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1. Introduction

Let X, denote the space of unimodular lattices in R¢ which can be naturally identified
with SL4(Z)\SL4(R) and denote by g the Haar measure on X4 normalised to be a
probability measure. Let f:R? — R be a bounded function of compact support. The
Siegel transform S;(f) of f is defined by

Si(f)(A) =) f(m), A € SLq(Z)\SLa(R).

meA

In [20], Siegel proved that

S)(f)dp = / F(x)d+ £(0),
X, Rd

This result, often referred to as Siegel’s mean value formula, is a fundamental result in
the geometry of numbers and has proved to be indispensable in homogeneous dynamics,
especially in applications to Diophantine problems. Following Siegel’s result, Rogers [13]
established intricate formulae for the higher moments of Siegel transforms (see Theorem
2.2 in Section 2). These formulae have since become an important tool in a wide variety
of Diophantine problems. It is of considerable interest to prove analogues of Siegel’s
and Rogers’ formulae for other homogeneous spaces. In this paper, we will establish
explicit higher moment formulae for analogues of the Siegel transform on the following
two homogeneous spaces, which are equipped with natural invariant probability measures
py and pg on Y and Yy, respectively (see Section 2).

e The space Y := ASL4(Z)\ASL4(R).
e The space Yy, := {(Zd—i— p> g:g€ SLd(R)}, where p € Z?\ {0} and ¢ € N>,
q >
with ged(p,q) = 1.

There have been many developments since Rogers’ work; among those pertinent to
the present paper is the recent work [8] of the third named author where S-arithmetic
versions of Rogers’ theorems are established. Analogues of Siegel transforms for Y and
Y, /q have been considered, and, in fact, a second moment formula has been obtained in
each case — in the affine case, by El-Baz, Marklof and Vinogradov [4], where they were
used to study the distribution of gaps between lattice directions (see also [2]), and in the
congruence case, by Ghosh, Kelmer and Yu [6], where they were used to study effective
versions of an inhomogeneous version of Oppenheim’s conjecture on quadratic forms. In
fact, they have other applications as well. We refer the reader to [1] for an application
of the congruence second moment formula to Diophantine approximation and to [5] for
an S-arithmetic version of the congruence second moment formula with applications to
quadratic forms.

The main results in the present paper are formulas computing all the higher moments
of Siegel transforms for both the affine and congruence cases. We also obtain analogues
of a modification to Rogers’ formula, due to Strombergsson and Soédergren [22]. Our
proof of the higher moment formulae owes a lot to the breakthrough work of Marklof
and Strombergsson [11]. As will become clear, we make significant use of the ideas in
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Section 7 of their paper. Our formulas are explicit but, as is the case with Rogers’ original
formula, are heavy on notation and need some buildup to state. We therefore postpone
stating them to the next section. The reader will find the higher moment formula for
Siegel transforms on Y in Theorem 2.12, and the formula for Siegel transforms on Y}/,
in Theorem 2.13. If history is a reliable guide, then our higher moment formulae will
find good uses in counting problems. In the present paper, we provide applications to
limiting distributions in lattice point counting problems. We devote the remainder of the
introduction to discussing these applications.

1.1. Applications to counting results

Our counting results are inspired by the work of Strombergsson and Sédergren [22]. Given
d > 2, alattice L € Xy and a real number z > 0, set

2\ Vi
Ny, (x) ::#{mEL\{O} 2 m| < <Vd> },

where V,; denotes the volume of the unit ball in R%. Further, let
Rd7L(x) = Nd,L(x) — T

be the error term in the Gauss circle problem. Strombergsson and Sodergren proved
several interesting results regarding the behaviour of R,, 1, including the following central
limit theorem for a random lattice L.

Theorem (Strombergsson and Sodergren [22]). Let ¢ : Zy — R, be any function
satisfying lim,, . ¢(d) = oo and ¢(d) = O.(e°?) for every £ > 0. Let ZéB) be the random
variable

(B) ._
Z, " = 2¢(d)Rd,L(¢(d))

with L picked at random in (Xg,4). Then
ZC(lB) — N(0,1) as d — o0
in distribution.

Earlier, Sodegren [23] studied the distribution of lengths of lattice vectors in a
random lattice of large dimension. Strombergsson and Sodergren used the central limit
theorem above in conjunction with S6degren’s theorem to establish the following theorem
indicating Poissonian behaviour for sequences growing sub-exponentially with respect to
the dimension.

Theorem (Strombergsson and Sodergren [22]). Let ¢ : Zy — Ry be any function
satisfying lim,, o ¢(d) = oo and ¢(d) = O.(e*?) for every ¢ > 0. Let A'(x) be a Poisson
distributed random variable with expectation /2. Then

Prob,(Ng,1(z) <2N)—Prob(N(z) < N) — 0 as d — oo,

uniformly with respect to all N,z > 0, satisfying min(z,N) < ¢(d).
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More generally, they considered the case of several pairwise disjoint subsets and studied
the joint distribution of the normalised counting variables and obtained a functional
central limit theorem.

In this paper, we are concerned with two natural variations on this theme. Namely, we
will consider the lattice point counting problem where the lattice is chosen at random
from the spaces (Y, py) and (Yp /4, fiq)-

We refer to these as the affine lattice point counting problem and the congruence lattice
point counting problem, respectively. We prove analogues of the results of Strombergsson
and Sodergren in the affine and congruence setting, and also analogues of results of Rogers
[16], Schmidt [18] and S6dergren [23] on Poissonian behaviour of lengths of lattice vectors
in a randomly chosen lattice; see also related work of Kim [9]. The main tool in [22] is a
version of Rogers’ formula; in fact, one needs all moments, not just the second moment.
In an analogous fashion, Theorems 2.12 and 2.13 will play a starring role in the proofs of
the results stated below.

1.2. Counting results

Our first two results are analogues of Sodergren’s results [23] in the affine and congruence
setting, respectively. For each d > 2, let S =8; = {S; : t > 0} be an increasing family of
subsets of R? with vol(S;) =¢, and for A € Y = ASL4(Z) \ ASL4(R), set

Denote by {N?*(t) : t > 0} a Poisson process on the non-negative real line with
intensity .

Theorem 1.1. The stochastic process {Ny(A):t >0} converges weakly to {N'(t):t >0}
as d goes to infinity.

Let g € N>o be given. For each d > 2, consider S = Sg = {S; : t > 0}, an increasing family
of subsets of R? and p/q € Q% for some p = py € Z? coprime with ¢. By abuse of notation,
set

Ne(A) = #(S:NA),
for A€ (Yp,q Hq)-
Theorem 1.2.

(i) For q >3, the stochastic process {Ny(A) :t >0} converges weakly to {N'(t):t> 0}
as d goes to infinity.

(ii) For g =2, assume that S;’s are symmetric about origin, and let Kft = %Nt. Then the
stochastic process {Nt(A) > O} converges weakly to {N/2(t) :t >0} as d goes to
nfinity.

Next, we establish a central limit theorem for the normalised error term in the lattice
point problem for a random affine lattice.
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Theorem 1.3. Let ¢ : N — Ry be a function for which

lim ¢(d) =c0 and é(d) = O (e*?), Ve > 0. (1.1)

d—oo

Consider a sequence {Sq}aen of Borel sets Sq CRY such that vol(Sy) = ¢(d). Let

#(ANSy) —o(d)
¢(d)

be the random variable with A € (Y,uy). Then

Zy=

75— N(0,1) as d — oo
in distribution.

We now turn to the space Y/, which can be viewed as a finite volume homogeneous
space of SLq(R) (see Section 2.2) and therefore inherits a natural finite Haar measure p,,.

Theorem 1.4. Let a function ¢ : N — R~ and a sequence {Sy} of Borel sets be given as
in Theorem 1.3. When q =2, we further assume that each Sy is symmetric with respect
to the origin. Let

# (AN Sq) —¢(d)

y ifq=2;
o _ 26()
# (AN 54) — ¢(d) otherwise
o(d)

be a random variable associated with A € (Yp,q,11q). Then
Zg/q = N(0,1) as d — o0
in distribution.

The next two theorems are functional central limit theorems in the affine and congruence
case respectively.

Theorem 1.5. Let a function ¢ : N — Ry be given as in Theorem 1.3. Consider a
sequence {Sq}aen of star-shaped Borel sets Sq C RY centered at the origin such that
vol(Sq) = ¢(d). Let us define the random function

# (ANt/1S,) —tp(d)
¢(d)

where A is a random affine lattice in (Y,uy). Here, tS = {tv €R%:v € S} for anyt € R>q
and S CRY. Then Zi(t) converges in distribution to one-dimensional Brownian motion
as d goes to infinity.

te[0,1]— Zj(t) =

?
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Theorem 1.6. Let a function ¢ : N — Ry and a sequence {Sq}aen of Borel sets be as
in Theorem 1.5. When q =2, we further assume that each Sy is symmetric with respect
to the origin. Define the random function

# (ANt/1S,) —tp(d)

0 s fg=2;
te[0,1]— ZP/9(t) :=
# (ANt/1S,) —tp(d) ,
, otherwise.
o(d)

Then Zg/q(t) converges in distribution to one-dimensional Brownian motion.

Structure of the paper

In Section 2, we state and prove the moment formulae for the affine and congruence cases.
In fact, we provide two approaches, one kindly suggested to us by the referee. Section
3 is devoted to the study of Poissonian behaviour. In particular, analogues of results of
Sodergren [23] and Rogers [14, 15] in the affine and congruence setting are established.
These results might be of independent interest. Section 4 contains affine and congruence
versions of the variation on Rogers’ formula developed by Strombergsson and Sodergren.
Finally, Section 5 is devoted to the proofs of the counting results.

2. Higher Moment Formulae

We define

ASLy(R) := {( ! ; ) :gGSLd(R),feRd}

and denote by (§,9) an element of ASL4(R). One can identify the space of affine
unimodular lattices with

Ya=Y = ASL4(Z)\ASL4(R)
via the map
ASL4(Z)(&,9) = Zg+¢.
We denote by py the Haar measure on ASL,4(R) normalised so that
py (ASLa(Z)\ASLq(R)) = 1.

