and Z;’S from Propositions 7.6 and 7.10,
respectively. O
88. Local motivic coaction

We compute the action of the motivic Galois group (or equivalently, the motivic coaction)
on the full motivic torsor of paths, and use it to deduce a formula for the local coaction on
the beta quotients and on the Lauricella functions viewed as formal power series in their
parameters.

8.1 Formula for the motivic Galois action

Since the ;II7 are (dual to) realizations of ind-objects in the Tannakian category MT (),
they admit an action of the motivic Galois group. More precisely, the Galois group G%ﬂ'(k)
acts on the left on the Q-algebra O(plI") and thus naturally acts on the right on the set
of points ¢II¥(R) for every Q-algebra R. Let

)\G%T(k)—}Gm ,g|—>>\g
denote the homomorphism given by the action of GFr ;) on @w(Q(-1)) = Q.

PRrOPOSITION 8.1. Let R be any Q-algebra. For every element g € G%rr(k)(R): its right
action on any F € oII7 (R) is given by a version of Ihara’s formula:

(F-g)(eo,el, cen ,en) =F ()\geo,/\gGlelGl_l,. . .,)\anenGrjl) GZ‘, (66)

where Gy, € Q({eq,...,en))is the group-like formal power series Gy, = ol -g for all 1 <k <n.
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Proof. The argument is a very mild generalization of the argument given in [DG, §5]
(with the reverse conventions) or [B1, Prop. 2.5], so we shall be brief. One first computes
the action of g on (IIF. It acts on the element exp(ep) € oIIf by scaling

exp(eg) - g = exp(Ag€0),

since exp(ep) is in the image of the local monodromy 7"°*(G,,,1), which is isomorphic

to Q(1) = Q(—1)". The fact that we get a A, and not a A;' is because g acts on the
right. Another way to see this is that ¢ acts on the element coefficient of efj, which lies in
@(Q(—n)), by Ay. For all 1 <i<n, the element exp(e;) € ;II” is in the image of the local
monodromy

z =0 (G, 1) — (T, AL) 1),
and hence, by a similar argument, is also acted upon by g by scaling exp(e;) - g = exp(Ag€;).
We transport this action back to lIf via
7 — olI§ , iFie (oli)iF; (01:) 7,

where , Fy, € .11 denotes the element defined by a power series F' € Q((eo,...,en)). Since
the action of the motivic Galois group is compatible with the composition of paths, we
deduce that g acts on exp(e;) € oIIF via exp(e;) — Giexp(Age;)G; ' = exp(\,Gie;G; ') for
all 1 <1 <n since G; is by definition ¢1; - g. Finally, use the torsor structure

olIf" — oIl . oFo+>oFooli
to conclude that the action of g on any F' € ¢II” is indeed as claimed. 0
The motivic Galois group acts in (at least) two different ways on the set oIIF (P™):

1. on the right via the IThara action (66) for R ="P™, described in 66;
2. on the left via its action on the coefficients P™, that is, term by term on the coefficients
of formal power series in P™({eq,...,en)).

We are interested in computing the action (2) on the generalized motivic associators Z™.
The next lemma shows that this action is equivalent to the action (1) on these elements.

LEMMA 8.2. The Ihara action (1) and the action on the coefficients (2) coincide on the
motivic associator ZH™, that is, we have, for every g € G%ﬂ'(k) (Q),

Zi’m'g :g‘zi,m‘

Proof. We have a map O(plI¥) — P™ that sends a word w to the motivic period
[O(pIT°Y), v;, w]™. Tt is left G%T(k)—equivariant by definition, and induces a map

oI (O(oIIF)) — olIF (P™) (67)

that is also left GTAT(k)—equivariant, where G%T(k) acts on the coefficients, that is, by
(2). It is also obviously right G547 (ry-equivariant for the action (1). By definition, Z*™
is the image under (67) of the element ®* € (II7(O(plIF)) which corresponds to the map
id : O(oIIZ) — O(pIIZ). Tt is thus enough to prove the claim that ®¢-g = g- ®¢, where the
right and left actions of G, on olI7 (O(o1Lf7)) = Homa1 (O(oI1F7), O(o11f7)) are on the
source and on the target, respectively. It is obvious that id - g = ¢g-id, from which the claim
follows. [
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Applying 66 to the series F' = Z™ and using Lemma 8.2, we deduce that the action (2)
of GTAT( ) term by term on the coefficients of Z™ is given by the formula

g- 2" (eg,e1,.. . en) = 20 (Ngeo, A\gG1e1GT . Ay Gren G 1) G (68)

where Gj = gl;-g. The same formula holds with m replaced by w. This formula can be
re-expressed as a universal coaction formula for

AZP™ € (P™ 20 P%) ({eg, .- en)),

where A is applied term by term to each coefficient and acts trivially on the e;. The action
of g is retrieved by the usual formula g- Z%™ = (id® g) AZ>™.

PROPOSITION 8.3. The coaction A : P™((eg,e1,...,en)) = (P™ @ PT)((ep,e1,...,€n))
applied to the generalized motivic associator Z5™ is

AZP™ = Z0™(L%¢q, L€, ..., L7e) 247, (69)
where €},... el are defined by
e, = (Zk’w) ek (Zk’w)il forall 1<k<n. (70)

In the right-hand side of (69), we view Z»™ inside (P™ ® P%){{eg,e1,...,e,)) via
the natural inclusion P™((eg,e1,...,en)) C (P™ ® P¥)((eo,€1,...,€,)) which replaces
every coefficient a™ with a™ ® 1. Similarly, the terms L%ey, L%}, and Z% are
viewed in (P™ ® P%){{eg,e1,...,€,)) via the natural inclusion PZ{({eq,...,e,)) C (P™®
P=){{eg,€1,...,e,)) which replaces every coefficient ¥ with 1®b=. Thus, we interpret the
term ZH™ (L=eg,L=e],...,L7e),) as a composition of noncommutative formal power series
with coefficients in the ring P™ ® P®. This composition makes sense since ey and the e},
have vanishing constant coefficient. All products in the formulae in the proposition are
given by concatenation of non-commutative formal power series.

Proof. For all g € GT/IT(I«)’ Gk =0l - g is obtained by applying to g the function (more
precisely the power series of functions) Z¥® ¢ OH?((’)(G%W(M)), and A, is obtained by
applying to g the function L®. The claim follows from equation (68). O

ExXaMPLE 8.4. In the setting of Examples 6.4 and 7.4, Proposition 8.3 yields
AZ™(eg,e1) = Z™ (L%, L 2% (2°%) ™) 2% (eq, 1),

which is a motivic version of Ihara’s formula, and expresses the coaction on motivic multiple
zeta values. For example, reading off the coeflicient of —e; 66“1 yields

AC™(n) =¢"(n) @ (L*)" +1@¢" (n).
Note that this provides a very efficient method of computing the coaction.

8.2 Motivic coaction on the beta quotients
We want to use Proposition 8.3 to derive a formula for the motivic coaction on the series
FL%(s0,...,5,). We now make a slight modification and consider the normalized coaction

Apor : P™[[50,-- -5 8n]] = (P™@PF)[[s0,---,5n]]
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obtained by acting via A on each coefficient and on the formal variables si by
Apor(s) = (1@ (L®) 1) sp.

