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On the center of the ring of differential
operators on a smooth variety over Z/p"Z

Allen Stewart and Vadim Vologodsky

ABSTRACT

We compute the center of the ring of PD differential operators on a smooth variety over
Z/p"Z, confirming a conjecture of Kaledin (private communication). More generally,
given an associative algebra Ay over Z, and its flat deformation A,, over Z/ p" 7, we
prove that under a certain non-degeneracy condition, the center of A,, is isomorphic to
the ring of length-(n + 1) Witt vectors over the center of Ay.

1. Introduction

1.1 Let X,, be a smooth scheme over the spectrum S,, of the ring of length-(n + 1) Witt vectors
Wh+1(k) over a perfect field k of characteristic p, let X be its special fiber over k, and let
Dx, = Dx, s, be the sheaf of PD differential operators (see [BO78]) on X,. We prove in
Theorem 3 that the center Z(Dx,,) of Dy, is canonically isomorphic to the ring of Witt vectors
Whn+1(S'Tx,) over the symmetric algebra of the tangent sheaf of Xy. For n =0 we recover the
classical isomorphism (see, e.g., [BMRO0S])

Z(DXO)ZS'TXO (1.1)

given by the p-curvature map. The general result was conjectured by Kaledin (private
communication). For p # 2, he even proposed a construction of the map

Wii1(STx,) — Z(Dx.,).

1.2 In fact, we prove a more general result. Let A, be a flat associative algebra over W,,;1(k),
where n > 0. Set

A=A, ®Wn+1(k) Wi-i—l(k) for 0 <i < n,

and let Z(A;) be the center of A;. The first-order deformation A; yields a natural biderivation
on Z(Ap) (see §2.1, formula (2.2)),

{,}:Z(Ao) ®r Z(Ao) — Z(Ao).

We shall say that the deformation A, of Ay is non-degenerate if Spec Z(Ap) is smooth over k
and the biderivation {,} is associated with a non-degenerate bivector field, e A? T7(4,), 00
Spec Z(Ay).

If z is an element of Z(Ap) and Z € A,, is a lifting of z, then for every 0 <i < n the element
p'EP" " € A, is central and does not depend on the choice of 3. We prove in Theorem 1 that
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for p # 2, the map

bn: W1 (Z(Ag)) — Z(Ay) (1.2)
defined by the formula
(rbn((z(b Zla AR ZTL)) == Zpléfniz (13)
i=0

is a homomorphism of rings, and if the deformation A,, of Ag is non-degenerate, then ¢, is an
isomorphism. Note that the left-hand side of (1.2) depends only on the algebra Ay and not on
the deformation A,,.

1.3 For p =2, the map ¢, given by formula (1.3) is neither additive nor multiplicative! and,
in fact, even if the deformation A,, is non-degenerate, Z, need not be isomorphic to W,,;+1(Zy)
as an abstract ring (see Remark 3.4). However, if A,, is non-degenerate and, in addition, the
differential 2-form w = p~! € QQZ( Ao) associated with { , } is exact, i.e. w = dn, then we can correct
our map (1.3) as follows. The Poisson algebra Z(Ag) has a restricted structure in the sense of
Bezrukavnikov and Kaledin [BKO0S8]: if z € Z(Ap) and t, is the corresponding Hamiltonian vector
field on Spec Z(Ap) i.e. dz =it w, we set

2Pl = 1P i — i1 € Z(Ao), (1.4)

where tg’} € T'7(4,) 1s the pth power in the restricted Lie algebra of vector fields and L, is the
Lie derivative. For p = 2 we define

n—1

¢n((20, RBlye e Zn*l)) = Z 21(212 + 2’;?])

i=0
We prove in Theorem 2 that the map ¢, : W, 11(Z(Ap)) — Z(A,) given by the above formula is
an isomorphism of rings.

277,71‘71

+ 2%, (1.5)

1.4 According to an observation of Belov-Kanel and Kontsevich [BKO05], for every smooth
scheme X,, over S,, the bivector field on Z(Dx,)~ S Tx, induced by the deformation X,
equals, up to sign, the bivector field on STy, induced by the canonical symplectic structure
on the cotangent bundle T . In particular, the former bivector field is non-degenerate and the
associated differential form has a canonical primitive € Q.. . Thus, as a corollary of the above

Xo
results, we find a canonical isomorphism of sheaves of rings

bn: Wny1(STx,) = Z(Dx,,). (1.6)

2. Main result: odd characteristic case
2.1 Let R, be a commutative algebra flat over Z/p"*1Z, with n > 0. For 0 < m < n we set
Rm = Rn ®Z/p”+1Z Z/pm+1Z

By a level-n deformation of a flat associative Ry-algebra Ay we mean a flat associative
R,-algebra A,, together with an isomorphism A, ®pg, Ro = Ap. Given such A,,, we denote by A,,

! We are grateful to Pierre Berthelot for pointing out this problem.
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the corresponding algebra over R,,. We will write
Ap = A1, r(z) =2z mod p™
for the reduction homomorphism. The preimage of x € pA,,, C A, under the isomorphism
A1 -5 pAn,

is denoted by (1/p)z. We will write Z,, = Z(A,,) for the center of A,,. The following lemma is
straightforward.