Let F: (R%)* — R be a bounded function of compact support. Define the transform
Sk(F) of F by

Se(F)(A)= Y F(my,...,my), A € ASLy(Z)\ASL4(R).

m; € A
1<:<k
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By a mild abuse of notation, we will use Si(F") to also denote the function induced by
the natural inclusion

Notation 2.1. We follow Rogers [13] in setting some notation and recalling the definition
of admissible matrices.

(1) We will identify the k-th power (R?)* of R? with Maty, 4(R). For a matrix D, denote
by [D]? the j-th column of D and [D]; the i-th row of D.

(2) For u e N and r € {1,...,k}, the collection D , is the set of integral matrices
D = (d;;j) € Maty ,(Z) such that the greatest common divisor of all elements of D
is one and there are 1 <i; <... <4, <k with the following properties:

(1) t([D]il, ey [D]ZT) = uIdT;
(ii) djj=0for 1 <j<randl<i<ij.
We say that D is admissible if D satisfies the above properties.

(3) For each D € DF

U
(a) set Ip:={i1 <... <4}, where iy <... <1, are as above;
(b) let
n; n;
D R o 7Y
<I><d>(D7u) — : c (Zd)r .2 : c (Zd)k and ' ng, . Il are
: U : linearly independent

n, n,

(c) define N(D,u) to be the number of vectors v € {0,1...,u—1}" for which
1
—D'veZF.
u

We are now ready to state Rogers’ famous integral formula for Si(F') on SL4(Z)\SL4(R)
introduced in [13].

Theorem 2.2 (Rogers [13]). Let F: (RY)* — Rsq, where 1 <k <d—1, be a bounded
function of compact support. Then,

0 Vi

k d
spWaw=r| |+ ¥ MBS g

d
0 r=1 uENDeQVIﬁ,u (RE)™

dvy .- dv,.

SIS

Xa
Vi

We note that Rogers did not comment on the nature of convergence of the RHS of the
above equation. He did, however, mention [13 | second paragraph of page 279] that results
in another paper of his [14, §9] imply absolute convergence for d > [+k?]+2). Schmidt [17]
showed that in the case of a bounded compactly supported function F : (R%)* — R>g, the
above sum is absolutely convergent; in other words, both sides of the above equation are
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finite (and equal). Thus, Rogers’ theorem holds also for a bounded compactly supported
function F: (R%)* — R, and both sides of the above equation are finite in this case (since
Rogers’ theorem holds for |F|, we have absolute convergence of the sum, and we can
rearrange the terms in the sum).

Theorem 2.2 follows from the fact that

k
@ ={"0,....00bu ||| |] %@@(au)

r=lueNDeDk ,

and the following proposition.

Proposition 2.3 (Rogers [13]). Let F : (R*)* — R be a bounded function of compact

support. For each D € @’f’u, we have
p™ N(D,u)? p "
/ oo Fl=| e du(g)z%/ paoll == dvy--- dv,.
Xq & U ’ uer (Rd)" u
(n1,...,n,) n, Vi

€ 9D (D,u)

2.1. Higher moment formulae for Y

In [4], El-Baz, Marklof and Vinogradov established a second moment formula for the
Siegel transform on Y = ASLy(Z)\ASL3(R) which easily extends to the case when d >3
(see [4, Appendix B]). We will generalise their result to higher moment formulae for the
transform Sk (-) on Y. It is well-known that

U {€9):¢€0.1)%g}

geF
is a fundamental domain for Y, where F is any fixed fundamental domain for
SL4(Z)\SL4(R). Thus, one can take the probability ASLy(R)-invariant measure py on

Y as the measure inherited from the product of the Haar measure p on SLg(R) and the
Lebesgue measure on R?.

Theorem 2.4. Let F': (RY)* — R be a bounded compactly supported function, and d > 2.
We have the following:

(i) For k=1,

| sP@an @)= | Faay. (2.1)

Rd
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(ii) For 2 <k <d,

y1 Y1
y2 Y1
/sk Naw@= [ F| T ayiayeanes [ £y
Re)k : Rd :
Yk Y1
Y1

+ZZ Z /Rd)HIF 24 }’2 dyi1dys--- dyr41,

r=1 “eNDEQk !
yr+l

where D' for D € D71 is k x (r+1) matriz defined by

(2.3)

Here, as a convention, for k=2, let us assume that 22:1 18 the empty summation.

Finally, both sides of the equation (2.2) are finite.

Proof. We first remark that the k =1 case is classical and can be proved using the folding
and unfolding argument. When k = 2, the result can be deduced from [4, Appendix
B|, where the authors proved the second moment formula for d = 2. However, their
proof can be seen to work in full generality. We will therefore focus on the case when
k> 3.

Fix any fundamental domain F for SLg(Z)\SL4(R). For each g € F, by the change of
variables £ = g, we have

/ Se(F)(Zg +€) du(g) dé = / Se(F) (22 +1)g) du(g) dn
Y Y

(m1 +n)g
(m2+n)g
/ / F : dndu(g).
[0,1)d e Zd :
ISisk (my+n)g

For each g € F and m; € Z%, put y; = (n+m;)g and m; =mj; —my for 2<j5 <k,
Since Uy, eza (my +[0,1)?) =R?, the above expression is
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yi
y1+myg
) Z F : dy1 du(g)
R ez :
2 Zi<k y1+m,g
Y1 yi1
Y1 y2
= [ F| . dy1+ Fl . dy1dysz--- dyx
R : (Rd )k :
Y1 Yk

Y1
k—2 oo

+ZZ Z /Rd)r+1F D’ Y2 dyi1dyz--- dyr41,

r=1u= 1De©k 1
YT+1

where D’ is defined as in (2.3) In the last equality, we applied Theorem 2.2 to the function

F/:(va'“ayk)H/dF(ylayl"’_y%”'vyl"’_yk) dyl
R,

Observe that it is enough to prove finiteness for F' > 0. Indeed, for general F| finiteness
for |F| proves the absolute convergence of the sum in the RHS of (2.2). We note that
(for F >0) F’ is a compactly supported bounded positive function, and hence, invoking
Schmidt [17, Theorem 2] for this function proves our claim. O

2.2. Higher moment formulae for Y/,
Recall that for p € Z4\ {0} and q € N>, such that ged(p,q) = 1, we set
Y,

g :={<Zd+g>g:g€SLd(R)} cy.

We remark that the space Y/, does not depend on p because Y/, is the space of all
affine grids L+ v, where L is a unimodular lattice in R? and v € R? is a representative

of a torsion point of order ¢ in the torus R%/L. Indeed, one can see that for such L+ v,
wg

3 g € SL4(R) such that L = Z%g, and since qv € L, we have v = i where w € Z¢ and
w is of order ¢ in (Z/qZ)? (since v is of order ¢). Therefore, L +v = (Zd—i— %)g. Since

p is also of order ¢ in (Z/qZ)? and SL4(Z) acts transitively on elements of order ¢ in
(Z/qZ)?, 3 v € SL4(Z) such that w = py. Hence,

L+ (Zd PV)g: (Zd—kp)vg.
q q

Let {e;} be the canonical basis of R%. Define

I'(q) ={y€SL4(Z) :y=1dq mod ¢},
['i(q) ={y€SL4(Z):e17v=e; modgq},
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and X, =I'(¢)\SLq(R). If we choose any ~yp € SLq(Z) for which p = re;7p, where r =
gedp, then Yy, can be identified with v, 'T'1(¢)yp\SLa(R) ([6, Lemma 3.1]). Denote
by pq the Haar measure on SL4(R) normalised so that 14(Yp,4) = 1. More precisely, let
Jq =[SLa(Z) :T'1(g)]. We can see that p, = Jiqu, which is independent of the choice of p.

Recall that we identify the k-tuple (R%)* of R? with Maty, 4(R). Let {E;;: 1 <i<k,1<
j < d} be the standard basis for (R%)¥; that is, the (k,£)-entry [Ejj]e =0 except that
[Eijlij = 1.

The Lemma below essentially follows from the definition. However, we provide a proof
since it is vital in setting up and proving moment formulas for congruence quotients.

Lemma 2.5. For each D € ®F , where ©F  is as in Notation 2.1, define

4 D £y
Ap = ez = 0 | ezF
: w :
L, £,
It follows that % :Ap — %RT 1s injective, and moreover,

D D

—Ap=—R"NZ*.
U U

In other words, the set %AD is a primitive sublattice of Z* of rank r, which is given by
intersecting with the rational subspace %R’” C R*.

Proof. One direction as well as the injectivity is obvious. Let us show the other direction.
Suppose that £ € R" satisfies that %E € Z*. Considering indices 1 <i; <... <i, <k in
Notation 2.1 (2), we have that £= ([2€]",...,[2€]") € Z". This proves the lemma since

Ap=7"n(2)7"z*. 0

Notation 2.6. For each D ¢ @fyu, since Ap defined as in Lemma 2.5 is primitive, one

can find elements by,...,by_, in Z* such that for any Z-basis {by_,,1,...,bg} of %A, it
holds that

ZF =7b® - & Zby.
Fix such a set {by,...,by_} for each D € DF  and denote
R(D) =Zby®---®Zby,_,

so that Z* = Jyer(py (6+ £ Ap). We also define the set P,(R(D)) for every ¢ € N with
ged(t,q) =1 as

P.(R(D))={€eR(D) :ged(£,t) =1}.

We are now ready to formulate the higher moment formula for Y, based on
Notation 2.6. The formula in equation (2.4) below depends on a choice of R(D) for
each @f,u. We are very grateful to the anonymous referee for providing an alternative
formulation which does not involve any ad hoc choices. This formulation can be found in
Theorem 2.13. We have chosen to include both formulations because we believe that (2.4)
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is more “intrinsic” in some sense (i.e., more indicative of the proof); see, for instance, the
similarity with the second moment formula proven in [6] (see also [11, Proposition 7.6]).

