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Quantum Random Walks and Minors of
Hermitian Brownian Motion

Fran¢ois Chapon and Manon Defosseux

Abstract. Considering quantum random walks, we construct discrete-time approximations of the
eigenvalues processes of minors of Hermitian Brownian motion. It has been recently proved by Adler,
Nordenstam, and van Moerbeke that the process of eigenvalues of two consecutive minors of a Her-
mitian Brownian motion is a Markov process; whereas, if one considers more than two consecutive
minors, the Markov property fails. We show that there are analog results in the noncommutative coun-
terpart and establish the Markov property of eigenvalues of some particular submatrices of Hermitian
Brownian motion.

1 Introduction

Let (M(t),t > 0) be a2 x 2 Hermitian Brownian motion with null trace, i.e.,

Bi(t) B, (t) +iBs(t)

M) = {Bz(t) “iBs(t)  —By(t)

}7 t=>0,

where (By, By, B3) is a standard Brownian motion in R®. 1td’s calculus easily shows
that the process

(1) (Bi0), \/BH0) + B30 + BY)) 1 2 0,

is a Markovian process on R?. Let us recall how noncommutative discrete-time ap-
proximation of this process can be constructed, following . For this, we con-
sider the set M, (C) of 2 x 2 complex matrices, endowed with the state
tr(M) = 1 Te(M), M € M(C),
and the Pauli matrices
(01 I A AN
“\o) PTG o) FT o <)
which satisfy the commutation relations

[x, y] = 2iz, [y,z] =2ix, [z,x] = 2iy.
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The matrices x, y, and z define three noncommutative Bernoulli variables. Consider
the algebra M, (C)®>°, endowed with the infinite product state, still denoted tr, de-
fined by

tr(a; ® -+ ®a, I®°) =tr(ay) - - - tr(ay), foray,...,a, € My(C),
where I is the identity matrix of M, (C). Define, for all i € N*, the elements
X; :I®(i_1) ®x®l®007 )’i :I®(i_1) ®y®1®00’ z; :I®(i—1) ®Z®I®OO

as well as the partial sums

n n n
X,,:in, Yn:Zy,-, Zn:Zz,-, n>1.
i=1 1 i=1

i=

The processes (X,,)n>1, (Yy)u>1,and (Z,),>1 define three classical centered Bernoulli
random walks. Considered together, they form a noncommutative Markov process
that converges, after a proper renormalization, towards a standard Brownian motion
in R® (see Biane for more details). Furthermore, the family of noncommuta-
tive random variables

(1.2) (zn, X +Y2+ 22, n> 1),

forms a discrete-time approximation of the Markov process (II)). Since the non-
commutative process is also Markovian (see [Bia06]]), there is a quite noticing
analogy between what happens in the commutative and noncommutative cases.

In higher dimension, there are several natural ways to generalize the construction
of processes (LI) and (T2). For some of them, the Markov property fails. For in-
stance for d > 3, in the commutative case, if (M(t),t > 0) is a d X d Hermitian
Brownian motion, the process obtained by considering the eigenvalues of two con-
secutive minors of (M(t), t > 0) is Markovian; whereas, the Markovian-ness fails
if one considers more than two consecutive minors, as has been recently proved in
and announced in [Def10]]. As we shall see in the sequel, this result also
has an analogue in a noncommutative framework, where eigenvalues of the minors
are replaced by generalized Casimir operators.

In this paper we extend to higher dimensions the construction of the noncommu-
tative process (L.2)). For this we need some basic facts about representation theory of
Lie algebra recalled in Section[2l In Section[Blwe recall the construction of quantum
Markov chains. The Markovian aspects are studied more specifically in Section [
using some results of invariant theory proved by Klink and Ton-That in [KTT92].
In particular we discuss the Markovianity of noncommutative analogues of the pro-
cesses of eigenvalues of consecutive minors. In the last section, considering the limit
of the noncommutative processes previously studied, we discuss the Markovianity of
some natural generalizations of the process (LI)).
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2 Universal Enveloping Algebras

