J. Austral. Math. Soc. (Series A) 42 (1987), 247264

SMOOTH DERIVATIONS ON
ABELIAN C*-DYNAMICAL SYSTEMS

DEREK W. ROBINSON

(Received 29 April 1985; revised 5 July 1985)

Communicated by J. F. Price

Abstract

Let (A,R,0) be an abelian C*-dynamical system. Denote the generator of ¢ by §, and define
A =N, D(8}). Further define the Lipschitz algebra

A= {fe A; sup |[(of = f)/1ll < +°°}-
ltj>0
If & is a *-derivation from A, into A, ,,, then it follows that § is closable, and its closure generates a
strongly continuous one-parameter group of *-automorphisms of A. Related results for local dissipa-
tions are also discussed.

1980 Mathematics subject classification (Amer. Math. Soc.): 46 L 05.

1. Introduction

Let A = Cy(X) be an abelian C*-algebra, let r € R — g, be a strongly continu-
ous one-parameter group of *-automorphisms of A with generator §,, and set
A, =D(8}), A, =N, D(8). Our aim is to continue the investigation [1], [2],
[3] of the structure of *-derivations from A, into A. To describe the elements of
this investigation, it is necessary to introduce a number of additional concepts.
First let S denote the group of homeomorphisms of X associated with o by
(o,f)(w) = f(Stw)a
where f € Cy(X), t € R, and w € X. Next define the fixed point set X, by
Xo={weX; Sw=wforallt € R}.
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Further, introduce the period p of each w € X by

p(w)=inf{t>0; S0 =w},
and the frequency » by »(w) = 1/p(w). Thus X, corresponds to the set of points
with period zero.

Now in [1] it was established that § is a *-derivation from A _ into A if, and
only if, § = A§,, where A denotes multiplication by a real function which vanishes
on X, is continuous over X \ X, and is polynomially bounded in the frequency,
ie.

[A(w)]< c(l + V(w)k)
for some ¢ > 0 and k > 0, and for all w € X\ X,. (For an earlier partial result
see [4], and for an alternative derivation of the polynomial bounds see [2].) Note
that the representation 8 = AJ, implies that both +§ are dissipative, and in
particular that 8 is closable. Let § denote its closure.

It was also established in [1] that § maps A_ into A, if, and only if,
A € D(8}) and 8§'A is polynomially bounded in the frequency for all 0 < m < n.
Note that here §, is defined as the derivative at the origin of o extended to C(X)
by the definition (g, f )(w) = f(S,w).

Finally, in [3] it was proved that if ¢ maps A into A, then § is automatically
the generator of a strongly continuous one-parameter group of *-automorphisms.
The principal aim of this paper is to generalize and optimize this last statement. A
key feature of this generalization is the Lipschitz algebra

A= {72 A s laf =N/l < v,
120

It is easily established that A, /, is a *-algebra and that A, C A, ),. In particular,
A, , is norm dense. Our first result, in Section 2, shows that the *-derivation §
maps A into A, , if, and only if, § = A§,, where A and (oA —A)/t are
polynomially bounded in the frequency, with the latter bound uniform in ¢. In
Section 3 we prove that these conditions are sufficient to ensure that § is a
generator. The proof of this result is based upon a version of the Trotter-Kato
theorem on semigroup convergence which is given in an appendix. In Section 4
related results for dissipations are discussed.

2. Smooth derivations

In this section we derive a characterization of derivations from A into A ,.
But first note that since ||(o,f — f)/t|| < 2||f|l/|¢|, one can equally well define
A, /2 by

A1/2={f€A; sup ”(o,f—f)/t”<+00}.

0<|1]<1
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In fact since
n—1
(Ot - 1)f= E omt/n(ot/n - 1)f’
m=0

one has

I(o, = V) f/t] <||(0,/ — 1)1/ (2/0) ||,

and hence

A, = {fe A; lims(l)lp||(0,f—f)/’||< +°°}'

THEOREM 2.1. Let o be a strongly continuous one-parameter group of *-automor-
phisms of an abelian C*-algebra A = C,( X) with generator 8, and associated flow
S on X. Let X, C X denote the fixed points of S and v(w) the frequency of the point
w € X under the group S. Define A , =N, ., D(8§) and

A1/2={fEA§ sup ||(°zf_f)/t”<+°°}-

0<|t]<1

If 8 is a *-derivation from A _ into A, then the following conditions are
equivalent:

L8AL)C A,

2. 8 = N, | o, where A vanishes on X,, A is continuous on X\ X,, and there
exist positive constants ¢,, ¢, and non-negative integers k., k, such that

M) < (1 +9(0)"),
IN(S,0) = A(@) [ < eo(1 + #(w) )]
forall w € X\ X, andt € R.