Theorem 2.7. Letd >3 and 1 <k <d—1. Let F: (RY)* =R be bounded and compactly
supported. Then

(1) For k=1,
| srmdnw = [ Foay.
p/q R
(2) For2<k<d-1,
/ Sk(F)(A)dpg(A) = / F(*(y1,.--.yx)) dy1--- dys
p/q (R)k
ly
(t+liq)y
+/ F("y,....y)) dy + Z Z / : dy
Re teN £#0 :
(t,q)=1 ezr1 (t+le—19)y

Y1

k—2

N(D,u)4

N FlD : dyq--- dy,
DO DM T | R

r=1ueN peky!

Yr+1
yi1
N(D,u)4
S ma e Pl | fae),
tenN
(t,g) =1 Pt(’R(D)) Yr+1

(2.4)

where D' and D, , for D € DF. and £="({1,... .l 1) € P(R(D)) are kx (r+1)
matrices defined as follows:

t ‘ 0---0
t+101q
and Di,ez . lD
: u
t+Llp_1q

Here, if k=2, we will consider Z?n:l as the empty summation.

Finally, both sides of the equation (2.4) are finite.

Notice that the right-hand side of the above expression does not depend on p € Z4\ {0},
once ged(p,q) = 1.
We need several lemmas for the proof of Theorem 2.7. Let

H= {( tll 5/ ) v e RY andg’ESLd_l(R)}

\%
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and denote an element of H by [v’,¢']. Let us identify SLg_1(R) with the subgroup {[0,¢] :
g €SLi_1(R)} of H. One can define the Haar measure pgy on H by the product of p/ and
the Lebesgue measure on R~! where ' is the Haar measure such that p/(X4_1) = 1.
Notice the difference between H and ASL;_;(R). For instance, a fundamental domain
of (SL4(Z)NH)\H is given by [0,1)?! x F;_;, where F;_; is a fundamental domain of
SL4—1(Z)\SL4—1(R), whereas that of ASL;_1(Z)\ASL4—1(R) is given by

{l¢d.9": 9 € Fa—rand & € [0,1)d_1}.

Proposition 2.8. Let F': (Rd)k — R>o, whered>3 and 1 <k <d—2, be a bounded and
compactly supported function. Suppose that & = (21,&") € R® with z; € R and &' € 2471,
Then,

/ Sk(F) (24 +€)g) dun(g)
SL4(Z)NH\H

l1,..., b EL i=1

k
DD VDY
r=lueNDe®Dk  *(4y,... 0)
€ R(D)
k X1

N(D,u)¢ D
%/ F Z(zl +4) B+ — : dxq -+ dx,..
u (Re)r ] U X

Note that H is the isotropy subgroup of e; in SL4(R). We will compute the integral
fSLd(Z)mH\HSk (F)dug in two steps: we first process the integrals associated to the first
column in (R%)* ~ Maty, 4(R) and then apply Theorem 2.2 to the integrals associated to
the remaining columns. For this, we need the lemma below which describes the relation

between the primitive sublattice —AD of ZF for D € @’,fu and its sublattice fAC for
some C € DF

r—1w-*

Lemma 2.9. Recall Notation 2.6. Let D € ©F

U

with r > 2.
(a) For 1 <jo<r and ay,...,aj,—1 €Q, define Cy € Maty,,1(Q) by
o = [D/u) +a;[D/ul’o  for 1< j< jo;
! [D/u)i+! for jo<j<r—1.

Let w € N be the least common denominator of Cy and C := wC; € DF_ 1w
Let Dk 1w(D) be the collection of such matrices C. There is a one-to-one
correspondence between

U Dk 1,w(D) and {(r — 1)-dimensional rational subspaces in DR"}.
weN
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(b) For each C € ©F (D), define

r—1,w
AD(C) = {t(fl, ... ,ET) cAp:arby+--- —&—ajo_lﬁjo_l = Ejo} .

Then there is a natural isomorphism from Ac to Ap(C) so that
C

w

BAD(C) Ac C BAD C ZF.
u u

For each such pair (D,C), one can choose (and fix from now on) an element
bp € Ap —Ap(C) so that if we let Rp(C) =Zbp\ {0}, then it holds that

Ap—Ap(C)= | ] (£+An(C)).
LeRp(C)

(c) For a given C € Dk let Dy € ®F,, and Dy € D}, be such that Dy # Dy and

r—1,w>

Cedf | ,(D)NDF | (D). Then
D D
ZLRp, (C)N 2R, (C) =0.
U U2

Hence, for any £ € %RDl(C) and £y € %’RDQ (C), it follows that

C C
<£1 + Ac) N (52 + Ac) = 0.
w w

(d) For a given C € DF one can choose R(C) in Notation 2.6 to be

R(C)={"0,...,0}u| | | ] %RD(C)
u€N  DpeDk st

Cedk (D)

r—1,w

and vice versa.

Proof. (a) One way is obvious from its construction. Suppose that W C DR" is a

codimension-one rational subspace of DR”. Then there is C' € ©F_, , so that %R”’l =W.

We want to show that C € ®F_, (D). Pick any *(mj,...,my) € (RY)* € £(R4)F N (24)*

r—1,w
with rank (r—1) and *(m/,...,m.) and *(m/,...,m”_,) be such that

/ "

m) m; m)

. c
u : w :

m), m m/

T k r—1

Let Ip = {i; <... <i,} be as in Notation 2.1 (3). Since rk*(mj,...,mg) =r—1, and
by definition of D and C, there is 1 < jg < r for which

"

! __ I " _ X _ .
m; =m;, =mj, ..., m =my, , =mj _;

/
Jjo—1
m/;, =am)+---+a;,_ym/ _, for som i_1€Q;
jo—al 1 Ajo—1 jo—1 or some aj,...,0;5,—1 ;
/ _ i _ Z I R "

ij_H _m%ﬂ —mjo, teey mT —mzr —mT_l.
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It is easily seen that Cy constructed from D with j and as,...,a;,—1 € Q in Property (a)
is equal to C.
(b) It is obvious from the definition that C'€ ®_, ,,. The map
t(gh e ,67«_1) —> t(gh e ,Ejo_l,alfl + e + ajo—lgjo—lvgjm e a£r—1)
gives an isomorphism from A¢ to Ap(C), and by definition,

C

D
Et(fl,m,&»—l) = ;t(ela-“agjo—l’a'lél +otajo1lio1,ljgs - bro1) €ZF.

Recall Lemma 2.5. Since %AC is primitive, there is an element b € %AD for which
DAp=CSAc®Zb. Set bp = (2) b,

u

(¢) Let Rp,(C) be generated by bp, for ¢ = 1,2. From the fact that %Rrﬁ %RT =
%RT_17 in other words,

D;
Digr_C
(7 w

D; .
R”@R( qu,> (i=1,2),

Usg

it is obvious that %RDI(C) N %RD2 (C) = 0. Moreover, for any £; € 2i where i = 1,2,

Usg

£+ g/\c ce+ QRFI,
w w

: . Cror—1 7o D; Crr—1 S . :
which are affine subspaces of ZR"™" lying on R - ZRT for ¢ = 1,2, respectively.
Hence, they are disjoint.

To deduce (d) from (c), it suffices to show that

C D c
—Ao+ <{t(0,...,0)}u L] L] URD(C)> = —Ac+R(C).
ueN De@’:u
Ccedt (D)

Let £ € R(C) be given. Since %Rr_l @ RY is a rational subspace of rank r, there are
w €N and D € ®F . which are uniquely determined, such that %R“l SRE= %]R”. It is

T,

obvious that £ € 2Ap — Ap(C); hence, there is £ € 2R p(C) so that
D C
Lel +—Ap(C)=4+—Ac,
u w

as asserted in the claim. O

Proof of Proposition 2.8. Fix a fundamental domain F' of SLg_1(Z)\SL4—1(R) so
that F’ x [0,1)?7! is a fundamental domain of (SL4(Z)NH)\H.
Recall that (Z4)*\ {*(0,...,0)} is partitioned into |_|7lf=1 Lenpeons Lo@(D,u),

where DF , and ®(@)(D,u) are as in Notation 2.1.
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By taking g = [v/,¢'] and from Rogers’ formula, we have that

/ S(F) (24 +6)v'g) dpusr(v'9')
(SLq(Z)NH)\H
(61 +21)+m)tv' | myg
/ > F z | avar(@)
mZ:Z% N\ U+ 21)+m) v | m)g
1<i<k
z1 0,...,0
Fl +zzz/m >
z110,...,0 r=lu€NDeD} Y(ni,...,n;)
€ o (D,u)
A1 4 o™ o™
E Svsll R I bl B v o K dv'dy'(g),
21 e, n’, o

where n; = (¢},n}) for 1 <j <r.

Now, let D € ®F , be given. For each *((¢},n}),..
Y(nf,...,n}) is cither 7 or r— 1.

Assume that r > 2. Tt is easy to verify that

L(nl)) € ®D(D,u), the rank of

@ (Du) = (AD X <I>(d*1>(D,u)) ¥

/

m
: n
L] || Ap=Ap(C)x Q| Sis ami, : : e oV(Cw) 3y,
weNoeDk_ | (D) : n_,
n;'fl rx(d—1)
where D}, (D) and Ap(C) are as in Lemma 2.9.
Let us first compute the following integral
/f’x[o’”“ ot tm))
€Ap € o=V (D )
z1 4 n} n}
D D D
F S+ = = R Colg | davide/(g).
u u u
z1 i n., n’

(2.5)
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Fix ¢ € F' and N :="*(nf,...,n.) € &=V (Dw). Set Jy ={1<j; <...<j, <d—1}
such that N7/~ := ([N]71,...,[N}7") has a nonzero determinant. Denote by

to,/ IN t,/ ISt/
Nv:NNvJN—FNNVJJCV,

where v/; = (v;)jesy € R" and v)je = (vi)ieug, € R@=D=" Define

,_.\
8
%

o . D ¢ D D
G : = F : = : = : —Ng’
: > Do+ Do+ : —Ng

t / ’
x (TR z l x
r EADr 1 r r

<

Obviously, G is Ap-invariant so that it is uZ"-invariant, and G(N -) is Z¢~l-invariant.
We want to compute the integral

U1
/[0 l)dilG N dvy - dvg—q
Vd—1
= L/ G (NJNVJN —|—NJ1CVVJ1CV> dv/™ dv/w.
u?=t Jig a1

