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Asymptotics and sign patterns of Hecke
polynomial coefficients

Erick Ross and Hui Xue

Abstract. We determine the asymptotic behavior of the coefficients of Hecke polynomials. In partic-
ular, this allows us to determine signs of these coefficients when the level or the weight is sufficiently
large. In all but finitely many cases, this also verifies a conjecture on the nanvanishing of the
coefficients of Hecke polynomials.

1 Introduction

For integers 𝑚 ≥ 1, 𝑁 coprime to 𝑚, and 𝑘 ≥ 2 even, let 𝑆𝑘 (Γ0 (𝑁)) denote the space
of cuspforms of level 𝑁 and weight 𝑘 . Let 𝑇 ′

𝑚 (𝑁, 𝑘) := 1
𝑚(𝑘−1)/2𝑇𝑚 (𝑁, 𝑘) denote the

normalized𝑚-thHecke operator on 𝑆𝑘 (Γ0 (𝑁)). For each integer 𝑟 ≥ 0, let 𝑐𝑟 (𝑚, 𝑁, 𝑘)
denote the 𝑟-th coefficient of the characteristic polynomial 𝑇 ′

𝑚 (𝑁, 𝑘) (𝑥) associated to
𝑇 ′
𝑚 (𝑁, 𝑘) as follows:

𝑇 ′
𝑚 (𝑁, 𝑘) (𝑥) =

𝑑∑︁
𝑟=0

𝑐𝑟 (𝑚, 𝑁, 𝑘)𝑥𝑑−𝑟 ,

where 𝑑 = dim 𝑆𝑘 (Γ0 (𝑁)). Hecke operators are of central importance in the theory of
modular forms, and are completely characterized by the Hecke polynomials. We would
like to study the coefficients of these Hecke polynomials in order to understand their
structure. In particular, for any fixed 𝑚 and 𝑟 , the main goal of this paper is to deter-
mine the asymptotic behavior of 𝑐𝑟 (𝑚, 𝑁, 𝑘) as 𝑁 + 𝑘 → ∞. This will also show that
𝑐𝑟 (𝑚, 𝑁, 𝑘) is nonvanishing and further determine its sign in all but finitelymany cases.

We give an outline of this paper. In Section 2, we apply the Girard-Newton formula
to the coefficients 𝑐𝑟 (𝑚, 𝑁, 𝑘), and state the asymptotic behavior of Tr𝑇 ′

𝑚 (𝑁, 𝑘). In
Section 3, we consider the case when 𝑚 is a perfect square and prove the following
result determining the asymptotic behavior of the 𝑐𝑟 (𝑚, 𝑁, 𝑘). In the following, all big-
𝑂 notation is with respect to 𝑁 and 𝑘 . Additionally, we use the notation "𝑂 (𝑁 𝜀)", for
example, to mean "𝑂 (𝑁 𝜀) for all 𝜀 > 0".
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2

Theorem 1.1 Fix an integer 𝑟 ≥ 0 and a perfect square 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚
and 𝑘 ≥ 2 even,

𝑐𝑟 (𝑚, 𝑁, 𝑘) =
(−1)𝑟
𝑟 !

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

Here, 𝜓(𝑁) denotes the multiplicative function 𝜓(𝑁) = 𝑁∏
𝑝 |𝑁

(
1 + 1

𝑝

)
.

In Section 4, we consider the case when 𝑚 is not a perfect square and establish the
following asymptotics of 𝑐𝑟 (𝑚, 𝑁, 𝑘). Recall here that 𝜎1 (𝑚) denotes the sum of divi-
sors function 𝜎1 (𝑚) :=

∑
𝑑 |𝑚 𝑑, and that (2𝑟)!! denotes the double factorial (2𝑟)!! :=

2𝑟 (2𝑟 − 2) (2𝑟 − 4) · · · 2.

Theorem 1.2 Fix an integer 𝑟 ≥ 0 and a non-square 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚 and
𝑘 ≥ 2 even,

𝑐2𝑟 (𝑚, 𝑁, 𝑘) =
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀) and

𝑐2𝑟+1 (𝑚, 𝑁, 𝑘) = 𝑐1 (𝑚, 𝑁, 𝑘) ·
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

In Section 5, we extend Theorems 1.1 and 1.2 to the new subspace 𝑆new
𝑘

(Γ0 (𝑁)).
Finally, in Sections 6 and 7, we discuss these results. In Section 6, we discuss how

the arguments given in Theorems 1.1 and 1.2 for the Hecke polynomials can also be
applied to other polynomials. In particular, these arguments reveal a coefficient sign
pattern for a wide class of polynomials. Then in Section 7, we discuss a conjecture on
the nonvanishing of the Hecke polynomial coefficients and survey its current progress.

2 Preliminary Calculations

For simplicity, we write 𝑐𝑟 for the coefficients 𝑐𝑟 (𝑚, 𝑁, 𝑘). Let 𝑑 = dim 𝑆𝑘 (Γ0 (𝑁))
and 𝜆1, . . . , 𝜆𝑑 denote the eigenvalues of 𝑇 ′

𝑚 (𝑁, 𝑘). Observe that (−1)𝑟𝑐𝑟 is just the
𝑟-th elementary symmetric polynomial of these eigenvalues:

𝑐0 = 1, −𝑐1 =
∑︁

1≤𝑖≤𝑑
𝜆𝑖 , 𝑐2 =

∑︁
1≤𝑖< 𝑗≤𝑑

𝜆𝑖𝜆 𝑗 , −𝑐3 =
∑︁

1≤𝑖< 𝑗<ℓ≤𝑑
𝜆𝑖𝜆 𝑗𝜆ℓ , . . .