Standard facts about Lie algebras and universal envelopping algebras can be found
for instance in [Hum78]. Let G = GL,;(C) be the group of d x d invertible matrices,
and g = M,;(C) its Lie algebra, which is the algebra of d x d complex matrices. Letting
ej>1,j = 1,...,d, be the standard basis in M4(C), the universal enveloping algebra
U(g) of g is the associative algebra generated by ¢;;, i, j = 1,. .., d, with no relations
among the generators other than the commutation relations

leij, enr] = djkein — direx;,

where [ -, - ] is the usual bracket of g. By the Poincaré—Birkhoff—=Witt theorem, there
exists a basis of U(g) composed of monomials e;, j, - - - ¢;,;,, where the integers i, ji
are taken in a certain order. Hence, writing an element of U(g) in this basis, its degree
is defined as the degree of its leading term. For n € N, we denote by U, (g) the set of
elements of U(g) whose leading term is of degree smaller than n. Recall that a repre-
sentation of g in a finite dimensional vector space V' is a Lie algebra homomorphism
p: g — End(V). Then any representation p of g extends uniquely to the universal
enveloping algebra letting

plxy) = plx)p(y), x,y € U(g).

Let I be the identity matrix of size d X d. The coproduct on U(g) is the algebra
homomorphism A: U(g) — U(g) @ U(g) defined on the generators by

A) =11,

A(e,‘j) =1Qej+e;RI, ifi #j,i,j=1,...,d,

Ah)=1h+h I, i=1,...,d—1,
where h; = e;; — €j41i+1. This characterizes A entirely, letting

Alxy) = Ax)A(y), x,y € UQg),

where the product on U(g)®@U(g) is defined in the usual way: (a®b)(c®d) = ac®bd,
for a,b,c,d € U(g). The tensor product of two representations p;: g — End(Vy)
and p,: g — End(V;) and its extension to U(g)

p1 @ py: UW(g) — End(V, @ V3)

is given by
1@ pa(x) = (p1 @ p2)Alx), x € Wg),

where (p; ® p2)(x1 ® x2) = p1(x1) @ pa(x2), for x1,x, € U(g). For a representation
p of g, we define recursively the representation p®" of U(g) by

P& (x) == (p®" @ p)A(x),  x € U(Q).
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3 Quantum Markov Chains

We first recall some basic facts about noncommutative probability, which can be
found in or [Bia08]], for example. A noncommutative probability space
(A, p) is composed of a unital *-algebra and a state ¢: A — €, that is, a posi-
tive linear form in the sense that p(aa*) > 0 for all a € A, and normalized, i.e.,
©(1) = 1. Elements of A are called noncommutative random variables. Note that
classical probability is recovered, at least for bounded random variables, by letting
A = L=(€2, P) for some probability space (£2, I?), and ¢ being the expectation [E. The
law of a family (ay,...,a,) of noncommutative random variables is defined as the
collection of *-moments go(af; . ~af:), where forall j = 1,...,k i; € {1,...,n},
ej € {1,%}, and k > 1. Thus, convergence in distribution means convergence of all
*-moments.

Recall that a von Neumann algebra is a subalgebra of the algebra of bounded
operators on some Hilbert space, closed under the strong topology. Define W =
M,(C)®°°, the infinite tensor product in the sense of von Neumann algebras, with
respect to the product state w = tr®>°, where tr = %Tr is the normalized trace
on M, (C). Hence, (W, w) is a noncommutative probability space. For ay,...,a, €
M,(C), we use the notation a; ® - -- ® a, instead of 4; ® - -- ® a, ® [®®. Let us
now recall the construction of quantum Markov chains, as in [Bia06]]. First, let us
see how classical Markov chains can be translated in the noncommutative formal-
ism. If (X,,),>1 is a classical Markov chain defined on some probability space (2, P)
and taking values in a measurable space E, then for each n > 1, the random variable
X+ §8 — E gives rise to an algebra homomorphism

Xnt LZ(E) = L=(2)
o= f(X).

Hence, one can think of a noncommutative random variable as an algebra homo-
morphism. The Markov property of (X,),>1 writes

E(Y f(Xu41)) = E(YQf(Xn)),

for all o(Xy,...,X,)-measurable random variable Y, and where Q: L*>°(2) —
L°°(€2) is the transition operator of (X,),>1. Translating this in the homomorphism
formalism, we get

E(@xnr1(f) = E(xa(Qf)),

where 1) is in the subalgebra of L>°(£2) generated by X, ..., X,.

Let us pass to the construction properly speaking of the quantum Markov chain
considered here. Let p be the standard representation of g. We consider the mor-
phism

Jn: Wg) =W,

x = p®(x),
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for all n > 1. Define P: U(g) — U(g) by P = id®n o A, where n(-) = tr(p(-)).
Then P is a unital completely positive map, which is the analogue of a Markov opera-
tor in the quantum context. We have that (j,),> is a quantum Markov chain, in the
sense that it satisfies the following Markov property.