By the change of variables
vIN s NINyIN 4 NNy TN = Yxy,...,2,),

the above integral is

T
1 .
:ﬁ/ / G| : |ldetN/~[""day - da, dvy
u [0,u)é=1=7 JNIN[0,u) "+ NN v/~ x
1 o
z—(H/ / G|l ¢ ||detN/¥|7 day - day dvIN
u [0,u)d=1=7 J NIN[0,u)" :
1 o
=— G| : dzy - dz,.
ur Jio,u)r '
Ty

Let Fj,, be a fundamental domain for Ap in [0,u)". Since [0,u)" is an N (D,u)-covering
of Fa,, it follows that

https://doi.org/10.1017/5147474802300035X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300035X

2098 M. Alam et al.

U1

/ G| N dvq -+ dvg—1
o0 Vd—1
z1 I +1€’1

:N(‘Drvu)/ Z ja _|_9 . BNg/ dzy--- dz,

P e e a2) “Nate )"

€Ap
Z1 T

:M,’u)/ F +Q 2]\79’ dzq--- dz,.

u r . (3 . U

Therefore, applying Proposition 2.3, the integral (2.5) is

by

*(n},...,n})

e @@= (D,u)

N(D,u) /
U JSLy 1 (2)\SLa-a(R)

21 D T D n;
/ F Do+ = : — g | deye- da i/ (9)
. U u
21 Ty n,
N(Dyu) N(D, u)d1
- ur wd=1)r
21 D 1 b x)
/ / S+ = : = : dzy--- do,dx] - dx.
Rd-1) r : u u .
21 T, x!.
X1
N(D
_(UT“/ ZzlEmL— : dx; --- dx,.
XT

Now, let us fix C € ®F_; (D) and let Ap(C) and Rp(C) be as in Lemma 2.9. We
want to compute

/.;'—’X[O,l)dl Z Z

t(fll,...,é;) t(n/l,“.,n,/y,il)
EADp—AD(C) ¢ oY (C,uw)

(2.6)
z1 b 4 c n} c n)
F + to : tv/ w : g | dv'du'(¢")
21 0 n,._, n._,
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Since %(AD —AD(C)) %('RD(C) +AD(C)) = %'RD(C) + %AC from Lemma 2.9 (a),
the integral (2.6) is

z/m > >

LERD .0 f(nf,....nl_))
€ Ac e @@=V (C,w)
z1 1 n} Y
D C C
F +2e+ = += N R g | v di(g")
w w : w
21 r—1 n;_, n;_,
Repeating the same argument with the above, where now we put N =*(nf,...,n._;)
with t(n],...,n’_,) € @1 (C,w) and
I Z1 D C £I1 C X1 C’
G . = Z F : + —l+ — : + = : *Ng/ ,
: / , : ” w K w : w
Tyr—1 (elvé'Afr—l) Z1 1€T71 Tyr—1
we have that the integral (2.6) is
N(C,w)d cf ™
(7’1”) (Zl_t,_,gi)Eﬂ_Ff : dxq---dx,—1.
wd(r=1) dyr—1 w ’
61 k (RY) i=1
X1

GDR

If r=1 and rk*(nj,...,n}) =0, that is, *(nf,...,n.) =*(0,...,0) and the integral is

k
F <Z(21 +£i)Ei1> )
i=1

where Y(£1,...,0,) # %(0,...,0). Otherwise, they form Ap x ®@=Y(D,u), and one can
proceed the same computation with the first case when r > 2.

Now the proposition follows from Lemma 2.9 (c¢) after rearranging the summation with
respecttoCG@ for1<r—1<kand weN. O

r—1,w

For each y c ]Rd\{()}, define
= . d p
Xq(y) {I (9)g€Xy:y € <Z +q> g}.

It is known that for each t € N with ged(t,q) = 1, there is k; € Z% 4 p/q with ged(qk;) =t
so that we have the decomposition

Xq(Y) = |_| Xq(ktaY)a
teN
(t,g) =1
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where X, (ks,y) :={I'(q)g € X, : kg =y} (see [11, Page 1993] for details). Note that the
above decomposition holds for any such choice of k;. Moreover, if we put g; € SL4(R)
for each ¢ € N with ged(t,q) =1 and gy, € SL4(R), respectively, such that e;g; = k; and
eigy =Y, it follows that

Xo(key) ~ g7 ((9:0(q) g, "N H)\H) gy (2.7)

and one can define the probability measure vy, on X,(y) for which vy|x, (,y) is the

pull-back measure of ﬁum where I, := [SL4(Z) : T'(g)], with respect to the above

identification (see [11], especially (7.10)~(7.15) and Proposition 7.5).

Proposition 2.10. Let d >3 and 1 <k <d—1. Suppose that p € Z?\ {0} and q € N>y
such that ged(q,p) = 1. Let P.(R(D)) be as in Notation 2.6 after fiving R(D) for each
De®y,.

Let F: (RY)* — Rsq be a bounded and compactly supported function. For any 'y €
R?\ {0}, it follows that

/. i) ((z'+2)a) anto)

=F("y,...y)+ > tid > F(t<t+flqy7...,tt€ky))

teN Yly,... ) € ZF
(tg)=1 (l1y...,0,t) =1
k-1 y X1
N(D u)d/ D
+ — F A R : dx; -~ dx,
gzD; o |+ 1
mu y X
N(D,u)?
+ > X X
teN Le
(t,g) =1 P(R(D))
t+41q
R X1
D
/ F : +— : dx;--- dx,
r . u °
(Rd) t"‘gkq xr
— y

+/ F(*(x1,...,xx)) dxi -+ dxp.
(Re)*

Proof. Recall the definitions of g;, gy as in (2.7). If we let a;/, = diag(t/q,q/t,1,...,1),
then one can further assume that g; = a;/4y: for some v, € SLy(Z) ([11, Page 1993]).
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By the definition of vy, on X,(y),

/. i) ((z+2)9) anto

m; +Pp/q
=17 d / - > O F : g: 'hgy | duw(h)
‘1 teN (9:T(9)g; 'n m; € 74
(tg)=1 1<i<k my. +p/q
4 m; +p/q
q / . —1; —1
= F : v ha;, gy | dug(h).
I,¢(d) teN (P(a)nH\ eZ”’ " Jr ) t t/q7Y
(thg) =1 1Si<k k TP/

Note that (Z¢+p/q)v; * = (Z¢ + k)y; ' = Z¢ + (t/q)e; and (T(¢)NH)\ H is a
(¢ 118 )-covering of (SLq(Z)NH)\ H, where I}" ™" := [SLy_1(Z) : SLq_1(Z) NT(q)],
and one can apply Proposition 2.8. Since Ellat/q (¢/t)E;1, the above expression

equals
2d—17(d—1)
q p 1 [ t+11q t+/Lrq
—_ — F
1,C(d) > i > ( r VT Y
teN l1,....0LEL
(tg)=1

b N(D,u)?
153 31D DD SIS U

r=1uENDED, v L="1(4y,...,4)

€ R(D)
t+/l1q
R X
D -1
/dTF “!‘E at/qu Xm"'dXT
(R) t"‘gk;q X
— Y
t
We will use the well-known fact that
1,((d) 1
1 d-1) Z -
g2 ng ) o t4

(t1,9) =1

For the first summation, which is the case when r =0, put ¢ = t; - t3, where t; =
ged(fq, ...k, t). By renaming (¢1/t1,...,0;/t1) by (f4,...,0), it follows that
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2d—1 y(d—1)
Y 1 (t+lg t+ g
71N a F
I,¢(d) Z d Z ( ;YT Y
teN l1,...,lLEL
(tg) =1
2d—1 7(d—1)
q Iq Z 1 ¢
=TIl = | F (@ y)+
d R
1,¢(d) L eN g
(t1,9) =1
1 to+41q to+lrq
- F(*
O D DI
t2EN 41,...,€kez
(t2,q) =1 (l1,. - lryt2) =1
1 t+/41q t+4q
_ t t
teN l1y..., by €7
(tg)=1 (b1, . lt) =1

For the case when r =k, we only have w =1, D =Id; and R(D) = {*(0,...,0)}. After
a change of variables, the integral in this case is

q2d71[§d—1) 1 y X1 1
TIC(d) b F : : y dx,---d
14¢(d) tg\l td KRd)k : + : A/q9y X1 Xk
(t,g) =1 y X
2d—1 r(d—1) X1
q Iq 1 / )
=T 7 3 - F . Xm e ka
14¢(d) tze:N td (Re)k x
(t,q) =1 k
X1
(Rd)k °
Xk

Suppose that for 1 <r<k—landu€eN, D e ’D’,fm and R(D) are given. By rearranging
the summation, it holds that

s L
d dr
IqC(d> teN t £="(l1,... L) "

(t,q) =1 €R(D)
t+/01q

t p[ ™

/]Rd ,,F : JFZ at_/lqu dx; - dx,

(R) t+4lrq Xr

7 y
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y X1
2d—1(d=1) 1 | N(D.u)é D
_4 fa = %/ F + = dx;--- dx,
1,¢(d) oy | ou (RY)" u
1 y X
(t1,9) =1
t+01q
ND )d 7 y D X1
1 U
e St bt F : — : dxy -+ dx,
DI 2 eaax
teN Le t+lrq X,
(t:q) =1 Pi(R(D)) — Y
y X
N(D,u)? D
= 7( d’“) / F ol += : dx; -+ dx,
uer (Re)" : U ’
XT
t+41q
— Y X
N(D,u)4 t D 1
[ St F : - d d 9
Y Y G N Xy oo dx
teN Le t+ kg X,
(t:q) =1 P(R(D)) — Y

where for the first equality, as before, we put ¢t = t1t2 with ¢; = ged(€,t) and rename ¢,
and £/t; by t and £, respectively. This completes the proof of the proposition. O
To prove Theorem 2.13, we need one more lemma which has appeared in [6, (3.6)] and

also in [11, (7.25)].
Lemma 2.11 [6, (3.6)]. For a Borel measurable function ¢ : X, x RY — Rsq, we have

s ¢(r<q>g, <m+1q°>g) aul) = [ o /. ATy ) dy

9 mezd

Proof of Theorem 2.7. Let F': (Rd)k — R>( be compactly supported bounded and

e(C(Qgy)= > F<y, <m1+5) Gooos <mk—1+5> g)

miEZd
1<i<k—1

s (2))

where Fy : (RY)F~1 — Ry is defined by
Fy(}’27 e 7Yk) = F(Y7Y27 cee ay/ﬁ)'
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By Lemma 2.11, we have that
! Se(F)(A) da(A) = = r Plg)d
- KE) D) duA) =+ [ > ¢(T@)g (m+—)g ) dulg)
9 JYp/q q quezd q

= / / o(I'(q)g,y) dvy (g) dy
RI\{0} J X, (y)

:/ / Sk*l(FYI)(F(q)g) dVyl(g) dy1
Rd\{o} Xq()’l)

For the first equality, let us recall that X, =I'(q) \ SLq(R) is a I,/ .J,-covering of Y}, g,
where I, = [SL4(Z) : T'(¢)] and J, = [SLy4(Z) : T'1(q)].

