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Abstract

We are interested in a fragmentation process. We observe fragments frozen when their
sizes are less than ¢ (& > 0). It is known (Bertoin and Martinez, 2005) that the empirical
measure of these fragments converges in law, under some renormalization. Hoffmann
and Krell (2011) showed a bound for the rate of convergence. Here, we show a central
limit theorem, under some assumptions. This gives us an exact rate of convergence.
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1. Introduction

1.1. Scientific and economic context

One of the main goals in the mining industry is to extract blocks of metallic ore and then
separate the metal from the valueless material. To do so, rock is fragmented into smaller and
smaller pieces. This is carried out in a series of steps, the first one being blasting, after which
the material goes through a sequence of crushers. At each step, the particles are screened, and if
they are smaller than the diameter of the mesh of a classifying grid, they go to the next crusher.
The process stops when the material has a sufficiently small size (more precisely, small enough
to enable physicochemical processing).

This fragmentation process is energetically costly (each crusher consumes a certain quantity
of energy to crush the material it is fed). One of the problems that faces the mining industry is
that of minimizing the energy used. The optimization parameters are the number of crushers
and their technical specifications.

In [4], the authors proposed a mathematical model of what happens in a crusher. In this
model, the rock pieces/fragments are fragmented independently of each other, in a random and
auto-similar manner. This is consistent with what is observed in the industry, and is supported
by [12, 19, 22, 25]. Each fragment has a size s (in R*) and is then fragmented into smaller
fragments of sizes s1, s2, . .. such that the sequence (s1/s, s2/s, ... ) has a law v which does
not depend on s (which is why the fragmentation is said to be auto-similar). This law v is called
the dislocation measure (each crusher has its own dislocation measure). The dynamic of the
fragmentation process is thus modeled in a stochastic way.

In each crusher, the rock pieces are fragmented repetitively until they are small enough to
slide through a mesh whose holes have a fixed diameter. So the fragmentation process stops
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for each fragment when its size is smaller than the diameter of the mesh, which we denote
by ¢ (¢ > 0). We are interested in the statistical distribution of the fragments coming out of
a crusher. If we renormalize the sizes of these fragments by dividing them by ¢, we obtain
a measure y_ jog (¢), Which we call the empirical measure (the reason for the index — log (¢)
instead of ¢ will be made clear later). In [4], the authors showed that the energy consumed by
the crusher to reduce the rock pieces to fragments whose diameters are smaller than & can be
computed as an integral of a bounded function against the measure y_ 1o (¢) [, 6, 24]. For each
crusher, the empirical measure y_ 1og (¢) is one of the only two observable variables (the other
one being the size of the pieces pushed into the grinder). The specifications of a crusher are
summarized in € and v.

1.2. State of the art

In [4], the authors showed that the energy consumed by a crusher to reduce rock pieces
of a fixed size into fragments whose diameter are smaller than ¢ behaves asymptotically like
a power of ¢ when ¢ goes to zero. More precisely, this energy multiplied by a power of ¢
converges towards a constant of the form « = v(¢) (the integral of v, the dislocation measure,
against a bounded function ¢). They also showed a law of large numbers for the empirical
measure Y jog (). More precisely, if f is bounded continuous, y_ og (¢)(f) converges in law,
when ¢ goes to zero, towards an integral of f against a measure related to v (this result also
appears in [16, p. 399]). We set Yoo (f) to be this limit (check (5.2), (2.5), and (2.2) to get an
exact formula). The empirical measure y_ 104 (¢) thus contains information relative to v and we
could extract from it an estimation of x or of an integral of any function against v.

It is worth noting that by studying what happens in various crushers, we could study a
family (vi(f;))ie1 jes (With an index i for the number of the crusher and the index j for the jth test
function in a well-chosen basis). Using statistical learning methods, we could from there make
a prediction for v(f;) for a new crusher for which we know only the mechanical specifications
(shape, power, frequencies of the rotating parts, . . .). It would evidently be interesting to know
v before even building the crusher.

In the same spirit, [14] studied the energy efficiency of two crushers used one after the other.
When the final size of the fragments tends to zero, [14] tells us whether it is more efficient
energywise to use one crusher or two crushers in a row (another asymptotic is also considered
there).

In [15], the authors proved a convergence result for the empirical measure similar to the
one in [4], the convergence in law being replaced by an almost sure convergence. In [16], the
authors gave a bound on the rate of this convergence, in an L? sense, under the assumption that
the fragmentation is conservative. This assumption means there is no loss of mass due to the
formation of dust during the fragmentation process.

The state of the art as described is shown in Fig. 1. We have convergence results [4, 15] of
an empirical quantity towards constants of interest (a different constant for each test function
/). Using some transformations, these constants could be used to estimate the constant «. Thus,
it is natural to ask what the exact rate of convergence in this estimation is, if only to be able to
build confidence intervals. In [16], we only have a bound on the rate.

When a sequence of empirical measures converges to some measure, it is natural to study
the fluctuations, which often turn out to be Gaussian. For such results in the case of empirical
measures related to the mollified Boltzmann equation, see [7, 18, 23]. When interested in the
limit of an n-tuple as in (1.1), we say we are looking at the convergence of a U-statistic.
Textbooks deal with the case where the points defining the empirical measure are independent
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FIGURE 1. State of the art.

or have a known correlation (see [8, 13, 17]). The problem is more complex when the points
defining the empirical measure interact with each other as is the case here.

1.3. Goal of the paper

As explained above, we want to obtain the rate of convergence in y_jog () When & goes
to zero. We want to produce a central limit theorem of the form: for a bounded continuous
f.eP(y_ log (6)(f) — Voo(f)) converges towards a non-trivial measure when & goes to zero (the
limiting measure will in fact be Gaussian), for some exponent 8. The techniques used will
allow us to prove the convergence towards a multivariate Gaussian of a vector of the form

&P (Y t0g(e)(F1) — Voo (F1)s - - -+ Y—tog (e)(F) — Voo f)) (1.1)

for functions fi, . . ., fu-

More precisely, if by Zi, Z,, ..., Zy we denote the fragments sizes that go out from
a crusher (with mesh diameter equal to &), we would like to show that, for a bounded
continuous f,

N
V-tog@ ()= D ZifZi/e) — yoo(f)

i=1

almost surely (a.s.) when ¢ — 0, and that, for all n, and f1, . . ., f;, bounded continuous function
such that Yo (f;) =0, eP (Y—10g (&)(f1)s - - - » ¥—log (¢)(fn)) converges in law towards a multivariate
Gaussian when ¢ goes to zero.

The exact results are stated in Proposition 5.1 and Theorem 5.1.

1.4. Outline of the paper

We will state our assumptions along the way (Assumptions 2.1, 2.2, 2.3, and 3.1).
Assumption 3.1 can be found at the beginning of Section 3. We define our model in Section 2.
The main idea is that we want to follow tags during the fragmentation process. Let us imagine
the fragmentation is the process of breaking a stick (modeled by [0, 1]) into smaller sticks. We
suppose that the original stick has painted dots, and that during the fragmentation process we
take note of the sizes of the sticks supporting the painted dots. When the sizes of these sticks
get smaller than ¢ (¢ > 0), the fragmentation is stopped for them and we call them the painted
sticks. In Section 3, we make use of classical results on renewal processes and of [21] to show
that the size of one painted stick has an asymptotic behavior when & goes to zero and that we
have a bound on the rate with which it reaches this behavior. Section 4 is the most technical.
There we study the asymptotics of symmetric functionals of the sizes of the painted sticks
(always when ¢ goes to zero). In Section 5, we precisely define the measure we are interested
in (yr with T = — log (¢)). Using the results of Section 4, it is then easy to show a law of large
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numbers for yr (Proposition 5.1) and a central limit theorem (Theorem 5.1). Proposition 5.1
and Theorem 5.1 are our two main results. The proof of Theorem 5.1 is based on a simple
computation involving characteristic functions (the same technique was previously used in
[9-11, 20]).

1.5. Notation

For x in R, we set [x] =inf{n € Z:n > x}, |x| =sup{n € Z : n < x}. The symbol LI means
‘disjoint union’. For n in N*, we set [n] = {1, 2, ..., n}. For f an application from a set E to a
set F, we write f : E < F if f is injective and, for k in N*, if F = E, we set

Ok= [e] O--+-0fF.
S
— ——
k times

For any set E, we set P(E) to be the set of subsets of E.
2. Statistical model

2.1. Fragmentation chains
Let ¢ > 0. As in [16], we start with the space

+o00
S¢={5=(S1,S2,... ), s1=8520>---20, Zsl-fl}-
i=1

A fragmentation chain is a process in St characterized by

e adislocation measure v, which is a finite measure on SV;
e a description of the law of the times between fragmentations.

A fragmentation chain with dislocation measure v is a Markov process X = (X(7), t > 0)
with values in S¥. Its evolution can be described as follows: a fragment with size x lives for
some time (which may or may not be random) then splits and gives rise to a family of smaller
fragments distributed as x£, where £ is distributed according to v(-)/v(S'). We suppose the
lifetime of a fragment of size x is an exponential time of parameter x*v(S¥), for some . We
could make different assumptions here on the lifetime of fragments, but this would not change
our results. Indeed, as we are interested in the sizes of the fragments frozen as soon as they are
smaller than ¢, the time they need to become this small is not important.

We denote by P, the law of X started from the initial configuration (m, 0, 0, . . .) with m in
(0, 1]. The law of X is entirely determined by « and v(-) [2, Theorem 3].

We make the same assumption as in [16].

Assumption 2.1. v(SY) =1 and v(s; €10; 1[) = 1.

Let U := {0} U U,j:f (N*)" denote the infinite genealogical tree. For u in U, we use the
conventional notation u = () if u = {0} and u = (uy, . . ., up) if u € (N*)" with n € N*. This way,
any u in U can be denoted by u = (uy, . . ., uy) for some uy, . .., u, and with n in N. Now, for
u=(uy,...,u,) €U and i € N*, we say that u is in the nth generation and we write |u| = n;
we write ui = (uy, ..., uy, i), u(k) = (uy, ..., u) for all k € [n]. For any u = (u1, ..., u,) and
v=ui (i € N*), we say that u is the mother of v. For any u in Z/\{0} (4 deprived of its root), u
has exactly one mother and we denote it by m(u). The set U is ordered alphanumerically:
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e Ifuandvareinif and |u| < |v| then u < v.

o Ifuandvareinf and |u|=|v|=n, u=(uy, ..., u,), and v=_(vy, ..., v,) with u; =
Vi, ooy Uk = Vi, U] < Vg1 thenu <v.