Proposition 3.1 For all  in the von Neumann algebra generated by { ji,(U(g)), k <
n— 1}, and all x € U(g),

w(jn(x)§) = w(ju1(Px)E).
Proof Let{ = a;®---®a,_;, where the a;’s are in M;((C). Using Sweedler’s notation
A(x) = le ® %2,
we have on one hand

w(jn(0)€) = w((p®" ' @ PAEE) = D w (" (x") @ p(x))g) ,

s0
w(in(®)€) =Y tr(p®" ' (x)E) tr(p(x)).
On the other hand,
Px = x'n().
Thus,
dn1(Px) =Y n()p®" (&),
and
W(jna(PX)E) = _tr (p" 1 (x)E) tr (p())
which completes the proof. ]

4 Restriction to a Subalgebra
Recall that the group G acts on g via the adjoint action, i.e., the conjugation action,
given by
1

Ad(g)x=gxg~, g€G,x€aq.

This action extends uniquely to an action on U(g) letting
Ad(g)(xy) = (Ad(g)x)(Ad(g)y), g€ G, x € U(g).
The group G acts on U(g) ® U(g) via the action
Ad(@)(x® y) = (Ad(g)x) ® (Ad(g)y), g€ G, x,y € U(g).
Note that the morphism A satisfies
A(Ad(g)x) = Ad(g)A(x), g€ G, x e Ug).

The next proposition shows that the operator P commutes with the adjoint action.
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Proposition 4.1 Forallg € G, and all x € U(g), we have
Ad(g)P(x) = P(Ad(g)x).

Proof Using the notation Ax = Y x' ® x* for x € U(g), we have

Ad(@P(x) = Ad()( Y- x'n)) = Y- Ad(g)x'n()
and

P(Ad(g)x) = id®n o A(Ad(g)x) = id®n (Ad(g)Ax)
= Ad(@)x'n(x?),

since 7] is a trace. [ ]

Definition 4.2 For a subgroup K of G, an element x € U(g) is said to be K-inva-
riant if
Ad(g)x = x, Vg € K.

The set of K-invariant elements of U(g) is denoted by U(g)X. For n € N, we denote
U,,(g)X the subset of U(g)X of elements whose leading term is of degree smaller than
n. Proposition @ Ilimplies the following one, which is fundamental for our purpose.

Proposition 4.3 Let K be a subgroup of G. The subalgebra U(g)X of K-invariant
elements of U(q) is stable by P, i.e.,

PU(@)* C W(g)*.

Hence, the restriction of (j,)u>1 to U(g)X defines a quantum Markov chain.

Let us focus on some particular invariant sets related to the minor process studied
in [ANVM10]). For a fixed integer p € {0,...,d — 1}, we consider the block diagonal
subgroup GLy_,(C) x C*? of G, which consists of elements of the form

with k € GLy_,(C), and ky,...,k, € C*. For [, m € N*, we denote by M, the
set of [ X m matrices with noncommutative entries in U(g). We let M; = M;;. The
rules to add or multiply matrices of M;,, are the same as those for the commutative
case, replacing the usual addition and multiplication in a commutative algebra by the
addition and the multiplication in U(g). Moreover, if M = (1;;),<;, j<; is a matrix in
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M, then the element of U(g) equal to Zﬁzlmii is denoted Tr(M). We partition the
matrix E = (e;j)1<j j<a in block matrices in the form

En ... Epu
E=| : C

Ep+11 Ep+1p+1

where E;; € Md—p,d—p) Ey; € Md—pﬁl) E, € Ml.d—p) i € {2, .., p Tt 1}, and

Notation Entries of a matrix will be always denoted by small letters, while capital
letters will refer to the partition defined above.

The next theorem, which was proved by Klink and Ton-That, gives the generators
of the subalgebra U(g)S%+—»(© xC™" " which are called generalized Casimir operators.

Theorem 4.4 ( ) The subalgebra U(q)St—(©*C"" is finitely generated by the
constants and elements

Tr(Eii, - Eii), q€N" iy,...,ige{l,...,p+1}.