Thus, for F' > 0, the equations in Theorem 2.7 immediately follow from Proposition
2.10, where we replace y; by %yl.

Let us deal with the finiteness claim for F' > 0: we will show that the LHS of (2.4) is
finite. Define @ : Y/, — X4 by ®(A) := A — A for every A € Y}, /,. This map induces the
measure O, (i) on Xg4, which is easily seen to be SLq(R)-invariant. Therefore, ®.(uq)
equals to p up to a positive constant. In fact, ® is the natural J,-to-1 covering map
from Yy, to Xg; thus, ®,(u) = Jyu. For A €Y,,,, we have A C ¢~ '®(A). Therefore,
Sk(F)(A) < Sp(F,)(®(A)), where F, : (RY)F — Ry, x — F(¢7!x) is a compactly
supported function. Hence,

Sk(F)(A) dﬂq(A) < Sk (Fq)(q)(A))dluq(A)
Yo/q Yb/q

=y [ Se(F)(A)d(h) < oc.

by Schmidt [17]. Thus, in the present case, the sum in the RHS of (2.4) is convergent.
We can now use classical techniques to prove Theorem 2.7 for a compactly supported
bounded function F : (R%)¥ — R. We first note that Theorem 2.7 holds for F; :=max(F,0)
and F_ :=max(—F,0). Finiteness for the function |F| implies that the sum with F in the
RHS of (2.4) is absolutely convergent. Furthermore, Sy (F')(A) = Sk (F4)(A) — Sk (F-)(A)
(for a.e. A); we can integrate and rearrange to see that Theorem 2.7 holds. O

2.3. Higher moment formulae revisited

For applications to Poisson distribution which are proved in the next section, we will
need that the “admissible matrices” appearing in the higher moment formula for Y are
contained in 33]:'/71/ for some k’,7" and u’, which does not hold in Theorem 2.4 and Theorem
2.7. In the process of proving the needed variations of the higher moment formulae, we
will define canonical sets of admissible matrices for each cases. In particular, we will see
that the set of “congruence-admissible matrices” can be defined without using any choice
of R(D) in Notation 2.6.
Let us first refine the higher moment formula for the space Y of affine lattices in R.
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Theorem 2.12. Let F : (RY)F — R>o be bounded and compactly supported. For d > 3
and 3 <k <d,

& ~ ~ Y1
N(D,u)? D
[ sP@aur )= 3 G E 2] ] ] e dv
Y — - u (]Rd)m u
m=1ueN Dem?ﬂ,,u Vim
(2.8)
where Qlfn,u is a subset of DL

mou gwen by

AL = {0 €D ¢ zm:[cr' t(u,...,u)}.

i=1

Notice that when m =1 and k, the only possible u is u =1 and

AV, ={"1L....,1)} and A}, ={Ids},

which corresponds to the first and second integrals of the RHS in (2.2), respectively.

Proof. Assume that 2<m <k—1sothat 1 <r:=m—1<k—2. Recall the & x m matrix
D’ in Theorem 2.4 from D € DF1

Take the map

De® ! uD' — Dedk . (2.9)

where we define [D]* = [uD']t — Z;’;Q[uD’]j and [D)J = [uD')? for 2 < j < m. Clearly, the

map is injective and D € Qlfﬁlu
Conversely, for any C' € Qlf,w,

denote by D the right-bottom minor of C of the size
(k—1) x 7. Then one can verify that D € ©57 and D = C.

Moreover, it is easy to show from their definitions that

N(D,u)"

N(D,u)?
ud(r+1)

udr )

and the map uD’ — D is the simple change of variables y; +y1 — y;» for2<j<m:

Y1 5 Y1
/ F|D'| : dyl---dym:/ Fl—1:
(Rd)™ ' (Rd)m u

Ym

: dyi--- dym. O
Ym

In contrast to the affine case, in the congruence case it is difficult and complicated to

describe the subset of matrices D € CDfn’uO,

for given 1 <m < k and ug € N, such that
DR™ = D'R™ or D ,R™

for some t € N with (t,¢) =1 and £ € P,(R(D)) appearing in Theorem 2.7.

https://doi.org/10.1017/5147474802300035X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300035X

2106 M. Alam et al.

For each u € N and D € ®F~* 1,u» once we fix R(D) in Notation 2.6, by the map

D uD'+ D as in (2.9)
1 ‘0...0

(1 0iq)/t _ (2.10)
. 1, |=D
u

(D7t,£) — UQDQI = Up

(t+Lo1q)/t

where D is defined by

m—1
~ t+ ~_ .
[D]l UODtl Z UQD ]j+1 and [D]] = [UODQ,AJ (] :27"'am)7
j=1
and ug € N is taken such that D € Maty, ,,(Z) with ged D = 1. Clearly, D € OF o
Hence, one can attempt to define such a subset le uo Of ’Dﬁl uo DY
C= Dfor some D € DF1 1,0 OF
Cruy = CEDY, ot (Dt,L) €DF | x NxR(D)in Notation 2.6 (2.11)

defined as in (2.10)

and reformulate the higher moment formula using these €m wo

As things stand, €F, , seems to depend on an ad hoc choice of a set of representatives
R(D). However, the anonymous referee has kindly provided us with an argument using
the Riesz representation theorem which shows that the set Qﬁfn,uO is independent to the
choice of R(D) regardless of its role in the construction. With this as background, we
now provide a cleaner definition of the set Cm uo» Meaning that we do not need an ad hoc

choice of R(D) for each D € CDmer. This definition was also suggested by the referee.

Theorem 2.13. Let d >3 and 1 <k <d—1. Let F: (RH)* — R>o be bounded and
compactly supported. Then

/ Sk(F)(A)dpg(A) = / F(*(y1,.--,yx)) dy1--- dys
Yo/q (RE)*
~ [ Y1 (2.12)
D U D
53> g MBaoll [l 2 ] vy,
m= IUENDGW‘ (®Em 1o Ym
where for 1 <m <k—1 and ug €N,
U1 C ng(vlaQ) = 13
Qfﬁluoz CG@ﬁluoz v=| : |€e —A¢ st vy =---=v, mod g, and
Uk o lv| =min(NN{v'-e; : v/ € £Ac})

(2.13)

Here, e; =(1,0,...,0) € R* and vy - vy = tvyvy is the standard dot product of R¥.
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Proof. We will consider the case when m > 2; then the case when m =1 would be easily
seen. Let us first show that the sets defined as in (2.11) and (2.13) are identical.
Assume that C' = D is an element of the set in (2.11). Note that

C
—Ac =CR™NZ* = DR™NZ* or D} ,R™NZ,
U ?
where D’ or D] , is as in (2.10) for some D € D} ! (r:=m—1),or D€ D}!, t € N with
(t,q) =1, and £ ="({y,....0;_1) € R(D) C Z¥~! settled in Notation 2.6, respectively. In
particular,
t t ¢
v:="(1,...,1) or “(t,t+/01q,....t+lk_1q) € U—AC,
0
respectively.
It suffices to show that
C D
AC:Zv@t(O,AD>, (2.14)
UuQ u

where *(0,2Ap) is the embedded image of 2Ap C R¥~1 into the last (k—1) coordinates
of R¥, since then it gives the fact that v; = min(NN{v'-e; : v’ € %Ac}). The inclusion
of the reverse direction is obvious.

Pick an arbitrary w € U%AC. Since CR™ =Rv @ '(0, DR"~!), one can take

C1

w=—v+50,v),
C2
where ¢; € Z, c; € N with ged(eq,c2) =1 and v/ € DR™™! C RF~1. Since w € Z*, it holds
that
C—lvl €Z & colv; and 2qﬁ—l—v’ ezk 1. (2.15)
C2 C2

If v; = 1, then automatically c; = 1 and v/ € ZF"1NDR" = %AD7 which implies that
VS Zv@t(O,%AD).

Suppose that v; =t > 2 so that £ # *(0,...,0). Denote £ = ged(£) and €= %l, the
primitive vector of the £-direction. Following Notation 2.6, let by_,p,...,bx_1 be the
basis of %AD. Then it follows from the definition of R(D) that {zbk,m, ..,br_1}isa
primitive set; that is,

ZES Ty @ @by q = (RZ@Rbk_m & ~~~@Rbk_1) nzk-1,
Hence, the second condition in (2.15) implies that
D
C—lqﬁ €Z & colqgf and v € —Ap.
C2 u

Since co|t from (2.15) as well and ged(t,gf) = 1, we obtain the fact that c; =1 and
wERvp® (0, %AD). And this shows one inclusion.