LEMMA 2.1. Let x € Z; and y € Z;, where 0 <i < j <n, and let T,y € A,, be liftings of x and
y, respectively. Then:

(1) [#,9]=0mod p/TL;

(2) [%,y] mod pitit2 ¢ Zitj+1;
(3) the element (1/p™1)[Z, §] mod p'™! € Z; is independent of the choice of liftings T and ¥;
(4)

4) the R,-linear map

1 .
Zi @R, Zj = Zi, TQY— W[x’ g) mod p'*! (2.1)

is a derivation with respect to the first argument;

(5) the element ()P mod p**? lies in Z;y1 and is independent of the choice of the lifting 7.

In the case where ¢ = j =0, the map (2.1) deserves special notation:
1.
(.} 2(40) 9m, Z(40) = Z(Aa), o} = (7.5 mod p (2.2)

By assertion (4) of the lemma, { , } is a derivation with respect to each argument. We also remark
that if n > 1, the map {, } satisfies the Jacobi identity; this can be seen by dividing the identity

[z, [y, 2l + [z [z, ¥l + [y, [, 2]] = 0

by p? and reducing the result modulo p. Thus, if n > 1, the bracket {,} defines a Poisson
structure on Zj.

We shall say that A, is a non-degenerate deformation of Ag if Zj is a smooth Ryp-algebra and
the map {, } is associated with a non-degenerate bivector field p € /\2 Tz, /R,; that is,

{z,y} = (u, dz N dy)

for every z, y € Zy. By viewing p as Zy-linear isomorphism T}O IRy ™ Tz, /R, and taking its inverse
Tzy/ry — Ty, IRy WE obtain a differential 2-form, w = p~! € QQZO IRy’ The form w is closed if and
only if the bracket {, } is Poisson.

We remark that our non-degeneracy condition depends only on the reduction of 4,, modulo p?.

2.2 Let W,,+1(Zp) be the ring of length-(m + 1) Witt vectors of Zy. For 0 < m < n we define a
map

(z)m : Wm—l—l(ZO) - Am
by
(Z)m(zO; cee Zm) = Zpizipm_” (23)
1=0

where z; is a lifting of z; € Zp in A,,.

65

https://doi.org/10.1112/50010437X12000462 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000462

A. STEWART AND V. VOLOGODSKY

CLAIM 2.2. The map ¢ is well-defined and the image of ¢ is contained in Zy,:
¢m : Wm—i—l(ZO) — Zm. (2.4)

Proof. If Z; and Z] are liftings of z;, then by Lemma 2.1(5) we have

(Ei)pM% = (%Z)pmﬂv mod p" "t e Z,,_.
which implies that
PE =P E) €2y O

2.3 In order to state our main theorem, we need to introduce some notation. Let R,, and R, be
as in §2.1. Then, for any commutative Rgp-algebra Zy and 0 < m < n, the ring of Witt vectors
Wi+t1(Zp) has a W,,11(Rp)-module structure induced by the homomorphism Ry — Zjy. Also,
since R, is commutative, the map ¢, : Wi,1+1(Ro) — Ry, is a homomorphism and thus defines a
Wint1(Ro)-module structure on R,,. We define the ring of relative Witt vectors Wi, +1(Zo/R)
to be the quotient of the tensor product

Wint1(Z0) @, 41 (Ro) B
by the ideal generated by elements of the form
Vi -2)®@1—VIiz® ¢pmj(x) with 2 € Wii1-;(Zo), € Winy1—j(Ro),

where V' is the Verschiebung operator. Note that for any z € Wy, 11-;(Zp) and a € Ry,—;, the
tensor V72 ® a makes sense as an element of Wi,11(Z0) ®w, .., (ry) im, since pmH=iViz =0.
We remark that if F' denotes the Frobenius operator, then we have

VIFI(2) - 2)@1=2- V2@ 1=V2® ¢p_j(Flx)
in Wint1(Z20) ®@w,,, 1 (Ro) Bom- In particular, if Ry is perfect, then

Wm-i-l(ZO) ®Wm+1(R0) R, — Wm+1(ZO/Rm)'

We are now ready to state our main result.

THEOREM 1. Suppose p # 2. Then, for every flat associative algebra A, over R, and every
0 <m < n, the maps ¢, : Wint1(Zo) — Zy, and

D Wint1(Zo/Ri) — Zmy, Pz ® a) = apm(2) (2.5)

are ring homomorphisms. If, in addition, the deformation A, is non-degenerate, then ®,, is an
isomorphism.

The proof of this theorem occupies the rest of this section.

2.4 We begin with some general remarks on Witt vectors. It is well known (see, e.g., [Mum66,
§26]) and easy to show that the polynomials

bile,y) = EFY ];(f PV gris 1, (2.6)
Yi(z,y) =z +y (2.7)
66
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have integral coefficients and satisfy the recursive formula
P

Yit1(z, y) :Z (J)pj(Z D= (z, )’ (2P 4 yP) PP

=1

i—2

(2.8)

for i > 1. We claim that for every commutative ring Z and all x,y € Z, one has the following
equation in W, (Z):

n—1
rry=> Vihini(z,y). (2.9)
i=0
Here we write z = (2,0, . .., 0) for the Teichmiiller representative of x in W,,,(Z) and V for the

Verschiebung operator W,,,(Z) — Wp,+1(Z). Indeed, it suffices to check the identity (2.9) for
Z = 7|z, y]. In this case, the ghost map W,,(Z) — Z" given by the Witt polynomials W,, is an
injective homomorphism. Thus it is enough to check that the ghost coordinates of both sides of
(2.9) are equal. We have

Win(z +y) = (z +y)"" prm AT A

m— n—1
Z 1 Wi ) Wores) =W [ X Vit ).
=0 =0

where we have used that W; o V"= pW;_;. This proves (2.9).