The two extreme cases of this theorem give the following classical results. Actually
for p = 0, it implies that the center of U(g) is generated by Casimir operators (see

)
Tr(E), keN.
For p = d — 1, we recover that the commutant of {e;;, i = 1,...,d} in U(g) is

generated by elements
eili2-~-eiqil, qEN,il,...,in{l,...,p+1}.

For aj,...,a, € U(g), we denote by (ay,...,a,), the subalgebra of U(g) gen-
erated by the constants and elements ay,...,a,. Let us focus on the subalgebra
U(g)GLa—r(OXC" and its generators in the case when p = 1 and p = 2. First we
need the following lemmas.

Lemma 4.5 IfA = (ajj)1<ij<a,B = (bij)i<ij<a € Mg, with a;j € U,(q), bij €
WUn(g), fori, j=1,...,d, then

Tr(AB) — Tr(BA) € Upin—1(9).

Proof This is a consequence of the commutation relations in U(g). [ |

The following lemma claims that the subset of invariants U(g)CLa-1(OxC" jg gen-

erated by the Casimir elements associated with the Lie algebra M;((C) and those asso-
ciated with the subalgebra {M € My(C) : miyy = myg; =0,i =1,...,d} ~ My_(C).
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Lemma 4.6 The subalgebra U(g)CLa—1(©xC generated by
Tr(ES), TrEY, k=1,....d.
Proof For q € N*, let T, be the subalgebra
(Tr(Eii, - Eii)), k€ {1,...q}, i1, ...,ix = 1,2).

It is sufficient to prove that for every g € N*,
(4.1) T, = (Tr(E}), Tr(E)), k€ {1,...,q}).
For every g € N* the inclusion

(Tr(E}), Tr(EY), k€ {1,....q}) C T,
follows from the fact that

Tr(EX) = Z Tr(Ei, - - Eiiy),

where the sum runs over all sequences iy, . .., i; of integers in {1,2}. Let us prove
the reverse inclusion by induction on q. It is clearly true for ¢ = 1. For g = 2, let us
write

TT(EZ) = Tr(EZlEu) + TT(E12E21) + TT(E%I) + TT‘(E%Z)

Thus the inclusion
T, C (Tr(E}), Tr(EY), k= 1,2)

follows from Lemmal[4.5] which implies that

GLy_; XC*

Tr(EyiEnn) — Tr(EnnEn) € U, (g) C (1, En, Exn).
The case g = 3 is proved in a similar way. Suppose that (£1) is true for g — 1, for
afixed g > 4. Letiy,is,...,14, be a sequence of integers in {1,2}. If the sequence
i1,i,...,14, contains no successive integers equal to 1 then Ej ;, - - “Eii contains

only factors equal to Ey; E1», E1pEay, or Epy. By lemmal5and inclusion
(4.2) Uy1 ()1 C Ty,

we can suppose that E; ;, -
belong to the subalgebra

-+ E;,i,, contains only factors equal to Ey; E1y, or Ej;, which

(Tr(E}), Tr(EY), k= 1,2).

IfE,j, - - - Ei, i, contains factors equal to E; but strictly less than g—2, then it contains
at least one factor equal to Ey; E1Eys, Ei1E1pEay or EjpEp Epy. Thanks to Lemmal4.5]
and inclusion ([4.2]) we can suppose thati; = i3 = 2 and i, = 1. Thus

Tr(E : 'Eiqi]) = (ExEnEn)Tr(Ey, - - ’Eiq2)-

iy
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Then the induction hypothesis implies
Tr(Eji, -+ Eii,) € (Tr(Ey), Tr(EN), k€ {1,...,q— 1}).
IfE;, - - Ei,i, = E{}, then
Tr(Eyi, -+ Eiiy) = Tr(E}) € (Tr(Ef), Tr(EN), k€ {1,...,q}).
If E;ji, - - - Ei i, contains q — 2 factors equal to Ey;, then

Tr(Ej, -+ Eii)) € { Tr(E]; *EvaEar), Tr(EnEf; “Epn), Tr(EnEnEf )} .

iriy

We write

Tr(E?) = Tr(E!,) + Tr(E!, *Ep2Ey) + Tr(Ey EY *Eyy) + Tr(EpEy BT )

+ET7’(E 'Ei i1)7

iy B
where the sum runs over all sequences iy, ...,i, of integers in {1,2} containing
strictly less than g — 1 integers equal to 1. The previous cases, Lemma[4.5] and inclu-
sion (4.2) imply that