Suppose we have a process X which has the law P,,. For all w, we can index the fragments
that are formed by the process X with elements of I/ in a recursive way.

e We start with a fragment of size m indexed by u = ().

o If a fragment x, with a birth time #; and a split time #,, is indexed by u in U, at time t,

this fragment splits into smaller fragments of sizes (xs1, x5, ... ) with (s1, 2, ... ) of
law v(-)/v(SY). We index the fragment of size xs1 by u1, the fragment of size xs, by u2,
and so on.

A mark is an application from I/ to some other set. We associate a mark £ on the tree U to
each path of the process X. The mark at node u is &,, where &, is the size of the fragment
indexed by u. The distribution of this random mark can be described recursively as follows.

Proposition 2.1. (Consequence of Proposition 1.3 (p. 25) of [3].) There exists a family of inde-
pendent and identically distributed (i.i.d.) variables indexed by the nodes of the genealogical
tree (@‘i)ieN*’ u GU), where each (Em-)ieN* is distributed according to the law v(~)/v($¢),
and such that, given the marks (&, |v| < n) of the first n generations, the marks at generation
n+ 1 are given by &, =§m~§u, where u=(uy, ..., uy,) and ui = Uy, . .., Uy, i) is the ith child

of u.

2.2. Tagged fragments

From now on, we suppose that we start with a block of size m = 1. We assume that the total
mass of the fragments remains constant through time, as follows.

Assumption 2.2. (Conservation property.) v( > si=1) = L.

This assumption was already present in [16]. We observe that the Malthusian exponent
of [3, p. 27] is equal to 1 under our assumptions. Without this assumption, the link between
the empirical measure y_ 104 (s) and the tagged fragments, (5.1), vanishes and our proofs of
Proposition 5.1 and Theorem 5.1 fail.

We can now define tagged fragments. We use the representation of fragmentation chains
as random infinite marked trees to define a fragmentation chain with q tags. Suppose we have
a fragmentation process X of law IP;. We take (Y1, Y2, ..., ¥,) to be q i.i.d. variables of law
U([0, 1]). We set, for all u in U, (&,, Ay, I,) with &, defined as above. The random variables
A, take values in the subsets of [q]. The random variables I, are intervals. These variables are
defined as follows.

e We set Ajo) = [g], Ijoy = (0, 1] (0 is of length &(g) = 1).

e For all n € N, suppose we are given the marks of the first n generations. Suppose that,
for u in the nth generation, I, = (ay, a, + &,] for some a, € R (it is of length &,). Then
the marks at generation n + 1 are given by Proposition 2.1 (concerning &.) and, for all u
such that |u| = n and for all i in N*,

Li= (au +§u(§ul +--- +§u(i71))’ Au +€’4(§U] +ee +§ui)]7
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k € A,; if and only if Yy € I;; (I,; is then of length &,;). We observe that for all j € [¢],
uel,ieN*,

P(j € Aui | € Aus Eui) = Eui. (2.1)
In this definition, we imagine having ¢ dots on the interval [0, 1], and we impose that dot j has

the position Y; (for all j in [¢]). During the fragmentation process, if we know that dot j is in
the interval I, of length &,, theg the probability that this dot is on [,; (for some i in N*, I,;; of
length &,;) is equal to &, /&, = &u;.

In the case ¢ =1, the branch {u €l : A, # {} has the same law as the randomly tagged
branch of [3, Section 1.2.3]. The presentation is simpler in our case because the Malthusian
exponent is 1 under Assumption 2.2.

2.3. Observation scheme

We freeze the process when the fragments become smaller than a given threshold ¢ > 0.
That is, we have the data (§,),c14,, where Uy ={u €U, &Enuw) > €, &y < &}

We now look at g tagged fragments (¢ € N*). For each i in [¢], we call Lg ) = 1, L(li), Lg ), e
the successive sizes of the fragment having the tag i. More precisely, for each n € N*, there
is almost surely exactly one u € U such that |u| =n and i € A,; and so, Lg) =¢§,. For each
i, the process Sg) = —log (Lg)) =0< S(li) =—log (L(li)) <--- is a renewal process without
delay, with waiting time following a law  (see [1, Chapter V] for an introduction to renewal
processes). The waiting times (for i in [¢]) are Sg), S(li) — Sg), Sg) — S(li), ... The renewal times
(for i in [¢]) are Sg), S(li), S(zi), ... The law 7 is defined by the following:

For all bounded measurable f: [0, 1] — [0, +00),

+o0 +00
/ D sifGspvids)= [ flem(dx) 22)
SHiD 0

(see [3, Proposition 1.6, p. 34], or [16, (3) and (4), p. 398]). Under Assumptions 2.1 and 2.2,
[3, Proposition 1.6] is true, even without the Malthusian hypothesis of [3].
We make the following assumption on 7.

Assumption 2.3. There exist a and b, 0 < a < b < 400, such that the support of 7w is [a,b]. We

set§ =eb.

We have added a comment about Assumption 2.3 in Remark 4.1. We believe that we could
replace it by the following.

Assumption 2.4. The support of  is (0, +00).

However, this would lead to difficult computations.
We set
T =—log(e). 2.3)

We set, for all i € [¢], > 0,
Nt(i) =inf {j : Sj(-i) > t},

BY = Sx)(,.) —1, (2.4)
t

(i) _ (@
P =1=SG_,
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FIGURE 2. Process B and ¢V,

(see Fig. 2 for an illustration). The processes B?, C® and N are time-homogeneous Markov
processes [1, Proposition 1.5, p. 141]. All of them are cadlag (i.e. right-continuous with a left-
hand-side limit). We call B?) the residual lifetime of the fragment tagged by i. We call C®
the age of the fragment tagged by i. We call N the number of renewals up to time 7. In the
following, we treat ¢ as a time parameter. This has nothing to do with the time in which the
fragmentation process X evolves.

We observe that, for all 7, ( (1) e ng)) is exchangeable, meaning that for all o in the
symmetric group of order ¢, (Bﬁ"“”, s ng(q))) has the same law as (B!, .. ., ng)). When
we look at the fragments of sizes (§,, u € U, : A, # @), we have almost the same information as
when we look at (B(Tl), B(TZ), R B(ﬂ)). We say almost because knowing (B(Tl), B(Tz), e, B(Tq))
does not give exactly the number of u in U, such that A, is not empty.

In the remainder of Section 2 we define processes that will be useful when we describe the
asymptotics of our model (in Section 4).

2.4. Stationary renewal processes (B b E(l)’ )

We define X to be an independent copy of X. We suppose it has g tagged fragments.
Therefore it has a mark (V A and renewal processes (V S0 k>0 (for all i in [g]) defined in

the same way as for X. We let ( B B(z)) be the residual lifetimes of the fragments tagged by
1 and 2.
Let u = f 0 (dx), and let rq be the distribution with density x — x/u with respect to 7.

We set C to be a random variable of law 71; U to be independent of C and uniform on (0, 1);
and S_ 1 =C1 =U). The process So =S LS = S 1 +S(l),S2 =S 1 +S(l) S, —S +S(1)
. is a renewal process with delay 7y (with waiting times So, S; — S, ... all smaller than b

by Assumption 2.3). The renewal times are S0, S1, Sz, ... We set (Eﬁ”)tio to be the residual
lifetime process of this renewal process,

—ny [ca-uvy—1: if 1 < So,
B, = _ _
infy=0 {Sy: Sy >1} —1 if1>Sp;

we define (Z‘El)),zo as

—D EU+t ift < 30,
C, = _
t—sup,>o {Sn:Sp <t} ift=So

(we call it the age process of our renewal process); and we set ]Vﬁl) =inf { J: §j > t}.
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FIGURE 3. Renewal process with delay.

(1 6(])

Fact 2.1. Theorem 3.3 on p. 151 of [1] tells us that (B, ", C, )t>0

(Bgl), C;l)) defined above, and that (Efl), Z’gl)) 1~ 18 stationary. In particular, this means
that the law of E;l) does not depend on t.

has the same transition as

t>0

. . . . =(1 . o .
Figure 3 provides a graphic representation of Bf )1t might be counter-intuitive to start with

Eél) having a law which is not 7 in order to get a stationary process, but [1, Corollary 3.6,
p. 153] is clear on this point: a delayed renewal process (with waiting time of law ) is
stationary if and only if the distribution of the initial delay is 7 (defined below).

We define a measure  on R™ by its action on bounded measurable functions:

For all bounded measurable f:

1
R+%R,7ﬁ%=;4ﬁMﬂYﬁwwﬂwﬂw Y ~ 7). (2.5)

Lemma 2.1. The measure n is the law ofgfl) (for any t > 0). It is also the law of (6;1)) (for
any t).

Proof. We show the proof for Efl) only. Let & > 0. We set f(y) =1,>¢, for all y in R. We
have, with Y of law 7,

1 1 y
- / E(f(Y —s)ly_s>0)ds = — < f ly,S2§ ds)r[(dy)
M JR+ n Jr+ 0

1
= —/ y—8)+7(dy)
w Jr+

Y £\ o
= Il == |=n(dy)=P(C(A - U)=§). 0
£ Y/ K

We set 17 to be the law of (E(l), Fg)) = (CU, C(1 — U)). The support of 12 is C := {(u, v) €

[0,b]*:a<u+v<b}.
For v in R, we now want to define a process

(v (D),

C, ", B ) t>v—2b having the same transition as

(Cgl), B{") and being stationary. (2.6)
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A1) a(2)
l=

: B

FIGURE 4. Processes B, B®-v,

We set (C (v )2b’ Eil)%) such that it has the law 1. As we have given its transition, the process
(ﬁl)’v, E(l) v) _,, is well defined in law. In addition, we suppose that it is independent of all
the other processes. By Fact 2.1, the process (C( » Y BEI)’V

We define the renewal times of B by Sgl) _1nf{t> v—2b: BS_) ' #B(l) V}
by recurrence, Sy =inf {1 > 5y By £ BV}, We also define, for all £, N\ =

e gD —(1), —Q.
inf { j: Sj(~ " t}. As will be seen later, the processes B and B are used to define asymp-
totic quantities (see, for example, Proposition 4.1) and we need them to be defined on an

) >y—2p 18 stationary.