PROOF. The proof is an elaboration of arguments given in [1].
2 = 1. Observation 6 in Section 3 of [1} establishes that if f€ A and k is a
positive integer, then the function

w € X\ Xo = »(©)*(8,/ )(w)

vanishes at infinity on X\ X,. Consequently, 8f = A§,f is continuous on X and
vanishes at infinity on X\ X;. Thus 6(A_) C A. But

t7'(o, = 1)8f = (6A)t7 (0, = 1)8of +(17'(0, — 1)A) 8,f

- (o,x)t-lfo’ ds%aﬁoﬁ(z-l(o, — 1)A)8,f,
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and hence

X037 = 8f)(w) | < allel” [ do, (1 + ) 857 )(w)]
+6|((1+ #) 28,1 )(w).

Consequently the above observation implies that § maps A into A, ,.

1 = 2. Since 8(A_) C A, it follows from [1], Theorem 1.2 that Condition 2 is
verified with the possible exception of the uniform polynomial bound on
(A(S;@) — A(w))/t| But this bound follows from the hypothesis §(A ) C A, .
We will prove this in two stages. First we prove that «w = (A(S,0) — A(w))/t is
uniformly bounded on sets of bounded frequencies.

Suppose v(w) < N/2. Then themap ¢ € (-1/N,1/N) — S,w is injective. Now
let Fy, € C®(-1/N,1/N) be an infinitely differentiable function with compact
support in (-1/N,1/N) such that F, =1 on [-1/2N,1/2N] and define G, by
setting G, (t) = tFy(t). Hence Gy(¢) =1 for t € [-1/2N,1/2N]. But it then
follows that there exists a gy € A, with compact support, such that g,(S,w) =
Gy(t) for t € (-1/N,1/N) (see, for example, the argument used in the proof of
Observation 5.2 of [2]). Consequently,

(08gy — 8gn)(w)/t = (AM(S,0) Gy (1) — Mw)Gy(0))/1
= (A(5,0) = A(w))/1
for t € [-1/2N,1/2N]. Combining this with the estimate given at the beginning
of the section, one concludes that
sup [(A(S@) —A(w))/t|<  sup  [(A(Sw) = A(w))/1]

O<{t]<1 O<|t|<1/2N
< sup [(odgy — 8gw)/1],
0<|t| <1
i.e. one has boundedness on sets of bounded frequency.

Now consider polynomial boundedness on sets of large frequency. We establish
this property by adapting the argument used to prove Observation 5 in Section 3
of [1]. We argue by contradiction.

Assume there exist sequences w; € X\ X, and 0 < || <1 such that
(A(S,®,) — A(w;))/t; is not polynomially bounded in the frequency. One may
assume that v(w;) > 1/2 because of the boundedness property proved above.
Proceeding as in Section 3 of [1], one constructs functions f, € A  with compact
support O, such that '

1Al <22mv(w)), j=1,2,...,i,
Sia1w: € 0,
.fi(Stwi) = exp{ZWiv(wi)t}9 t e [_1’1]’
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and the O, are mutually disjoint. Then if p, is any sequence in C which is rapidly
decreasing in the sense that

lim "(“’i)jpi =0

i—> o0
for j =1,2,..., it follows that

f= Z pif;
izl

converges with respect to the C,-seminorms to an f€ A_, and f= p,f; on O,.
Hence (8f )(w) = p,(8f; X w) for all @ € O,. Consequently,

(o,’b‘f— ‘Sf)(wi)/ti = pi(ot,sfi - 8fi)(wi)/ti
= pi(}\(S,lw)ez"i”(“")" - )\(wi))v(w,)277i/ti.

Since |[(0,6f — 8f)/t|| is bounded uniformly in ¢, it follows that the coefficient of
p; must be bounded by a polynomial in the frequencies v(w,). But

(A(Sr‘*’i)ezmy(w')" - )\(""i))/ti = ()\(Sx,‘*’i) - )\(wi))/ti
HA(S, @) (2@ ~ 1) /1,
and the second term on the right hand side is bounded by a polynomial in the

frequencies »(w,;). Hence the first term is also polynomially bounded, which is
inconsistent with the initial hypothesis. This completes the proof that

[(A(S,w) = A(w))/t|< cz(l + v(w)kz)

for all w € X\ X, and ¢t € R, and completes the proof of the theorem.