Tr(E?) — 3Tr(Ey;, - -~ Ei i) € (Tr(E}), Tr(E), k€ {1,...,q}).
Since it is known (see [Zel73]) that

(Tr(EN, k€ {1,...,d}) = (Tr(E"), k> 1),
and

(Tr(Ef), ke {1,...,d—1}) = (Tr(E})), k> 1),
the proposition follows. ]

Remark 4.7 When p > 2, the subalgebra U(g)®L—»(©*C"" is not generated by the
Casimir elements associated with the Lie algebras

{MEMd((C):mij = mj; =0,i= 1,...,d7j=d—k+l,...7d}’:Md,k((C),
k€ {0,...,p}. For instance,
En Enl"
Tr(Ey3Es)) ¢ <Tr(E’fl),Tr( { 1 12} > ,Tr(EY), k € N>
By Ex

and thus

k
Tr(Es), Tr( |50 B2 ) T, ke N ¢ w(g) Sl @xe,
E21 E22
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The following theorem is a quantum analogue of Theorem 2.2].
Theorem 4.8 The restriction of the j,’s to the subalgebra
(Tr(ESTY), Tr(E"), k€ {1,....d})
defines a quantum Markov process.
Proof This follows immediately from Proposition[43]and Lemmal[4.6l [ |
Note that the subalgebra
(Tr(ESTY), Tr(E"), k€ {1,....d})

is commutative. Thus, as in [Bia06l], which focuses on the d = 2 case, the quantum
Markov process in Theorem [£.8] is a noncommutative process, with a commutative
Markovian operator. Taking d = 2, the Markovianity of the process follows.
The following theorem is an analogue of Theorem 2.4] in a noncommu-
tative context. The non-Markovianity comes from Remark L7

Theorem 4.9 The restriction of the j,’s to the subalgebra

Ey Epl"
Tr(E), Tr( |1 22| ), Tr(EY), ke N
Ey  Exp

does not define a quantum Markov process.

Proof We have to prove that the subalgebra

En Enl
B = Tr(E’fl),Tr 1 JTr(EY), ke N
E)  Ex

is not stable by the operator P. Indeed, the partition of E for p = 2 writes

E\, Ep, E;
E= |Ey Epn Ex;
Es1 Es; Ess

Let us consider the element
a = Tr(Es; 0 Eyy 0 Ex3 + Ep3 0 E31 0 Eqp + E3p 0 Eyy 0 Ej3 + E3; 0 Ejy o Ey3),

where x 0 y 0 z means xyz + yzx + zxy. It is easy to see that a is in B. The element a
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writes

d—2

a=ejgi—10ej_14—1°ed—1d + E (e4—14 © €4 © €ig—1 + eqi—1 © eq—1; © €iq)
-1

d—2
+ E €4 © €ij © €jd

ij=1
d—2 d—2
= E (ed—14 0 €4i O €ig—1 + eda—1 © €q—1; © €iq) + E €4i © €j o €ejg
i=1 i j=1
i#]j
-1 -1

+ E eqi o (€ii — eqq) 0 ejg + E €di O €44 O eig

i=1 i=1

Since the sums E?:_ll eqi 0eqq0ejq and Z?:_lz(ei,- —eyq) are in B, the element b defined
by

d—2 d—2

b= E (€4—1d © €4i © €ig—1 + €4a—1 © €4—1; © €a) + E €di © €;j O €jq
=1 ij=1
i#]

d—1
+ ) egi o (eii — eaa) © €ig
i=1
is also in B, as the element c = b E?:_lz(eii — e44). One can prove by straightforward
calculation that
342
Pc — 3 ; €idedi

is in B. Since the element Z;j:_lz eiqeqi» which is equal to Tr(E3F31) is not in B, the
theorem follows. |

Let us choose an integer m large enough such that the subalgebras
<T7(Ei1i2 o Eii), qe€N ... i €{l,...,p+ 1}>

and
(Tr(Eii,--Eii), q=1,...,m i1,...,ige{l,...,p+1})

are equal. In the framework of this paper, the natural process that “contains” the one
of Theorem and remains Markovian is given in the following theorem, taking

p=2
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Theorem 4.10 The restriction of the j,’s to the subalgebra
<T7(Ei]i2 "’Eiqil)7 q (S {17...,m}, i17~~-,iq e {1,7p+ 1}>7

defines a quantum Markov process.