Conversely, let C' € @ﬁ“m be such that there is v € U%AC satisfying three conditions
in (2.13). One can easily extract D € ®F , from the right-bottom (k—1) x r-minor of C
by making a primitive matrix which will be D, and wu is the unique nonzero entry of the
first nonzero row of D. Fix any R(D).
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Notice that the third condition is equivalent to saying that
C C D
ZAc=7Zv® (Rm mt(o,Z’f—l)> =7Zv' (O,AD>.
Uo Ug U
Set v1 =t (if v1 <0, replace v by —v). From the first and second conditions, ged(t,q) =

1 and v ="Ytt+0q,...,t+ ) _,q) for some £ = (¢,....0, )€ ZF1. Since R(D) ~
ZF=1J2 A, there is the unique £ ="*(¢1,...,0x_1) € R(D) for which £+ 2Ap =€+ 2Ap

and
¢ 0
C t+4liq
Uug : *AD
t4+Llp_1q u

This shows that *(t,t 4 (1q,...,t +{,_1q) is primitive. If £="(0,...,0), then it holds that
C = D of the first type described in (2.11). If £ # %(0,...,0), then gcd(€,t) = 1 so that
£ P(R(D)) and C = D defined from (D, ).
Now, to establish the theorem, considering the change of variables on y; in Theorem
2.7, it is left to show that
N(D,up)?  N(D,u)?

ugm - td . qdr )
where we put ¢t = 1 when D € €k, ., is of the first type in (2.11). Recall that N(D,ug)
is the number of integral solutions z = *(21,...,2,,) € Z™ modulo ug for which u%z VAR
Equivalently, N (ﬁ,uo) is the number of integral solutions z € Z™ modulo ug for which
D'z € ZF or D yz € ZF | respectively.
Based on (2.14), it follows that z; € tZ and there are (ug/t)-number of such z; € Z
modulo ug. Moreover, as long as z; € tZ, t[D']' € Z¥ and we reduce that

D
“Y(2g,...,21) € ZF1
u

modulo ug, and the number of such *(2s,...,21) is (ug/u)"(N(D,u)). Therefore,

N(D,uo) _ (uo/t)*- (uo/w) N(Dyu)? _ N(D,u)*

dm - dm - d.,dr
ug ug te-u

3. Poissonian Behaviour

3.1. Affine case

In this section, we prove Theorem 1.1. Recall that for each d > 2, we set S = {S;:¢t >0}
to be an increasing family of subsets of R? with vol(S;) =t, and for A € Y, set

Denote by {N*(¢) :t >0} a Poisson process on the non-negative real line with intensity .
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For A € Y, we order the lengths of vectors in A as 0 < {1 </ly </l3<---,and let ¥; denote
the volume of the closed ball of radius ¢; centered at origin. If we take S ={B;: ¢ > 0}
to be the family of closed balls with vol(B;) =t around origin, then

NY(A) = #4i: % < 1),
In this specific case, Theorem 1.1 is equivalent to the following:

Theorem 3.1. For any fized n, the n-dimensional random variable (¥1,...,%,) converges
in distribution to the distribution of the first n points of a Poisson process on the non-
negative real line with intensity 1 as d — oco.

In this form, the theorem determines the limit distribution of lengths of vectors in a
random lattice as d — oo.

We will now prove the above general Theorem 1.1 by proving a joint moment formula
for N¢(+). Let k> 1 and 0 <V; <--- <Vj. We use, by abuse of notation, N;(-) to denote
Ny, (+). Note that N;(-) = pi(+), where p; is the characteristic function of Sy,. We calculate,
following Sodergren [23], the “main term” of the joint moment of N;’s. In this regard, we
apply Theorem 2.12 with F' = Hle p; defined as

Y1 k
Fl:]= Hpi(Yi)'
1=1

Yk

We consider the sub-collection of the RHS of (2.8) consisting of terms corresponding to
m =1 and k, and terms from the sum corresponding to u=1 and D € 9(,’3%1 satisfying

that D has exactly one nonzero entry in each row, with all nonzero entries of D being of
modulus 1. The set of such matrices D € Qlﬁ%l is MM where

®= 2k, U{ﬁz(ﬁﬁ)em;l:amﬁgz} ,

2<m<k-—1 u>2

ot e U b |\t 3 row such that at least

2 = 1°- ¢ tri
2<m<k—1 WO entries are nonzero
1
k k k k
mk = U 2k \(’Tusb) | ud1dy,
2<m<k-1 1

Here, we want to mention that we will use the same notations R¥, 5 and 9" for the
analogous (but different) sets in each subsection (see Subsection 3.2 and Section 5). This
will hopefully cause no confusion.
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We denote this sub-collection of the RHS of (2.8) as M, f}jnc and the rest of the terms
as Rzg‘c“e. That is,

(HN> afﬁne + Rafﬁne7

where
Y1
k ~| Y2
Maﬂine _ Z le D : dyl dy2 cee dym (31)
Demk " )
Ym
and
y1
D 1~1Y2
Raﬁfme _ u / Pi D . dyl dY2 T de (32)
Demk URE ®O™ = :
Ym

Let (o, ) be a division of {1,...,k}; that is, a ={a1 < <ap}and f={f1 < --- <
Br—r} are complementary subsets of {1,...,k} with o # &. Define

e = {Demt i Iy = a}
and let M, j;?g”e denote the cardinality of 93?3%“3. We allow for the case (a,8) =
({1,...,k},9), in which case zm’;ﬂ = {Idy}. Thus, we can rewrite (3.1) as
Y1
k

af‘ﬁnc _ Z Z / H Pi 5 y2 dy1 d}’2 te de, (33)

]Rd m =1
(a, 8) Degmafiine ®)
Ym

where the outer sum is over all possible divisions (o, ) of {1,...,k}.

Remark 3.2. It follows from the definition of D that for D € 9M* | the nonzero entries of
the matrix D can only be 1. Since D ¢ M¥ we already know that entries of De {0, £1}.
The fact that —1 is not possible for entries of D comes from notations in Theorem 2.12.
Suppose that there is a row having —1 in its entries. Let (z1,2z9,...,Z,,) be such a row.
If 21 = —1, since z1 =1— 22"22 xy, there should be at least one nonzero element in
(z2,...,2m), which contradicts the fact that in each row, there is only one nonzero entry.
One can also obtain a contradiction when one assumes that there is some 2 < iy < m for
which x;, = —1.

Lemma 3.3. With notations as above,

M“ﬁ”e Z M“ﬁi"eHVM (3.4)
(a.B)
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Proof. Consider any matrix D = (5”) € zmgf‘};le and let A, be such that Eng =1,
1 <{<k—m. Then, as V;’s are increasing, the following calculation finishes the proof:

Y1
k | y2
/ H Pi D . d}’1 dY2 : / H Z Dlj Y dY1 de
(Rd)'m =1 : (]Rd)m i—1 _7 1
Ym

/Rd)meal yZ H PBe yM dyl /Rd)meou Yi —};[Vai- O

We shall now mention some estimates regarding Rgﬁine. These estimates are originally
due to Rogers [14, 16], and they were generalised to Lemma 3.4 (below) by Sodergren

[23]. For D € Dk, set

IS

k
1
I(Dﬂt)i:/ 10| =D : dy:--- dy,.
R34 y
T

Lemma 3.4 (Estimates from [14], [16] and [23]). For d > [k*/4] +2

ZZ > MO pwy =02,

r=1lu= 2DE’Dk

k

(i) Z Z I(D,u) = 0(2_d), where Df% C DF, contains matrices D such that
r=lpenk]
max |d;;| > 2,

k
(iii) Z Z I(D,u)=0 ((3/4)d/2> , where ’fo C D} | contains matrices D such that
=1 pepk:2
max|d;;| =1 and at least one row of D has at least two nonzero entries.

Proof. The proof of this lemma can be found in [23, Proposition 2, Lemma 1 and Lemma
2]. The main ingredients in Sédergren’s proof are [14, §9] and the contents of [16, §4].
We remark that we only need the fact that N(D,u)¢/u?" <1/u? to prove Property (i).
Hence, one can use Lemma 3.4 for applications with the space Y}/, as well as the space
Y in Section 3 and Section 5. O

Rogers’ estimate shows the following:

Lemma 3.5.

Raffine — 0((3/4)d/2).

Proof. It follows from (3.2) that Raﬂane is less than the sum of LHS’s in Lemma 3.4. O
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The lemmas above combine to give us the following theorem:

Theorem 3.6.
(1) PRSI 5)
i=1 (a,8) i=1

as d — 00.

3.1.1. Proof of Theorem 1.1. This proof closely follows the proof of Theorem 1 in
[23, §4]. Let us discuss the Poisson process {N*(¢) : t > 0}. By definition, N*(¢) denotes
the number of points falling in the interval [0,#] and N*(t) is Poisson distributed with
expectation \t. By 0 <77 <T, <T3<---, let us denote the points of the Poisson process.

Lemma 3.7. Let k> 1 and let 2 (k) denote the set of partitions of {1,...,k}. For1<i<
k, let fi: R>o — R be functions satisfying [[;c5 fi € LY (R>g) for every nonempty subset
B C{1,....,k}. Then

(S s

Pe2(k i€B

Proof. The proof of this lemma is similar to [23, Proposition 3]. O

We apply Lemma 3.7 with functions f; = X;,1 <1 < k, where X; is the characteristic
function of the interval [0,V;]. Thus, we get

(o) o)

> A#PH</ [Tx@ ) (37)

Pc?(k) BeP i€B
= ¥ Ve
pPeZ(k) BeP

where iB = minieB 1.
The following lemma helps us compare the RHS’s of (3.5) and (3.7) for A = 1.

Lemma 3.8 ([23], Lemma 3). There is bijection g : M* — P (k) with the property that
sz € M is an k x m matriz and g(D) = P ={B,...,Byp}, then #P =m and {oy <
- < am} - {ZBI - < ZBnL}'

Proof. Other than switching the rows and columns of the matrices D, the proof of this
lemma is the same as [23, Lemma 3]. O
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Theorem 3.6, (3.7) and Lemma 3.8 imply the following result:

Theorem 3.9.

#(lL) (110

as d — 00.

Corollary 3.10. Let V = (Vi,..., Vi) and consider the random vectors
N(A,V) = (Ni (A),..., N (A))

and
N(V)= (N'(V1),...,N'(Vi)).

Then N(A, V) converges in distribution to N(V) as d — oo.

Proof. This proof follows a similar line of argument as [23, Corollary 1]. We omit it for
the sake of brevity. O

Corollary 3.10 implies that all finite dimensional distributions coming from the process
{N(A) : t > 0} converge to the corresponding finite dimensional distributions of the
Poisson process {N'(t) :t > 0} as d — oo. By [3, Theorem 12.6 and Theorem 16.7],
we see that the process {N;(A) : ¢ >0} converges weakly to the process {N1(t) : ¢ >0} as
d — o0.