We also write 𝑝𝑟 for the sum of 𝑟-th powers of these eigenvalues:

𝑝𝑟 :=
𝑑∑︁
𝑖=1

𝜆𝑟𝑖 . (1)

Then the Girard-Newton identities yield the following relation between the 𝑐𝑟 and the
𝑝𝑟 .
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3 WHEN 𝑚 IS A PERFECT SQUARE 3

Lemma 2.1 ([13, p. 38]) Let 𝑐𝑟 and 𝑝𝑟 be defined as above. Then for 𝑟 ≥ 1,

𝑐𝑟 =
−1
𝑟

𝑟∑︁
𝑗=1
𝑐𝑟− 𝑗 𝑝 𝑗 .

We also give estimates on the traces of Hecke operators. These estimates will be
needed shortly when we express the 𝑝𝑟 in terms of traces of certain Hecke operators. In
a previous paper [11], we proved the following result by analyzing the various terms of
the Eichler-Selberg trace formula.

Lemma 2.2 ([11, Lemmas 4.1, 4.2]) Fix an integer 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚 and
𝑘 ≥ 2 even,

Tr𝑇 ′
𝑚 (𝑁, 𝑘) =


1
√
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀), if 𝑚 is a perfect square,

𝑂 (𝑁 𝜀), if 𝑚 is not a perfect square.

To gauge the growth of the terms in this formula, note that 𝜓(𝑁) ≥ 𝑁 and 𝜓(𝑁) =
𝑂 (𝑁1+𝜀) [7, Sections 18.1, 22.13].

3 When 𝑚 is a perfect square

In this section, we consider the case when 𝑚 is a perfect square. We then have the
following estimates on the 𝑝 𝑗 (1).

Lemma 3.1 Fix an integer 𝑟 ≥ 1 and a perfect square𝑚 ≥ 1. Then for 𝑁 coprime to𝑚 and
𝑘 ≥ 2 even,

𝑝1 =
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀), and

𝑝 𝑗 = 𝑂 (𝑘𝑁1+𝜀), for all 1 ≤ 𝑗 ≤ 𝑟.

Proof The first claim follows immediately from Lemma 2.2.
For the second claim, note from Lemma 2.2 and the fact that 𝜓(𝑁) = 𝑂 (𝑁1+𝜖 ),

𝑑 := dim 𝑆𝑘 (Γ0 (𝑁)) = Tr𝑇 ′
1 = 𝑂 (𝑘𝑁1+𝜀).

Then utilizing Deligne’s bound |𝜆𝑖 | ≤ 𝜎0 (𝑚) =
∑

𝑑 |𝑚 1, we obtain��𝑝 𝑗

�� = ����� 𝑑∑︁
𝑖=1

𝜆
𝑗

𝑖

����� ≤ 𝑑∑︁
𝑖=1

𝜎0 (𝑚) 𝑗 = 𝑂 (𝑘𝑁1+𝜀),

as desired. ■

For 𝑚 and 𝑟 fixed, we now determine the asymptotic behavior of 𝑐𝑟 (𝑚, 𝑁, 𝑘)
as 𝑁 + 𝑘 → ∞. Note 𝑐𝑟 (𝑚, 𝑁, 𝑘) is not technically defined for 𝑁, 𝑘 such that
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dim 𝑆𝑘 (Γ0 (𝑁)) < 𝑟 . However, there are only finitely many such pairs (𝑁, 𝑘) [10,
Theorem 1.1], so it is well-defined here to ask about 𝑐𝑟 (𝑚, 𝑁, 𝑘) as 𝑁 + 𝑘 → ∞.

Theorem 1.1 Fix an integer 𝑟 ≥ 0 and a perfect square 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚
and 𝑘 ≥ 2 even,

𝑐𝑟 (𝑚, 𝑁, 𝑘) =
(−1)𝑟
𝑟 !

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

Proof We proceed by strong induction on 𝑟 . The base case of 𝑟 = 0 is immediate since
𝑐0 = 1.

For 𝑟 ≥ 1, we have by Lemma 2.1 that

𝑐𝑟 =
−1
𝑟

𝑟∑︁
𝑗=1
𝑐𝑟− 𝑗 𝑝 𝑗 =

−1
𝑟

[
𝑐𝑟−1𝑝1 +

𝑟∑︁
𝑗=2
𝑐𝑟− 𝑗 𝑝 𝑗

]
. (2)

Then by the induction hypothesis,

𝑐𝑟−1 =
(−1)𝑟−1
(𝑟 − 1)!

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀),

𝑐𝑟− 𝑗 = 𝑂 (𝑘𝑟−2𝑁𝑟−2+𝜀), for 2 ≤ 𝑗 ≤ 𝑟,

and by Lemma 3.1,

𝑝1 =
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀),

𝑝 𝑗 = 𝑂 (𝑘𝑁1+𝜀), for 2 ≤ 𝑗 ≤ 𝑟.