Proof Theorem[4.10]follows from Theorem[A.4land Proposition 4.3 ]

5 Random Matrices

Let H, and HY be respectively the set of d x d complex Hermitian matrices and the set
of d x d complex Hermitian matrices with null trace, both endowed with the scalar
product given by

(M,N) = Tr(MN), M,N € Hy (resp. Hj).

Recall that a standard Gaussian variable on a real Euclidean space E with finite di-
mension # is a random variable with density

x> (2m) M2 /2,

A Brownian motion (X;);>¢ on E is a Levy process on E such that for all t+ > 0, the
random variable (1/+/£)X; is a standard Gaussian variable on E. Thus our choice of
the Euclidean structure above defines a notion of standard Brownian motion on Hy
and HY.

For k,I € N*, we denote by My ;(C) the set of k x | complex matrices and let
M (€C) = Mgx(C). As in the noncommutative case, we partition a matrix M € M,(C)
in block matrices in the form
My ... Mipn

M= :
Mp+ll cee Mp+1p+1

where Mll S Mdfp,dfp((c), Mli S Mdfpﬁl((c), Mil S Mlvd,p((c), i€ {2, ., pt 1},
and Mj; € C,i,j € {2,...,d}.

Define the elements (x;;)1<;,j<4 of U(g) by

xij=ej, forl<i#j<d andx,-i:e,-ifél, forl1 <i<d.

Note all the x;;’s are traceless elements of g. Let v = ﬁ tr(p(x;;)p(xi;)), which does
not depend on i. Then we have the following theorem, due to Biane.

Theorem 5.1 ([Bia95l])) The law of the family of random variables on (W, w)
1 .
<\/ﬁjwJ (x”)) tER,,1<i,j<d

converges as n goes to infinity towards the law of (mji(t)),er, 1<i,j<d, where (M(t) =
(m;;(t))i<i,j<d,t > 0) is a standard Brownian motion on HY.
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By this theorem, we see that the law of the noncommutative process

1) (i) e

restricted to the subalgebra of Theorem 8] converges, as n goes to infinity, towards
the law of (Tr(M, (£)¥=1), Te(M(£)¥),k > 1,t > 0). We will see that this process,
which is in bijection with the process of eigenvalues of two consecutive minors of
(M(t),t > 0), is Markovian. More generally, if K is a subgroup of G, the law of
the noncommutative process (5.1)) restricted to the subalgebra U(g)X converges, as n
goes to infinity, to a commutative process that remains Markovian. The fact that the
limit process is a Markov process will follow by It6’s calculus and invariant theory in
a commutative framework. Even if the limit process of Theorem 5.1l is a Brownian
motion on HY%, we consider in this section Brownian motion on H,, which is more
common in the framework of random matrices. Let us recall how they are related. If
(By)s>o is a standard Brownian motion on Hy, then the process (B),>¢ defined by

1
B’ =B, — - Te(B)I, t > 0,

is a standard Brownian motion on HY, independent of the process
(Tr(B;), t = 0).

Since we have
B, =B+ 1Tr(B)I, t>0,

Markovian aspects of the minors can be indifferently studied for Brownian motion

on Hy or Hg. In the sequel, a function f: M;(C) — Cis seen as a function from c
to C.

Definition 5.2 Let K be a subgroup of G. A function f from M,(C) to C is said to
be K-invariant if

Vke K VM eMy(Q), f(kMk™) = f(M).

Let P(g) denote the algebra of all complex-valued polynomial functions on
M,(C), i.e., P(g) is the set of all polynomials in coordinates of a matrix of My(C).
For any subgroup K of G, the set of K-invariant elements of P(g) is denoted P(g)X.
The following theorem, which is a commutative version of Theorem 4} was proved
in [KTT92].

Theorem 5.3 ([KTT92]) It exists m € N, such that the subalgebra P(g)Cla—p(©xC"*
is generated by the constants and polynomials

M € My(C) = Tr(Mj i, - M), g€ {1,....m}, iy, g e {1,...,p+1}.
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Let us recall the following property of Brownian motion and invariant functions.

In what follows we denote by (-, - ) the usual quadratic covariation, and by d and d
the usual first and second order differentials.