We are interested in describing ring homomorphisms from W, (Z) to a given ring.

LEMMA 2.3. Let Zy, Z1, ..., Z,_1 be commutative rings. Suppose that we are given two families
of maps X(l) 22y — Zi and w:Z; — Ziv1, 1=0,...,n —1, such that the following conditions
hold:

(a) x is multiplicative and © is additive;

(b) for any x,y € Zy, pr(xy) =n(z)m(y), and if 0 <i<m <n—1, then

X (@) 7m0 (y) = wix D (2P y);

(¢c) for any z,y € Zy and 0 < m<n—1,

™ (@ +y) Zwm (), X" (y).

Then the maps ¢y, : Win+1(Zo) — Zy, defined by

m
om (20, -+ 2m) = Y wxX T (2) (2.10)
=0
are ring homomorphisms, and
TOm—1=¢mV. (2'11)

Proof. Formula (2.11) is clear. We prove that ¢y, is a ring homomorphism using induction on m.
We have that ¢g(z) = x(9(2). By assumption, x(9 is multiplicative and, by using property (c),
it follows that x(©) is additive. Hence ¢ is a ring homomorphism. Now suppose that ¢; is a ring
homomorphism for [ < m. Let x = (2o, ..., Tm) € Wm+1(Zo), let &’ = (21, ..., zm) € Win(Zo),
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and let w be another element of W,,(Zp). Then, using the induction assumption and (2.11), w
obtain

Om(x +Vw) = pp(zo+ V(2 +w))

Thus, for any x € W;,+1(Zy) and w € W, (Zp), we have
Om(x +Vw) = pm(x) + om(Vw). (2.12)

This implies that it suffices to check additivity of ¢, on Witt vectors of the form z. Upon
adjusting equation (2.9), we have

z+2Z =z Z “ir1(z (2.13)

Therefore, using (2.11) together with (2.12) and induction, we see that

em(z+2) = om (z +2 = Vihigal(z, »Z’))

i=1
= om(z+2) — om < > Viil(z, Z’))

=1

= om(z+2) Zﬂ'wﬁ-l (Pm—i(2), pm—i(2)))
m(z+2) me D (2), Xm0 (2))
— X+ 2) Zwﬂ 7D (2), ().

Hence, by property (c), it follows that ¢, (z + 2/) = "™ (2) + x"™ (), which implies that ¢,,
is additive.

Since ¢,, is additive, it suffices to check multiplicativity on Witt vectors of the form Viz.
We have Viz - Viz =p'Vi(z - VIi~i). Notice that pr(zy) = n(x)n(y) implies that p'ni(zy) =
mi(x)m(y). If i # 0, then, using this fact along with the facts that ¢, is additive and ¢,V =
TYm—1 by induction, it follows that

em(V'2V72) = om(p' V' (z- VIT'2))
= p'm (m—i(2) - m-i(VI'2))
= m'om—i(2) - T om_i(VI'2)
= gom(Vig) : m(V]f)-
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If i = 0, then we have z - VJ(2') = Vi (2#’2') and, using property (b), it follows that
mlz V) = om(VI(22)

= 1o 3(2" )

= 7y (m=3) (ij )

= x™(2) - 7 x M=)

= om(2) - em(V72). D
2.5 To show that the map ¢, in Theorem 1 is a ring homomorphism, we check that for Z; =
Z(A;) the maps XV : Zy — Z; and 7 : Z; — Z; 41 defined by x()(2) = 2" and n(z) = pz satisfy

the conditions of Lemma 2.3. The only assertions that merit proof here are the multiplicativity
of x(™ and property (c), which is implied by the following identity:2

pi¢i+1(5pj, @pj) _ ('_fpj + yp])pz _ (:fpjﬂ 4 ?;pjﬂ )pifl (2.14)

for all z,y € A,, that are central modulo p and every pair i, j with i + j =m

Suppose that elements , § € A,,+1 are central modulo p"™*!, i.e. their reductions in A,, lie

in Z,,. Then, by Lemma 2.1, we have that [Z, 9] € Z,,41 N p™ 1A, 1 1. Using this property, one
proves inductively that for all n > 1,

(F9)" = 75" — <g> L1z, 7,
gpr=y (Her - (5) e

As (h) is divisible by p (here we use that p # 2), it follows that

(zy)P = 2Py", (2.15)
@E+pr=> <]Z) Figp, (2.16)
=0

The multiplicativity of x("™ is derived from (2.15) by induction. Let us check (2.14). When
i =1, formula (2.14) follows directly from (2.16). For ¢ > 1, by using induction on i we get
@ 3P = (@ P @ Y
=@ P Y (lz)> PO T @ ) @ e
=1
and (2.14) follows from the recursive formula (2.8).