, and,

interval [v, +00) with v possibly in R™. The process B?" is defined below (Section 2.6).

2.5. Tagged fragments conditioned to split up (B>", B®-")
For v in [0, +00), we define a process (ﬁ(l) Y §§2) V) >0 such that

B = B and, with BV fixed, B?"" has the law of B® conditioned on

forallueld, 1eA,=[2€A, <& —log(§,) <v], (2.7)

which reads as follows: the tag 2 remains on the fragment bearing the tag 1 until the size
of the fragment is smaller than e™”. We observe that, conditionally on §(1) " and B /\(2) Y

1 2
(Ef}i,;n . )= and (B(vl,l;z)‘+ )= are independent. We also define v =M, There is

V

an algorithmic way to define BM¥ and B®-, which is illustrated in Fig. 4. Remember that
B = BM, and the definition of the mark (£, Ay, u)uer/ in Section 2.2. We call (S{") _, P
the renewal times of these processes (as before, they can be defined as the times when the right-
hand-side and left-hand-side limits are not the same). If :S?j( ) <vthen § ,\(2) /51(-1). If k is such

that §§(1_)1 <vand TS'Y) > v, we remember that

exp (S{) -85V ) =&, (2.8)

for some u in U with |u| =k — 1 and some i in N* (because B = BWM). We have points
Y1, Y> €0, 1] such that Y| and Y, are in [, of length &,. Conditionally on {Y, Y> € 1,,}, Y1
and Y, are independent and uniformly distributed on 7,,. The interval I,,;, of length suEm-, isa
sub-interval of I, such that Y| € I,;, because of (2.8). Then, for r € N*\{i}, we want Y, to be in
I, with probability gur/(l — Em) (because we want 2 ¢ A,;). So we take E;? =§§(1_)1 —log EW

with probability &,/(1 — &) (r € N*\{i}).
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Ka s’ Kb

FIGURE 5. B,({L) and C/(;;)~

Fact 2.2.
(1) The knowledge of the couple (5(1\1()1) . /359)")) is equivalent to the knowledge of the
couple (65”*”, ﬁl)’v).

(ii) The law of BS,I) knowing C‘(,l) is 7w — Cgl), with w conditioned to be bigger than C‘(,l);
we call it m( e C‘(,l)). As BOV =B gpd ¢V = D, e also have that the law of
§(vl)’v knowing /C\’il)’v is N1 ( e ’C\‘Sl)"}).

(iii) The law of E@’V knowing (65‘”, m])’v) does not depend on v and we denote it by
~), D),
(- 1O B,
The subsequent waiting times /55(21 —:S:;(]),/Sﬁ:] —/522), ... are chosen independently of
each othey, each of them having the law z. For j equal to 1 or 2 and ¢ in [0, +00), we
define ﬁ,(’) =inf{i :’5?) > t}. We observe that, for > 2b, 1/\7,(1) is bigger than 2 (because of
Assumption 2.3).

2.6. Two stationary processes after a split-up 38", B%"")

Let k be an integer, k > 2, such that
kx((b—a)>b. 2.9)

Now we state a small lemma that will be useful in what follows. Remember that the process
(élw, EEI)’V)M}_% is defined in (2.6). The process (/C\'El)’v, Eﬁl)’”)t>0 is defined in the previous
section. - B
Lemma 2.2. Let v be in R. The variables (f(vl)’v, Ef,l)’v) and (/C\,((L)’kb, /E;(},)’kb) have the same

support (and it is C, defined below Lemma 2.1).

Proof. The law n; is the law of (E(()l), E(()l)) (1 is defined below Lemma 2.1). As previously
stated, the support of 7 is C; so, by stationarity, the support of (651”, Eil)’v) is C.

Keep in mind that B = BD, ¢ = ¢V, By Assumption 2.3, the support of S,El) is [ka,
kb] and the support of S,({lle — S/((l) is [a, b]. If S/((lil > kb then B,({z) = S,(cl_ﬁl — S,(Cl) — (kb — S,(Cl))
and C,S,) =kb — S,(Cl) (see Fig. 5).

The support of S;CI) is [ka, kb] and kb — ka > b (see (2.9)), so, as S;Cl) and S,((Lil —S;cl)

are independent, we get that the support of (C,((},), S,({lil — S;cl)) includes {(u, w) € [0;b]? : w >

https://doi.org/10.1017/jpr.2022.114 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.114

Central limit theorem in fragmentation 1041

sup (a, u)}. Hence, the support of (C,((}J), B(l)) (C,(CZ), S,((lJz] S,(:) — C,(CZ)) includes C. As this

support is included in C, we have proved the desired result. U

(2),v

For v in R, we define a process (B We start with:

)tzv'

BP" has the law /(- - | T, B (2.10)

(remember that n’ is defined in Fact 3.1). This conditioning is correct because the law

1
of (E()V HD.w

(C(l) kb Agj) kb) which is 1y (see the lemma above, and below (2.6)). We then let the pro-

v =2),v . . ..
cess (B; ) s Bg ) )t> run its course as a Markov process havmg the same transition as

(335]_);]_‘:7,(,), /Eﬁ)\;]fkh) - . This means that, after time v, B(l) ¥ and B(z) decrease linearly (with

slope —1) until they reach 0. When they reach 0, each of these two processes makes a jump of
law m, independently of the other one. After that, they decrease linearly, and so on.

) is the law 17y, whose support is included in the support of the law of

Fact 2.3. The process (EEI)’V, Fiz)’v)

(until now, we have defined its law and said that that BV is independent from all the other
processes).

1>y I8 supposed independent from all the other processes

3. Rate of convergence in the key renewal theorem
We need the following regularity assumption.

Assumption 3.1. The probability (dx) is absolutely continuous with respect to the Lebesgue
measure (we will write m(dx) =m(x)dx). The density function x+> m(x) is continuous on
(0; + 00).

Fact3.1.Let 0>1 (0 is fixed in the rest of the paper). The density mw satisfies
limsup,_, , o, exp (Ox)7 (x) < +o00.

For ¢ a non-negative Borel-measurable function on R, we set S(¢) to be the set of complex-
valued measures p (on the Borelian sets) such that fR @(x)|p|(dx) < oo, where |p| stands for
the total variation norm. If p is a finite complex-valued measure on the Borelian sets of R, we
define 7 p to be the o-finite measure with the density

p((x, +00)) ifx>0,
v(x) =
—p((—o0, x]) ifx<O.

Let F be the cumulative distribution function of 7.

We set B; = B'" (see (2.4) for the definition of B, B?, . ..). By [1, Theorem 3.3, p. 151,
and Theorem 4.3, p. 156], we know that B; converges in law to a random variable By, (of law
n) and that C; converges in law to a random variable C, (of law 7). The following theorem is
a consequence of [21, Theorem 5.1, p. 2429]. It shows there is actually a rate of convergence
for these convergences in law.

Theorem 3.1. Let ¢’ € (0, 8), M € (0, +00), and

6(978/))( ifx > 07

)=
1 ifx <0.
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= 3.1
0( ()) G-D

as t approaches +00 outside a set of Lebesgue measure zero (the supremum is taken on o in
the set of Borel-measurable functions on R), and
( ! ) (3.2)
=0 .
(1)

as t approaches +00 outside a set of Lebesgue measure zero (the supremum is taken on o in
the set of Borel-measurable functions on R).

If Y is a random variable of law m, then

1
sup ‘E(‘X(Bt))— ;/R E(a(Y —$)ly—s>0)) ds| =

o flallo=M

1
sup ’E(W(Cz))—;/R E(a(Y — s)1{y_s>0)) ds

a:lleflco=M

Proof. We give the proof of (3.1); the proof of (3.2) is very similar.

Let * stand for the convolution product. We define the renewal measure U(dx)=

+°° 7*(dx) (where 7*0(dx) = 8y, the Dirac mass at 0, and 7*" =7 * 77 % - - - % 7, n times).
We take i.i.d. variables X, X1, X2, ... oflaw . Letf: R — R be a measurable function such
that ||f||cc <M. We have, for all t > 0,

E(f(By) = E( Y XA X+ Xy — t)l{xl+~-+xngz<xl+...+xn+1})
n=0

t
= /O E(f(s + X — D1 s4x—r=0) U(ds).

We set
E¢f(X —0lix—~0)) ift>0,
g(n= ,
0 ift <O0.
We observe that ||g|lco < M. We have, for all > 0,

/ /
IEGFX — Dlx—r=o)| < IfllocPX > 1) < [|flloce ™~ /PME (=4 /2X),

We have, by Fact 3.1, E(e(e’s// 2X) < co. The function ¢ is sub-multiplicative and is such
that

lim 08 (¢W) log (¢p(x))
m — —_—

X— —00 X X— 400 X

=0< lim =60—-¢.

The function g is in L'(R), and the function g.¢ is in L>°(R). We have g(x)¢(x) — 0 as
x| — oo,

+o0 !
o(r) f lg(x)] dxH—+>OO 0, o) / lg(x)] dx,:’oo 0,
t —0o0

and 7°%(7r) € S(¢).
Let us now take a function « such that ||« ||.o < M. We set

{ E(a(X — )lix—s=0)) if1>0,

a) =
ift <O.

Then we have ||@]|0 <M and, computing as above for f, E(a(B,)) =@ * U(%).
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In the case where f is a constant equal to M, we have ||g||cc = M. So, by [21, Theorem 5.1]
(applied to the case f = M), we have proved the desired result. ]

Corollary 3.1. There exists a constant I'| bigger than I such that, for any bounded measurable
function F on R such that n(F) =0, for t outside a set of Lebesgue measure zero,

I

IE(F(B))| < [|Flloo X —, (3.3)
(1)
I

IE(F(C)| < [[Flloo X —. (3.4)
(1)

for t outside a set of Lebesgue measure zero.

