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THE STRUCTURAL COMPLEXITY OF MODELS OF ARITHMETIC
ANTONIO MONTALBAN AND DINO ROSSEGGER

Abstract. We calculate the possible Scott ranks of countable models of Peano arithmetic. We show that
no non-standard model can have Scott rank less than » and that non-standard models of true arithmetic
must have Scott rank greater than . Other than that there are no restrictions. By giving a reduction via
Ailn bi-interpretability from the class of linear orderings to the canonical structural w-jump of models of
an arbitrary completion 7" of PA we show that every countable ordinal o >  is realized as the Scott rank
of a model of T.

§1. Introduction. The structural complexity of countable structures has been an
active and deep area of research at the intersection of model theory, descriptive set
theory, and computability theory for more than half a century. One of the early
results responsible for the interest in this area is Scott’s theorem [20] that every
countable structure has a sentence defining it up to isomorphism among countable
structures in the infinitary logic L,,. Combining this with Vaught’s work [22] on
the Lopez-Escobar theorem [14] one gets a connection with descriptive set theory.
Vaught showed that the sets of models of TT" formulas (we refer the reader to [3,
Section 6.4] for a definition of quantifier complexity in L, ,) are precisely the l'[g
isomorphism-invariant sets in the Borel hierarchy on the space of structures. Thus,
not only is every isomorphism class of a countable structure Borel, but calculating
the quantifier complexity of a structure’s Scott sentence gives a measure of the
complexity of its isomorphism class in the Borel hierarchy.

Computability theorists use another approach to measure the complexity of
countable structures. Say a structure A4 is uniformly Ag-categorical if there is a
Turing operator @ and an oracle X C w such that for all B,C isomorphic to A,

DX B0 j5 4 isomorphism between B and C. It follows from results of Ash [5]
that a structure is uniformly Ag-categorical if and only if its automorphism orbits
are definable by X" formulas. The usual proof of Scott’s theorem builds a Scott
sentence for a structure out of the defining formulas of its automorphism orbits.
This shows that such a structure must have a Hg‘ .1 Scott sentence. On the other
hand, Montalban [17] showed that a structure with a I3}, Scott sentence must
have all automorphism orbits X' definable. This unifies the two approaches and
gives a robust notion of Scott rank.
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2 ANTONIO MONTALBAN AND DINO ROSSEGGER

THEOREM 1 [17]. The following are equivalent for countable A and a < ®;.

1) Every automorphism orbit of A is Tin_definable without parameters.
2) Ahas a1, | Scott sentence.

(

(

(3) A is uniformly A -categorical.

(4) The set of copies of A is HgH in the Borel hierarchy.
(5) No tuple in A is a-free.

The least o satisfying the above is the (parameterless) Scott rank of A.

Apart from the parameterless Scott rank several other notions of Scott rank can
be found in the literature. Scott [20] used a notion of rank based on symmetric
back-and-forth relations, Ash and Knight [3] defined two notions of rank based on
infinitary equivalence of tuples, and Montalban [17] also proposed a parameterized
version of the above rank. All of these ranks differ by a small ordinal constant. While
Montalban’s parameterized Scott rank shares the robustness of the parameterless
Scott rank, we focus on the latter in this article as it allows for a slightly finer
complexity analysis.

We already gave a quick introduction to all of the notions appearing in Theorem 1
except Item 5. This is a combinatorial condition that is useful in arguments. It is
based on the asymmetric back-and-forth relations, a variation of the back-and-forth
relations first introduced by Barwise [6] and often used in computable structure
theory. See [3. Chapter 15] for a development of their theory and applications. Let
us define the asymmetric back-and-forth relations formally. Our definitions follow
Montalban’s upcoming book [18] and we refer to it for a thorough treatment of the
back-and-forth relations and other notions used here.