This is equivalent to viewing the variables s as spanning a copy of Q(1)4r. In particular,
they have motivic weight —2. This is the correct normalisation which makes the factors

s log" () »
y** = exp(slog(y)) = ) n,( ),
n>0 ’

have total weight 0, and all the coefficients in the expansion of F'L{ have total weight 0.
Another effect of this normalization is that it makes the coaction formulae below land in
the subspace

P[50, -5 5n]] ®q[so,...,sn]] PZ 11505+, 8n]] C (P™ ®qPF)[[s0,---,5n]]-

Note that the tensor product on the left-hand side is an ordinary, not a completed, tensor
product. It is a highly restrictive condition for an element in the space on the right-hand side
to lie in the subspace defined by the left-hand side. It is a crucial, and nontrivial fact, that
this condition is satisfied for the image of the motivic coaction on generalized associators.
Indeed, this can already be seen from the abelianization of (69):

Apor Z5™ (80, ..., 85) = 26 (80, ..., 8,) @ Z6% ((L7) Lsg,...,(L%) " ts,). (71)

THEOREM 8.5. The (normalized) motivic coaction, applied to the entries of FLE,
satisfies

Avor FLE (50, ...,8,) = FLR(50,...,8,) @ FLE((IL¥) " tsg, ..., (L%) 's,). (72)

Proof. It is convenient to compute modulo L =1 and restore all powers of L¥ at the
end, since they are uniquely determined by the weight grading. Using formula (69), we have

Anor Z)™ = (207 (eq, €. €}) Z07) ..

The right-hand side reduces via (44) to

Zi’m(sﬂaslw"asn)®Z;’w(807811“'78n)+2i7m (6076/17""6%)3‘7

since e}, is conjugate to ey via equation (70) and so they have the same image ey = e}, = si,
under abelianization. The previous expression can in turn be written as

n
@ _ Zi’m®zng+zzli,m® <Zk’w€k (Zk,w)*1> 5
J

k=1

ZneZT4+) 26
k=1

by applying definition (43) to Z%™ (e(,€,..., € )j and using (70). We have

n

(24=er(zb=)7) @ Zheep((2h=)7Y) +ZRF 10 e S TR -2
J J

Putting the pieces together and multiplying by —s;, we get

Anor (—sjz;ﬁ“‘> =5 BMQET s 2N 9EIE Y s 2 0s 20T, (73)
k=1
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Now, by (71), we have

Apor 207 = Zim @ 26 (74)

Substituting (73) and (74) into the definitions (FL$;);; = 1,=;2%® — SjZ;’., we get
A FLE = FLR @ FLZ.

On the other hand, homogeneity in the weight forces the right-hand side of the coaction to
have weight equal to the degree in the s;. This determines the powers of L™ as in equation

(72). O

REMARK 8.6. The (normalized) coproduct in P%[[sg,...,s,]] is given on the
elements FLE by a formula similar to (72): AnorFLE(s0,...,5n) = FLE(s0,...,5n) ®
FLE((L®) sg,...,(L%) " tsy,).

§9. Example: single-valued version of 2 F; and double copy formula

A large family of special functions commonly found in the mathematical literature can
be derived as special cases or limits of the Gauss hypergeometric function. As a result,
one can derive single-valued versions for a range of special functions from the single-valued
versions of the hypergeometric functions (106) and (107), which we shall prove here.

9.1 The Gauss hypergeometric function
We denote it by F' =5 F}. It is defined for y € C, |y| < 1, by the power series

F(a,b,c;y)zz(a)n(b)nyil, (75)

n=0

where (z), =[]\, (z+i—1) is the rising Pochhammer symbol. It is a solution of the famous
hypergeometric differential equation

2

(y(l—y)(zﬂ—i—(c—(a—&-b—i— l)y)dC; —ab) F(a,b,c;y) =0. (76)

9.1.1. Integral representation

Traditionally, F' is viewed as a function of y for fixed values of the exponents a,b,c. In
this case, it admits an analytic continuation to a multivalued function on C\{0,1} via the
following integral representation which is valid for Re(c) > Re(b) > 0:

F(a,b,c;y) = ! b)/o 2711 —2) N (1 — ya) T (77)

B(b,c—
where 3 denotes Euler’s beta function.

To fix branches, it is convenient to assume that y ¢ R-o. The path of integration in
(77) can then be chosen to be the line segment (0,1), and the branch of (1 —yz)™* =
exp(—alog(l—yx)) is determined by log(1 —yz) = foxdlog(l —yu) for z € (0,1).

We multiply through by the g8 factor and set

dx

wi-n

f(a7b7c;y) :B(b,c—b)F(a,b,c;y) :/lxb(l_x)c_b(l_yx)_a
0
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It can be expressed in terms of the Lauricella functions (1) for ¥ = {og, 01,02} with
—1

00=0, o1=1, o09=y and sp=b, s1=c—b, sy=—a.

Indeed, we find that

c 1
F(a,b,c;y) = lel + 5L12, (79)
where we use the shorthand notation
Lij = (Lgo,1,4-13(b,c—b, —a))ij . (80)
Equation (79) can be proved by writing x(ff = df + %, eliminating dx—z using
dz dz ydx b b -
2 (e— =dl 1—2)° (1 —ya)~®
bm (c b)l—x+a1—xy dlog (z°(1—2)* "(1—yz)™ ),

and integrating by parts.

9.1.2. Contiguity relations

By integrating by parts in the integral representation (78), one proves the following
contiguity relations for F(a,b,c;y), which are valid when Re(c) > Re(b) > 0.

Fla,b,c;y) = g]—"(a,b—i-l,c—i-l;y)—%yf(a+1,b+1,c+2;y),
(81)
Fla,b,c;y) =

— FlabetLiy)+ ——y Flat1b+1e+2y).

c—

One can use these relations to prove that the integral (78) can be analytically continued
as a holomorphic function of a, b, ¢ in the domain b,c—b ¢ Z<(. (This also follows from
the expression (75) and the properties of the beta function.) For instance, the first relation
extends F(a,b,c;y) to Re(c—b) > 0,Re(b) > —1 and the second extends it to Re(c—b) >
—1,Re(b) > 0.

9.1.3. Laurent series expansion

When viewed as a function of a,b,c, the function F(a,b,c) can be renormalized around
zero as in Proposition 4.4:

1 (1—y)@ !
f(aab’cay):b+(c_y?)+/o Qa,b7cv

where the following form, denoted by Q™! in Definition 4.3,

c— —a dx dx c— —a
Qupe=a2"(1—2)7°(1 —yx) m—xb?—(l—x) b(1—7) T
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is absolutely integrable on (0,1) for Re(c) > Re(b) > —1. After expanding it, one obtains a
Laurent series in the variables a, b, ¢ —b:

F(a,b,c;y)
1, (1-y O (e=b) (=a)* 1) i o : du
_E+ﬁ+ Z ﬁ ]' T 0 log (a:)log (1_$)10g (1—yzv);
i,7,k>0
(4,k)#(0,0)
b’ (C—b)j (_Q)k ! i j k Kk dx
4 Z i 7 kl/o log(x)log? (1 —x) <log (1—yx)—1;—0log (1—y)> T—
4,7,k>0
(i,k)#(0,0)

(82)

The first integral converges at 2 = 0 since at least one of the terms log’ (1 —x) or logk(l —yx)
vanishes at © = 0; the second integral converges at x = 1 for similar reasons.