Proof. We provide the proof of (3.3) only; the proof of (3.4) is very similar.

We take M =1 in Theorem 3.1. Keep in mind that n is defined in (2.5). By the above
theorem, there exists a constant I'; such that, for all measurable functions o« such that
llolloo < 1,

r
|E(ax(By)) — n(a)| < % (for ¢ outside a set of Lebesque measure zero). 3.5)
(7

Let us now take a bounded measurable F such that n(F) = 0. By (3.5), we have, for 7 outside a
set of Lebesgue measure zero,

() i2) -5
17l oo 1Flloo @)
I

IE(F(B))| < IFlloc X o0 O

4. Limits of symmetric functionals

4.1. Notation

We fix g € N*, and set S, to be the symmetric group of order ¢g. A function F: R? — R is
symmetric if, for all 0 € S; and all (x1, . .., x;) € RY,

F(xo1),s Xo2) + - - » Xo(q)) = Fx1, x2, ..., Xg).

For F : R? — R, we define a symmetric version of F by

1 q
Fom@1, . %)=~ > Fo)s s %) forall (v, ..., xp) €RY. (4.1)

ToeS,

We set Bsym(q) to be the set of bounded, measurable, symmetric functions F on R?, and we
set Bgym(q) to be the F' of Bsym(g) such that

/ F(x1,x2, ..., x)n(dx))=0  forall (xz,...,x,) e RI"".
X1
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3 1.2

FIGURE 6. Example tree and marks.

Suppose that k is in [¢] and [ > 1. For ¢ in [0, T], we consider the following collections of
nodes of U (remember that T = — log €, and U and m(-) are defined in Section 2.1):

Ti={ucU\0}: Ay # 9, Emay = £} U{0},
SO ={ueTi: —logEmw) =t, —log (&) > 1} =Ue, (4.2)

L= Z #A, — D). (4.3)

ueS(t) : Ay#9

We set £ to be the set of leaves in the tree 7. For ¢ in [0, T'] and i in [g], there exists one
and only one u in S(¢) such that i € A,,. We call it u{z, i}. Under Assumption 2.3, there exists a
constant bounding the numbers of vertices of 1 almost surely.

Let us consider the example in Fig. 6. Here, we have a graphical representation of a real-
ization of 7;. Each node u of 77 is written above a rectangular box in which we read A,; the
right side of the box has the coordinate — log (£,) on the x-axis. For simplicity, the node (1,1)
is designated by 11, the node (1,2) by 12, and so on. In this example:

Ti={0),(1), (2,1, D, 2,1, (1,2), (1, 1, D, (2, 1,1, (1, 1, 1, 1), (1, 2, D},
L1={2,1,1),(1,1,1,1), (1, 2, 1)},
An=1{1,2,3}, A ={1,2}, ...,
S ={(1,2),d, 1,2, D},
uft, 1} =(1,2), u{t,2}=(1,2), u{t,3}=(1, 1), u{t,4} =2, 1).
For k,l e Nand ¢t € [0, T], we define the event

ck,z(n:{ D laa—ri=k Y A D=1

ueS(t) ues(t)

For example, in Fig. 6, we are in the event C3 1 (¢).
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We define 75 = {u € T1\{0} : #Amq) = 2} U {0}, ma :u € To — (&,, inf{i, i € A, }). For exam-
ple, in Fig. 6, T, = {(0), (1), (2), (1, 1), (1, 2), (1, 2, 1)}. Let @ be in (0, 1).

Fact 4.1. We can always suppose that (1 — a)T > b because we are interested in T going to
infinity. So, in the following, we suppose (1 — a)T > b.

For any 7, we can compute Zues(t) (#A, — 1) if we know ZMES(Z) 14a,=1 and #S(r). As
T — aT > b, any u in S(aT) satisfies #4, > 2 if and only if u is the mother of some v in 7. So
we deduce that Cy j(«T) is measurable with respect to (72, m2). We set, for all u in 72,

Ty=— 10g (éu)' (44)

For any i in [q], t — u{t, i} is piecewise constant and the ordered sequence of its jump times
. ; , () )

is Sf’) < S(2') < --- (the S are defined in Section 2.3). We simply have that 1, e =51, e ™52 . ..

are the successive sizes of the fragment supporting the tag i. For example, in Fig. 6, we have

SV =—log(&), S =—logEn), S =—logEi2n), ... (4.5)

Let £, be the set of leaves u in the tree 7, such that the set A, has a single element n,. For
example, in Fig. 6, £, ={(2), (1, 1)}. We observe that #£; = g < #£, = ¢, and thus

{#L1 =q} € a(Lr). (4.6)
We summarize the definition of n,,:
#A, =1=>A,={n,}. 4.7
For g even (¢ =2p) and for all ¢ in [0, 7], we define the events
G, = {foralli € [p], thereexists u; €U : &, <e™', Emuy =€, Ay, ={2i— 1, 2i}},
foralli € [p], Gi y1(¢) = {there exists u € S(t): {2i — 1, 2i} CA,}.

We set, for all 7 in [0, T1, Fsiy = o (S(0), (Eus Aues@))-

4.2. Intermediate results

The reader must keep in mind that 7= —log(e), (2.3), and that § is defined in
Assumption 2.3. The set B° (g) is defined in Section 4.1.

sym
Lemma 4.1. We suppose that F is in Bgym(q) and that F is of the form F=(1®H Q- ®
fsyms With f1, f2, ..., fq € Bgym(l). Let A be in o (Ly). For any a in 10, 1[, k in [g], and [ in

{0,1,...,(q—k— 1)1}, we have

1) p@) @ g N 4
‘E(ICM((MT)IAF(BT , By, ..., By ))| = ||F||oorlctree(Q) g &
(for a constant Cyee(q) defined in the proof, and 'y defined in Corollary 3.1), and

S_q/zE(lck_l(aT)lAF(Bg"l)’ ng)’ ey B(in))) — 0.

e—0
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Proof. Let A be in o (L;). We have

E(lck,z(aT)lAF(B(Tl), B(Tz), o B(Tq)))

1 2
= 1E<1A 3 E(F(BY, B, ... B )1a,—fw), toratl ueTs | L2, T, mz))
f:T—>PdgDst....

(P defined in Section 1.5), where we sum on the f : 7, — P([¢]) such that

fW) =1y mey=uf (V) for all win 77,

(4.8)
ZueS(aT) Lyruy=1 =k and ZueS(aT) #Hw - D=L

We remind the reader that LI is defined in Section 1.5 (disjoint union), m(-) is defined in Section
2.1 (mother), and S(. . .) is defined in (4.2). Here, we mean that we sum over the f compatible
with a description of tagged fragments.

Ifue L, and T, < T, then, conditionally on 7, and m;, B("“) is independent of all the other

variables and has the same law as B(T)T (T, is defined in (4.4), n, in (4.7)). Thus, using
Theorem 3.1 and Corollary 3.1, we get, for any ¢’ €(0,0 — 1), u € Ly,

IE(f, (B(T”u))ll.:z, T2, m)| < Ty, ||ooe_(0_5/)(T_T“)+

for T — T, ¢ Zy, where Zj is of Lebesgue measure zero.

Thus, we get
1) ) @ (since F is of the form F=(fi® - ®
|E(1Ck,1(aT)1AF(BT By, ..., By ))| fy)syms since, conditionally on u € £, the
IFllooT] distribution of T, is absolutely continuous

with respect to the Lebesgue measure)

/
< ]E( Z |: 1_[ o (O—eNT-Tu)¢ 1AE (14, =) for at ueT; | L2, T2, m2):|)

fTh—>PdgDst... Luels
(because of Assumption 2.3, and because § — &’ > 1)

S]E< Z [ l_[ e~ T Tma) 18 Oy B(14, () for all ueTs | £2, T2, le):|)

f:Ta—=>PdqDst.... Luely

(because of (2.1); see full proof in Section A)

5]}33( Z 1 A[ 1‘[ o~ (T=Tm@w)—log (8) 1—[ e—(#f(u)-l)(Tu_meD_

f:Th—=PdgDst.... uely ueTr\{0}

For a fixed w and a fixed f, we have

(T—T(uy)—log (8) @#f ()= )(Ty—Tm(wu)) ! i g
e U~ m(u))—108 e u)— u=Imw) — [ — ex _/ a(s dS ,
[1 [1 <5> P < 0 ©

uels ueT\{0}
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where, for all s,

a(s) = > Lif=1 + > #Hw)— 1)

ueLo\{0} : Ty <s<T u€To\O} : Ty <s<T,

(if u € T2\ L2, Lary=1 =0)

= > Lypa=1 + > #H W) — 1)

u€T MO} : Tinuy <s<T u€To\0} : Ty <s<Ty

(S(-) defined in (4.2))
> > Lyw=1+ Y @#w—1).

ueS(s) ueS(s)

We observe that, under (4.8),
q
a(n) = ’VE-I for all ¢, a@T)>k+1,

and, if ¢ is such that ZueS(t) 1yuy=1 = k" and ZMES(I) (#f(u) — 1) =1 for some integers k', I',
then, for all s > 1,

a(s)zk/—i—’Vq_zk—‘.

We observe that, under Assumption 2.3, there exists a constant which bounds #7, almost

surely (because, for all u in U\{0}, — log (§,) + log (m()) > a), and so there exists a constant
Cree(q) which bounds #{f : T, — P([¢g])} almost surely. So, we have

IE(LLFBY, BY, ..., B))|

1\* > q—k
< |IFllT{E Z 1A(§) e~ 1472197 exp {—<k+ [TW )(T—aT)}

f:Th—>PdgDst....

1\? —k
< ||F||oor‘fcme<q>(5> e (421 exp {—(k+ PTW )(1 - a)T}. 4.9)
Since k> 1, k+ [(g — k)/2] > q/2, and so we have proved the desired result (remember
that T = — log ¢). U

Remark 4.1. If we replaced Assumption 2.3 by Assumption 2.4, we would have difficulties
adapting the above proof. In the second line of (4.9), the 1/8 becomes e’«~Tm@ _ In addition,
the tree 7> is no longer a.s. finite. So, the expectation on the second line of (4.9) could certainly
be bounded, but for a high price (a lot more computations, maybe assumptions on the tails of
7, and so on). This is why we stick with Assumption 2.3.