Thus ¢, is a homomorphism. Let us check that the homomorphism

Wint1(2o) OWyn41(Ro) Ry — Zp, z®ar aqﬁm(z)

2 Although formula (2.14) may seem to be the definition of the polynomial ;11, it is in fact false when p = 2.
Because 7 and §*’ ‘are not central in A,,, one cannot evaluate ;11 on these elements in A,,. Instead, one

evaluates ;41 on ¥ and 7 in A;, where they are central, and one gets a well-defined element of A,, upon
multiplying by p’.
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descends to a homomorphism from the quotient ring W, 4+1(Zo/Ry,). Indeed, for z € Wi, 11-;(Z)
and z € Wy,41-j(Ro), we have

Sm(V? (x-2)) = Py (- 2) = G (2) P (V7 2).
This shows that the homomorphism ®,, is well-defined.

2.6 It remains to prove that if the deformation A,, is non-degenerate, then the homomorphism
D, : Wit1(Zo/R) — Zp, is an isomorphism. When m =0, @ is clearly an isomorphism. Now
assume that ®; is an isomorphism for all 0 <! < m + 1. For a positive integer ¢, we denote by

éo/Ro : Z(()l) =2 ®F}é0 Ry — Zj
the ith iterate of the relative Frobenius map.
In order to show that ®,,,1 is an isomorphism, we need the following result.
PROPOSITION 2.4. Let r(Zp+1) C Zy be the image of the reduction map; then r(Zpyy1) =

Im(FgJ}%O).

Proof. We retain the assumption that ®; is an isomorphism for all 0 <l <m+ 1. The

containment 7(Z,+1) D Im(FZ)J/F}%O) is clear by Lemma 2.1(5).

Let ye Z,, and x € Zy, and let z,y € A, be liftings of z and y. Then the element
[, Z]/p™ ! mod p € Zy is independent of the liftings. Moreover, by Lemma 2.1(4), the map

M, :Zy— Zo, x+[g,2]/p™" modp (2.17)
is a Ro-linear derivation, II, € T’z /g, . Identifying Tz, /g, with leo /Ry WE get a linear map
H:Zm_’leo/Rov yr—>iny,u71. (2.18)
Note that if y € Z,, is the reduction mod p™**! of some element § € Z,,1 1, then II(y) = 0.
LEMMA 2.5. The image of an element (2o, . . ., zm) @ a € Wy,41(Zo/Ry,) under the composition
S=T0 Py : Wini1(Z0/Bin) — Zm — Qp, /,

is given by the formula
m i
S((zo,...,zm)®a):62,zf 1z, (2.19)
i=0

where @ € Ry is the reduction of a modulo p.
Proof. We start with the following claim.

CLAaM 2.6. Ifx € Zy, z€ Z; and T, z € A,, are any liftings, then we have

2P, 7] = pzP Y[z, 2] mod p't3. (2.20)
Indeed,
p—1
27,2 = ) 2Pz 7P
j=0
p—1
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Since z € Z;, we have [z, [z, 7]] mod p'™® € Z; 5. Thus zP~771[Z, [2, 7] = j2P~2[Z, [Z, 7]] mod

pi+3 and
p—1 p—1
Y T -2 F ) =) (T E T - 5 7, a))
=0 =0

=pzP Yz, 7] - (g) 2P72[Z,[Z,Z]] mod p'T3.

Since p # 2, we have (§) =0 mod p and thus (5)[Z, [z, Z]] = 0 mod p*™3, which gives (2.20).
The claim above implies, by induction, that for every ¢ > 0 and x, z € Zy we have
', 7] = p'# "7, 7] mod pit2.

Thus, we conclude that

m ) m »

[Z p'zt 30] =p" Z 2"z, 7]) mod pt?
i=0 i=0

which implies the desired result. O

The following result will also be used in the next section.

LEMMA 2.7. Let p be a prime number (not necessarily odd), let Zy be a smooth Ry-algebra,
and let S :Wy,4+1(Zo/Rm) —>le0 /Ro be the morphism (the ‘Serre morphism’) defined by
formula (2.19). If z € Ker S, then the image of z under the map

a:Wii1(Zo/Rm) — Zém), (200 -+ -y 2m)Rar—zp®a

is contained in the image of the relative Frobenius map FZ“") : Zémﬂ) — Z(()m), so that we
0

/Ro
have the following diagram.

KT S ——Wni1(Zo/Rn)
Z(m'H) [ Z(m)

0 F m) 0
Zy " /Ro

Proof. Recall (see, e.g., [III79]) that for every smooth Rp-algebra Z; we have the Cartier
isomorphism

ct leél)/Ro - QlZO/RO OFg, Ry — HI(Q.ZO/RO) c QlZo/Ro/d(ZO)’

rdy®@ar—axPyP ldy for zdye QIZO/R()’ a € Ry.
More generally, for each positive integer ¢ we shall define a Ryg-module D; together with a Rg-
linear map

ch b,
Z<())/Ro

— Dj.