9.1.4. The companion functions G and G

The formulae involving F' and F frequently involve companion functions G and G which
we now introduce. We first define

—1
v dx

Glabcy) = / 22(1 - 2)°b (1 — yz)~°

(83)

for all a,b,c such that Re(c) < Re(a)+1 < 2. When discussing specific branches, under the
assumption that y ¢ R~g, we adopt the convention that the above integral is computed
along the path given by z =y =1/t for t € (0,1). Let us set log(—1) = mi for our fixed choice
of i. This determines a branch of the complex logarithm on C\ [0,00), and in particular a
value of log(y~!). (Beware that this branch satisfies log(y~!) = —log(y) + 2mi.) We fix a
branch of z°(1 —2)¢(1 —yz)~® along (co,y~!) by fixing branches of log(y~!/t), log(1 —
y~1/t), and log(1 —yy~1/t) =log(1—1/t) on (0,1). We set log(y~!/t) =log(y~!) —log(t);
log(1—y~t/t) =log(—1)+log(y~1!) —log(t) +log(1 —yt), where log(1 —yt) equals 0 if t = 0;
and finally log(1—1/t) =log(—1) +log(1l —t) —log(t).
We have the following expression for G in terms of F:

g(a7b7 G y) = eﬂi(C—a—b)y(y—l)Cf(l +b_ ¢, 1 +a— 072 - C;y)7

which follows by making the change of variables z = y~!/t in (83) and comparing with
(78). This proves that G(a,b,c;y) extends to a holomorphic function of the variables a,b,c
in the domain a,c—a ¢ Z>; and a multivalued holomorphic function of y € C\ {0,1}. It
is a solution of the hypergeometric differential equation (76). Note that G(a,b,c;y) is not
meromorphic at y = 0 because of the prefactor (y~1)°.

The following expression of G in terms of the Lauricella functions (80) will be proved
below (see §9.2.4) using homological intersection pairings:

G(a,b,c;y)
CeZwi(c—b) 627”'6 _ 627rib 627rzc o eQﬂ'ib 627”'0 -1 6271'10 -1
= . . L Lig—————Loy———Lo |.
b(e27ma _ 627”‘c) c—b 11+ c 12 c—b 21 c 22
(84)
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Here, we choose the path d5 to be the straight path between 0 and y~!. The branch of log(x)
on this path is our chosen branch of the complex logarithm on C\ [0,00); the branches of
log(1—=z) and log(1l —yx) are chosen so that they vanish when z = 0.

Since the integral (83) is convergent near a = b= c =0, it has the Taylor expansion:

. . —1
. b (c—b)’ (—a)k Y i ‘ k dx
Gaben) = Y 5 /OO loz!(a)log? (1 =) log" (1 —yr) . (89
4,7,k>0
We introduce the following normalization of the function G(a,b,c;y):
Glabery) = IO D) gy p)1G(a,b,cr) (56)

msin(me)

The prefactor is chosen so that G(a,b,c;y) is symmetric in a and b. Indeed, it can be
expressed in terms of F' as

eﬂ'i(c—a—b) y(yil)c F(l +b_ C, 14+a— C,2 — C,y)

b,c;y) =
G(a) 7C7y) ]_—C ﬁ(a,c—a)ﬁ(b,c_b) (87)
This expression can be derived from the identity
Bl+a—c,1—a)=(1—c) ' Bla,c—a)™? msin(me) , (88)

sin(ma)sin(mw(c—a))
which easily follows from the functional equations of the gamma function.

9.2 Cohomology with coefficients
As in §2, we can view F(a,b,c;y) as a ‘period’ of cohomology with coefficients. We work
with parameters a,b,c € C that are generic in the sense that

a,b,c,c—a,c—b¢ 7. (89)

This is the genericity condition (13) plus the requirement that ¢ ¢ Z which we add in order
to be able to work with preferred bases of cohomology with coefficients. Let k£ C C be a
subfield, and let us fix y € k\ {0,1}. We consider the coefficient fields kqr = k(a,b,c) and
Qp = Q(e%™@ 2™t ¢2mic) and work in the corresponding category T as in §3.1. (We could
work in the more refined setting of the category 7o, as in §3.2 without any substantial
changes.) We write M, .(y) for the object Mg ,,-11(b,c—b,—a) in T; it has rank 2 and
we now describe its de Rham and Betti components along with the comparison between
the two, and the intersection pairings.

9.2.1. de Rham

The de Rham component M, p (y)qr is the first hypercohomology group (in the Zariski
topology) of X = A,lm \{0,1,y71} with coefficients in the twisted de Rham complex
(2%,Vap,c) where

Viabe(l) =bdlog(x)+ (c—0b)dlog(l —x) —adlog(l —yx).

Concretely, it is spanned by the (classes of) dlog(x), dlog(1—z), and dlog(1—yx), modulo
the relation Vg3 (1) = 0. Since we are interested in (78), we choose to work with the ad
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hoc basis of M, .(y)ar consisting of (the classes of) the logarithmic forms

_dr and _dzx
771_1:(1—:r) 172_1—y:17

They are expressed in terms of the basis (17) via the change of basis matrix

(Z:) B (l)(o_b) _11;1) <(b;f,)2w1>7 (91)

where wy = dlog(1 — ) and wy = dlog(1 — yx). This matrix is invertible because ¢ # 0 by
(89) and therefore (n;1,72) indeed forms a basis of M, (y)ar.-

9.2.2. Betti

The Betti component M, ; .(y)p is the first singular cohomology group of C\ {0,1,y71}
with coefficients in the Qp-local system L, ;. whose local sections are branches of the
function z=0(1 —z)~(¢=Y (1 —ya)*. Tt is convenient to work with locally finite homology
via the isomorphism

Mapc(y)8 = H (C\{0, 1,571}, L3 ) (92)

a,b,c

We choose to work with a basis of M, (y) which has the simplest possible intersection
pairing and consider the two locally finite paths defined by the following parametrizations:

-1
p1:(0,1) »C\{0,1,57} , t—t and  py:(0,1) »C\{0,1,57} myT :

Note that for this to make sense, we have to assume as before that y ¢ (1,+00) so that
p1(t) #y~ ! and pa(t) # 1 for all ¢t € (0,1). Note that p; is a locally finite path from 0 to
1, po is a locally finite path from oo to y~!, and the images of p; and p, have disjoint
closures. We denote by ¢ the class in M, (y) corresponding via (92) to the path p;
with the canonical branch of x°(1—2)~%(1 — yx)~¢ defined in §9.1.1. We denote by s
the class in M, (y)p corresponding via (92) to the path po, together with the branch of
2b(1—2)7%(1 — yx)~* defined in §9.1.4.