DEerFINITION 1. Fix a relational_ vocabulary 7. Given an ordinal «, 7-structures
A and B and tuples @ € 4A<?, b € B<?® define the <, back-and-forth relations
inductively as follows:

(A.a) <, (B.b) «= (VB< a)Vd € B<*3¢ € A~°(B.bd) < (A, ac).

For the base case let (A. @) <o (B.h) if @ and b | |a| satisfy the same quantifier-free
7)4)-formulas.

Karp [12] showed that. fora > 0. (A.a) <, (B. b)ifand only if every 1" -formula
that is true of @ in A is true of b in B.

In this article we will mostly look at the case in the above definition when A = B.
In this case we will write the shorthand @ <, b for (A, a) <, (A.b).

DEFINITION 2. A tuple a in A is a-free if
(VB < a)vb3a'b'(ab <z a'b' Na o a').

One of the main questions about structural complexities is how complicated
structures in natural classes can be. More formally, we want to calculate the possible
Scott ranks in natural classes of structures. Makkai [15] defined the following.

DerFINITION 3. Let T be an L, ,-sentence. The Scott spectrum of T is the set

ScottSp(T) = {a < w; : a is the Scott rank of a countable model of T'}.
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THE STRUCTURAL COMPLEXITY OF MODELS OF ARITHMETIC 3

While this definition is about models of L, ,-sentences we can also use it for
measuring the complexity of structures in elementary classes, as every first-order
theory can be viewed as a sentence of L, ., by taking the conjunction of all the
sentences in the theory.

The purpose of this article is to study the complexity of models of Peano arithmetic
(PA) where, as usual: PA is the theory consisting of the axioms for discrete ordered
semirings and the induction scheme. An easy argument shows that the Scott rank
of the standard model N is 1. We show that N is the only model of PA that has Scott
rank 1 and that all other models must have Scott rank at least w. In particular, the
non-standard prime models of PA have Scott rank w and non-homogeneous models
of PA must have Scott rank greater than w. For non-standard models of the theory
of the natural numbers, true arithmetic, we obtain a stronger lower bound. Every
such model must have Scott rank greater than w. Giving a reduction from the class
of linear orderings via Aif‘ bi-interpretability to the structural w-jump of models of
an arbitrary completion of PA we obtain that every Scott rank greater than w is
realized by a model of PA and thus the following.

THEOREM 2. Let T be a completion of PA.
(1) If T = Th(N), then ScottSp(T) = {1} U{a < w; : a > o}
(2) If T # Th(N), then ScottSp(T) = {a < w; : a > w}.

Thus, ScottSp(PA) = {1} U{a < w; : a > w}.

In Section 2 we formalize the back-and-forth relations in PA to obtain the
aforementioned lower bounds for the Scott ranks of non-standard models. In
Section 4 we analyze results by Gaifman [9] to recover a reduction from linear
orderings to models of PA. It turns out that this reduction actually provides a
reduction from linear orderings to the structural w-jumps of models of PA. This and
the properties of the structural a-jump are reviewed in Section 3. At last we combine
all of our results to obtain a proof of Theorem 2 and state some open problems.

§2. Back-and-forth relations and Peano arithmetic. Throughout this article we
assume that M and N are non-standard models of P4, and M and N are their
respective universes. We will write N for the set of standard natural numbers in a
given model and # for the formal term representing the natural number m in PA.
We can code bounded subsets of a model M, M-finite sets, using elements of M.
Informally we let 0 be the code for the empty set and given an M-finite set 4. D owea !
is its code. Using this and Cantor’s pairing function (x. y) = 1((x + »)? + 3x + »)
we can code sequences @ € M <® by the M-finiteset {(i,a;) : i < |a|}. Thelength of
sequences and concatenation can be defined in the obvious way. We refer the reader
to [21] for formal definitions.

Let Tr A0 be the truth predicate for bounded formulas, i.e., a predicate satisfying

for all bounded formulas ¢ (X)
PAR VX (TrA?(r¢7,7) + o(X)).