3. Generators

In this section we establish that the condition 8(A ) C A, ,, is sufficient to
ensure that 8 is a generator. The proof uses the Lipschitz criterion derived in
Theorem 2.1 and semigroup convergence techniques.

The major part of the proof consists of a generator result for derivations
8 = A§,, where A is a real continuous function over X \ X, which satisfies slightly
more general bounds than those derived in Theorem 2.1. Note that the Lipschitz
bounds automatically imply that A is continuous along orbits, and the continuity
across orbits plays practically no part in our proof. It is only used to ensure that §
is densely defined. (The domain D(8) of § = A§, is, by definition, those f € D(8,)
such that A§,(f) € A))

Although the following result could be partly deduced from Theorems 2.6 and
2.10 of [3], we give an almost independent proof based on resolvent convergence
arguments. But to apply this technique it is convenient to use a density result
from [3] which essentially allows one to avoid high frequencies.
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First, for each N > 0, introduce the closed set X* = {w € X; v(w) > N}.

Second define AY) C A by
AM = {feA; f(Sw)=f(w)forallte R, 0 e XM},
It follows immediately that each AY) is a C*-subalgebra of A, and if N < M,
then AY) ¢ A, But one deduces from Lemma 2.7 of [3] that
A= U a®,
N30

where the bar denotes norm closure. Finally each A™) is o-invariant, and hence
one can deduce information about the system (A, R, ¢) by examining the subsys-
tems (AM), R, o).

THEOREM 3.1. Let o be a strongly continuous one-parameter group of *-automor-
phisms of an abelian C*-algebra A = Cy( X)) with generator &, and associated flow
S on X. Let X, € X denote the fixed points of S and v(w) the frequency of the point
w € X under the group S. Define A, =N, ., D(8¢).

If A is a real continuous function over X \ X, satisfying

JIM(e) < Ky(v(w)),
UMS0) - (@) <lrlK(r(0)),  1ER,
where K;: R . — R, are positive non-decreasing functions, then the closure 8 of the

derivation 8 = N, is the generator of a strongly continuous one-parameter group of
*-automorphisms of A. Moreover D(8) N A, is a core of 9.

REMARK. This result differs from similar statements in [3] in two respects. First
the boundedness assumption on A is much stronger than that of Theorem 2.6 of
[3] which established the existence of a unique generator extension of Ad,. Second
the differentiability assumption, A € D(§,), which was necessary in Theorem
2.12 of [3] in order to identify the unique generator extension of Ad, with its
closure, is not necessary in the present context. The advantage of the present
result is that it suffices for the discussion of derivations from A — A, ,, it is
considerably easier to prove than the analogous results of [3], and it has potential
extensions to non-abelian systems.

PrOOF. Fix N > 0 and consider the dynamical system (AY),| R, ¢). Here AM is
the C*-subalgebra of A introduced before the proposition, and we identify o with
its restriction to A*). We also identify 8, and its restriction but explicitly indicate
its domain A™Y) N D(§,).

Now if f.€ AM N D(§,), then (8,f ) w) = 0 whenever »(w) > N. Hence AV
N D(8,) € A N D(8), and one has

[(A8of ) (@) | < Ky (N)|(8of )(w)
|((‘7:>‘ - A)Sof)(w) | < |t|K2(N)|(80f)(“’) |

)
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Thus on the range R(8,) of 8, restricted to AY), the function A is uniformly
bounded and satisfies a uniform Lipschitz condition. Alternatively stated, one has

I~ < Ky (N),

lod = Ally < Ky (N)le],
where || - || y denotes the usual operator norm calculated on the rangeé R(8,) of §,
restricted to A", This reduces the proof of the propositions on AY) to the case
that K, and K, are uniformly bounded. We will handle this by regularizing A
and then using a convergence argument.
First, for a > 0, define the regularization A, by

__/ dsf dio s+t

Then A, € D(82), and

1
Sk == fo ds(0,, A — o,\).
Therefore,
Aally < Ki(N),  8A. Ny < K(N),
and

IAe = Ally < /ds [ dilo X = Ny < aky(N).