Applying these estimates to (2), we obtain

𝑐𝑟 =
−1
𝑟

[
𝑐𝑟−1𝑝1 +

𝑟∑︁
𝑗=2
𝑐𝑟− 𝑗 𝑝 𝑗

]
=
−1
𝑟

[ (
(−1)𝑟−1
(𝑟 − 1)!

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀)
)

×
(

1
√
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀)
)

+
𝑟∑︁
𝑗=2
𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀) · 𝑂 (𝑘𝑁1+𝜀)

]
=
−1
𝑟

[
(−1)𝑟−1
(𝑟 − 1)!

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀)
]

=
(−1)𝑟
𝑟 !

(
1
√
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

This completes the proof. ■
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4 WHEN 𝑚 IS NOT A PERFECT SQUARE 5

Theorem 1.1 allows us in particular to determine the sign of 𝑐𝑟 (𝑚, 𝑁, 𝑘) for all but
finitely many pairs (𝑁, 𝑘).

Corollary 3.2 Fix an integer 𝑟 ≥ 0 and a perfect square𝑚 ≥ 1. Then 𝑐𝑟 (𝑚, 𝑁, 𝑘) has sign
(−1)𝑟 for all but finitely pairs (𝑁, 𝑘).

Proof Since 𝜓(𝑁) ≥ 𝑁 , we can write the asymptotic formula from Theorem 1.1 as

𝑐𝑟 (𝑚, 𝑁, 𝑘) =
(−1)𝑟

𝑟 !
√
𝑚

𝑟

(
𝑘 − 1
12

𝜓(𝑁)
)𝑟 [

1 +𝑂
(
𝑘𝑟−1𝑁𝑟−1/2+𝜀

) (
𝑘 − 1
12

𝜓(𝑁)
)−𝑟 ]

=
(−1)𝑟

𝑟 !
√
𝑚

𝑟

(
𝑘 − 1
12

𝜓(𝑁)
)𝑟 [

1 +𝑂
(
𝑘−1𝑁−1/2+𝜀

)]
.

Then since the 𝑂
(
𝑘−1𝑁−1/2+𝜀 ) term tends to 0 as 𝑁 → ∞ or 𝑘 → ∞, it will have

magnitude less than 1 for all but finitely many pairs (𝑁, 𝑘). This then yields the desired
result. ■

4 When 𝑚 is not a perfect square

In this section, we consider the remaining case when𝑚 is not a perfect square. First, we
have the following estimates on the 𝑝 𝑗 (1).

Lemma 4.1 Fix an integer 𝑟 ≥ 0 and a non-square 𝑚 ≥ 1. Then

𝑝1 = −𝑐1 = 𝑂 (𝑁 𝜀),

𝑝2 =
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀),

𝑝3 = 𝑂 (𝑁 𝜀),
𝑝 𝑗 = 𝑂 (𝑘𝑁1+𝜀), for all 1 ≤ 𝑗 ≤ 𝑟.

Proof The first claim follows immediately from Lemma 2.2.
For the second claim, observe that 𝑝2 = Tr𝑇 ′

𝑚
2. Then by the Hecke operator

composition formula [6, Theorem 10.2.9] and Lemma 2.2,

𝑝2 = Tr𝑇 ′
𝑚
2
=

∑︁
𝑑 |𝑚

Tr𝑇 ′
𝑚2/𝑑2 =

∑︁
𝑑 |𝑚

𝑑

𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀)

=
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀).
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6

For the third claim, we similarly have by the Hecke operator composition formula
and Lemma 2.2,

𝑝3 = Tr𝑇 ′
𝑚
3
= Tr

∑︁
𝑑 |𝑚

𝑇 ′
𝑚2/𝑑2𝑇

′
𝑚 =

∑︁
𝑑 |𝑚

∑︁
𝛿 | (𝑚2/𝑑2 ,𝑚)

Tr𝑇 ′
𝑚3/𝑑2 𝛿2

=
∑︁
𝑑 |𝑚

∑︁
𝛿 | (𝑚2/𝑑2 ,𝑚)

𝑂 (𝑁 𝜀)

= 𝑂 (𝑁 𝜀).

Finally, the fourth claim follows from an identical argument as in Lemma 3.1. ■

For𝑚 and 𝑟 fixed, we now determine the asymptotic behavior of 𝑐𝑟 (𝑚, 𝑁, 𝑘) as 𝑁 +
𝑘 → ∞.

Theorem 1.2 Fix an integer 𝑟 ≥ 0 and a non-square 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚 and
𝑘 ≥ 2 even,

𝑐2𝑟 =
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀) and

𝑐2𝑟+1 = 𝑐1 ·
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

Proof We proceed by strong induction on 𝑟 . The base case of 𝑟 = 0 is immediate since
𝑐0 = 1 and 𝑐1 = 𝑐1.