In order to justify the fact that (¢1,¢2) indeed forms a basis of M, (y), we use the
homological Betti intersection pairing

< ) >B : M*a,*b,*c(y)é ®Qs Ma,b,C(y)]\g — QB?

discussed in §9.2.4. We denote by ¢; the class ¢; viewed in M_, _4 _(y)%, and by ;" the

class ¢; viewed in M, p .(y)y, for i =1,2. We compute in the proof of Lemma 9.3
1 sin(me) 1 sin(mc)

T2 sin(mb)sin(mw(c—b))

(4101_7()01F>B and <(P2_>()D;>B =

2 sin(ra)sin(m(c—a))’

which are nonzero because c ¢ Z by assumption (89), and (p] , 3 )g = 0. It follows that the
classes (pf and (p; are linearly independent in M, p .(y)y-

9.2.3. Period matrix

We let P, p(y) denote the matrix of the natural comparison isomorphism

COIPp gR * Ma,b,c(y)dR ROkar C— M%b,c(y)B ®Qs C
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in the bases (11,7m2) and (p1,¢2). It is naturally described in terms of the functions F and
g.

PROPOSITION 9.1. For all generic values of a,b,c, the period matriz of My (y) reads

Fla,b,c;y) F(l+a,1+b,2+cy)
G(a,b,c;y)  G(1+a,1+b,24+cy)

Pap(y) =

Proof. By the argument in Lemma 2.4, the (4, j)th entry of the period matrix Py p o(y)i,;
is given explicitly by an integral of the form

(g comp (1)) = [ (1)~ (1= ya)
pi
whenever a, b, c lie in the region where the integral converges. Note that there exist no values
of a,b,c for which all four entries of the period matrix are simultaneously convergent. We
first verify, therefore, that each individual entry of the period matrix is as stated for a
restricted range of values of a,b,c. We then explain how to extend this for all generic values
of a,b,c.

First, the top-left entry (i = j = 1) is defined for all generic a,b,c with Re(c) > Re(b) > 0
by F(a,b,c;y) by definition (78). For the bottom-left entry (i = 2,7 = 1), use the integral
formula (83), valid in the region Re(c) < Re(a)+1 < 2. In order to deduce formulae for the
entries in the right-hand column j = 2, use the fact that

_ dx
C1l—yx

dz
r(l—x)’

2 =a(l-z)(1-zy)™
which amounts to shifting (b,c—b,—a) — (b+1,c—b+1,—a—1) in the arguments of F or
G, respectively, that is, (a,b,c¢) — (a+1,b+1,c+2). Thus, the top-right entry (i=1,; = 2)
is valid for Re(c) +1 > Re(b) > —1, and the bottom right (i = j = 2) for Re(c) < Re(a) < 0.

Finally, to show that these formulae remain valid for generic values of a,b,c, we use the
fact that the entries of P, .(y), as well as the functions F(a,b,c;y) and G(a,b,c;y), satisfy
contiguity relations. This follows from the fact that multiplication by z, (1 —z) and (1 —zy)
can be expressed as cohomology relations. For example, using the fact that

dx dx ydx

1) = p— _
va,,b,c( ) b:II +<b C)l—x+a1—xy’

we find that the following relation holds in M 4 o(y)dr:

[wm]_[ dz } b . ay

=-[m]+

’)7 J—
C C

1—2 [12],

since both sides differ by %Va’b,c(l). Therefore,

b a
PopeterrWia =  Pap @)1 Pape(w)r

From this and similar relations for the other entries, we deduce that all entries of P, .(y)
extend to a holomorphic function of (a,b,c) on the domain where they are generic. Since
the same is true for F,G, we conclude by analytic continuation. 0
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9.2.4. Intersection pairings and twisted period relations

The de Rham intersection pairing

(VR M o o(Y)aR kap Map.e(y)ar — kar (93)

is easily computed. Let us denote by 7;” the class 7; viewed in M_, _j _.(y)ar and by 771-+
the class n; viewed in Mg o(y)ar, for i =1,2.

LEMMA 9.2. The matriz of the de Rham intersection pairing (93) in the bases (ny ,n5 )

and (n},ny) is as follows:
R
) = ( T, ) .

y? a(c—a)

Proof. We check that

1 — + _c 1
<771_) = (b}c) 8 (V1> and (nﬁr) — [ ble=d) b1 ((b—c)w1> ’
2 ya—o) yla—q) \P2 o 0o - aws

where the second equation is (91). The result follows from Lemma 2.5, which states in this
case that (vy,w1)® = (b—c)7!, (v1,w2) R = (vg,w1 )R =0, and (vo,wy) IR = a1, O

We now turn to the (cohomological) Betti intersection pairing

(VB M o 4 o(y)B®gs Map.c(y)B — Qp. (94)

Let us denote by ¢; the class ¢; viewed in M_, _; _.(y)y, and by gpj the class ¢; viewed
in Mypc(y)y, for i =1,2.

LEMMA 9.3. The matriz of the Betti intersection pairing (94) in the bases (p7 ,p5 ) and
(gof,gpér) is as follows:

.sin(7b) sin(m(c—b))
IB _ 2i sin(me) 0
a,b,c(y) - _ 9 sin(wa)sin(w(c—a)) | *

0 sin(mc)

Proof. By the same computation as in [KY'1], one easily computes the homological Betti
pairing:
1 sin(7e)

~ 2isin(nb)sin(r(c—b))

1 sin(me)

<()O2_7<)0;_>B ==

— + PR
(¢1,%7)B 2i sin(mwa)sin(r(c—a))’

and <g0i_,g0;r>B =0 for i # j since the closures of p; and ps do not intersect. In fact, the
top-left entry reduces to a statement equivalent to [MY, (7)], and the bottom right can be
deduced from it by applying z +— z/y. One deduces the matrix of the cohomological Betti
pairing by inverting the matrix ({¢; ,goj)B), and the claim follows. 0

The compatibility between the intersection pairings and the comparison isomorphism
gives rise to the twisted period relations:

tPfa,fbﬁC(y) If,b,c(y) Popc(y) = 2mi Ig}l},c(y)‘ (95)

Reinserting the beta factor (77) leads to quadratic relations for the hypergeometric function
F as in [CM, §4]. For example, the bottom-left entry is equivalent to Gauss’s relation

F(a,b,c;y)F(l—a,l—b,2—c;y):F(—a—l—c,—b—l—c,c;y)F(l+a—c,1+b—c,2—c;y).
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We end this paragraph with a proof of the expression (84) of G in terms of Lauricella
functions.

Proof of(84). We denote by 6T (resp. 05) the class in Miq 44 +c(y)} of the path (0,1)
(resp. of the path (0,571)) together with the branch of z°(1 —2)¢~%(1 —yx)~* defined in
§9.1.1 (resp. in §9.1.4). By the same computation as in [KY1], we see that the matrix of
the Betti intersection pairing (94) in the bases (J; ,65 ) and (6] ,65) is as follows:

2mic .
e —1 2mib
J _ ]- e2mi(c—b) _1 €
- e2mib _ 1 1 e2rilb—a) _q |-
e—2mia _1]

Let us denote by ¢ the class in Mg .(y)y of the path from co to y~! together with the
branch of z°(1 —2)¢%(1 —yx)~® defined in §9.1.4. By the same computation as in [KY1],
we have (6, ,7)p = 0 because (0,1) and (0co,y~1) do not intersect, and

e2mi(c—b—a)

<62_7w>B =

e—2mia _ 1

Therefore, we have 1 = u16; +u205 where

Uy J—l 0 e27ri(cfb7a) e27rib _ e27ric
= 27i(c—b—a) = ———F—— . .
Ug ee—zﬂa—l e27rzc _ 627r7,a 627”0 —1

On the other hand, we have the identity in M, p (y)dr:

N C
M= he—b)

1
(b—c)wi + gawg,
which follows from (91). This leads to an expression of G(a,b,c;y) = (¢,compg 4g (7)) in
terms of the L;; = (0;,compg 4r (—s;w;)) for 1 <i,j < 2. One checks that it is given by (84).