Proposition 5.4 Letg € GL4(C), and f and h be twice differentiable functions from
My(C) to C such that

(5.2) VM € My(C)  f(gMg™") = f(M) and h(gMg™") = h(M).
If B is a standard Brownian motion on Hy, then
(df(gMg™")(dB), dh(gMg™')(dB)) = (df(M)(dB), dh(M)(dB))

and

(d*f(gMg ")(dB),dB) = (d’f(M)(dB),dB).
Proof Since B is a standard Brownian motion on Hy,
<(gng_l)ij7 (gng_l)kl> = <dBij7dBkl>7 ia ja k>l € {17 R 7d}

Thus

(df(gMg")(dB),dh(gMg™")(dB)) =
(df(gMg=")(gdBg™"), dh(gMg™")(gdBg™")).

and
(d*f(gMg~")(dB),dB) = (d’f(gMg ')(gdBg "), gdBg").

Property implies
(df(gMg=")(gdBg™"),dh(g™'Mg)(gdBg™")) = (df(M)(dB), dh(M)(dB))
(d*f(gMg™")(gdBg™"), gdBg™") = (d’f(M)(dB),dB). m
The previous proposition implies the following one.

Proposition 5.5 Let K be a subgroup of GLy(C). If f and h are elements in P(g)X,
then the functions

M € My(C) — (df(M)(dB),dh(M)(dB)),
and

M € My(C) = (d*f(M)(dB), dB)

are also K-invariant polynomial functions.
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For a twice continuously differentiable function f: M;(C) — C, multidimen-
sional It6’s formula writes

df(B) = df(B)(dB) + 1(d’ f(B)(dB),dB).

Thus Proposition 55l leads to the next proposition in which the integer m is the one
introduced in Theorem[5.3]

Proposition 5.6 If (B(t),t > 0) is a standard Brownian motion on Hy, the processes
(Te(Biyi, (£) - -+ By, (1)), £ > 0),

q € {1,...,m}, iy,...,ig € {1,...,p + 1}, form a Markov process on R’, with
r=> 1 (p+ Dk

Proof For p and q two integers in {1,...,m} and two sequences ii,...,i, and
jis-- ., jqofintegers of {1,..., p + 1}, let us consider the functions f, ¢ and h from
M,;(C) to C defined by

fM) =Te(Miyi, - M),  §M) =Tr(M;,, -~ Miyi,), M € Ma(C),

and

h(M) = Te(Mj,j, - - - Mj,j), M € My(C).
Since f(M) = g(M), when M € H, we have
(df(B)(dB), dh(B)(dB)) = (dg(B)(dB), dh(B)(dB)).
Proposition implies that

(df(B)(dB),dh(B)(dB)), (df(B)(dB),dh(B)(dB)), {d’f(B)(dB),dB)

are polynomial functions in the processes Tr(B;,---Bii), 9 € {1,...,m},
ir,...,ig € {1,...,p + 1}. Thus the proposition follows from the usual proper-
ties of diffusions (see [@ks03|| for example). [

Let us give a formulation of the last proposition in term of eigenvalues of some
particular submatrices of Brownian motion on H,. In the following lemma a poly-
nomial function M € My(C) — f(M), is simply denoted f(M).

Lemma 5.7 For any positive integer q, and any sequence of integers iy,...,iq in
{1,..., p+1}, the polynomial function Tr(M; ;, - - - M ;, ) is equal to a finite product of
factors of the form

Tr(M7,), Tr(My; My My}, Te(M;M; ;M My,
M, M;;Mji, (M;jMji) ™", MijM My,

wheren € N, and i, j, k, are distinct integersin {2,...,p + 1}.
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Proof The lemma, which is is clearly true for ¢ = 1, 2, 3, is proved by induction on
q € N*. Suppose such a decomposition exists up to g — 1, for a fixed integer g greater
than 4. Let us consider a sequence of integers iy, ...,i, in {1,...,p + 1}. Ifall, or
none, of the integers of the sequence are equal to 1, then the decomposition exists.
If two successive integers exist, say i and i,, such that i, = 1, i, # 1, then integers
k < q—1and p < qgexistsuch thati, # 1, and

TI'(M,‘

M) = My, -+ M, M§ My,

112 23 "

Ifi, = i, then

Te(Miyi, -+ Miiy) = My, -+ M;, i) (M ME My, ).

Ifi, # iy, then

Tr(Miyi, - - M i) ) (Miyi, M i) = (M, - M,

k
iy iy, Mi iy ) (M, 1My My, M, ).