Then for 𝑟 ≥ 1, we have from Lemma 2.1 that

𝑐2𝑟 =
−1
2𝑟

2𝑟∑︁
𝑗=1
𝑐2𝑟− 𝑗 𝑝 𝑗 =

−1
2𝑟

[
𝑐2𝑟−1𝑝1 + 𝑐2𝑟−2𝑝2 +

2𝑟∑︁
𝑗=3
𝑐2𝑟− 𝑗 𝑝 𝑗

]
. (3)

Then by the induction hypotheses,

𝑐2𝑟−1 = 𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀),

𝑐2𝑟−2 =
(−1)𝑟−1
(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀),

𝑐2𝑟− 𝑗 = 𝑂 (𝑘𝑟−2𝑁𝑟−2+𝜀), for 3 ≤ 𝑗 ≤ 2𝑟,

and by Lemma 4.1,

𝑝1 = 𝑂 (𝑁 𝜀),

𝑝2 =
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀),

𝑝 𝑗 = 𝑂 (𝑘𝑁1+𝜀), for 3 ≤ 𝑗 ≤ 2𝑟.
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4 WHEN 𝑚 IS NOT A PERFECT SQUARE 7

Applying these estimates to (3), we obtain

𝑐2𝑟 =
−1
2𝑟

[
𝑐2𝑟−1𝑝1 + 𝑐2𝑟−2𝑝2 +

2𝑟∑︁
𝑗=3
𝑐2𝑟− 𝑗 𝑝 𝑗

]
=
−1
2𝑟

[
𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀) · 𝑂 (𝑁 𝜀)

+
(
(−1)𝑟−1
(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀)
)

×
(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀)
)

+
2𝑟∑︁
𝑗=3
𝑂 (𝑘𝑟−2𝑁𝑟−2+𝜀) · 𝑂 (𝑘𝑁1+𝜀)

]
=
−1
2𝑟

[
𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀) + (−1)𝑟−1

(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀) +𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀)
]

=
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀),

verifying the first claim of the inductive step.
For the second claim of the inductive step, we similarly have from Lemma 2.1 that

𝑐2𝑟+1 =
−1

2𝑟 + 1

2𝑟+1∑︁
𝑗=1

𝑐2𝑟+1− 𝑗 𝑝 𝑗 =
−1

2𝑟 + 1

[
𝑐2𝑟 𝑝1 + 𝑐2𝑟−1𝑝2 + 𝑐2𝑟−2𝑝3 +

2𝑟+1∑︁
𝑗=4

𝑐2𝑟+1− 𝑗 𝑝 𝑗

]
.

(4)

Then by the induction hypotheses and the proof for 𝑐2𝑟 ,

𝑐2𝑟 =
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀),

𝑐2𝑟−1 = 𝑐1 ·
(−1)𝑟−1
(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀),

𝑐2𝑟−2 = 𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀),
𝑐2𝑟+1− 𝑗 = 𝑂 (𝑘𝑟−2𝑁𝑟−2+𝜀), for 4 ≤ 𝑗 ≤ 2𝑟 + 1,

2025/02/19 15:35
https://doi.org/10.4153/S0008439525000190 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525000190


8

and by Lemma 4.1,

𝑝1 = −𝑐1,

𝑝2 =
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀),

𝑝3 = 𝑂 (𝑁 𝜀),
𝑝 𝑗 = 𝑂 (𝑘𝑁1+𝜀), for 4 ≤ 𝑗 ≤ 2𝑟 + 1.

Applying these estimates to (4), we obtain

𝑐2𝑟+1 =
−1

2𝑟 + 1

[
𝑐2𝑟 𝑝1 + 𝑐2𝑟−1𝑝2 + 𝑐2𝑟−2𝑝3 +

2𝑟+1∑︁
𝑗=4

𝑐2𝑟+1− 𝑗 𝑝 𝑗

]
=

−1
2𝑟 + 1

[ (
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀)
)
· (−𝑐1)

+
(
𝑐1 ·

(−1)𝑟−1
(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟−1

+𝑂 (𝑘𝑟−2𝑁𝑟−3/2+𝜀)
)

×
(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁) +𝑂 (𝑁1/2+𝜀)
)

+𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀) · 𝑂 (𝑁 𝜀) +
2𝑟+1∑︁
𝑗=4

𝑂 (𝑘𝑟−2𝑁𝑟−2+𝜀) · 𝑂 (𝑘𝑁1+𝜀)
]

=
−1

2𝑟 + 1

[
− 𝑐1 ·

(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀)

+ 𝑐1 ·
(−1)𝑟−1
(2𝑟 − 2)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀)

+𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀) +𝑂 (𝑘𝑟−1𝑁𝑟−1+𝜀)
]

= 𝑐1 ·
1

2𝑟 + 1

(
(−1)𝑟
(2𝑟)!! −

(−1)𝑟−1
(2𝑟 − 2)!!

)
·
(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀)

= 𝑐1 ·
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓(𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀),

verifying the second claim of the inductive step.
This completes the proof. ■

Theorem 1.2 allows us in particular to determine the sign of the even-indexed coeffi-
cients for all but finitely many pairs (𝑁, 𝑘). The following corollary can be shown using
an identical argument as in Corollary 3.2.
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Corollary 4.2 Fix an integer 𝑟 ≥ 0 and a non-square 𝑚 ≥ 1. Then 𝑐2𝑟 (𝑚, 𝑁, 𝑘) has sign
(−1)𝑟 for all but finitely pairs (𝑁, 𝑘).

The behavior of the odd-indexed coefficients, on the other hand, is determined by
the behavior of the trace.

Corollary 4.3 Fix an integer 𝑟 ≥ 0, a non-square 𝑚 ≥ 1, and an even inte-
ger 𝑘 ≥ 2. Consider 𝑁 such that Tr𝑇 ′

𝑚 (𝑁, 𝑘) ≠ 0. Then 𝑐2𝑟+1 (𝑚, 𝑁, 𝑘) has sign
(−1)𝑟+1 sgn(Tr𝑇 ′

𝑚 (𝑁, 𝑘)) for all but finitely many 𝑁 .