Remember that L; (r > 0) is defined in (4.3).
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Lemma 4.2. Let k be an integer, k > q/2, and let a € [q/(2k), 1]. Then we have P(Lyr > k) <
K1(q)e?/?, where

! .
K@= (q‘ii)! x {47,

i€lq]
Let k be an integer, k > q/2, and let o € (q/(2k), 1). Then

e~V P(Lyr > k) —> 0.
e—0

(We remind the reader that T = — log (¢).)

Proof. Let k be an integer, k> q/2, and let « €[q/(2k), 1]. Remember that S(-) is
defined in (4.2). Observe that #S(aT) =i if and only if L,7 =¢q — i (see (4.3)). We use the
decomposition

{Lor >k} ={Lor €tk k+1,...,q—1}}
= Ujeg—k {#5(aT) = i}
= Uielg—k] Ym:lil—[q1 (F{, m) N {#S(aT) =1i})
(remember that ‘-’ means we are summing on injections; see Section 1.5), where
F(@i, m)={i1, ip €[i] with i} #ip =
there exists uy, up € S(aT), uy # uz, m(i1) € Ay, m(iz) €Ay, }.

(To make the above equations easier to understand, observe that if #S(«7T) =i, we have, for
each j € [i], an index m(j) in A, for some u € S(«T), and we can choose m such that we are in
the event F(i, m)). Suppose we are in the event F(i, m). For u € S(«T) and for all j in [i] such
that m(j) € A, we define (remember |u| and m are defined in Section 2.1)

T = —log (&), T | =—10g (Em(w). - .. T} = —10g Epetu-ngy): Ty =0,
with [(j) = |u|, v(j) = u. We have
Pler=k)< Y Y. PFEGmNHS@T) =)

i€lg—k] m:li]—[q]

Z Z E(17G,mE(Lssr)=i | F(i, m), ( )je[,-]’pe[l(/)]»(V(f))/e[i]))

ielg—k] m:[il=[q]

(below, we sum over the partitions B of [¢]\m([{]) into i subsets By, Ba, ..., B;)

> 5 (e { T T ot 10, )t 0

iclg—k]l m:[il—[q] B Jjelil reB;

(as Y1, ..., Y, defined in Section 2.2 are independent)
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=2 X ZE(IFU'")H [T E(ea | FG.m. (T )/e[z]pe[lon’(V(’))fe[ll))

i€lg—klm:lil—[q] B Jjelil reB;
(because of (2.1) and (4.4))
1G)

= Z ZE(IF(, m) H l_[ l_[exp T(’) T(lzl)) (as v(j) € S(aT))
) ° B

Jeli] reB; s=1

If we suppose that k > ¢/2 and « € (¢/(2k), 1), then

+00

T
exp <%) exp (—kaT) T—> 0. (]

Immediate consequences of the two lemmas above are the following corollaries.

Corollary 4.1. If g is odd and if F € BY,,(q) is of the form F = (fi ® - - - ® fy)sym, then

e~ PE(F(BY, ..., B )14z, — 0.

(B and L1 are defined in Section 4.1.)

sym

Proof. We take o € ((¢/2)[q/2]1~", 1). We observe that, for k in [¢], ¢ in (0, T),

D L—i=k= > #A,—1De{0.1,....(g—k—1)},

ues(t) ues(r)

and (L, is defined in (4.3)) ZueS(t) 144,=1 =0= L; > [q/2]. So, we can use the decomposition

8*51/2|}E(F(B(Tl), e Bé?))l#.cl=q)|

=|e""2 ) > E(lcy@nlec,=F(By . ... Bf))
kelql 1€{0,1,...,(q—k—1)4}
+ & PR o100 lue,=gF(BY, - . ., BY)) — 0 (4.10)

(by (4.6) and Lemmas 4.1 and 4.2).
(L1 and L, are defined in Section 4.1.) O
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Corollary 4.2. Suppose F € Bgym(q) is of the form F=(fi ® - ® f)sym- Let Aeco(Lr).
Then

1 q
[E(F(B}, ..., BP)14)| < ||F||ooeq/2{l(1(q) + rfctree(q)<g) (q+ 1)2}.

Proof. We get, as in (4.10),
[E(F(B}, ..., BY)14)|

= E(F(B(T”,...,B(T‘”)lA <1Lmq/2+ > > lck/'l(aT)>)‘

K elq] 0<i<(g—K —1)4

(from Lemmas 4.1 and 4.2)

1\4¢
< ||F||ooeq/2[1<1<q>+ chtree@(g) d 4K - 1)+},

K elq]
and )/ elq] 14 (q—k — 1)1 < (g + 1)* (see Section B for a detailed proof). O
We now want to find the limit of s_q/zE(lLTSq/zl#LlzqF(B(Tl), R Bg?))) when ¢ goes to

0, for g even. First we need a technical lemma.

For any i, the process (B;l)) has a stationary law (see [1, Theorem 3.3 p. 151]). Let By, be
a random variable having this stationary law n (it has already appeared in Section 3). We can
always suppose that it is independent of all the other variables.

Fact 4.2. From now on, when we have an « in (0, 1), we suppose that aT — log (§) < (T +
al)/2 and (T + aT)/2 —log (§) < T (this is true if T is large enough). (The constant § is
defined in Assumption 2.3.)

Lemma 4.3. Let fi, f> be in BY,_(1). Let  belong to (0, 1), and €' belong to (0,6 — 1) (0 is

sym
defined in Fact 3.1). We have
—log (8) _
/ e [E(fi (BY " )(BS"))| dv < oo, (4.11)
—00

and, almost surely, for T large enough,

D) 1) 2
" T=BuiE(f; @ (B BY) 16, 51 | Fsiar): Gar)

—log (8) — —
_/ ef"E(l‘)SEE)n,vﬁ (Bgl)’v)fZ(B(()Z)’v)) dv

e @]

—¢ —1
<Dallfilloolf2llco €xp (-(T— WT)<T>),

where
r2 r r
FZ = / L + : / + / : :
§2+2(0—¢ )(2(9 _ 8/) -1 §50—¢ §52(0—¢ )(2(9 —e)—1)

(The processes B, B@), E(l)'v, and F(z)'v are defined in Sections 2.3, 2.4, and 2.6.)
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Proof. We have, for all s in [aT + nyl%, T] (because of (2.1) and (4.4)),

P(uls, 2} =uls, 1} Fsiwry, Gar (5)");) =exp [~ (s + B = (o7 + Byy))]

(we remind the reader that u{s, 1}, Gi2, are defined in Section 4.1, below (4.3)). Let us
introduce the breaking time 71 2 between 1 and 2 as a random variable having the following

property: conditionally on Fg 1), Gor, and (S( )) 71,2 has the density

i>1°

—(s—(aT+BY))
seR— 1[0(T+B$T),+oo)(s)e T

(this is a translation of an exponential law). We have the equalities o7 + B(l) = S D for some Jos
and T + B(l) (1) for some iy. Here, we need to comment on the definitions of Section 4.1.

In Fig. 6 we have —log (§1.2) =S (as in (4.5)), S ={(1,2,1), (1,1, 1), 2, 1)}, and
u{—log (§(1,2)), 1} = {(1, 2, 1)}. It is important to understand this example before reading what
follows. The breaking time 71 > has the following interesting property (for all k£ > jp):

Plufsy”. 2} # ufS", 1} Fswry, Gar. (51) 2,

=P(ria € [oT + By 8] Fsiary. Gor. (5]) .-

Just because we can, we impose, for all k > jo, conditionally on Fg7), G, and (Sj(.l))j>1 ,

(ufs". 2} £ usP. 1)} = {12 € [or + B, sV]).
Now, let v be in [aT + fol%, T+ B(Tl)]. We observe that, for all v in [aT + fol%, T+ B(Tl)],

E(fi ® (B} BY )16, oy | Fsar)s Gar (S](»l))jzl, T12=V)
=E(fi @By BY™) | Fswn), Gar, (8]"),.,)
(because of (2.7)).
And so,
E(fi ®f> (B(Tl,)B(Tz))IGI,z(T)C | Fsar)s Gar)
=E(E(\i ® - (BYBY ) 16,05 | Fsan)s Gats (S)) ;1) | Fs@n» Gar)
=E(E(E(fi ®f2(B(Tl’)B(TZ))1GLz(T)C | Fs@T)s Gar, (S]('l))jzl, 11.2) | Fs@1)» Gar (S](-U)jzl)

| Fsar)s Gar)

(keep in mind that BDv = B for all V)
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T8y —(v—ar-BY") (1) p(2) 1)
:E(]E( . B(l)e v—o E(f ®f2(B By )1(;1 »y¢ | Fs@T), GaT, (Sj )j>1’7:1’2 :v) dv
al+B, -

| Fs1)> Gar, (Sj1 )]>1) | FSaT)s GaT)

T+ 30
— v (1 2 1
=E<E<f em (el b )E<f1(3(r)’v)f2(§(r)’v) | Fstary: Gar (5] ))j21>dv

aT+BY)

| Fs@T)s Gat, (S](-l))j>1) | FsaT)s GaT)

T+8})
:]E(/ —(v aT— B )f ("(1) V)f( TZ),V) dv | FS(aT), Ga7~>,
o

T+B))

Let us split the above integral into two parts and multiply them by e7~¢T=B.7  For the first
part:

(T+aT)/2
gD —(v—ar—BWY 1 2 T
el—oT BaTE( / e (V aT—B, )fl (E(T),V)fz (’E(T ),V) dv | S(aT): G(ﬂ,) ‘

7+BY

W)
_ oI—aT-By

(T+aT)/2
E(/T+B(1) ei(vfa’r AST)‘ )]E(f (/\(1) V) (A(2) V)|B(1) ,V B(2) v fS(aT),GaT)dv
a oT

| FsaT)s Go:T)‘

(using the fact that E(Tl)’v and E(T2)’v are independent conditionally on

(B B, Fstar., Gar} if T2 v — log (8), we get,

by Theorem 3.1, Corollary 3.1, and Fact 4.2)