In particular, A, = A umformly on the range of 8,, as a — 0.
Second, for B > 0, define H, ; on A N D(8¢) by
8 — B3
It follows easily that H, ; is the generator of a Cg-semigroup 7*# of contractions
on A™, To establish this, note that —87 is the generator of a contraction
semigroup, the Gaussian semigroup associated with o. Moreover,

I8of I < Bll837 || +117 /b
for all f € D(8%) and b > 0, by application of Taylor’s theorem and the triangle
inequality to the function ¢ — o,f. Hence

IAof < 68831 | + (K, (N)*/8B)1 £
for all f € D(83) and b > 0. But H, , is dissipative (see, for example, Lemma 4.1
of [3]), and hence H,p generates a Cysemigroup of contractions 7% £ by
perturbation theory.
It follows from general semigroup theory that |(I + eH,z) " <1 for all
¢ > 0, and we use this to prove the strong convergence of (I + ¢H, g)™" in the
limit 8 — 0, then a — 0. For this proof, note that

(1 +eH,p)" —(I+eH,p)"}f

= e(By— B (I +eH,p ) 62(1+eH, ) f
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and
((1+eH, g)" =(1+eH,, 5) "}
= e(I+ eH,, p) (Ao, = Noy)86(1 + eH,, 4)7'f
for all f € A™. Hence

H{(I+5Ha,ﬁl) ~(I+eH, )"} “ el By — Byl |82(1 + eH, 5) '/ |

H I+eH, z) —(1+ eHaz’B)‘l}f” <efA, - )\aZIINI'SO (I+eH, z) f“

Now since all the resolvents (I + eH, z)! are contractions, it suffices to prove
the strong convergence on a dense subspace of AY) such as AN N D(82). But it
follows from the first of these estimates that one has convergence as 8 — 0 if
82(I + eH, z)*f|| is bounded uniformly in B for /&€ A™) N D(83). Then it
follows from the second estimate that one has convergence as 8 — 0 and then
a — 0 if, in addition, ||8,(] + &H, ) 'f|| is bounded uniformly in « and 8 for
f e A™M N D(82). Hence we next examine these boundedness properties.
First, if f € A™ N D(§,), then

So(1 + eH,p) ' f= (I +eH, ) {80f + |1+ eH, 5.8} (1 + eH, 5) '/}
= (I +eH, 5) {8f = e(8A)8(1 + eH, ) f}.
Hence, setting K, = K,(N), we obtain

|86(1 + eH, 5) "7 | <186 f 1|+ K| 86(1 + eH, 5) "1

s

and for eK, < 1, one has the bound
601 + eH, 5) ' f | < U8/ 10 - ek,) ™,
which is uniform in « and . Similarly, if f € A N D(82), one finds that
|63(1 + eH, 5) 7' f | <1031 | + 2¢ll 8N lln|83(1 + eH, 5) '/ |
+e||8§>\a||N|[60(I +eH, z)"'f “
Thus, if 2¢eK, < 1, one has the bound

|02(1 + el 5) " f | < [1037 ]| + el 93A M8 11 — eK5) ] - 2eK,)

~
which is uniform in 8.
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Therefore, if 0 < ¢ < (2K,)"}, we have established the existence of the strong
limit

lim lim (I + eH, )"
= Jim, fim (1% eHop)

Next consider the convergence of (I + ¢H, z)™' as ¢ = 0. Given f € A and
k > 0, one can choose g € AM) N D(82) such that ||f — g|| < «||f||/2. Hence,
setting K, = K,(N), we have

[{(1+ et )" = 17| < dlr 1+ ell Mg

<kl fI1+ el A NIl 8ozl + €8] 832
< k| /] + ek, 8og |l + 8] 832 -

Consequently,

lim  sup
e—=0 g<q B<1

((1+ el 0)" = 11| < sl f -

Since k¥ > 0 was arbitrary, this proves that (I + -eH,,ﬁ)‘1 converges strongly to
the identity as ¢ — 0, uniformly in « and B.