Proof Since 𝜓(𝑁) ≥ 𝑁 , we can write the asymptotic formula from Theorem 1.2 as

𝑐2𝑟+1 =
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

)𝑟 (
𝑘 − 1
12

𝜓(𝑁)
)𝑟 [

𝑐1 +𝑂
(
𝑘𝑟−1𝑁𝑟−1/2+𝜀

) (
𝑘 − 1
12

𝜓(𝑁)
)−𝑟 ]

=
(−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

)𝑟 (
𝑘 − 1
12

𝜓(𝑁)
)𝑟 [

𝑐1 +𝑂
(
𝑘−1𝑁−1/2+𝜀

)]
Then observe that since Tr𝑇𝑚 ∈ Z and 𝑐1 = −Tr𝑇 ′

𝑚 = −𝑚−(𝑘−1)/2 Tr𝑇𝑚 ≠ 0, wemust
have |𝑐1 | =

��Tr𝑇 ′
𝑚

�� ≥ 𝑚−(𝑘−1)/2. And because the 𝑂
(
𝑘−1𝑁−1/2+𝜀 ) term tends to 0 as

𝑁 → ∞, it will have magnitude less than 𝑚−(𝑘−1)/2 for all but finitely many 𝑁 . This
yields the desired result. ■

We note that the condition Tr𝑇 ′
𝑚 (𝑁, 𝑘) ≠ 0 here is not overly restrictive. Rouse

[12, Theorem 1.6] showed that there are only finitely many 𝑘 for which we could pos-
sibly have Tr𝑇 ′

𝑚 (𝑁, 𝑘) = 0 for some 𝑁 . And even for these finitely many remaining 𝑘 ,
he showed in [12, Theorem 1.7] that Tr𝑇 ′

𝑚 (𝑁, 𝑘) ≠ 0 for 100% of 𝑁 . He further con-
jectured in [12, Conjecture 1.5] that Tr𝑇 ′

𝑚 (𝑁, 𝑘) ≠ 0 for all 𝑁 ≥ 1 and 𝑘 = 12 or
≥ 16.

We also note that there are variousways one could try to improve this result towhere
𝑁 and 𝑘 both vary. The only reasonwe fixed 𝑘 was to guarantee that 𝑐1 = −Tr𝑇 ′

𝑚 (𝑁, 𝑘)
was bounded away from 0. If we relax the condition of 𝑘 being fixed to just that 𝑘 ≤
(1 − 𝛿) log𝑚 (𝑁) for some 𝛿 > 0, then we have the same result for all but finitely many
pairs (𝑁, 𝑘). One could also try to bound Tr𝑇 ′

𝑚 (𝑁, 𝑘) away from 0 using some sort of
vertical Atkin-Serre type result for the trace (e.g. along the lines of [8, Theorem 2.2]).

5 Extending to the new subspace

All of our results extend to the Hecke polynomial over the new subspace. Let
𝑇 ′ new
𝑚 (𝑁, 𝑘) denote the restriction of 𝑇 ′

𝑚 (𝑁, 𝑘) to the new subspace 𝑆new
𝑘

(Γ0 (𝑁)).
Let 𝑐new𝑟 (𝑚, 𝑁, 𝑘) denote the 𝑟-th coefficient of the characteristic polynomial
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𝑇 ′ new
𝑚 (𝑁, 𝑘) (𝑥) as follows:

𝑇 ′ new
𝑚 (𝑁, 𝑘) (𝑥) =

𝑑new∑︁
𝑟=0

𝑐new𝑟 (𝑚, 𝑁, 𝑘)𝑥𝑑new−𝑟 .

Here, 𝑑new = dim 𝑆new
𝑘

(Γ0 (𝑁)). Just like before, we can then determine the asymp-
totic behavior of 𝑐new𝑟 (𝑚, 𝑁, 𝑘) as 𝑁 + 𝑘 → ∞. Note 𝑐new𝑟 (𝑚, 𝑁, 𝑘) is not technically
defined for 𝑁, 𝑘 such that dim 𝑆new

𝑘
(Γ0 (𝑁)) < 𝑟 . However, there are only finitely many

such pairs (𝑁, 𝑘) [10, Theorem 1.3], so it is perfectly well-defined here to ask about
𝑐new𝑟 (𝑚, 𝑁, 𝑘) as 𝑁 + 𝑘 → ∞.

Let

𝜓new (𝑁) :=
∏
𝑝𝑟 ∥𝑁


𝑝

(
1 − 1

𝑝

)
, if 𝑟 = 1,

𝑝2
(
1 − 1

𝑝
− 1

𝑝2

)
, if 𝑟 = 2,

𝑝𝑟
(
1 − 1

𝑝
− 1

𝑝2 + 1
𝑝3

)
, if 𝑟 ≥ 3,

and note that 𝜓new (𝑁) ≤ 𝑁 and 𝜓new (𝑁) = Ω(𝑁1−𝜀) [7, Sections 18.1, 22.13]. In [1,
Lemmas 4.2, 4.3], Cason et al. showed that for fixed 𝑚,

Tr𝑇 ′ new
𝑚 (𝑁, 𝑘) =


1
√
𝑚

𝑘 − 1
12

𝜓new (𝑁) +𝑂 (𝑁1/2), if 𝑚 is a perfect square,

𝑂 (𝑁 𝜀), if 𝑚 is not a perfect square.