(T+aT)/2
<eTaTBST)E</ e—(—aT—By))
aT+B))

(D o I a2
(Tillfi llooe™ @8 XTIV =B04 1y | fo [l oo™ TV ”)dVI]'"S(aT),GaT)

(using Assumption 2.3)
(T+aT)/2 ,
S l—wlz Hfl || 00 Hfz || ooe(T—C{T—IOg (3)) f e—(v—aT+log (5))e—2(0—8 )(T—v+10g (8)) dV
ol
/
_ DAlfilloolollos ragp—e'yp [ €207 10+DP2
§2+20—¢) 200 —¢")—1],r
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- T3 fillollf2loo exp (—(2(0 — ') — DT + (20 — &) — 1)(T +aT)/2)
T s2+206-¢) 200 —¢)—1

F2|lf1 lloo If2lloo €xp (—(2(0 — &) = DT — oT)/2)

4.12
52+2(0—¢) 200 —&')—1 ( )

For the second part, minus some other terms:

T—aT—B") T+87’ o—(r—aT— B B e (GO
€ o' / "Tf( a2(B7"") dv | Fswry, Gar

(T+aT)/2

second part

T—log (8)
/ e_(v_T)]E<1 <T+BY ofi(Br By V)f (B(TZ) v)) dv

(T+aT)/2

©)

T—log (8) (v—aT— B(l)) =(1),v (2),v
~/(-T+ /2 € "1 gh (B )2 (B ™) dv | Fsar), GaT)
o

M)
oT—aT— BaTE<

T—log (8)
D) —(v—aT—BY (1) 52,
—el T BaTE( / e IR i (Br )2 (Br ) dv)

(T+aT)/2

_ T—a7-BY [loe® ~(—aT-BY) R (R (1 By GO
=e o € o ( ( v§T+B(T])f1( T )f2( T )
(T+aT)/2

| C Fsr, Gar) | Fsar), Gar) dv

T—log (8)
[ e e, o B RED) 1T . @13)
(T+aT)/2

We observe that, for all v in [(T 4+ «T)/2, T —log (§)], once 65“*” is fixed, we can make
a simulation of B A(l)v B(TD and g(Tz),v (these processes are independent of Fsr1), Gor
conditionally on Cil) "), Indeed, we draw BY""" conditionally on CV (with law n(- /C\ﬁl)’v)
defined in Fact 2.2), then we draw B?" conditionally on B\ and C"" (with law
n’(- |§$,1)’V,Al(,1)’v), see Fact 2.2). Then, (/B\ﬁl)’v)t> and (,\(2) V) run their courses as

= tzv
independent Markov processes, until we get E(Tl )’V, E(T2 A4

In the same way (for all v in [(T +«T)/2, T —log(8)]), we observe that the process
(fm’v, E(l)’v) starts at time v — 2b and has the same transition as (C(l) 3(1)) (see (2.6)).
By Assumption 2.1, the following time exists: S=sup{t:v—>b <t< v, C(l) "=o0).
We then have v—8= C(l)v When E(V”’V is fixed, this entails that Bv " has the law

m(-1 Cv ) We have B(v) of law /(- |fi1)’v, Fil)’v) (by (2.10)). As before, we then let
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D,y 5(2),v

the process (B , B,
p().kb  5(2).kb
(Btvarkb’ Bt7v+kb)t>v

) /=y TUD its course as a Markov process having the same transition as
1 2
until we get B(T) ' B(T) "

So we get that (for all vin [(T 4+ «T)/2, T — log (§)])

B0,y B VB 180, Fan, Gur) = (@),

V<T+B(1)f1
E( V<T+B S, f] (1) V)f ( (2) V) | C(l) V) _ \II(EE)I)’V) law \IJ(COO)

for some function W, the same in both lines, such that | V| < |lfillcollf2]lco (Where Coo is
defined in Section 3). So, by Theorem 3.1 and Corollary 3.1 applied on the time interval
[aT—l—BfXI), v], the quantity in (4.14) can be bounded (remember that chv = ),
Section 2.5) by

T—aT—B") T=log @) —(v—aT—BY) —(0—&")v—aT—BM)
e of e Tt Ift lloo 12 [l oc€ of’ dy.
(T+aT)/2

(Coming from Corollary 3.1 there is an integral over a set of Lebesgue measure zero in the
above bound, but this term vanishes.) The above bound can in turn be bounded by

T—log (8)

/ / !
T ool ll o8O T f Q0= T =0~ +1y g,
(T+aT))2

(ash—&' +1>1)

_a_. . T+aoT
<Tilfillscllfallocd @ T TeTO=E) exp [—(e—s’+1>< 5 )}

’ T—aT
=T1lfi llsoll2llocd ™~ exp [—(e—e’—l)( 2“ )] (4.14)

We have
T—log (8)
—(v=T) (1) v (2),v
,/TJraT e E( v<T+Bp B fl )f (BT )) dv
-2

(as (F(TI)V B(Tz) V) and (E(()l)’v T B(()Z)V T

T—log (8)
Z/T e_(V_T)E(lv T<By"" Tfl( By T)f (_(Z)V T))

+aoT
2

) have same law)

(change of variable v/ =v —T)

—log(®) | iy
=IE(/( e 1 ﬁl)v/fl( B\ (Bg”)dv/> (4.15)

_ T—zaT)

https://doi.org/10.1017/jpr.2022.114 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.114

Central limit theorem in fragmentation 1055

and
_ (T—al)
o BV ()| v
(since Eél)’v and Ff)z) are independent conditionally on B(l) Y B(VZ)’V if v—1log (§) <0;
using Theorem 3.1 and Corollary 3.1)
_ (T—aTl)
< T e V2 1 loo U2 ||oo]E( (9*5/)(*"*55”"})4—e*(9*€/)(*"*§52)'v)+) dv
-0
(again, coming from Corollary 3.1 there is an integral over a set of
Lebesgue measure zero in the above bound, but this term vanishes)
(T—aT)
<[ 7 e Tl e OO g
—00

F2Ilfl lloo /21100 €Xxp (—(2(6 — &") — I(T — aT)/Z)
52060—¢" 200 —¢')—1

Equations (4.16) and (4.17) give us (4.11). Equations (4.13) and (4.15)—(4.17) give us the
desired result (see below to understand the puzzle).

(4.16)

) 1) p(2
el eT-BarE(f; @ > (B(T’)B(T))l(;,_z(r)c | Fstar)» Gar)

v !
First part Second part (in (4.14))
(in (4.13)) I
N Close to some term () (see (4.14), (4.15))
Small \
(®) close to
— Y R g0t (By V(B ) v
(see (4. 16) 4.17)) O

Lemma 4.4. Let k€ {0, 1,2, ..., p}. We suppose that q is even and q=2p. Let @ € (q/(q +
2), 1). We suppose that F =f1 @ o ® - - - ® fy, with fi, ..., fy in Bsym(l). Then,

g—q/ZE(F(B(Tl’) . ,B(Tq)) 16, 142,=¢)
14 —log (8) (1) v

— ] E(L_gnohic1 (By " )Vu(Bg ) v, (@17)

e—0 _
=177

(Remember that T = — log e.)

Proof. By Fact 4.1, we have T > aT — log (§). We have (remember the definitions just
before Section 4.2)

Gar N#L1 =g} =Gor N ] Gaic1.2(T)".

I<i<p
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We have (remember 7' = — log (¢))
_ 1
e E(E(BY B, Lec )

P
2i—1) (2
= <IGHTE< l_[fZ’;l ®f2i(B(Tl )’ B(T l)) 16, 2irye | Fseary, GaT))
i=1
) p2 3) plé .
(as (B}, BY 16, ,1), (BY, B, 16, 41)), ... are independent

conditionally on Fg(,T), Gor due to Fact 4.2)

i=1

P
2i—1 2i
" (16” [Te"E(i1 @ mi(BY ™", BE )16y, sy | Fsr, Gzi—I,Zf(“T)))

(by Lemma 4.3 and as (B(l), RN B(q)) is exchangeable)

: aT+B%HD ~loe® —v =),y (2),v
=E|1c,, 1_[6 ol (/ e E(IVSEE)”JJCZII*](BO ' )f2i By~ )) dV+R2il,2i) )

i=1 -
(4.18)
with (a.s.)

/
IR2i—1.2il < Tallfoi—1 oo faill e~ T —¢DEO=E =1/2, 4.19)
We introduce the events (for z € [0, T], with u{-} defined below (4.3))

Or={#uft, 2i — 1}, 1 =i < p} =p},

and the tribes (for i in [g], t€[0,T]) Fii=o@lt, i}, Euriy). As Gor=0Oqr N
ﬂliisp{u{aT, 2i — 1} = uf{aT, 2i}}, we have

p
(2i—1)
i=1

P P
Q2i—1)
=E<loar | | eBar +°‘TE< | | LujaT.2i- 1)=ufeT,2i} | Vlgigp]:aT,zi—1>>
i=1

i=1
(by Proposition 2.1 and (2.1))
=E(lo,,). (4.20)
We then observe that
0% = Uicpp) Yjelplji {wlaT, 2i — 1} = ufaT, 2j — 1}},
and, for i #,
P(u{aT, 2i — 1} =u{aT, 2j — 1}) = B(E(Lur.2i- 1)=ufeT.2-1) | FaT.2i-1))

(2i—1)

=E(e " Bar ) (by Proposition 2.1 and (2.1))

<eoT—log(®), (because of Assumption (2.3))

So, P(Og1) —()) 1. This gives us enough material to finish the proof of (4.18).
&—
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Indeed, starting from (4.19), we have

g—Q/ZE(F(B(Tl,) ey B(Tq))lGarl#ﬁFq)

d «T+B2D P —log (4) v (2)v
=E(16,, [[e*" % ) T] e "E i 1(_8 )f2i(By ")) dv

i=1 i=1 -0
& oT++B%~D
+E( LG, [ [P Rai12i) =)+ D).
i=1

By (4.21),

4 —log (8)
(D) = P(Our) l—! ( / e E(1, _yfoi1 By )fai(B5 ™)) dv)

e 0ﬁ</ log(a) E(1 _ 5 vf2i 1(_(1)v) i(By By ") dv).

i=1

And, by (4.20),

p
/
(D) <P(Ou) | [ (C2llfai-1lloollfaillooe™ D¢ =D/2) — 0. O

. e—0
i=1

4.3. Convergence result

For f and g bounded measurable functions, we set

log®) _ Moy 52
V(f,g)=/ e "E(1 <50 f(By " ")g(By ")) dv. (4.21)

o]

For g even, we set Z, to be the set of partitions of [¢] into subsets of cardinality 2. We have

q'

#1, = ————. 4.22
T (/292 (422
For I'in Z,; and ¢ in [0, T, we introduce
G; ;= {forall {i, j} €1, there exists u € U such that §, < e !, Emu) = e ! A, = {i, j}}.