The first Rg-module D is just the quotient of leo /Ro by the subspace d(Zj) of exact forms.
Assuming_ that D; and C~° are already defined, we define D;;; to be the quotient of D; by
C’*i(d(Z(()l))) and C~*~! to be the composition

C*i

0L, o, jdz™y S p,
Z(()H—l)/RO Z(()z)/RO 0 i+1-
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As C~! is injective, C~* is injective as well. By construction, D; is a quotient of QIZO Ryt WE

denote by 3 : QIZO IRy ™ D; the projection. Then we have the following commutative diagram.

S
Wm+1 (ZO/Rm> - QlZo/RO

: |

If z € Ker S, then C~™d(a(z)) =0 and thus d(a(z)) = 0. Therefore a(z) lies in the image of the
relative Frobenius map. O

m

Now we can finish the proof of Proposition 2.4. As we have observed above, if y € Z,,, is the

reduction mod p™*! of an element § € Z,,1 1, then II(yy) = 0. Consider the following commutative
diagram.
Zmt1 Zm - Zy
q>m1l TF%'S/RO (2.21)
a_ ,m) 2R s )
Ker § ——= Wi1(Zo/Rim) zZy" °Zy"

o m) (1) _ A" )
By Lemma 2.7, the map «: Ker § — Zom factors through Zom — Zom . Thus, the

m—+1
reduction map r factors through Zémﬂ) _Zo/Bo 2. O

To finish the proof of Theorem 1, we need the following general property of relative Witt
vectors.

LEMMA 2.8. For every Rg-algebra Zy, we have a right exact sequence of R, 1-modules

Wint1(Zo/Bm) = Wint2(Zo/ Bint1) = Zo @ pmir Ro — 0,
0

where the first morphism takes z @ a € Wy,4+1(Zo/Rm) to Vz® a and the second morphism is
induced by the projection W, 12(Zy) — Zy onto the first coordinate.

Proof. Consider the exact sequence of W, 12(Rp)-modules

0 ——> Wins1(Zo) —> Wins2(Zo) — Zg — 0. (2.22)

We remark that the action of Wi,42(Rp) on Wp,11(Zp), viewed as a submodule of Wi, 12(Zp), is
given by the homomorphism

F
Wini2(Ro) — Wins1(Ro) = Wmi1(Zo).
Thus, the tensor product of (2.22) with R,,4+1 can be identified with the sequence

V@ ld

Wm+1(Z0) ®Wm+1(RS) R, Wm+2(Z0) ®Wm+2(RO) Ry1— 2o ®F1%+1 Ry — 0,

which is right exact. Here R{, denotes the image of the Frobenius morphism Ry — Ry. One checks
that the composition of V ® Id with the projection

Wint2(Zo) @w,, o(Re) Bm+1 — Winy2(Zo/ Rim1)
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factors through the surjection
Win+1(Zo) ®Wm+1(R5) Ry > Wing1(Zo) W11 (Ro) Bom — Wint1(Zo/ R

This gives the sequence displayed in the lemma. O

Now we finish the proof that ®,,,1 is an isomorphism. Consider the following commutative
diagram.

Wm+1(ZO/Rm) I m+2(ZO/Rm+1) - ZO ®F}%10+1 RO —0

f Pt <I>'m+1

Zm+1
Zm+1 N pAmi1

HO

0—— Zm+1 N pAm—‘,—l Zm+1

Zo

Here the top row is the right exact sequence from Lemma 2.8, f:W,,11(Zo/Rm) — Zm+1 N

PAma1 equals p®,,, which is an isomorphism by the induction assumption, and, finally, the
morphism ®,,11: 2o ® Rypy1 > Zém+1) — Zm+1/(Zm+1 N PAm+1) C Zp is equal to FZSﬁ%' By

Proposition 2.4, ®,,41 is an isomorphism. It follows that ®,,,; is an isomorphism as well.

3. Main result: characteristic 2 case

3.1 Throughout this section, R,, is a commutative algebra flat over Z/2"*1Z, where n > 0, and
A, is a flat associative R,-algebra. We will also assume that the deformation A, of Ay is non-
degenerate and denote by w € QQZO /Ro the corresponding non-degenerate 2-form. Although the
map Wy,41(Zy) — Z,, defined by equation (2.3) is neither additive nor multiplicative, we explain
in this section that if w is exact, formula (2.3) can be corrected to yield an isomorphism of
R,-algebras,

Wii1(Zo/Rn) — Zy.
Our construction depends on the choice of a primitive n € leo TRyt W= dn. Define a map
Zo— Zo, zvr 22 (3.1)
by the formula
=Ly iy —ipin € Z(Ao), (3.2)
where t, € Tz, /R, is the Hamiltonian vector field corresponding to 2, i.e. dz =it w, t,[f] €Ty /R,

is its square in the restricted Lie algebra of vector fields, and Ly, is the Lie derivative. We remark
that the map z — 2[2 depends only on the class of 7 in the quotient leo /Ro /d(Zp).