The following two theorems then follow by an identical argument as in Theorems
1.1 and 1.2. The details are omitted.

Theorem 5.1 Fix an integer 𝑟 ≥ 0 and a perfect square 𝑚 ≥ 1. Then for 𝑁 coprime to 𝑚
and 𝑘 ≥ 2 even,

𝑐new𝑟 (𝑚, 𝑁, 𝑘) = (−1)𝑟
𝑟 !

(
1
√
𝑚

𝑘 − 1
12

𝜓new (𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2).

Theorem 5.2 Fix an integer 𝑟 ≥ 0 and a non-square 𝑚 ≥ 1. Then

𝑐new2𝑟 (𝑚, 𝑁, 𝑘) = (−1)𝑟
(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓new (𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2) and

𝑐new2𝑟+1 (𝑚, 𝑁, 𝑘) = 𝑐new1 (𝑚, 𝑁, 𝑘) · (−1)
𝑟

(2𝑟)!!

(
𝜎1 (𝑚)
𝑚

𝑘 − 1
12

𝜓new (𝑁)
)𝑟

+𝑂 (𝑘𝑟−1𝑁𝑟−1/2+𝜀).

Then just like in Corollaries 3.2, 4.2, and 4.3, this tells us the sign of the 𝑐new𝑟 in all
but finitely many cases.

Corollary 5.3 Fix an integer 𝑟 ≥ 0 and a perfect square 𝑚 ≥ 1. Then 𝑐new𝑟 (𝑚, 𝑁, 𝑘) has
sign (−1)𝑟 for all but finitely pairs (𝑁, 𝑘).

2025/02/19 15:35
https://doi.org/10.4153/S0008439525000190 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525000190


6 SIGN PATTERNS FOR MORE GENERAL POLYNOMIALS 11

Corollary 5.4 Fix an integer 𝑟 ≥ 0 and a non-square𝑚 ≥ 1. Then 𝑐new2𝑟 (𝑚, 𝑁, 𝑘) has sign
(−1)𝑟 for all but finitely pairs (𝑁, 𝑘).

Corollary 5.5 Fix an integer 𝑟 ≥ 0, a non-square 𝑚 ≥ 1, and an even integer
𝑘 ≥ 2. Consider 𝑁 such that Tr𝑇 ′ new

𝑚 (𝑁, 𝑘) ≠ 0. Then 𝑐new2𝑟+1 (𝑚, 𝑁, 𝑘) has sign
(−1)𝑟+1 sgn(Tr𝑇 ′ new

𝑚 (𝑁, 𝑘)) for all but finitely many 𝑁 .

6 Sign patterns for more general polynomials

In response to our previous paper showing that 𝑐2 tends to be negative [11], Kimball
Martin suggested to us that 𝑐2 might display a similar bias more generally for polyno-
mials with totally real roots. In fact, the sign tendencies for all the coefficients given in
Corollaries 4.2 and 4.3 hold more generally for a wide class of polynomials with totally
real roots. Essentially the only two conditions we need to impose are that the roots are
distributed over an interval [−𝐴, 𝐴] in a roughly symmetric way about the origin, and
that the roots are not all clustered at the origin.

More precisely, for 𝐴 > 0 and 𝑟 fixed, consider a sequence of polynomials 𝑓𝑛 with
totally real roots lying in the interval [−𝐴, 𝐴]. Let 𝑑𝑛 denote the degree of 𝑓𝑛, and let
the 𝑐 𝑗 (𝑛) and 𝑝 𝑗 (𝑛) be defined as above in Section 2. We assume that 𝑝1 (𝑛) = 𝑜(𝑑1/3𝑛 )
and 𝑝3 (𝑛) = 𝑜(𝑑𝑛) (which will occur if the roots 𝑥1, . . . , 𝑥𝑑𝑛 of 𝑓𝑛 are distributed in
a roughly symmetric way about the origin). Also note that 𝑝2 (𝑛) = 𝛼2𝑛𝑑𝑛, where 𝛼𝑛
denotes the quadratic mean of the roots of 𝑓𝑛. We assume that 𝛼𝑛 is bounded away from
0 (whichwill occur as long as the roots are not all clustered at the origin). Finally, observe
that

��𝑝 𝑗 (𝑛)
�� ≤ 𝐴𝑟𝑑𝑛 = 𝑂 (𝑑𝑛) for each 1 ≤ 𝑗 ≤ 𝑟 . These estimates

𝑝1 (𝑛) = −𝑐1 (𝑛) = 𝑜(𝑑1/3𝑛 ),
𝑝2 (𝑛) = 𝛼2𝑛𝑑𝑛,
𝑝3 (𝑛) = 𝑜(𝑑𝑛),
𝑝 𝑗 (𝑛) = 𝑂 (𝑑𝑛) for each 1 ≤ 𝑗 ≤ 𝑟,

are essentially the content of Lemma4.1 (except that Lemma4.1 hasmuch stronger error
bounds, and where in that case, 𝛼𝑁,𝑘 tends to

√︁
𝜎1 (𝑚)/𝑚 as 𝑁 + 𝑘 → ∞ [2, Theorem

1.1]).
Then using an identical argument as in Theorem 1.2, one can show that

𝑐2𝑟 (𝑛) =
(−1)𝑟
(2𝑟)!!