For ¢ in [0, T], we define P; = Urez, G; 1. The above event can be understood as ‘at time
t, the dots are paired on different fragments As before, the reader has to keep in mind that
= —log (¢), see (2.3).

Proposition 4.1. Let g be in N*. Let F=(f] ® - - - ® f)sym With f1, ..., fy in B?ym(l) ((-)sym
defined in (4.1)). If q is even (q = 2p) then

eq/zE(F(B(T]),...,B(Tq))l#Q:q):)Z [T Vi fi)- (4.23)

IeZ, {a,blel
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Proof. Let a be in (¢/(g + 2), 1). We have
— 1 — 1
eTPE(F(BY. ... B yr,—y) = PE(F(BY. ... BY )1y, —(p,, +1p2)).

Remember that the events of the form Cy ;(¢), L; are defined in Section 4.1. The set Py is a
disjoint union of sets of the form Cy j(aT) (with k > 1) and {Ly1 > ¢/2} (this can be understood
heuristically by: ‘if the dots are not paired on fragments then some of them are alone on their
fragment, or none of them is alone on a fragment and some are a group of at least three on a
fragment’). As before, the event {#£| = g} is measurable with respect to L, (see (4.6)). So, by
Lemmas 4.1 and 4.2,

lim e 92E(F(BY. ... BY)laz, o1pe,) =O0.

e—0

We compute:

e PE(F(BY, ... BY )y, =glp,r) = g_q/2E<F(B(Tl), o By ) 1qu)
1,€1,

(as F is symmetric and (B(T]), o B(Tq)) is exchangeable)

¢ - M @
2‘1/2(f1/2)' e PE(F(BY. .. B ) lur,—g1G.r)

_ qleT?? 1 0 @
= Wa%}} E((foy® -+ ®fo@)(Br s - - - BY ) ar,=g1Gur)
q

(by Lemma 4.4)
0 24/2(q/2)v Z 1_[ V(fo@i-1): fo@i) = Z l_[ V(fa, fb)- -
oeS, i=l1 I€T, {a,b}el
5. Results

We are interested in the probability measure y7 defined by its action on bounded measurable
functions F': [0, 1] - R by

&
yr(F)=Y_ suF(;” :
uel,
We define, for all ¢ € N* and F from [0, 1]7 to R,

vl = Y Ea) sa@F(s‘“” ﬂ)

&
a:[gl—-U;

Sa(l) €ag) )

&

?q(F)= Z Eaty - - €a<q)F<

a:[ql—U;
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where the last sum is taken over all the injective applications a from [g] to U,. We set
OF): (1, ...,y ERT > Fe™, ... e7).

The law ¥ ®4 is the law of g fragments picked in I, with replacement. For each fragment, the
probability of being picked is its size. The measure ¥ ©9 is not a law: y ®4(F) is an expectation
over g fragments picked in U, with replacement (for each fragment, the probability of being
picked is its size); in this expectation, we multiply the integrand by zero if two fragments are
the same (and by one otherwise). The definition of Section 2.2 says that we can define the
tagged fragment by painting colored dots on the stick [0, 1] (g dots of different colors, these

are the Y1, .. ., Y,) and then by looking on which fragments of {/; we have these dots. So, we
get (remember 7' = — log ¢)
E(y24(F)) =E(®(F)(BY, ..., BY)),
E(y 9(F)) = E(Q(F)(BY, ..., B ) yp, = 5.1
(vr '(F)) =E(®F)(By ', .. .. B )yr, =4q). (5.1
We define, for all bounded continuous f : RT — R,
Yoo(f) = n(P(f)). (5.2)

Proposition 5.1. (Law of large numbers.) We remind the reader that we have Fact 3.1, and
that we are under Assumptions 2.1,2.2,2.3, and 3.1. Let f be a continuous function from [0, 1]
to R. Then

yr(f) =2 veolf).

(Remember T = —log¢.)

Proof. We take a bounded measurable function f : [0, 1] — R. We define f =f — n(®(f)).
We take an integer g > 2. We introduce the notation

forall g: R — Randall (xi, ..., x,) € RY, g®(xy, ... , Xg) = g(x1)g(x2) . . . g(xy).
We have
E((yr(H) — n(@h =E((yr(f))’)

=E(y> (f®q)) (as (B, ..., B9) is exchangeable)
~®
ZE(%@q((f q)sym))

— 1 q
< Ilfll'éoeq/z{Kl(q) + r?cm(q)<§) (q+ 1)2}.
(by Corollary 4.2)

We now take sequences (7, =log (n)),>1, (¢, = 1/n),>1. We then have, for all n and for all
>0,

4
P(lyr, (f) — n(¢(f))]4>)<”f” {

4
K(4)+F4Ctm(4)< ) ><25}.
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So, by the Borell-Cantelli lemma,
yr,(f) = n(®(f). (5.3)
n—-+400

We now have a little more work to do to get to the result. Let n be in N*. We use the
decomposition (where U, is defined in Section 2.3 and U stands for ‘disjoint union’, defined
in Section 1.5) U, = UsY LU, where USY = U, NUe, | =Ue, |, UL = U, \Ue,,,. For uin
Ue, \Us,.,, we set d(u) = {v:u=m(v)} (m is defined in Section 2.1) and we observe that, for
all u (T, defined in (4.4)),

Y &=k (5.4)

ved(u)

We can then write

> suf(j—”)= Y EfmE)+ D Efn).

uele, ueZ/{é,l,) ueug(i)

There exists ny such that, for n bigger than ny, e™ < €,,41/&, (remember Assumption 2.3).
We suppose n > n1; we then have, for all u in Z/{S), &n > &, > ey41 and, for any v in d(u),
& <eue™? & <epy1- So we get

> suf< el )= Y Ef(+DE)F Y D Ef(n+DE). (55)

En+1
uells,, ) weu® ved

Thus we have, for n > ny,

DD EA(+DE)— D Ef(E)

ueug(,%) ved(u) ueug(i)
<lyr O —yn,Ol+| D &f(n+D&E)— Y Ef@E)|.  (5.6)
ueldty ueldsy)
If we take f =1d, the terms in the equation above can be bounded:
D7D Ef(+DE)— D Ef(ED
ueld P vedw) ueldy)
> ) (&f(nsu) -y svﬂnsv))‘ =1 > ) EfnE) - EL(n+ DE)
MEZ/l&(%) ved(u) ueleg(i) ved(u)
(by Assumption 2.3)

= (suﬂnsu)— > svf(nsu)e—“> -

ueug(i) ved(u)

D) ESE) —EL(n+ DE)

ueuéﬁ) ved(u)
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> > e DRI et (5.7)

ueld? ueld® ved()

(by (5.4))

v, (F) — yr, (O +

Y Ef(+ DE)— Y Ef )

ueu§,'l> ueus(,‘)

1
<O =rOl+ D0 & (58

ueu,,i,l,)

Let ¢ > 0. We fix @ in . By (5.3), almost surely, there exists ny such that, for n > ny,
V7, (F) — y1,(H)l <. For n>ny Vv ny, we can then write

Z < "+l_a)<t+ Y Yet Y b )

u(2) ved(u) ueug(,ll)

(by (5.6), (5.7), and (5.8))

n+1 1
= a1 —ea) (‘ * Z)' 9

(by (5.4))

Letn>n; vnyand t € (T, Ty+1). We can use the decomposition
Us, =UP LU (@), where UL (1) =Us, NUet =Ue—1, UP(0) =Ue,\Ue—.  (5.10)

For u in Z/{gn\uéi)(t), we setd(u, t) ={veU,~ :u=m»)}. As n>ny, d(u, t) = d(u) and we
have
> E=& (5.11)
ved(u,t)
Similar to (5.5), we have

dooafa)= ) afE)+ Y. DY &f(es).
uel,—; ued (o) ueld? (1) ved(u)

We fix f continuous from [0, 1] to R; there exists n3 € N* such that, for all x, y € [0, 1],
lx —y| <1/n3 = |f(x) —f(¥)| <t. Suppose that n>n; Vv ny Vv n3. Then, using (5.10) and
(5.11), we have, for all t € [T}, Ty 411,

) —vr,Ol=| Y &f(€E)— Y. &fE)— D &f(né)
Uy uel uel 2
Yooaf(EE)+ D D EFEE) - D EfmE)— D EfnE)
ueld P uell 2 (r) vedu.n ueldl,) () ueld$y) (1)
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Yo oEaf(EE) - D EfOEN+2 D Ellflleo
ueu“)(t) ueué,ll)(t) ueu(z)(t)
D E+2 Y Elfleo
ueld ueld 2
n+1 1

< 2 _ - ). 5.12
<+ uf||oon(1_e_a)(t+n) (5.12)
(using (5.9), and since Z/lgf)(t) C ng))
Equations (5.3) and (5.12) prove the desired result. O

The set BY, (1) is defined in Section 4.1.

sym

Theorem 5.1. (Central limit theorem.) We remember we have Fact 3.1, and we are under
Assumptions 2.1, 2.2, 2.3, and 3.1. Let g € N*. For functions fi, ..., f; that are continuous
and in Bgym(l), we have

e~ yr(f), . .., vrfe) =7 = NO, (K@ fzijzg)  (e=eD).
(K is given in (5.13).)