LEMMA 3.1. For every x,y € Zy, we have

(o + )P - 2B =y =z},

(=2 y} = {2, {=, y}},
(zy)? =yl - 22yl 4 ay{a, y). (3.5)
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Proof. Define a map Q: T, /g, — Zo by the formula
Q(@) = Lgign — i9[2]77 for 0 € TZO/RO‘ (3.6)

Then, for every 01,02 €Ty /g, by using the identity (61 + 05)2 = 9[12} + 0%2] + [61, 62] and
Cartan’s formula we find that
Q(el + 92) - Q(Ql) - Q(QQ) - L91i0277 + L92i0177 - i[01,92]77 = i91i92w' (37)
Using 4,44, w = {z,y}, equation (3.3) follows. Next, for every z € Zp, by using the identity
(20)1F = 22012 1 2(Ly2)0 one obtains
Q(20) = zLg(zign) — 2%igen — 2(Loz)ign = 22Q(6). (3.8)
Thus, we conclude that

(xy)[Q] = Q(zty +yts) = $QQ(ty) + yzg(tdf) + 2y, i, w,

which proves (3.5). Finally, for (3.4) it suffices to check that tg} =1,z or, equivalently, that
LW = W We have

itzmw = d:]j‘[2] = d(LtZthn — ’it[zz]T]) = _Ltzitzw + L?ZTI + Z't[zz]w - Ltgcz]??. (39)

Since Ly iy, w=d{z,2} =0 and L%zn:Lt[gm, the right-hand side of (3.9) equals i2)w as
required. O

Remark 3.2. Equations (3.7) and (3.8) show that the quadratic form Q on the Zp-module T,
is a quadratic refinement of the symmetric form w. In fact, for every smooth Rg-algebra Zj in
characteristic 2, one can define a refined de Rham complex

(S.leo/Ro’ d) = ZO — QlZo/Ro — SZQlZO/RO — ..

to be the initial object in the category of commutative DG algebras A over Ry equipped with a
homomorphism Zy — A. By the universal property, the DG algebra (S‘QIZO /Ro’ d) maps to the

de Rham DG algebra (A’ leo I Ro’ d). The quadratic form Q € 5’29120 /R, 18 identified with dn.

Remark 3.3. In [BKO8, Definition 1.8], Bezrukavnikov and Kaledin introduced the notion of a
restricted Poisson algebra in characteristic p. If p = 2, a restricted Poisson algebra is just a Poisson
algebra Zy over Ry together with a map Zy — Zo, z — z[?, satisfying equations (3.3), (3.4)
and (3.5). According to [BKO8, Theorem 1.11], a smooth Poisson algebra Z; with a non-
degenerate Poisson bracket admits a restricted structure if and only if the associated symplectic
form w is exact. If w = dn, then the formula

LPl — sz_litzn — it[zp]n
defines a restricted structure on Zy (cf. [BK08, Theorem 1.12]).
The main result of this section is the following theorem.

THEOREM 2. Let R, be a flat commutative algebra over Z/2" 17, and let A,, be a flat associative
algebra over R,, such that the center Zy is smooth over Ry and the bracket { ,}: Zy ® Zy — Zy
is associated with an exact symplectic form w = dn. Then, for every 0 < m < n, the map

¢m : Wm—l—l(ZO) — Zm
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given by
m—1 . s 2mfi71
O (20, zm) = Y 2(22 + 227) LMz,
i=0
is a ring homomorphism. Moreover, the induced homomorphism
D Wint1(Zo/Rin) — Zmy, Pz ®a) = apm(z) (3.10)

is an isomorphism.

The proof of this theorem occupies the next two subsections.

Remark 3.4. The construction in Theorem 2 can be partially generalized to the case where w is
not exact. To indicate this generalization, let A,, be a non-degenerate deformation over R, and
let p=w-te /\2 T'z,/R, be the corresponding bivector field. Let P be a quadratic refinement of
1, which is a preimage of p under the canonical projection

S*Ty, /Ry — /\2 To/ Ro-
Then the map
hp:Zy— Zy, hp(z)=(P,dz®dz)
satisfies the following properties (cf. (3.3) and (3.5)):

hp(x +y) — hp(x) — hp(y) = {z, y},
hp(zy) = y?*hp (@) + 2*hp(y) + 2y{z, y}.

We note that if w is exact, then the choice of a primitive 7, with dn=w, specifies a quadratic
refinement Q =dn € 5’29120 /Ro of w (Remark 3.2), which in turn gives rise to a quadratic
refinement P of p. In this convention we have that 22 = hp(2).

Coming back to the general case, the proof of Theorem 2 given below extends directly and
shows that the map

PP m : Wint1(Zo/Ro) = Zm

given by

m—1 o )

(I)pﬂn((z,“(), ooy Zm) ® a) = a( Z 21(2;2 + 2h73(Z0)2m7271 + 2mgm>
i=0

is a ring homomorphism for every m and an isomorphism for m = 1. However, for m > 1, the

morphism ®p ,,, need not be surjective.

In fact, in general, the center Z,, of a non-degenerate deformation need not be isomorphic
to the Witt vectors W,,11(Zo/Ro). For example, let As be the quotient of the free
algebra over Z/8Z on generators x,y by the ideal (xy+ yz). We have that Zy= Ay=
Fo[z, y] and Zy = Z/87Z[x?, y?| + 4As. Therefore, it follows that W3(Zy)/2-torsion = Wy (Fa[x, y])
and Zy/2-torsion = Z/4Z[z? y?]. In particular, Z/2-torsion is flat over Z/4Z, whereas
Ws5(Zp)/2-torsion is not flat. Therefore W3(Zy) and Zs cannot be isomorphic. Notice that the
associated symplectic form of this deformation is xy dx dy, which is closed but not exact.