Therefore it follows from the version of the Trotter-Kato convergence theorem
given in the appendix that there exists a Cy-contraction semigroup 7 on A%Y) with
generator H such that 7*# — r_in the limit 8 — 0, then a — 0, uniformly for ¢
in finite intervals of R _, and (I + sHM,)'l -+ eH) ! as B - 0 then a — 0,
uniformly for & > 0. We will argue that H = A8 | \» , p(s2)-

Let f€ D(H) and set g=(I+ eH)f. Now choose g, € AY) such that
g, — gl >0 as y > 0. Next set f, 5. = (I +eH,p) g, Since D(H,p)=
D(8}), one has f, 5. € AM N D(83). But

lim lim lLim f, .. =f.
y—0 a—0 -0

Moreover,

(I + €A80)fa’ﬂ’7 - g., = {8(A - A¢x)80 - £B8g}fﬂ,ﬁ,7

and

O = XD 8 — B33} fugyl] <IN = Aln|| 80 (1 + €, 5) g, |

+B|82(1 + eH, 5) g, |-
Therefore, using the estimates derived above, one finds that

hn}) hn})éxm(1+e}\80)faﬁy—g—(l+sH)f
¥=0 a=0 -0
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This establishes that the closure § of A8,| , pes3y 1S an extension of H. But
since H is a generator, it has no proper dissipative extensions, and hence H = 8.

The foregoing argument applies equally well to —A, and consequently both +§
are generators of Cj-contraction semigroups. Hence, by a simple standard argu-
ment, & in fact generates a Cy-group of isometries 7. Finally, as A is real, § is a
*.derivation, and 7 must be a group of *-automorphisms of A", Next we extend
7 from AM to A.

For each N > 0, we have constructed a group of *-automorphisms, which we
now denote by 7™, of A™ and the generator of ™ is H™ = X&; |y 1 ps2)-
But if N < M, then AY) ¢ AM_ and +™ < +M because HY) ¢ HM), Thus,
defining 7 on Uy, o A" by setting 7 = ¥ on A™), one can then extend 7 to a
C,-group of *-automorphisms of A by continuity, because

A= U a®.
N>0

The generator H of r is by construction a closed extension of A§, restricted to
D = Uy, AY) N D(83), but in fact H = A§;|p. To prove this, let f € D(H)
and set g = (1 + eH)f. By density there exists a sequence gy € AY) such that
llgx — gll = 0, and, since H™ = H |, is a generator, there exists a sequence
fv € D(H™) such that gy, = (1 + eH™)f,, = (1 + eH)fy. Then it follows that
fv=Q + eH) gy > f. But as A N D(82) is a core of H™, one concludes
that Uy, o A N D(82) is a core of H.

Finally, if f € A® N D(8}), and if h € Cy(R) is a positive, infinitely differen-
tiable function with support in [-1, 1] and total integral one, then, defining

f,= nf dth(nt)oe,f

= [ dth(t)a,,.f,

one has f, € A = AM N A_ But f, » f and 8,f, — 8,/ by strong continuity
of 0. Moreover, A is bounded on the range of §, restricted to A", so
8f, = N, f,, = A8, f = 8f. Therefore U, c AY) is a core of H.

Combining Theorems 2.1 and 3.1, one obtains the result stated in the abstract.

COROLLARY 3.2. Let o be a strongly continuous one-parameter group of *-auto-
morphisms of an abelian C*-algebra A with generator 8. Define A , =N, ., D(85)
and

A= {fe A; sup (o f—f)/t] < +°°}~
0<|tl<1
If & is a *-derivation from A, into A, ,, then 8 is closable, and its closure 8 is

the generator of a strongly continuous one-parameter group of *-automorphisms of
A.
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Proor. It follows from Theorem 2.1 that 8 = A§;,, where A satisfies the
condition C, ,, of Theorem 3.1 with K, and K, polynomials, thereby ensuring
that A , € D(8). The corollary is then a direct consequence of Theorem 3.1.

4. Local dissipations

An operator H: A, — A is defined to be Jlocal if supp(Hf) C supp(f) for all
f € A, and to be a dissipation if

H(ff) < H(f)f + fH(f)
for all f€ A_. In [1] it was demonstrated that H is a local dissipation if, and
only if, it has the form
Hf =Xof + M&of — N 05f,  feA,,

where A, is bounded and continuous on X, where A,, A, vanish on X,, and are
polynomially bounded and continuous on X \ X;, and where A,, A, > 0. More-
over, if H maps A _ into A, then the A, € A, 8§\, is bounded, and 8§A,, 84X,
are polynomially bounded, for j < n.