Proof. Letfi, ..., fy Bym(1), vi, ..., vg €R.
First, we develop the following product (remember that for u € Uy, §,/¢ < 1 a.s.):

I1 (1+ﬁ%(iva1 e ivgfy) (‘g”))

uel,

=exp ( Z log |:1 +Veld x(ivifi +- -+ iv[lf(l)(%)})
uelly

(for & small enough)

(=D §u
=exp ( >N Ts"/z(ld x(ivifi + -+ vaq))k( >>

ucldy k>1

1 1
exp <_VT(iV]fl + e ivgf) + zyr(ld XU 4 - 4 vgfy)?) +Rg>,

&

where

k-1
Z Z( Dl kﬂ_lfu(%) @ivifi + +quq)k<§u)
k>3 ucld,

=DM k-1 k
= 3 T @) i i
k

k21

Ry <3 °

k>3

(Vi lloo + - - -+ IvglIfylloo)* = O(V).
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We have, for some constant C (using x € R = [e™| = 1),

“

1 1
exp <EVT(iVLf1 +oivgfy) EJ/T(Id XUl + -4 vgfy)?) +Rs)
1 1
— exp (fyr(ivlfl + ot ivefy) + En(CD(Id x(vifi+---+ vqfq)z))) ')

! 1
< E(C'EVT(Id Xifi - vgfy)?) — FM@UAdxnfi +- - Fvgf))) + Re

)

— 0. (by Proposition 5.1)

e—0

Second, we develop the same product in a different manner. We have (the order on I/ is
defined in Section 2.1),

I1 (1 +¢Eil(iva1 e ivgfy) (é”‘))

uely
—k/2k & S
=3 N iy Y gukf“( ) ﬁk(e)
k>0 1<j1,..jk<q ut,...,up €U
Uy <--<uj

(a detailed proof can be found in Section D)

k)2 1 ok
=2 e e g G @ ).

k>0 1<j1senji<q

We have, for all k,

1
—k/2 k
e vjlmvjkgE(r?w1®~~®ﬁk>>‘

1<j1,.k=q

otz LSl gD Zl:pumuoo, o Wallo)

So, by Corollary 4.1, Proposition 4.1, and (5.1), we get

E( [ (1+f—(vaf e ivgfy) (§)>>
uely
— 3 (—DH? Z Z [T VOiufiu vishi)

k>0 1<)y, ]k<q " Iely {a,b}el
k even

e—0

(a detailed proof can be found in Section C)
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(— 1)k/2
Z g 2o VO i) VO vidi)
1<jis-0k=q

k even

(using (4.23))

( 1)k/2 k/2
Z2]‘/2(16/2)'< Z levfzv(ﬁl’ﬁz))

1<j1.2=q
k even

1
:eXp(—E Z vjlvjzv(ﬁlvﬁz)>-
I<jij2=q

In conclusion, we have

]E<exp (%J/T(iwf] +--- 4+ ivqfq)))

1 1
_()) exXp ( - En(‘b(ld X(Vl_fl +---+ vqfq)z)) - 5 Z Vi1 Vis V(fj‘l 7ﬁ2))-

£—> —
1<j1.j2<q

So we get the desired result with, for all f, g,

K(f, &) =n(®d xfg) + V(f, 8) (5.13)
(V is defined in (4.22)). O
Appendix A. Detailed proof of a bound appearing in the proof of Lemma 4.1

Lemma A.1. We have, for any f appearing in the proof of Lemma 4.1,

E(Ly,fa, forattueTs | L2, Toom) < [ e @@= DTuTmw),
ueTr\{0}

Proof. We want to show this by recurrence on the cardinality of 75.

If #7, = 1, then T, = {0} and the claim is true.

Suppose now that #7; =k and the claim is true up to the cardinality k — 1. There exists
v in 73 such that (v, i) is not in 7, for any i/ in N*. We set 72/ = To\{v}, L2/ = Lo\{v},
my' ue Ty — (&, inf{i, i€ A,}). We set f(v)={i1, ..., i} (with i1 <--- <ip), f(m(v))=
{i1, .oy By, ipgt, - o, i) (With i < -+ - < iy). We suppose that ma(v) = (&, i1), because if
mo(v) = (&), j) with j # i then A, # f(v) for all w, and then the left-hand side of the inequality
above is zero. We have,

E(a,—rw), foral ue7s | L2, T2, m2)
= E(lAu:f(u), forall LlE'Tz/E(lAV:f(V) | ‘627 757 my, (Au’ ue 75,)) | ['2’ 757 m2)
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=EQ, oo oranuery Bircipea, Liprigga, | £2, Tay ma, (Au, u € T2)) | L2, T2, ma)

.....

(remember we condition on my, so the 1;, i, can be replaced by 1;,, ., i,,)

= E(IAMZf(u), for all MEB/E(liQ ..... iI,EAVIiPJFl,...,iq%AV | £2’ 75, my, (Auv ue 7—2/)) | £27 7—2’ m2)

<E1 /E(l,’2

,,,,,

Au=f (). forall uc T ivea, | L2, T2, ma, (Ay, u€T2)) | L2, T2, ma)

(because the (Y)) introduced in Section 2.2 are independent)
p
= E<1Au=f(u), for all MEE/ l_[ E(lirEAv | ‘C27 75’ mza (AI,D ue 75/)) | ‘62’ 757 m2>
r=2
(because of (2.1); if v € £, then ]_[’Z:2 ... is empty and thus = 1)

p
= E<1Au=f(u), forall ue’ Ty’ 1_[ & | Lo, T2, m2> (by (4.4) and Proposition 2.1)
r=2

— o~ #HO=D(Ty—Tmw)
=¢ By, foranuery’ | £20 T2, m2)

= e_(#f(v)_1)(TV_Tm(v))H‘T‘i(E(IAu:f(u), foralluETz/ l ['2/’ 75/’ mz/) l ['2’ ’Tz’ mZ)
(by recurrence)

< l_[ e_(#f(u)_l)(Tu_Tm(u)). |:|
ueT>\{0}

Appendix B. Detailed proof of a bound appearing in the proof of Corollary 4.2
Lemma B.1. Let g be in N. Then kae[q] 14—k -1y <@+ D>~

Proof. We have

q—2
Ytk -Di=gt Y @-K-D=g+y iz Vg1 g

K elq] K elg-2] i=1

Appendix C. Detailed proof of an equality appearing in the proof of Theorem 5.1

Lemma C.1. Let g € N*. Suppose we have q functions g1, ..., g4 in qum(l). Then, for all k
even (kin N),
k!
Z Z l_[ V(&iar &iv) = 55737770 Z V&> 8i) -+ V(8jtors &ji)-
2K/ (k/2)' .
15/1 ..... J qu ]EIk {a,b}el ek =q

Proof. We set

oY T V&g =M. D V(g 8i) - Vg g) = (D).

1<j1seenjk=q 1€y {a,blel 1<),k =q
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Suppose, for some k, we have iy, . . ., iy € [g], all distinct. There exist N1 and N, such that:

o the term (I) has Ny terms V(g;,, &,) - - - V(gi,_,» &) (up to permutations; that is, we con-

sider that V(gi,, i,)V(&i,, &) -+ - V(&i,_,» &) and V(gi,, &) - - - V(gi,_,» &) are the
same term);

o the term (II) has N, terms V(g;,, gi,) - - - V(gi,_,, &i,) (again, up to permutations).

These numbers N1 and N, do not depend on iy, . . ., ix. In the case where the indexes iy, . . ., ik
are not distinct, we can easily find the number of terms equal to V(g;,, gi,) - - - V(gi,_,, &i,) in
terms (I) and (I). For example, if i, = ij and i1, i3, ..., i; are distinct, then

o the term (I) has 2N, terms V(gi,, &) - - V(gi,_,+ &)
o the term (II) has 2N, terms V(g;,, gi,) - - V(gi,_,» &i)

(we multiply simply by the number of o in & such that (if,i,..., 0=

(io(1)> lo(2)s - - - » Io(k)))- We do not need to know N and N;, but we need to know Ny /N>. By

taking V(g, f) to be 1 for all g, f, we see that N1 /Ny = #T; = k!/(2K/%(k/2)!). O
Appendix D. Detailed proof of an equality appearing in the proof of Theorem 5.1

Lemma D.1. We have fi, . .., fy, Bsym(l), keN, andvy,...,vseR Then

S v G @)

1<j1,jk<q

=KD e 2 éuwfukﬁl(éul) ﬁk(”&i")'

1<tk <q uy,...,ug €U
Proof. We have

k
Z V]’l""’j/\vV;D i ®- - Qf)

L<jis k=g

Ea(1 Ea(k)
- ¥ X ey () o (5
1§i1>~~~jk<(1 a:[k]—U

(for all injections a, there is exactly one o, € Sk such that a(o,(1)) < - - - < a(o,(k)))

Ea(o,(1)) Ea(o, (k)
= > Vi Y fa(a,,(l))-"%‘a(oa(k))ﬁaa(l)< . S\ T

1<j1,.0jk<q a:[k]—U

(for T € S, weset E(t)={a: [k] —> U :0,=1})

a(z(1) Sa(z(k)
= Z Vi VJkZ Z a(z(1)) - - '$a<r<k>)1§;<1>(T “fiew -

11,0k 2q €Sy ack ()
_ az(1) Ea(z (k)
= Z Z Vi Vi Z Saz(1)) "+ Sac W eqr) Y “fiew -
€8 151,40k =g ac&(t)
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Ea(z(1) Ea(z (k)
= Z Z Vieey " Vieo Z Sa(x(1)) * - - éa(f(k))]?r(l)( e e 'Jj}(k) c

€85, 1<),k <q ac&(1)
J— . “;:M] Euk
N Z Z View = View Z §up o éuk]ﬁ,m( 3 ) ﬁrm( € )
€S 1<, ik<q g up €Us
u1< <ug

The application (‘—’ means that an application is injective)

(a:[k] — [ql, r:[k]f—>[k])—®>aor

is such that, for all b : [k] — [q], #@‘1({b}) =k!. So the above quantity is equal to

[2]
[3]

[4]
[5]
[6]
[7]

[8]
[9]

[10]
(11]
[12]
[13]
[14]
[15]
[16]

(171
[18]

[19]

[20]

by C Y e sukﬁl(é“l) f($>

15/1,4.-,jk<q Uyt €U O
M] < <Uk
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