9.3 The single-valued period matrix and the double copy formula
We have the single-valued period map

S: Ma,b,C(y)dR Okar C— M—a,—b,—c(y)dR Okar @7

where C denotes C with the conjugate structure of a kqr-algebra (it amounts to conjugating
y). As discussed in §2.3.1, strictly speaking, this only makes sense if a, b, ¢ are real. In general,
one would need to replace the target of s with the analytic de Rham cohomology of C\' %
with differential V_, _j ., which does not have a natural kqr-structure. However, all the
formulae below make sense in this setting and we will continue to treat a,b,c as complex
numbers.

Let us denote by S, p..(y) the single-valued period matrix of M, 4 -(y), that is, the matrix
of s, in the bases (n],n5) in the source and (] ,7; ) in the target. From the recipe given
in Remark 2.7, one sees that the matrix of the real Frobenius in the bases (gof,go;r) and
(p1 ;%5 ) is the identity matrix. Therefore, the definition of s reads, in matrix form:

Sa,b,c(y) = Pfa,fb,fc(y)_l Pa,b7c(y)~ (96)

This leads directly to formulae for the entries of the single-valued period matrix S, 4 (y),
using the fact that the determinant of the period matrix can be computed explicitly (see,
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e.g., [LS]). In more detail, we find that in the bases used here we have
det (Pape(y)) = ey~ (1 =) B(b,c = b)B(—a, —c+a). (97)
It follows then from (96) that the top-left entry of S 5 .(y) is the single-valued function:
Supey)1n = e TilemaVgl=c(] _gye=a=bg(q o g)"1 B(—b —c4b)"L

X (]:(a,b,c;y)g(l—a,l—b,2—c;y)—g(a,b,c;y)f(l—a,l—b,2—c;y)>.

However, a more symmetric looking formula, called double copy formula, is obtained by
using the twisted period relations, which is the approach which we shall adopt henceforth.

9.3.1. The single-valued period matrix

We provide formulae (see (105)) for the single-valued periods of M, ; .(y) after composing
s with the isomorphism

M*aﬁbﬁc(y)dR ®de@ — Mchbyc(y)zi/R ®de@ (98)
obtained from the de Rham intersection pairing (93). Note that the matrix of (98) is
Ig%,—b,—c(g) = _tlsg,c(@)‘ (99)

PrROPOSITION 9.4. The matriz If};_b’_c@) Sap,c(y) has entries given by the complex
integrals

1 c— —2a —
el | A LB R IR el J S (100)
T C
for 1 <1,5 <2, which converge for a,b,c in the domains

0 < Re(b) < Re(c) < Re(a)+1< 2, for (i,5) = (1,1) ,
—1 <Re(b) <Re(c)+3 <Re(a)+1< 2, for(i,j) =(1,2) and (i,j) = (2,1) ,
—1<Re(b) <Re(c)+1<Re(a)+1<1,  for(i,j)=(2,2).

Proof. This follows from Proposition 2.11. O

REMARK 9.5. By Proposition 9.1, the entries of the period matrix P, .(y) are
holomorphic functions of generic arguments a,b,c. This implies that the entries of the
single-valued period matrix S, p..(y) have the same property and that (100) extends to a
holomorphic function of generic a,b,c. One could also prove this directly by using variants
of the contiguity relations (81).

DEFINITION 9.6. For generic values of a,b,c, the single-valued versions of F(a,b,c;y)
and G(a,b,c;y) are given by

F3(a,b,c;y) = (—n1,sm) " and  G5(a,b,c;y) = (—yma,sm) .

The heuristic for these formulae (see Remark 3.2) is that the form —n; has simple poles
and residues —1 at 0 and 1 at 1, and is the image under the map ¢ of [BD1] of the class of
a path from 0 to 1. Similarly, the form —yns = dlog(1 — yx) has simple poles and residues

1

—1 at oo and 1 at y~!, and is thus the image under ¢ of the class of a path from oo to

y~ L.
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REMARK 9.7. By expressing 7; in the basis ((b— ¢)wi,aws) as in (91) and noting that
—m equals the form 11 defined in (24), one gets the following expression:

1
AT (101)

Fola,b,ciy) = -

C
7[/5
b(c—0b) nt

where we have used the shorthand notation
L5 = (Lo 1y (o=, —a))ij.

In view of the similar expression (79), Theorem 1.1 implies that F*(a,b,c;y) has a Laurent
expansion in the variables a,b,c — b, whose coefficients are obtained by applying the de
Rham projection and the single-valued period map to (motivic lifts of) the coefficients of
the Laurent expansion (82) of F(a,b,c;y). This justifies the fact that we call F* a single-
valued version of F. A similar computation, using the identity

c—b
—Yn2 = — v+ 2
—a c—
in My p,c(y)dr, leads to the expression
s c s c—b s C s s
G%(a,b,c;y) = Wa—c) Ly + p L12—C_bL21—L22 : (102)

By comparing it with (84) and applying Theorem 1.1, one deduces that G%(a,b,c;y) has a
Laurent expansion in the variables a,b,c—b whose coefficients are obtained by applying the
de Rham projection and the single-valued period map to (motivic lifts of) the coefficients
of the Laurent expansion of G(a,b,c;y). This is because the de Rham projection sends the
Lefschetz element L™ of MT (k), which is a motivic lift of 274, to zero.

REMARK 9.8. Note that even though G(a,b,c;y) is essentially F(1+b—c,14+a—c,2—
¢;y), there does not seem to be a natural way to express G® in terms of F 3. This should not
be surprising since the single-valued versions of the functions F and G are related to the
original functions by looking at Laurent expansions around a = b = ¢ =0, and the Laurent
expansion of F(1+b—c,14+a—c,2—c;y) is not directly related to that of F(a,b,c;y).

Proposition 9.4 gives the integral formulae

F*(a,b,cy) // 22— Py |dj|1Adz| (103)
and
jdzAdz
b 2611 _ 4[2(c=b)|] _ ,,|—2a Yy 104
G*(a.bcin) = g [ 12D g LR (100)

that are valid in the domains 0 < Re(b) < Re(c) < Re(a)+1 <2 and —3 < Re(b) < Re(c) +
3 <Re(a)+1 < 2, respectively.

In view of Remark 9.5, 7% and G*® are holomorphic functions of the generic complex
parameters a,b,c. This will also be apparent in the double copy formulae (106) and (107).
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The single-valued period matrix S, (y) can now be written entirely in terms of F* and
g*s via

. Fs(a,b,c;y) vy 1G%(a,b,¢;7)
_Iilz,fb,fc(y) Sa,b,c(y) - ) (105)
7 'G%(a,b,c;y) F(a+1,b+1,c+2;y)

where the de Rham intersection matrix I9% can be found in Lemma 9.2.