3.2 Now we give a proof of Theorem 2. We will show that ¢,,+1 is a homomorphism and that
®,,+1 is an isomorphism simultaneously. It is clear that ¢¢9 = ®¢ are isomorphisms.
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Consider the general case. In everything that follows we will assume that ¢; is a
homomorphism and ®; is an isomorphism for all 0 <7 < m. We will need the following result.

LEMMA 3.5. Ifx € Zy, y€ Z; with 1 <i<m, and ,y € A,, are any liftings, then
[z, gﬂ =0 mod 272

Proof. We may assume that m > 1 (otherwise, the statement is empty). Then, by our induction
hypothesis, the map ®; : Wa(Zy/R1) — Z; is surjective. Thus, it suffices to check the lemma for
Z of the form T = w? + 20 with @, ¥ € A,, central modulo 2. We have

731 = @2 +20,7)
= w[w, §] + [@, P}w + 2[0,7] =0 mod 272,

since the elements [w, y] and y are central modulo 2¢+1. a
COROLLARY 3.6. Ifx,y€ Z; with 1 <i<m and T,y € A;41 are any liftings, then we have
(5@2 =2y,

(T +79)° =72+ 27y + 7~
Let m:Z; — Z;i41 be given by m(z) =2z and x: Zy — Z; be defined by x(z) = (22 +
22/[\/2]) for 0 <i<m+1 with x(©(z) =2 We will use Lemma 2.3 to show that ¢, is a
homomorphism. Let us check that x( is multiplicative. For i = 1, using the formula (3.5) we
have that
XW(wy) = 29 — T[7, Yy + 2(ay)?
=29 — 2ay{z, y} + 2(2°y? + 22 + 2y{z, y})
= XV (@) M (y).
The general case now follows from Corollary 3.6.
Next, we show property (b) of Lemma 2.3, which is the following identity:

(z* —1—295[2]) ( +2y[2])217i5(( 37)2—1—2(952’ )[2]) mod 29—i+2

for every 0 <i < j <m. If i =0, then this is equivalent to x¥) being multiplicative. Assume that
1> 0. By Corollary 3.6, it follows that
(32 + 2022 (2 + 22" = (@2 + 2222 2 + 2y2))? " mod 21+,
thus, to show the desired result, it suffices to check that
(@ + 222 (7 + 29?) = @9 + 2(27 )P mod 4.

Now (72 + 222)2" = 72"
@ + 2227 @ + 2% =7 (7 + 2P

=7 @)2 2 2i+1 [2]

= (z* @2 + 2(2? y)[ ' mod 4,

where the last congruence is implied by (3.5).

mod 4. Hence we have

Let us check property (c) of Lemma 2.3. It suffices to prove the following claim.
CrAam 3.7. (a) Ifx,y € Zpmqo—j with1 < j<m+2 and z,y € Ap41 are any liftings, then
N y) = @+ )Y — @47 mod 22
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(b) If x,y € Zy, then for 1 < j <m + 1 we have

P e g

27152, y) = XU (@ 4+ 9) = (XD (@) + xD(y)* " mod 27,

If 7 =2, then part (a) follows from Corollary 3.6. Now assume that property (a) holds for
2 <1 < j; then the recursive definition of 1, equation (2.8), and the induction hypothesis imply
that

PN,y =A@ DT - @ P @ P (@D - @)Y

modulo 22, Applying Corollary 3.6 to the right-hand side, we obtain the desired result. Now
let us consider property (b). If j =2, then by using (3.3) we get

XD (@ +y) = (@) + xD(y)) =20y mod 4,
which is the desired result. Now, assuming that property (b) holds for 2 < < j, we find that

—_—~—

W@ +y) = (D (@ +9)) = (O @)+ xXO@)? " + 272001, 9)

—_~ —_— o . 3
= (xW(2) +xD@)* "+ 271 @ + ) iz, y).
The result then follows from the congruence v;(z, y) = ¥;_1(z, y)(2? + y2)2j73 mod 2.

We have shown that 7¢ and X(i) for 0 <7 < m + 1 satisfy the conditions of Lemma 2.3; hence
@m+1 is & homomorphism.

3.3 It remains to show that ®,,,4; is an isomorphism. As in the odd characteristic case, it suffices
to check that

(Zint1) = Im(FZ05 ), (3.11)
where r: Z,, 11 — Zj is the reduction map and FZ)J/F}.{O : ZémH) — Zp is the (m + 1)th iterate of
the relative Frobenius map. Let II: Z,,, — leo /Ro be the map defined by formulas (2.17) and
(2.18).

LEMMA 3.8. The image of an element (zq, . . . , 2m) ® a € Wy, 4+1(Zo/ Ry,) under the composition

S=Mo®,,: W,+1(Zo/Rn) —— Zp — QlZo/RO

is given by the formula
S((z0, .- 2m)@a)=ay_ 2" Tz (3.12)
i=0

where @ € Ry is the reduction of a modulo 2.
Proof. We start with the following fact.
CrLam 3.9. Ifx € Zy, z€ Z; with 0<i<m, and z, z € A, are any liftings, then we have
[22,7] = 22[Z,7] mod 2773, (3.13)
Indeed, we have
[22,7] = Z[7, 7] + 2, 22

= 25[57 "ﬂ - [zv [27 :ﬂ]
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Since [z, 7] mod 272 € Z; 41, Lemma 3.5 implies that [z, [Z, Z]] =0 mod 273, and the result
follows.