Induction hypothesis implies that the above polynomials can be written as a product
of factors given in the lemma. ]

Proposition 5.8 If B is a Brownian motion on Hy, then the processes

Tr(BY,), Tr(B1;Bi1 By} ), Tr(By;B;jBj1 By, ),

Bii, B;jBji, BijB(Bi,
wheren € N, and i, j, k, are distinct integers in {2, ..., p + 1}, taken together, form a
Markov process.

Proof Lemma [5.7] implies that there is a bijection between the Markov process of
Proposition[5.6land the process of Proposition[5.8] which is consequently Markovian
too. |

The following theorem is an immediate consequence of the previous proposition.

Theorem 5.9 Let p be a positive integer and B be a Brownian motion on Hy. Then
the processes of the eigenvalues of the matrices,

_ Bii Bii 0
B, (1;%1 ?T) o0 By,
il i B]1 0 0
and the complex processes, B;;Bji, BijBjxByi, where i, j, k, are distinct integers in
{2,...,p+ 1}, taken together, form a Markov process.

Taking p = 1 in Theorem [5.9 we obtain the following corollary, which has been
already proved in .

Corollary 5.10 If (A (t),t > 0) is the process of eigenvalues of a standard Brownian
motion on Hy and (A“=VD(t),t > 0) is the process of eigenvalues of its principal minor
of order d — 1, then the process (A(”l)(l‘)7 A=D(@) > 0) is Markovian.

https://doi.org/10.4153/CJM-2011-064-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-064-4

Quantum Random Walks and Minors of Hermitian Brownian Motion 821

References
[ANVM10]
[Bia90]
[Bia95]

[Bia06]

[Bia08]

[Def10]

[Hum?78]

[KTT92]

[Mey93]
[@ks03]

[Zel73]

M. Adler, E. Nordenstam, and P. van Moerbeke, Consecutive minors for Dyson’s Brownian
motions.arxiv:1007.0220k

P. Biane, Marches de Bernoulli quantiques. In: Séminaire de Probabilités, XXIV, 1988/89,
Lecture Notes in Math., 1426, Springer, Berlin, 1990, pp. 329-344.

__, Permutation model for semi-circular systems and quantum random walks. Pacific J.
Math. 171(1995), no. 2, 373-387.

—, Le théoreme de Pitman, le groupe quantique SU,4(2), et une question de P. A. Meyer.
In: In memoriam Paul-André Meyer: Séminaire de Probabilités XXXIX, Lecture Notes in
Math., 1874, Springer, Berlin, 2006, pp. 61-75.

, Introduction to random walks on noncommutative spaces. In: Quantum potential
theory, Lecture Notes in Math., 1954, Springer, Berlin, 2008, pp. 61-116.

M. Defosseux, Orbit measures, random matrix theory and interlaced determinantal
processes. Ann. Inst. Henri Poincaré Probab. Stat. 46(2010), no. 1, 209-249.
http://dx.doi.org/10.1214/09-AIHP314

J. E. Humphreys, Introduction to Lie algebras and representation theory. Second Printing,
revised, Graduate Texts in Mathematics, 9, Springer-Verlag, New York-Berlin, 1978.

W. H. Klink and T. Ton-That, Invariant theory of the block diagonal subgroups of GL(n, C)
and generalized Casimir operators. J. Algebra 145(1992), no. 1, 187-203.
http://dx.doi.org/10.1016/0021-8693(92)90184-N

P.-A. Meyer, Quantum probability for probabilists. Lecture Notes in Mathematics, 1538,
Springer-Verlag, Berlin, 1993.

B. Qksendal, Stochastic differential equations. An introduction with applications.
Universitext, Springer-Verlag, Berlin, 2003.

D. P. Zelobenko, Compact Lie groups and their representations. Translations of
Mathematical Monographs, 40, American Mathematical Society, Providence, RI, 1973.

Laboratoire de Probabilités et Modeles Aléatoires, Université Paris 6, Paris Cedex 05
e-mail: francois.chapon@upmc.fr

Laboratoire de Mathématiques Appliquées a Paris 5, Université Paris 5, 75270 Paris Cedex 06
e-mail: manon.defosseux@parisdescartes.fr

https://doi.org/10.4153/CJM-2011-064-4 Published online by Cambridge University Press


http://arxiv.org/abs/1007.0220
http://dx.doi.org/10.1214/09-AIHP314
http://dx.doi.org/10.1016/0021-8693(92)90184-N
https://doi.org/10.4153/CJM-2011-064-4