Corollary 3.10, with k =1, is a generalisation of [16, Theorem 3] to the affine case.

3.2. Congruence Case
In this section, we prove Theorem 1.2. We recall the notation. For d > 2, let S = {S;: ¢ > 0},
an increasing family of subsets of R? and p/q € Q%. For A € Yp/qs set

Ni(A) = #(SiNA).

For A €Yy, let us order the lengths of nonzero vectors in A as 0 </ </l </l3< -+,
and let %; denote the volume of the closed ball of radius ¢; centered at origin. Taking
S ={B;:t> 0} to be the increasing family of closed balls with vol(B;) =t around the
origin, we see that

Thus, Theorem 1.2 is equivalent to the following:

Theorem 3.11. For any fized n, the n-dimensional random variable (¥4,...,%,) con-
verges in distribution to the distribution of the first n points of a Poisson process on the
non-negative real line with intensity

1 ifqg=3,
% if g=2.
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As in the affine case, we approach Theorem 1.2 via a joint moment formula for N;(-).
Let k>1and 0<V; < Vo <.-- <Vj. Define N;’s, p;’s and F similar to the affine case. We
apply Theorem 2.13 to the function F. We first consider the sub-collection of the RHS of
(2.12) denoted by Mg5'®, defined as

Y1
M= > / ., le : dyi--- dym, (3.8)
Degr? BO™i=1 Yim
where
R = U U o U{ﬁ = (517') ek 3Dyl > 2} ,

1<m<k—1 u>2

mlg _!pe U Q:'m. X \9%’1“ : 3 row such that at least

I<mek-1 two entries are nonzero

= [ b\ (RUR) | Ui

1<m<k—1

The rest of the terms in (2.12) will be denoted as Rj’,®; that is,

k
E (H Nz) Mccl:okng +Rcong.
i=1

Define M2, for (,B) a division of {1,...,k}, similar to the affine case and let M_’;*

denote the cardinality of 90”;%. We can rewrite (3.8) as

k y1
MEE=Y Y / . [Ir| B ¢ | |ayie - dym, (3.9)
(. 8) Deameons (O™ =1 Vim
where the outer sum is over all possible divisions (o, ) of {1,...,k}.

Remark 3.12. For ¢ > 3, it follows from the definition of D and similar arguments as in
Remark 3.2 that for D € 9%, the nonzero entries of D can only be 1. But for ¢ = 2, the
nonzero entries can be +1. In particular, this is the reason why we need the condition
that Sy is symmetric for the case when g = 2 (see the second last equality in (3.11) below).

Lemma 3.13. For g > 3 and for q =2 with Sy being symmetric around the origin, we
have

M=% MC"”QHVm (3.10)
(05)

Proof. For ¢ > 3, the proof of this lemma is identical to that of Lemma 3.3. Hence, we
only focus on the case when g = 2.
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Consider any matrix D = (5”) € 9’ ;* and let A, be such that Dpoa, =1,1<0<
k —m. Then, as Sy’s are symmetric and V;’s are increasing, the following calculation
finishes the proof:

Y1

/R sz : dy---d /R sz ZDWYJ yivdym (317

(RT)™ 521 Von ®RH™ ;21 \j=1

/]Rd)m]:[pa, Y1 H PBe Zt}’Ae dy - dymf/ Hp% vi *HV%. -

From Lemma 3.13 and Lemma 3.4, we find the following:

Theorem 3.14.

<HN> - > M“’”gHVal (3.12)

(a,8)

3.2.1. Proof of Theorem 1.2. For g > 3, the proof of Theorem 1.2 follows the proof
of Theorem 1.1. We need a small modification in Lemma 3.8 for the case ¢ = 2 because
in this case, the entries of matrices in 9" can be negative. From now on, we only focus
on the case ¢ = 2.

Let M7:%, denote the subset of M”2® of matrices with positive entries, and similarly,

let 9% denote the subset of MF of matrices with positive entries. With M 3®

. B+ T
#(snifﬁi) note that

M = (M) =2 M

Thus, from (3.12), we find
k ~
E(HNZ) - 2‘#O‘MC°“g+HVa1, (3.13)
i=1 (. 8)

where Nl = %Ni for 1<i<k, ie., Nt = %Nt,
With the following lemma, we can compare the RHS’s of Theorem 3.13 and (3.7) for
A=1/2.

Lemma 3.15. There is bijection g: IME — P (k) with the property that if De mk s
an kxm matriz and g(D) = P ={DBs,...,Byp}, then #P =m and {a1 < --- < ap} =
{ip, <---<ip,,}

Proof. The same argument with Lemma 3.8 holds. O
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(3.7), (3.13) and Lemma 3.15 combine to show the following:

Theorem 3.16. For q=2,

k k
E(HK@) - E(HNl/Q(Vi))
i=1 i=1
Corollary 3.17. Let ¢=2, V = (V4,...,Vk) and consider the random vectors
N(A, V) = (]Vl(A),...,Nk(A))
and

N(V) = (Nl/Q(I/l),...7N1/2(Vk)).
Then N(A, V) converges in distribution to N(V) as d — oo.

Proof. This proof follows a similar line of argument as [23, Corollary 1]. We omit it for
the sake of brevity. O

Corollary 3.17 implies that all finite dimensional distributions coming from the process
{Ny(A) : t > 0} converge to the corresponding finite dimensional distributions of the
Poisson process {N'/2(t):t >0} as d — oo. By [3, Theorem 12.6 and Theorem 16.7],
we see that the process {N;(A) : t > 0} converges weakly to the process { N'/2(t): ¢ >0}
as d — 00.

Corollary 3.17, with k = 1, is a generalisation of [16, Theorem 3| to the congruence case.

4. New Moment Formulae

In this section, we want to simplify Theorem 2.12 and Theorem 2.13 for the special case
as considered by Strombergsson and Sédergren in [22]. Theorems 4.1 and 4.2 below will
be used in Section 5.

For bounded and compactly supported functions f; : R — R>o (1 <i<k), define

W =)= [ fav. (1.1

We want to compute the integrals of Sk(Hle F)= Hle F; over Y and Yo /q-
We first observe that by applying Theorem 2.12,

L}jﬁi(/\)duym) = /Yzlj (ﬁ(/\) —/Rd fidV)
) {%;.,k}(_l)a <i//1_é[A/Rd Jir dv)/y H Fi(A) dpy (M)

A i€ A€

N
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AC{1,....k} i"cAVR
"

Sy y Moty <Hfz> D ———

m=1ueN pegk o RD™ \jeae v w,,
where a = #A and A°={1,...,k} — A. N

Note that for a given A C {1,...,k} and D € A} "¢,

D" =D"(A,D) € Dk

one can find a unique matrix
K otaw (in fact, A% ) for which

(E[A/Rf dv) /Rd),,,<H f1> 1;7 ™

€A¢c

(4.3)
k D" w1
g i —_— . dW .
/<Rd>m+“ <H ’ > '

1+ dWpgq.
=1

Wim+a

Moreover, from the definitions of N(D”,u) and N(D,u) in Notation 2.1 (3), one can
directly obtain the following equality

N(D"u)*  N(D,u)

udn udm

(4.4)
We claim the following:

Theorem 4.1. For 1<i<k, let F; be the function defined as in (4.1) for a bounded and
compactly supported function f; : R — Rsq (1 <i<k). It follows that

PN D ,u) D” he
/HFi(A)dMY ZZ Z / H dwy --- dwy,
YiZ1 n=lueNpreek , R

Wn
where &% C Yk

n,u — n,u

is the set of D" which is one of the following

(a) Fach column of [D"] has at least two nonzero elements
(b) There are 0<a<n—2and D €D

Z:Z:ll L, — Ak % u for which
uld,
u | 0---0
D’ = 0 :
: D
0

where each column of D has at least two nonzero elements
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Similarly, from Theorem 2.13, we have that fY Hf 1 Fy(A )dpg is the sum of integrals
given as in (4.2) with replacing A¥% by €< For D” D"(A,D) € ©F
AC{l,...,k}and D € ¢hoo as in (4.5) we will see that D" € € .

that the equality (4.4) holds in the congruence case.

defined using

m—+a,u

It is easily seen

Theorem 4.2. For 1<1i<k, let F; be the function defined as in (4.1) for a bounded and
compactly supported function f; : R — R (1<i<k). It follows that

/ TLF ) g

Yo/ai=1

k w1

_ZZ Z / Hfz gﬁ : dwy --- dw,,

n=1ueND"eTk W,

where ‘Iﬁ u

is a subset of €F  collecting D" which is one of the following:

n,u

(a) Fach column of D" has at least two nonzero elements.
(b) There are 0 <a<n—2 and D € €*=% o that

n—a,u

Id
pr=( "% -
(" 5)

where [5]1 ="(u,0,...,0) and any other columns of D have at least two nonzero
elements. Moreover, the right-bottom minor of [D] with size (k—a—1)x (n—a—1)
is not an element of CZ:Z:LL (or any CZ:Z:i*).

Proof of Theorem 4.1 and Theorem 4.2. As described in (4.3), a possible matrix
D" among elements of ©F  is constructed by using A C {1,...,k} and D € AF~¢

n,u n—a,u"

Conversely, we want to consider all possible pairs (A,ZND) which give the same D”.
Let such a D" = (d;};) be given. Denote

1 < Fjo < n for which
B={1<i"<k: djir; =0 for all j except djl,; =u and

di;, =0 for all i except dj/,; =u

2Jo

After changing the (last (k—b1)) coordinates of R¥, we may assume that

Idy,
D/l =~
v Dy (4.6)

u

e )

Id,,
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where b; and by could be 0 (then D”/u will be one- or two-block diagonal matrix) and
Dy € Qlk:gl :Z"‘ (or Qﬁk:zl :1;72 , respectively) is the minimal size among possible (A, D)
n 1 2,U n 1 2,U

for which D”(A,D) = D"; that is,
each column of Dy except [56]1 has at least two nonzero elements.