9.3.2. Double copy formula

PROPOSITION 9.9. We have the equality, for all generic values of a,b,c:

_ 1 _ _
Iil;{,—b,—c(y) S(lvb#?(y) = 277” i a7byc(y) I—Ba,—b,—c(y) Pa7bvc(y)'

Proof. This formula follows directly from (95) and (96). O

The top-left entry of the double copy formula reads

Fo(a,b,cy) = sin(7b) sin(m(c— b))

F(a,b,c;y) F(a,b,c;y)

msin(me) (106)
msin(me)
The bottom-left entry is
776 cry) = TOVTED) g Fla s b4 et 27)
mwsin(me)) (107)

_ sin(ma)sin(w(c —a))

rsin(me))  (@bandlatlbtlet2y).

The other entries are easily deduced from these two.

REMARK 9.10. Certain special cases of entries of single-valued period matrix Sy 4 (y)
were previously considered in [Mi 1], [MY], along the lines of Remark 2.8. The presentation
above seems to be the first systematic approach to constructing all the single-valued periods
associated with the hypergeometric function.

9.4 The single-valued hypergeometric function
Recall the formula

1 250 05, dZNdz [(so)T(s1)T(1—s0—51)
s _ s0(1 _ s1 _
B(s0,51) 2 //(C]z 1=l |z|2[1—=2|2 T(so+s1)T(1—s0)T(1—s1)

for the single-valued (or ‘complex’) version of the beta function [BD2, §1.1]. In view of
(77), we propose the following definition of a single-valued hypergeometric function. We
also define a single-valued of the function G(a,b,c;y).
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DEFINITION 9.11. For generic values of a, b, ¢, the single-valued versions of F and G are
given by

F*(a,b,c;y) = B5(b,c—b) " F3(a,b,c;y) and

ﬂs(b,c—b)_lgs(a,b,c;y).

G3(a,b,c;y) = ac—a)

As explained in Remark 9.7, the coefficients of the Laurent expansion of F'*(a,b,c;y)
around a = b = c =0 are obtained by applying the de Rham projection and the single-valued
period map to (motivic lifts of) the coefficients of the Laurent expansion of F'(a,b,c;y). The
same statement is true for G° and G in view of (86) (again because the Lefschetz element
L™ of MT (k), which is a motivic lift of 277, is sent to zero by the de Rham projection.)
There is no natural expression for G*® in terms of F'® for the same reasons as in Remark
9.8.

The next proposition expresses single-valued hypergeometric functions as a double
copy of the classical hypergeometric functions. It shows in particular that F'S and G*®
are holomorphic functions of generic complex numbers a,b,c and (single-valued) analytic
functions of y € C\ {0,1}.

PRrROPOSITION 9.12. For all generic a,b,c, we have the double copy formulae

Fs(aab7c;y) = F(avba C; y) F(aab76;y) _wa,c—awb,c—bG(avba C; y) G(avbac;y)

and
a(c—a)b(c—b)y B
S Ty) = F cy) F 1 1 2:
G (a,b,c,y) 62(1+C) ( (a,b,c,y) (b+ ,(I+ 7C+ ,y)
—Wa,c—aWhe—pG(a,b,¢;9) G(b+1,a+ 1,C+2;?)7
where we have set
i t
0,y = msin(m(s+1))

=t sin(7s) sin(rt)

Proof. This follows from multiplying (106) by 83(b,c—b)~! and using the identities (88)
and
B5(b.c—b) = sin(mb)sin(mw(c—b)) B(b.c—b)>2.

msin(me)

0

REMARK 9.13. It is obvious from the double copy formula that both F' and G*® satisfy
the holomorphic part of the hypergeometric differential equation (76), namely

2

0 0
(409 gz + (e (a0 —ab) £(4) =0,
for f(y) = F*(a,b,c;y) or f(y) = G®(a,b,c;y). This can also be derived from first principles.

§10. Example: motivic coaction of 5 F;

We derive formulae for the motivic coaction of the hypergeometric function F' =5 F; both
in the global and in the local setting (Proposition 10.5 and Theorem 10.9, respectively). As
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in the case of Lauricella functions, these formulae turn out to be formally identical, even
though the contexts in which they appear are very different.

10.1 Motivic coaction of the hypergeometric function: the global point of
view
As in the previous section, let £k C C be a subfield and let us fix y € £\ {0,1}. We
consider the coefficient fields kqr = k(a,b,c) and Qp = Q(e?7?, €27 27i¢) and work in the
Tannakian category 7 defined in §3.1. We define the (global) motivic and canonical de
Rham variants of F(a,b,c;y):

F™(a,b,c;y) = [Map,c(y),p1,m|]™ € PF,

F¥(a,b,c5y) = [Map,e(y),—m,m]** € PF.
We will also need the (global) de Rham variant of G(a,b,c;y):
gﬁt(a,b’ G y) = [Ma,b,c(y), —y772a771]m € Patv

where 7; and ¢; were defined in §9.2. Applying the period map per: P — C to F™(a,b,c;y)

gives back F(a,b,c;y). If one works in the more refined Tannakian formalism of §3.2, one can
replace F°%(a,b,c;y) and G®(a,b,c,;y) with elements in the ring Pfﬁ’dp‘i

e}

valued periods are F*(a,b,c;y) and G3(a,b,c;y), respectively. We now compute the (global)
motivic coaction A : PR — PR @y, PI.

whose single-

PROPOSITION 10.1. We have the following (global) motivic coaction formula:

ble=b)

AF™(a,b,c;y) = F™(a,b,c;y) @ F°%(a,b,c;y)

_ ya(cc_a)f‘“(1+a,1+b,2+c;y)®g°t(aybvcéy)‘

Proof. By the general formula for the motivic coaction, we have, writing M for M, p (y),
A‘Fm(avbac; y) = [M’@lﬂh]m ® [Mvni/anl]at—k [M#PlJIZ]m ® [Mvn%/anl]at'

By Lemma 9.2, the dual basis elements 7y’ and 7y are represented in M_, _p _.(y)ar by
the elements

b(c—b
mV:—(C )771 and 7y =y

Thus, what remains is to prove the equality [M,¢1,72]™ = F™(1+a,1+4b,24c). We describe
an isomorphism

o: Mitatp2te(y) — M

in the category 7. At the level of de Rham components, it is induced by multiplication of
(smooth) differential forms by z(1—z)(1 —yz)~!. The equality

Vapel@(l=2)(1—y2) " f) =2(1-2)(1 - y2) "' Vitasb24+c(f)

proves that it induces an isomorphism of de Rham complexes. On the level of Betti
components, it is induced by multiplication of sections by x(1—x)(1—yx)~!. On easily
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checks that this gives rise to an isomorphism « in the category T. It satisfies a(¢1) = ¢1
and aqr(n1) = 12, and therefore induces the desired equality of motivic periods. U

We now define a motivic version of the function F' and compute its motivic coaction.
We first need to record a few facts about the motivic and de Rham versions of the beta
function. For complex numbers sg,s; € kqr such that sg,s1,s0+ 51 ¢ Z, we let My, 5, =
M{o,13(s0,51) € T and let ¢ denote the class of (0,1) ®2*°(1 —x)°* € (M, s, )y and 7
denote the class of —2— in (Mj, s, )ar. We thus have the (global) motivic and de Rham

z(l—x)
beta functions
Bm(sﬂvsl) = [MSO,SpQDaT’]m € 737113 and Bat(s(%sl) = [Mso,sla_nvn]at € ,Pg't

They are related to the Lauricella function via

. . S0+ 81 .
g (30731) - 5051 {0,1} (. = {mvat})a
and thus we have the coaction formula
S08
AB™(s0,51) = ——— B™(s0,51) ® B> (50, 51)- (108)
So + 81

LEMMA 10.2. The matriz coefficients 5™ (so,s1) € P} and $°%(so,s1) € P are invert-
ible.