In [3] it was conjectured, in analogy with results for derivations, that if H:
A_ — A, is a local dissipation, then its closure generates a Cy-semigroup of
positive contractions. This conjecture was verified in the special case that A, is
bounded by A2, The general conjecture is, however, false, as we next demon-
strate with a specific example. Subsequently we extend the positive results on
dissipations obtained in [3] to local dissipations H: A, — A, ,, where A; , is
defined by

Ay ,={fEA;8FEA,)}.
Then we discuss some other possible characterizations of A, /.

First consider the example A = C,(R) and o the group of translations. (I am
indebted to Charles Batty for help in constructing this example.) Thus &, = d/dx
and A = C{°(R). Now let C°(R) denote the infinitely differentiable functions
with compact support and H: C*(R) — C,(R) the operator defined by
,d? d

= -X E - - _d; .
Then H is a dissipation, but if g is defined by
g(x) = x%exp{-x1}, x>0,

=0, x <0,
one readily computes that

[ dxg()((1 + H)F)(x) =0
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for all f&€ CZ(R). Thus the closure of H is definitely not the generator of a
contraction semigroup on C,(R).

This example is almost a counterexample to the conjecture in [3]. It fails only
because the coefficients of H are unbounded at infinity, and hence H is not
defined on all of A . One can, however, convert this example into a genuine
counterexample on C(T) by the change of variable x € R — y € T, where
y = Tan™! x. One then obtains the more complicated expression

2
H=(1/4) —Sin22ydi2— + 2(Sin2y(1 — Cos2y) — 2C052y)% ,
Ly

which has bounded continuous coefficients and can be defined on all of C*(T).
But by the above calculation R(1 + H) # C(T), and hence H is not a generator.

Next we turn to the examination of local dissipations H: A, — A, ,, and we
begin by remarking that, by an extension of the proof of Theorem 2.1, one can
establish that the coefficients Ay, A;, A, € D(§,) satisfy the condition

[A(w)] < Ly(v(w))
C3/2: |(8o>‘)(‘*’)| 2( (“’))
[(86A)(S,@) = (8A)(w) ]| <|t|Ls(»(w))

where the L, are polynomials. Hence the basic problem is to show that the closure
of H=2X8 — A0} on A, where X, > 0, and where A;, A, satisfy C;,, on
X\ X,, is a generator. (The term A, causes no problems, since it is positive and
bounded, and H is closable because it is automatically dissipative [3].)

Now the closure of A,8, generates a group of *-automorphisms by Theorem
3.1, or Theorem 3.1 of [3], and we next argue that the closure of —A,87 generates
a positive contraction semigroup. Then if A, is bounded by N2, the generator
result follows for the sum H = A8, — A,8Z by perturbation theory.

PROPOSITION 4.1. Let (A,R, o) be an abelian C *-dynamical system. Denote the
generator of o by o, and set A , =N, D(8F).

If N is a non-negative continuous function over the spectrum X of A which satisfies
condition C,,, above, then the closure H of H= -\§¢ generates a positive
Cy-contraction semigroup. Moreover, A , N D(H) is a core of H.

ReMARKS. 1. For this result it suffices that the functions L, which occur in
Condition C;,, are positive, and finite-valued. If the L, are polynomials, then
A _ € D(H); and hence A  is a core of H.

2. It follows from the first part of the proof that, since A is non-negative, the
bound on §,A in Condition C; , follows from the other two bounds, and in fact
one can assume that L3 < 2L,L,.
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Proor. The key to the proof is the observation that
0<oh=A+1(8,A) + f ds(o, — 1)(8,)).
0

Therefore
0 < Mw) +1(8A)(w) +(£2/2) Ly(»(w))
for all 1 € R, and hence

2
[(8A)(@) | < 2A (@) Ly (v(@)).
But this implies that N'/? € D(8,), and so

2 2

(80X /2 ) ()| =1(80A)(){" /2 (@) < Ly(r(w)) /2.
Hence by Theorem 3.1 of [3], or Theorem 3.1 in the previous section, the closure 8
of 8§ = N/2§, generates a Cy-group of *-automorphisms r of A. Consequently,
—82 generates a positive Cy-contraction semigroup p, the convolution semigroup
associated with 7, defined by

of = (r) [ dsernyg
-00

Next let A" denote the C*-subalgebra of A spanned by those f € A which
satisfy f(S,w) = f(w) for all 1€ R and all w in the closed set XM = {w:
»(w) > N}. The groups ¢ and 7 leave each A" invariant, and hence p also
leaves the A" invariant. Next, following 3], we observe that