Notice that any matrix constructed by choosing more than k —b; — by rows and
more than n —b; — by columns from D”/u and having Dg/u as its minor is element
of A%, (or €%, respectively). For example, D" € €&  since D" is constructed by
(D,t,%(0,...,0,£,0,...,0)) under the map in (2.10), where D is the right-bottom minor
of uD” with size (k—1) x (n—1), and (t,£) is a pair used for defining D.

Now let us check case by case. Denote by

B1:{Z€B1Sb1+1} and Bgi{k7b2+17...,k’}

so that B = B;UBs. Note that (b; +1) could be not contained in B. Observe that possible
A for constructing D" is of the form A; U Ay, where A; C By and As C Bs. The difference
between A; and Aj is that A; may have an extra condition according to the given D",
but any subset of By can be As.

We first assume that By # (). Since

PENEILEID DENEICT PN

“possible” “possible” VA2C B2
ACB A1 C By
= § (71)#‘41 0:07
“possible”
A1 C By

with the observation in (4.3), the partial sum

Wi
N(D// u)d k D//
_N#A I\ N : .
) %: (-1 wdr /(]Rd)n ]i! fi ” : dwy - dWp4q (4.7)
,D s.t. = m-ta
D”(A,E) — D" w +

associated with D" in the right-hand side of (4.5) is zero.
Now let us assume that by = 0. If B = (), that is,

each column of D” has at least two nonzero vectors,

and only possible (A,D) is (§,D”). This is the case (a) in the theorem.
Suppose that |B| = b; > 1. Equivalently, suppose that

[Do] as well as other columns of Dy has at least two nonzero clements.

Then any subset A of B is possible for defining D”; hence, the partial sum (4.7) is zero.
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The only left case is when |B| =b; +1 > 2. Notice that
[Do]" = *(u,0,...,0),and

the right-bottom minor of Dy with size (k—=bi—1)x(n—0b1—1)

th—bl—l

n_b. 1. Tespectively).

. k—by—1
is not an element of Q[n—bl—l,u(

In this case, any subset of B except B itself can be possible A for defining D", and this
is the case (b) in the theorem. O

5. CLT and Brownian motion

As in Section 3, we will use the method of moments which is applicable with the normal
distribution and Brownian motion, following [22]. Recall that the k-th moment of the
normal distribution is 0 when % is odd and (k—1)!! when £ is even.

For Brownian motion, it suffices to show that the induced measure P} and P;)/ ¢ from

Zi(t) and Zg/ ?(t), respectively, on the space C[0,1] of continuous real-valued functions
on [0,1] weakly converge to Wiener measure as d goes to infinity.

Let ¢: N — Ry be a function for which limg_,. ¢(d) = 0o and ¢(d) = O, (e*?) for every
e>0.Let t€Nand cy,...,c, >0 be arbitrarily given. For each d € N, consider S; 4 € R? to
be a Borel measurable set satisfying vol(S; 4) = ¢;¢(d) for 1 <i<(¢and S; NSy g =0 if

1 #1'. If we consider the case that A € Yp/q with g =2, we further assume that S; 4 = —5; 4
for1<i<iand deN.
Let
7}, = HA050d) —cidld) A€Y and
o(d)
o(d)
7P = AevP/a,
' #(ANS;q) —cip(d) if g =2
2¢(d)

Proposition 5.1. Let =1 or p/q. For any fived k = (ky,...,k,) € N*, it follows that

lim B ((27,)" - (28,)")

d—oo

_ i=1"1

T, 2 (ki — 1)V, if key,....k, are all even,
0, otherwise.

Proof. Let k =k +---+k, and consider d > |k?/4| +3. For each d € N and 1 <i <y, let
fi,a be the indicator function of S; 4 and define

Fra(A) = Fralh)— /R radv=Foa(A) —cio(d), A€ Y.

We will use Theorem 4.1 and Theorem 4.2.

https://doi.org/10.1017/5147474802300035X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300035X

Higher moment formulae and limiting distributions of lattice points 2121

Recall that we can divide ;<)< U,en D% ,, as the union of RY, R and 9*, where

w= U ok, | u{D=(dij) €Dk ,:T)di;| > 2} | ;
1<n<k-—1 u>2
3 column such that
k _ k _mk .
Ro=qDe ( U Q"’l) Fr: at least two entries are nonzero

1<n<k-1

Mk = ( U 953,1) — (REURE) .

1<n<k—-1

(i) The space Y
By Theorem 4.1 and Theorem 3.4, one can deduce that

E (H(Zzl,d)kl> = Qﬁ(dl)m/ynﬁfa(A) dpy (A)

i=1
_ 1 -— - ki D// “.71 d d
= 4¢(d)k/2nz::1 [;:e /(Rd)n (Efi,d) W wy - dwy, (5.1)
&k | nom* "
d,
+0 (‘f) )

Notice that if D” € &% ; N9N*, then D” is of type (a) in Theorem 4.1. Hence, for each
column of D”, there are at least two nonzero entries, and for each row of D", there is
exactly one nonzero entry. Moreover, as mentioned in Remark 3.2, entries of D" are {0,1}.

We first claim that D” for which the inner integral above is nontrivial is the block
diagonal matrix of the form

"
k1,m1

k2,2

1
k,,m,

where ny+---4+n, =n and n; > 1 for each 1 <14 <. Moreover, each Dgn € 6]&71 N9k,
Indeed, since the set {.S; ,, }1<i<, is mutually disjoint, for each column, it is only possible
that nontrivial entries are located between the (( z;i ki) + 1)—th row and the (22:1 ki)_

th row for some 1 <4 <. In other words, nontrivial entries are concentrated in rows which
correspond to f;. The fact that D" is a block diagonal matrix comes from that D" € @ﬁ_’u,
especially, from the first property of Notation 2.1 (2).
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It is not hard to show that each Dy, is in 651 N9* from the fact that D" €
SP | NN, Hence, the main term in (5.1) is

L | ki/2] Wi
M@, X f 5P| o |t 62)
ny=1 D” Rd)mi
n‘ Wn’i
le,lnm"

The next claim is that for each ¢, there is a one-to-one correspondence between 6n Nabust
and the set of partitions P = {P,...,P,,} of {1,...,k;} such that

|P| =n; and |Py| > 2 for 1 <{<n,.

Let P be such a partition. Reordering if necessary, we may assume that min P} <... <
min P,,. The corresponding element in 6’;‘ 1 NI is

" _ 1, if £ e Pj;
[Dki’"i]fj n { 0, otherwise. (5-3)
It is obvious that from the first property of Notation 2.1 (2) and the definition of 9)t*:,
any element in Gﬁ‘l N9* is a matrix of the form (5.3) for some partition {Py,...,P,,}
of {]., cen ,k‘z}

Let N(k;,n;) be the number of such partitions. If n; < k;/2, since limg_, o ¢(d) = o0,

Wi

// .
¢(d)k d(d)ki/2 Z /Rd Dy, n, : dwy --- dw,,

DII n €
oeat Wi (5.4)

c?"'N(ki,ni)
= @R
If n; = k;/2, by the induction on k;/2, one can show that

—0as d — oo.

w1

// .
¢(d)k Hld)ki/2 Z /Rd Dy, n, : dwy -+ dwy,,
Dk nl Wn, (55)
Skm ‘A omki
= PN (ki ki /2) = €% (ki — )1,
The result follows from (5.2), (5.4) and (5.5).

(ii) The space Yy /q

The proof is similar to that of (i), where we use Theorem 4.2, Lemma 3.4. One can
check that D" € TF | NIN* is of type (a) in Theorem 4.2.

One difference from the affine case is when ¢ =2, D" € ‘me NO*, which permits to
have —1 as its entries. More precisely, the rows corresponding to I, can have £1 as
their nonzero entries.
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It follows that

L L
1
lim E ZF | = 1i —
Jm, (H ) 8 omr e

Z Z /(de)n- flkl Dgi’ni dwl . dwnr

W,

i

As in the affine case, the limit is nontrivial only if all k;’s are even and is determined

by summation over ‘Ikl/z 1 N9 Hence, if ¢ = 2, since #I¢ U k;/2, the number

i i

# (52 /2,1 ﬂmki) is 2k1/2N(k:i,ki/2). Therefore,

- 1 w1
(20(d))*i/2 ni : dw deL
E(w(d))ki/a DZ / &y Din | ¢ .
k; 71,1 Wni
1093?"
L 1 k
Gaayz el ))i/2 2K 2N (ke ke )2) Hc 2 (k; — 1)1, O
1=1

Proofs of Theorem 1.3 and 1.4. As a corollary of Proposition 5.1 with ¢t =1, for $ =1
and p/q, it follows that for any k € N,

. k=1, if k € 2N;
hm]E((Z(?)’“):{ ( 0 ) .

d— o0 otherwise,
which shows that fo — N(0,1) as d — oo in distribution by the method of moments. O
Proofs of Theorem 1.5 and 1.6. For any 0 <t <...<t, <1, set
Sia= ()48 — (t;i_1)4S4,2<i <.

and Sy 4 = (tl)l/de. Since Sy is star-shaped, all S;4’s are mutually disjoint. By
Proposition 5.1, for ¢ =1 and p/q, the random vector

(25 (). 28 (t2) - 28 (1), 23 (t) = 23 (1))
converges weakly as finite-dimensional distributions to
(N(O7t1)7N(07t2 - tl)u e 7N(07tb - tbfl))

by the method of moments.
The rest of the proof is to show the tightness. As in the proof of Theorem 1.6 in [22],
by [3, Theorem 13.3 and (13.14)], it suffices to show that for any 0 <r <s <t <1,

E((2 ()~ 28 (25 (1) - 28 (5))?) < (V= V)2,
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We omit the proof since it is almost the same as in the proof of [22, Theorem 1.6]
(see especially equations from (4.4) to (4.9)), where the arguments are applicable to a
star-shaped set S; C R? centered at the origin without any modification. Here, we want
to remark that we need the argument in [22] only for the congruence case. For the affine
case, since (J, ey ©1 4 N(R1UR2) =0, it is deduced directly from (4.5) in [22] that

E((Zd<s> Za(r)*(Za(t) — Za(s))?)

(
< (t—r)? +max<<i>n/2 (t—r)? (i)n/Q(t—r)%(d))

< (t—1)2 < (Vt—r)2 O
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