(
𝛼2𝑛𝑑𝑛

)𝑟 + 𝑜(𝑑𝑟−1/3𝑛 ) and

𝑐2𝑟+1 (𝑛) = 𝑐1 (𝑛)
(−1)𝑟
(2𝑟)!!

(
𝛼2𝑛𝑑𝑛

)𝑟 + 𝑜(𝑑𝑟𝑛).
In particular, this means that as 𝑑𝑛 → ∞, the coefficients of 𝑓𝑛 will tend to the sign
pattern

+ − − + + − − + + − − + + · · · if 𝑐1 is bounded below 0,
+ + − − + + − − + + − − + · · · if 𝑐1 is bounded above 0.
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For example, browsing the polynomials with totally real roots of degree 10 in
LMFDB, almost all of them follow this sign pattern; see [9] (such polynomials given by
LMFDB are shifted so that their roots are roughly symmetric about the origin).

If the roots of a polynomial are perfectly symmetric about the origin, then we will
have 𝑐1 = 0, and the sign pattern becomes

+ 0 − 0 + 0 − 0 + 0 − 0 + · · · .

For example, the roots of the Chebyshev polynomials are distributed in [−1, 1] in a
perfectly symmetric way, and their coefficients follow precisely this pattern.

We also note what happens when the roots of a polynomial are not distributed sym-
metrically about the origin. If all the roots have the same sign, then the coefficients 𝑐𝑟
follow the sign pattern

+ − + − + − + − . . . if all the roots are positive,
+ + + + + + + + . . . if all the roots are negative.

When𝑚 is a perfect square, most of the roots of𝑇 ′
𝑚 (𝑁, 𝑘) (𝑥) are positive, andCorollary

3.2 shows that the coefficients of 𝑇 ′
𝑚 (𝑁, 𝑘) (𝑥) tend to this first pattern.

7 A conjecture on Hecke polynomial coefficients

In [12,Conjecture 1.5], Rouse gave the generalizedLehmer conjecture: that for all𝑚 ≥ 1,
𝑁 coprime to 𝑚, and 𝑘 = 12 or ≥ 16, Tr𝑇𝑚 (𝑁, 𝑘) ≠ 0. More recently, Clayton et al.
[5, Conjecture 5.1] similarly conjectured that none of the Hecke polynomial coefficients
vanish in the level one case. We propose the following conjecture that further extends
both the generalizedLehmer conjecture, and [5,Conjecture 5.1]. The results in this paper
verify Conjecture 7.1 in all but finitely many cases.

Conjecture 7.1 Fix integers 𝑚 ≥ 1 and 𝑟 ≥ 1. Then the 𝑟-th coefficient of the Hecke
polynomial 𝑇𝑚 (𝑁, 𝑘) (𝑥) is nonvanishing for all 𝑁 ≥ 1 coprime to 𝑚, and 𝑘 = 12𝑟 or
≥ 12𝑟 + 4 even.

We note that these lower bounds on 𝑘 are the minimum possible. For any 𝑘 less than
these bounds, we will have dim 𝑆𝑘 (Γ0 (1)) < 𝑟 , and hence 𝑐𝑟 (𝑚, 1, 𝑘) = 0, trivially.
Even relaxing the lower bound on 𝑘 to just requiring that dim 𝑆𝑘 (Γ0 (𝑁)) ≥ 𝑟 will not
work; Rouse [12, Theorem 1.2] showed that for any given 𝑚 and 𝑘 ∈ {4, 6, 8, 10, 14},
Tr𝑇𝑚 (𝑁, 𝑘) = 0 for infinitely many 𝑁 .

We now survey all the relevant previous results through the lens of Conjecture 7.1
(although they were not explicitly stated in these terms).

• When 𝑟 ≥ 1,𝑚 = 1, Conjecture 7.1 follows from the fact that dim 𝑆𝑘 (Γ0 (𝑁)) ≥ 𝑟
for 𝑘 = 12𝑟 and 𝑘 ≥ 12𝑟 + 4.

• In 2006, when 𝑟 = 1 and𝑚 is a non-square, Rouse [12] showed Conjecture 7.1 for
all but finitely many 𝑘 , and for 100% of 𝑁 . When 𝑟 = 1, 𝑚 = 2, he also completely
verified Conjecture 7.1.
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• In 2022, when 𝑟 = 1, 𝑚 = 2, Chiriac and Jorza [3] verified Conjecture 7.1 in the
case of 𝑁 = 1.

• In 2023, when 𝑟 = 2,𝑚 ≥ 2, Clayton et al. [5] showed Conjecture 7.1 in the case of
𝑁 = 1 for all but finitely many 𝑘 . When 𝑟 = 2,𝑚 = 2, they also completely verified
Conjecture 7.1.

• In 2023, when 𝑟 = 1,𝑚 = 3, Chiriac et al. [4] verified Conjecture 7.1 in the case of
𝑁 = 1.

• In 2024, when 𝑟 = 2, 𝑚 ≥ 2, we [11] showed Conjecture 7.1 for all but finitely
many pairs (𝑁, 𝑘). When 𝑟 = 2, 𝑚 = 3, 4, we also completely verified Conjecture
7.1.