Formula (3.13) implies, by induction, that for z € Z; and i > 1, we have
22, 7] =271 ""1Z, 7] mod 272 (3.14)
On the other hand, for z, z € Zy, by using (3.4) we obtain®
3% 4 2.1, 7] = [32, 7] + 2[212, 7]
= 23(3,3] + 3, [7, 7)) + 2[s2, 7]
=2z[z, 2] + 7, [2, 2] + 7, [z, 2]
= 2z[z,7] mod 8.
This fact, along with (3.14), implies that for every z, z € Zy one has
(2 + 22027 3] = 21(2% 4+ 22007 135, 7 = 27127 Yz, 2} mod 2742,
which proves the result. O

The above lemma and Lemma 2.7 together imply (3.11). Thus Theorem 2 is proven.

4. Applications

Let S, be a flat scheme over Z/p"*t'Z, and let X, LS,Z be a smooth scheme over .S,.

For 0 <m < n we set X,, = X,, X Spec Z/p™ 7 LN Sp x Spec Z/p™ 17 = S,,. One has the
following relative Frobenius diagram.

F
X, Xo/S0 X(()l) TXo0/50 X,
\ l 5 i A (4.1)
fo p
s

So So

Since the relative Frobenius morphism F, /g, : Xo —>Xél) is a homeomorphism, the functor

Fx, /s« induces an equivalence between the category of Zariski sheaves on X¢ and that on Xo(l).
We shall also identify the categories of Zariski sheaves on X,, and on Xj.

We will write Dy, /s,, for the sheaf of PD differential operators on X, (see [BO7S, §2]) and

Zm for its center. One has a canonical isomorphism of féflogo—algebras on X (1),

FXo/So*(ZO) =~ S.TX((]U/SO (4.2)

given by the p-curvature map (see, e.g., [OV07, Theorem 2.1]). If n > 0, the construction from
§2.1 applied to affine charts of f,, : X,, — 5, yields a biderivation

{,}: % ®f0_1(950 Zy — Zy,

3 This is the only place in the proof of Theorem 2 which depends on formula (3.4) and, thus, does not extend to
a more general setup such as that of Remark 3.4.
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which can be interpreted via isomorphism (4.2) as a bivector field

(T 2T
e X(()l)/So’ /\ T;él)/SO/SO

* . On the other hand, the cotangent space to any smooth scheme

(1)
Xy’ /So
has a canonical 1-form (the ‘contact form’)

Ncan € F(T;(él)/so’

on the cotangent space, T

Q%[‘ /So)’

Xél)/ So
whose differential wean = dnean is a symplectic form.
LEMMA 4.1. We have that = ! = —wean.

Proof. This is proven in [BK05, Lemma 2] for X, =A% . The general case follows since the
statement is local for étale topology.

If Z is a sheaf of commutative algebras on a site Y, the presheaf U — W, 11(Z(U)) is a
sheaf denoted by W;,11(Z). More generally, using the construction from §2.3, for a sheaf R,, of
commutative algebras flat over Z/p"*17Z and a sheaf Z of commutative Ro-algebras, one defines
the sheaf of relative Witt vectors W,,1+1(Z/R,,) together with a surjection

Wit1(2) OW,p1(Ro) Rn = Wit1(Z2/Rn).
THEOREM 3. There is a canonical isomorphism of sheaves of f(/)_lOSn -algebras on X(gl),

Waa1(Fxy 506 (Z0)/ £57108,) = Fxyy50x(Zn). (4.3)

Proof. Let U C X,, be an affine open subset lying over an open affine subset W = Spec R,, C 5.
Then R, is a flat algebra over Z/p"™'Z and A, =T'(U, Dy, /s,) is a flat algebra over R,. By
(4.2), the center Z(Ap) of its reduction modulo p is isomorphic to

S Tow)/Rry ®Fg, Ro,

which is smooth over Ry. Moreover, Lemma 4.1 shows that the deformation A,, is non-degenerate
and the associated 2-form is the differential of a canonical 1-form, —7¢an. Thus, by Theorems 1
and 2, we get a canonical isomorphism

®,: Whi1(Z(Ao/Ry)) — Z(Ay).
There exists a unique isomorphism of sheaves of algebras (4.3) that induces ®,, for each pair

U, W as above. O

Combining (4.3) with (4.2), we find an isomorphism
Wn-i—l(S'TXél)/So/fO_lOSn) — FXo/So*(Z’Vl)'

Remark 4.2. The fact that the center of Dy, /g, depends only on Xo— S, and not on the
deformation X;, — S, is not surprising: the category of quasi-coherent Dy, /g, -modules on X,
is equivalent to the category of quasi-coherent crystals on Xo/S,, (see [BO78]). In particular, its
categorical center,? which is just Z,, is isomorphic to the center of the category of crystals.

4 Recall that the center of a category A is the ring of endomorphisms of the identity functor Id 4 : A — A.
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