= -A83 = —(X/28,)" + (8,0/2)(N/2%,),
and if f € A™ N D((N/28,)?), then
||(80}\1/2)>\1/280f ” < L3(N)1/2”>\1/250f "/21/2

< B(X728,)* 7| + (Ly(N) /2 76

for all b > 0. Now H is dissipative, and hence H generates a Cg-semigroup x of
contractions by perturbation theory. Since H is a dissipation, k is also positive by
[3], Proposition 4.3. Now « is defined on each A™) consistently, i.e. if N < M,
then the restriction of k from A to AY) agrees with the direct definition of x
on A™). Finally, A = U, ., A, and hence « extends to a positive Cy-contrac-
tion semigroup on A by continuity.

The core property follows by the same arguments used to derive the analogous
property in Theorem 3.1.

We conclude with some comments on the definition of A, ,,. There are various
alternatives to the choice that we have used. But the following propositions show
that the obvious ones coincide, even for non-abelian A.
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PROPOSITION 4.2. Let (A,R, 0) be a C*-dynamical system and let § denote the
generator of o. Then, for each A € A, the following conditions are equivalent:

L sup, . oll(o, — 1)’4 /%] < + o0,

2. Sup|t|>osup|s|>0”(ot = I)(o, — 1) A4 /15]| < + 00,

3. 4 € D(8) and sup,,. oll(o, — 1)8(A4)/1]] < + o0.
Moreover, if these conditions are satisfied, then the three suprema are equal.

PROOF. 3 = 2. This follows from the triangle inequality once one observes that

(o,—1)A4 1 s

—S__ = —'2—'/(; dro,B(A).
2 = 1. This is obvious.
1 = 3. First we prove that 4 € D(8). Set

2
a= sup ”(o, -1) A/t2”.
[¢|>0
Then note that

0,_1_01/2_1)A=(61/2——1)((01/2'*'1)_I)A

t t/2 t/2 2
(01/2 - 1)2
= ——t—/z—A/2.
Replacing ¢ by ¢,, = t/2™ and summing from m = 0 to m = n — 1, one finds
that
2
(0, - 1) _ (ot,, - 1)) _ i (ot,,.n - l) 4/2.
4 tn m=0 tm+l
Therefore
(6,-1) (9,-1) i
(+) ,( D %" D)< (0/2) X
n m=0
1
<@/l X =
mz0
= (a/2)l¢|.

Consequently, for all m, n > 0, one has

-1 -1
G UL R
tﬂ tm
and, replaciﬂg t by t,, one concludes that
-1 -1
((Ofnt ) _ (otmt ))A <a|t|/2p
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for all m, n > p. This proves that

lim (01,, - 1)

n— oo z,

A=A

t

exists, but in principle it could depend upon ¢. Nevertheless,

("smn_l)A__ t, (01"—1)A+ s, (o, —1)

= o
s, 1, s,t¢t, "t s, +1 s

n n n n

A,

and hence

(s+1)A,,, =sA,+14,,
i.e. the function 1 € R = 14, € A is additive. But (*) implies that

led, |l < 24l +(a/2)e?,
and consequently, by classical reasoning, the function 1 € R — 14, € A must be
linear, i.e. A, = A, is independent of 1. Now referring to (*) once again, one sees
that

tim (0, — 1) 4/t = 4, = 0

i.e. 4 € D(8)and §(A4) = 4,
Finally, using the foregoing identification and the estimate (), one has

(o, — 1)’ 4,12 = (o, - 1)8(4) /1| < a
Hence the supremum in Condition 3 is finite. This establishes that 1 = 3.

Now consider the last statement of the proposition. Let a,, a,, a; denote the
values of the suprema occurring in Conditions 1, 2, and 3 respectively. Then by
elementary reasoning a, < @, < @;. But using (o, — 1) = (0, , — 1)(0,, + 1),
one deduces that

H(a, - 1)2A/t2|| <”(o - l) o,

where we have once again used the notation ¢, = t/ 2”. Therefore, taking the limit
as n — oo, one finds that

(o, = 1)?4/2?| < (o, — 1)8(A) /1] < ay.

Finally, taking the supremum over ¢ gives a, < a, < a,, and hence a, = 4, = a;.