Proof. The object M = M, s, € T has rank one. Thus, the evaluation map MV @M =1
is an isomorphism, where 1 denotes the unit object (Qp, kqr,idc) in the Tannakian category
T . Since the matrix coefficients 5™ (sg,s1) € P and 3°%(sg,s1) € PY* are defined by nonzero
classes, they are invertible and their inverses are matrix coefficients of M V. 0

We can thus mimic (78) to define (global) motivic and de Rham lifts of F'(a,b,c;y).

DEFINITION 10.3. We define the (global) motivic and de Rham hypergeometric
functions

F*(a,b,c;y) = B°(b,c—b) ' F*(a,b,c;y) € P (o € {m,ot}).
In view of Definition 9.11, we also define

G (abcry) = Y 50 0 1) 16 (abcry) € P

C

Before turning to the motivic coaction on the motivic hypergeometric function, let us
prove a motivic lift of the functional equation of the beta function.

LEMMA 10.4. We have the identities

(s, and M(sp,81+1) =
80+51ﬁ (O 1) ﬁ (O ! ) So+ S1

S1

B (so+1,81) = B™(s0,51)-

Proof. We describe an isomorphism
o Mggy1,6, — Mg s,

At the level of de Rham components, it is induced by multiplication of (smooth) differential
forms by z. The equality Vg, s, (zf) =2V, 41,5, (f) proves that this induces an isomorphism
of de Rham complexes. At the level of Betti components, it is induced by multiplication by
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2. One easily checks that this gives rise to an isomorphism « in the category 7. One checks
that it satisfies

ag(p) = , « — % ,
B(p) =¢ ar(n) So+$1n
and the first identity follows. The second is proved in a similar way. O

PROPOSITION 10.5. The (global) motivic coaction on the motivic hypergeometric
function is

AF™(a,b,c;y) =F"‘(a,b,C;y)®F°t(a,b,C;y)—%Fm(1+a,1+b,2+6;y)® G (a,b,¢;y)
C

where the terms F*(a,b,c;y) and G°%(a,b,c;y) are as in Definition 10.3.
Proof. The coaction is multiplicative and thus satisfies
AF™(a,b,c;y) = (AB™(b,c— b)) "L AF™(a,b,c;y).
The result follows from Proposition 10.1 and (108) and the equality

1 b(c—0b)

Me—b+1,b4+1)7"
C(C+1)IB(C +7+) b

A" (c—=b,b)

which follows from Lemma 10.4. U

10.2 Motivic coaction for the hypergeometric function: the local point of
view
We now study motivic lifts of the functions F(a, b, c;y) and F'(a,b,c;y) in the local setting,
that is, by lifting the coefficients of their Laurent expansions around a =b = ¢ =0 to motivic
periods of mixed Tate motives over k. Our main theorem is that the global coaction formulae
of Propositions 10.1 and 10.5 admit local counterparts. We use the shorthand notation

FL? ;= (FL} 1 -1y (b,c—b,—a));;
for 1 <i,7 <2 and e € {m,w}. Here, we assume that the class v; corresponds to the line
segment (0,1) and -, is the line segment (0,5~ 1), assuming that y ¢ R~q. We set
1
b

c
b(c—0)
for e € {m,w}. They are motivic lifts of the Laurent expansions of the functions F and F*

around a = b = ¢ = 0, respectively; more precisely, we get from (79) and (101) and from
Theorems 6.18 and 7.11 the equalities between Laurent series:

per Fio.(a,b,c;y) = F(a,b,c;y)  and  sF.(a,b,c;y) = F5(a,b,c;y),

Fioc(a,b,cy) = FL} +3FLY, € Plyrgyllabdllb™ (c—b)7"] (109)

where the period map per : Pj\“/lT(k) — C and the single-valued period map s: P}afr(k) —
C are applied term by term to the Laurent series. One can also obtain FZ (a,b,c;y) by
applying the projection 7%* term by term to F2.(a,b,c;y):

7r$’+ ]:in(;c(av b, c; y) = ]:llgc (av b, c; y)
We also introduce

1
Fo(l+a,14+b,2+c¢;y) =——FLT,.
ya ’
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REMARK 10.6. Strictly speaking, it does not make sense to multiply a motivic period
by % since the ring P}T\:(T(k) is only Q-linear. This is because the Betti and (canonical) de
Rham fiber functors take values in Q-vector spaces. This prefactor comes about in the above
definition because the form 7y = 1fzm is not in fact in the Q-structure HL (Xy), having
residue —y~! at = = y~!. However, the form yn, is Q-rational, and therefore the term
yF.(1+a,14b,2+c;y), which is the one which appears in the coaction formula (110), is
a well-defined series of motivic periods in P}‘\‘AT(k), although F* (1+a,1+b,2+c;y) itself
is not. Alternatively, one could extend scalars and work with a (canonical) de Rham fiber

loc
functor valued in Q(y)-vector spaces.

REMARK 10.7. A warning about the notation is in order. Note that Fh.(1+4a,1+
b,2+c;y) is not obtained from F.(a,b,c;y) by shifting the formal variables via (a,b,c) —
(14a,14b,2+c), which does not make sense in the setting of power series. Rather, the

notation is justified by the fact that we have the equality between Laurent series:

per Fio.(1+a,1+0,2+c;y) = F(14+a,14+b,24c;y),

which follows from Theorem 6.18 and the equality —92— = — L (aw,). Note that the function

1—yx _yia

F(14a,14b,24c¢;y) can also be expressed as a combination of F(a,b,c;y) and its derivative
with respect to .

We will also need the following definition:
_—°
b(c—a)
By (102) and Theorem 7.11, we get the equality between Laurent series:
sOie(a;b,c;y) = G(a,b,c;y).

We now turn to the local coaction formulae. As in §8.2, we consider the normalized
motivic coaction

Avor : PRir o [las by dl][(be(c =) 71— (PRer ) @ Py s by [(be(e — b)) 1,

which consists in applying the coaction of M7 (k) on each coefficient and coacting on the

c—b c
(FLfl—l—CFLfQ—FL?’l—FLZQ).