• In 2024, when 𝑟 = 2,𝑚 ≥ 2, Cason et al. [1] showed a corresponding conjecture on
the newspace 𝑆new

𝑘
(Γ0 (𝑁)) for all but finitelymany pairs (𝑁, 𝑘). When 𝑟 = 2, 𝑚 =

2, 4, they also completely verified the corresponding conjecture on the newspace.
• In this paper, when 𝑟 ≥ 1 and 𝑚 is a square, Corollary 3.2 proves Conjecture 7.1
for all but finitely many pairs (𝑁, 𝑘).

• In this paper, when 𝑟 is even and 𝑚 is a non-square, Corollary 4.2 proves Conjec-
ture 7.1 for all but finitely many pairs (𝑁, 𝑘).

• In this paper, when 𝑟 is odd and 𝑚 is a non-square, Corollary 4.3 shows that for
𝑘 fixed, if Conjecture 7.1 holds for 𝑟 = 1, then it also holds for each odd 𝑟 for all
but finitely many 𝑁 . In particular, combining with Rouse’s result, this means that
there exists a finite set 𝐾 such that: (1) for all 𝑘 ∉ 𝐾 , Conjecture 7.1 holds for all
but finitely many 𝑁 , and (2) even for 𝑘 ∈ 𝐾 , Conjecture 7.1 holds for 100% of 𝑁 .

We observe that the last result listed here essentially reduces the problem of studying
odd-indexed coefficients 𝑐𝑟 to just studying the trace, −𝑐1.

Acknowledgements

We would like to thank the anonymous referees for their helpful comments.

References
[1] William Cason, Akash Jim, Charlie Medlock, Erick Ross, Trevor Vilardi, and Hui Xue. Nonvanishing of

second coefficients of Hecke polynomials on the newspace. Submitted 2024. https://arxiv.org/abs/2407.
11694.

[2] William Cason, Akash Jim, Charlie Medlock, Erick Ross, and Hui Xue. On the average size of the
eigenvalues of the Hecke operators. Arch. Math. (Basel), 124(3):255–263, 2025.

[3] Liubomir Chiriac and Andrei Jorza. The trace of 𝑇2 takes no repeated values. Indag. Math. (N.S.),
33(5):936–945, 2022.

[4] LiubomirChiriac, DaphneKurzenhauser, andEricWilliams. The nonvanishing of the trace of𝑇3 . Involve,
17(2):263–272, 2024.

[5] Archer Clayton, Helen Dai, Tianyu Ni, Hui Xue, and Jake Zummo. Nonvanishing of second coefficients
of Hecke polynomials. J. Number Theory, 262:186–221, 2024.

[6] Henri Cohen and Fredrik Strömberg. Modular forms: A classical approach, volume 179 ofGraduate Studies
in Mathematics. American Mathematical Society, Providence, RI, 2017.

[7] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford University Press, Oxford,
sixth edition, 2008. Revised by D. R. Heath-Brown and J. H. Silverman, With a foreword by Andrew
Wiles.

2025/02/19 15:35
https://doi.org/10.4153/S0008439525000190 Published online by Cambridge University Press

https://arxiv.org/abs/2407.11694
https://arxiv.org/abs/2407.11694
https://doi.org/10.4153/S0008439525000190


14 REFERENCES

[8] Henry H. Kim. Vertical Atkin-Serre conjecture and extremal primes in a family of 𝐿-functions. Res.
Number Theory, 10(2):Paper No. 43, 12, 2024.

[9] The LMFDB Collaboration. The L-functions and modular forms database. https://www.lmfdb.org/
NumberField/?signature=%5B10%2C0%5D, 2024. [Online; accessed 22 July 2024].

[10] Erick Ross. Newspaces with nebentypus: An explicit dimension formula, classification of trivial
newspaces, and character equidistribution property. Submitted 2024. https://arxiv.org/abs/2407.08881.

[11] Erick Ross and Hui Xue. Signs of the second coefficients of Hecke polynomials. Submitted 2024. https:
//arxiv.org/abs/2407.10951.

[12] Jeremy Rouse. Vanishing and non-vanishing of traces of Hecke operators. Transactions of the American
Mathematical Society, 358(10):4637–4651, 2006.

[13] Jean-Pierre Tignol. Galois’ theory of algebraic equations. World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, second edition, 2016.

Erick Ross.

e-mail: erickr@clemson.edu
School of Mathematical and Statistical Sciences, Clemson University .

Hui Xue.

e-mail: huixue@clemson.edu
School of Mathematical and Statistical Sciences, Clemson University .

2025/02/19 15:35
https://doi.org/10.4153/S0008439525000190 Published online by Cambridge University Press

https://www.lmfdb.org/NumberField/?signature=%5B10%2C0%5D
https://www.lmfdb.org/NumberField/?signature=%5B10%2C0%5D
https://arxiv.org/abs/2407.08881
https://arxiv.org/abs/2407.10951
https://arxiv.org/abs/2407.10951
https://doi.org/10.4153/S0008439525000190

	Introduction
	Preliminary Calculations
	When m is a perfect square
	When m is not a perfect square
	Extending to the new subspace
	Sign patterns for more general polynomials
	A conjecture on Hecke polynomial coefficients