< 4,

Appendix-semigroup convergence

In Section 3 we make several applications of a version of the Trotter-Kato
theorem on semigroup convergence. The resolvent formulation of this result is
given in {5, Chapter IV], but it can also be stated in terms of the semigroup. The
complete result, for contraction semigroups, is summarized in the following
proposition.
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PROPOSITION. Let S¢ be a net of Cy-contraction semigroups on a Banach space B
and denote the generator of S* by H . The following conditions are equivalent.
1. The strong limit of S® exists for all small t > 0, and for each a € B,

lim (57— I)a]=0

uniformly in a.

2. The strong limit of (I + ¢H,)™! exists for all small ¢ > 0, and for each a € B,

tim (1 + eB,)™ — 1)a]= 0
e—0+

uniformly in a.
Moreover, these conditions imply that there exists a Cy-contraction semigroup S,
with generator H, such that S* — S, uniformly for t in any finite interval of R ,,
and such that (I + ¢H,)™* — (I + eH)™! uniformly for ¢ > 0.

PROOF. Assume that Condition 1 holds and let S, denote the strong limit of S
Since ||S7f| < 1 for all ¢ > 0, it readily follows that the strong limit exists for all
t > 0 and that S,S, = S, , for all 5,z > 0. But S, = I, and one automatically has
ISl < 1. Therefore, to conclude that S is a Cy-contraction semigroup, it remains
to prove continuity at the origin. But given a € B and & > 0, one can choose ¢,
such that

“(Sta - I)a" <e/2
for all 0 < ¢ < ¢,, uniformly in a. Then for 0 < ¢ < ¢, fixed, one can choose «,
such that
I(s7 = S)al <e2
for & > a,. Therefore, by the triangle inequality,
IS, = Dal <,

and this is valid for any 0 < ¢ < ¢,

Now since S* converges to the Cj-contraction semigroup S, it follows from the
usual Trotter-Kato theorem (see, for example, [7],Theorem 3.1.26) that (I + ¢H )"}
converges strongly to (I + eH)™!, where H is the generator of S, and the
convergence is uniform in . But

[(1+er)™ —1]a= f0°° dte (52— I)a,
and hence, for any M > 0, one estimates that

I[(r+em)" - 1]a|<2eMlall+ sup [(S7-I)al.
|| <er

It follows immediately that (I + ¢H,)™! — I as ¢ — 0 uniformly in .
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This establishes that Condition 2, and also the last statement of the proposi-
tion, follow from Condition 1.

Next assume that Condition 2 holds. Then the existence of S and H and the
identification

(I+eH) "' =1lim(I+¢eH,)™"
[+

follow from [5, Chapter IX, Theorem 2.17]. The proof can be summarized as
follows.

Let R, denote the strong limit of (I + eH_)~*. Since ||(I + ¢H,)!|| < 1, and
since the resolvent relation

e(I+eH,) " —&;(I+e,H,) " = (& —e)(I +&H,) (I +¢&H,)"
is valid, it follows that
IR N <1
and that
eR, — &R, = (e — )RR,
But given @ € B and « > 0, one can choose &; > 0 such that
(1 +eH,)™ - 1)a|<x/2

for 0 < & < g, uniformly in a. Then, for 0 < & < ¢, fixed, one can choose «,
such that

I(Cr + er)™ ~ R,)a| < x/2
for & > a,. Hence, by the triangle inequality,
(R, - I)a] < &,
and this is valid for any 0 < € < &,. Consequently,
lim R, = 1.
£e>0
It immediately follows that R, = (I + ¢H)™!, where H is the generator of a
Cy-contraction semigroup S. Then $* — § by the usual Trotter-Kato conver-
gence theorem, and this implies the last statement of the proposition.
It remains to prove that S — I as ¢t — 0 uniformly in . Now given a € B, set
a,= I+ «kH))a 2 Then a, € D(H?),

a,—a=((I+xH)" +1)((I+xH)" - 1I)a,

and
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In particular, |jla, — af| < 2|(({ + xH,)™ — I)al|, and ||H2a || < 4||a||/x% But
by a standard estimate (see, for example, [S, Chapter IX, Section 1.2]), we have

ot
(s = 1)al s“((! + %H) - I)a
e .

((1 + %H,,)—l - I)a

+4|((1+ «H,) " — I)a].

Hence, by first choosing « and then ¢, one deduces that S — I uniformly in « as
t — 0. This completes the proof.

2
< 5| H2an || < 263 all /e,

Therefore

+2lla - a,]

<n + 2¢%||a| /nx?
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