Gi(abesy) = -

formal variables via
Apor(@) =a(1@ (L)1), Aper(b) =b(1@(L7)71) , Aper(e) = (1@ (L7)7).
THEOREM 10.8. We have the following (local) coaction formula:
b(c—b)
c

BuorFle(asbeiy) = 2 Fl(aboeiy) @ F((L7) e, (7)1, (L7) exy)

a(c—a)

Floc(l+a,1+b,2+¢y) @ G (L7) " a, (L7) 7, (L7) ey y).
(110)
Proof. We drop the Lefschetz de Rham periods L™ from the notation; they can be taken

care of by weight considerations as in the proof of Theorem 8.5. On the one hand, by (109)
and Theorem 8.5, the left-hand side equals

C

1
) (FLY @ FL?) + FLY, © FLE)) + 5 (FLy ® FLEy + FLT, © FLT).
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On the other hand, the right-hand side is expressed as
b(c—Db)
FL} FLT FLT FLT
= (g o (5 - )

a(c—a) c w —b w c w w
- (WFL‘;Q) ® (b(a)> (FL1 A+ FLT, - S FLY, - FL272> .

By expanding it, one sees that simplications occur and that both sides are equal. O

It is notable, and a priori not at all obvious, that this local motivic coaction formula is
formally identical to the global motivic coaction formula obtained in a different context in
Proposition 10.1.

We now turn to the hypergeometric function F' and reinsert the beta factors. We recall
the definition of the local motivic beta functions

Bloc(50,51)

50+ -1 S n n n n . —
BRI (Z()n“)«swsl) 4 —sn) € Py llso. 1] (s0s0) .
n>2
for @ € {m,ww}. We have the local motivic coaction formula
508
Anorfioc(50,51) = 1; Bioc(50,51) @ Bige (7)™ so, (L7) " 's1). (111)

In view of (78), we define

Foe(a,b,c;y) = (Bc(b,e= b)) 7 Fe(a,b,c:9) € Plyglla,b,][(be(c — )7,

for e € {m,w}. (The term S (b,c—b) is invertible since we have inverted ¢ in the ring of
power series.) They satisfy the equalities between Laurent series:

per [0 (a,b,c;y) = F(a,b,c;y) and sFZ (a,b,c;y) = F*(a,b,c;y),

where the period map per : PKLAT(k) — C and the single-valued period map s : P}\UAT(k) —C
are applied term by term to the Laurent series. One can also obtain FZ_(a,b, ¢;y) by applying
the projection 7" term by term to F™ (a,b,c;y):

WEHF F?&(a, b,¢; y) - Fl?c(av b,¢; y)'

We also introduce

c(c+1)
b(c—0b)
The same warning as in Remark 10.7 is in order: since we are working with formal power
series, F" (14 a,14b,2+4¢;y) is not obtained from F (a,b,c;y) by a shift of variables,
which would not make sense. Rather, the notation is justified by the equality between formal

Foe(l+a,1+b,2+cy) = (Bloe(b,c =) Foe(1+a,1+b,2+ ;).

Laurent series:
per Fio.(14+a,14+b,2+c¢y) =F(1+a,14+b,24¢c;y),

which follows from the functional equation 8(b+1,c—b+1) = gg;—rl{g B(b,c—b) for the beta

function.
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Lastly, we introduce

U= (52 (b,e— b))~ G (., ).

fela,b,cy) = .

It satisfies
sGle(a,b,cy) = G3(a,b,¢y),
where G*(a,b,c;y) was defined in Definition 9.11.

THEOREM 10.9. We have the following (local) motivic coaction formula for the (local)
motivic hypergeometric function:

Anor e (a,b,c59) = F(abociy) © Fg, (L°) " a, (L)', (L) ' eiy)

112

— ﬁ Y (1+a,14+b2+c¢y) ® G, ((]Lw)_la, (Lw)_lb, (]Lw)_lc; y) ) (112)

Proof. It follows from Theorem 10.8 by using the multiplicativity of the coaction and
(111). 0

Again, it is a priori not at all obvious, but certainly true, that this local motivic coaction
formula is comparable with the global motivic coaction formula for the hypergeometric
function obtained in Proposition 10.5.

REMARK 10.10. Up until this point, we have fixed a point y € k\{0,1}. It is also
possible to view y as a variable by working with families; this will enable us to derive
the hypergeometric differential equation from the coaction, which we presently explain.
The local motivic and (canonical) de Rham hypergeometric functions can be viewed as
power series with coefficients in a ring of families of motivic periods over the base scheme
S =P\{0,1,00} with coordinate y. For this, we need to work with a Tannakian category
M(S) of motives over S, such as the category MT(S) of mixed Tate motives over S [EL]
or, for the following application, the category #(S) considered in [B3, §7] is sufficient. We
regard Fyg, and Gi7, as Laurent series with coefficients in P, g, where & = {m,w} relative
to suitable fiber functors (whose definition is not important for the following discussion).
To the lowest two orders, we find that

b
Bz (a,b,ciy) = Bze(b,e =) Fgu(ab,eiy) = 1= log(1—y)+---,

gc(aabvc;y) = a(CC_ a) (ﬁfgc(b,c—b))_l
Gz (a.besy) = - N ooy gy

where the --- denote iterated integrals of length > 2, and log™ is the (canonical) de Rham

logarithm (see [B3, §§5.3 and 7]). This is consistent with the Laurent expansions (82)

and (85). The rings of families of motivic periods 73/‘\4( g) are equipped with a canonical

differential operator V5,9, which is compatible with the coaction A : 73;\“4( s~ 73}‘\14( 5 ®
i (S) in the sense that the following equation holds:

AOVa/ay = (id®Va/ay) oA.
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Furthermore, V5, decreases the length of (canonical) de Rham iterated integrals by one,
and one checks that
1
Vojaylog®(1—y) = T, and Vasay(1) =0.

The ring of (canonical) de Rham periods Piis) s a Hopf algebra with counit ev, such that
(id®@ev)A =id. It satisfies ev(L°*) =1 and annihilates all (canonical) de Rham iterated
integrals of length > 1 which occur in the expansions above. Let us apply Vg5, to the
(unnormalized version of the) coaction formula (112). Therefore, by combining (112) with
the formulae stated above, we find that

v8/83/1:‘1216 ((l, bv G y) = ((ld ® eV)A) (VB/ByF‘ltgc ((l, b7 G y)) = (1d Xev va/ay)AF’l?;c(aa bv G y)
ab 1 Y ab(c—a)(c—b) 1
= — F> (a,b,c; — " (1 1+b6,2+c; .
c loc(a? 7cay)®1_y l1+c loc( +CL? +0, +Cay)® 2 1_y
Since the connexion is compatible with the period homomorphism, we deduce that

0 ab 1 ab(c—a)(c—b) y

—F(a,b,c;y) = —— F(a,b,c;y) —

ay (a7 JCﬂy) c 1_y (a7 7c7y) 02(1+C) 1_y
as formal power series near a = b = ¢ = (0. One verifies that this is equivalent, by contiguity
relations, to

F(14+a,14+b,24c¢y),

b
%F(a,b,cw) = %F(a+1,b+1,c+1;y),

or to the hypergeometric differential equation (76).

REMARK 10.11. It is also a general fact that the (local) motivic coaction is compatible
with the monodromy of the (local) hypergeometric function. This, as well as the connection
above, provides a priori constraints on the shape of the motivic coaction.
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