We define a version of the standard asymmetric back-and-forth relations where we
bound the length of the tuples involved. The idea is that we want to be able to
talk about the back-and-forth relations within models of PA, and the problem is
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that we don’t want to have to consider tuples of non-standard length. Inductively
define bounded asymmetric n-back-and-forth relations with bound a, denoted <%, for
all n € w as follows:

<o (Vx < \12|)(TrA(1)(x, i) — TrA(l)(x,{))),

i<t e vxay‘<|x| <a 0% < uy)
We view u <4 v as a formula on three variables i, 0, and a that refer to elements of
the model, and an outside parameter n € w that is just part of the notation. Note
that the a parameter in the definition of <{ is technically superfluous. We just use it
to emphasize that <{ is a relation in the language of PA. Thanks to the availability
of codes for strings we regard the above formulas as ternary predicates that are false
if for some elements i, v, a € M, i and v are not codes for sequences. Defined like
this, the bounded back-and-forth relations behave as expected.

ProrosITION 3. The bounded back-and-forth relations <, satisfy the following
properties for all n € w:

(1) PAFVi, 9, a.b((a <bNii <b b)) — it < ).
(2) PAFVi,v.a(i < 0 —d <4 9).

Proor. Item 1 can be shown using induction on n € w. The case n = 0 follows
easily. For the n + 1 case, take a < b, and & and v in the model. Then

i<h b e V)EH)?(|)E| <b ¥ < ay-)

)

— V)El)_/<|)_c| <a 0% < 12)7> — @<t .

<

— v)‘cay(m <a—ix<ba

where the second line uses that |X| < a = |x| < b, and the third line uses the
induction hypothesis.
Item 2 follows from the definition by an easy induction. .

PROPOSITION 4. Leta,b € M. Then
a<,b <= (Vmew)Ml=a<m"b.
Furthermore, if there is ¢ € M \ N such that M |=a <§ b, thena <, b.

Proor. That a <, b = M Ea g;"’ b for m € w follows by the same argu-
ment as in the previous proposition using |X| < w instead of |x| < b.

That M Ea <¢ b = a<,bforce M \ Nalso follows by the same argument
as in the previous proposition now using |x| < ¢ instead of |X| < b, and |¥| < @
instead of |x| < a.

Finally, suppose that (Vm € w)M |=a <" b. The set of all m € M for which
M =@ <" b is definable in M (by a finitary T1}, formula), and it contains all
m € w. Since M satisﬁes_ induction, this set must overspill and contain some ¢ €

M \ N.So we have @ <¢ b. It follows from the previous paragraph that we then have
a<,b. N

LEMMA 5. For every a.b € M<?,a <, b if and only if tp(a) = tp(b).
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Proor. The left to right direction follows since a <, b implies that every IIin
sentence true of & is true of b. To see the other direction assume that 7p(a) = tp(b).
Then there is N >~ M and ¢ an automorphism of N with ¢ (@) = b, so in particular
(W.a) <, (N.b). For every n.m € w we have that N |=a <" p and thus also
M |=a <" b. Thus, by Proposition 4, for every n € w, (M.a) <, (M.b) and
(M. a) <, (M, b) as required. 4

2.1. Homogeneous models. Recall that a model M is homogeneous if every
partial elementary map M — M extends to an automorphism. This implies that
the automorphism orbits of elements in homogeneous models are equal to their
types. Some of the best known examples of homogeneous models are atomic and
recursively saturated models.

Lemma 5 already implies that models of PA that are not homogeneous must have
Scott rank larger than w. To see this recall that if M is not homogeneous. then
there are @, b € M < such that 1p(a) = tp(b) and a and b are not automorphic. If
SR(M) < w, then the automorphism orbit of b is ZL‘} definable and thus a £, b, a
contradiction with Lemma 5.

LEMMA 6. If M is not homogeneous, then SR(M) > .

Given a formula w(y1.....y,) = Ixp(x, y1.....y,). amodel M, and a;. ....a, €
M recall that a Skolem term s4(aj. ....a,) is the least element b € M satisfying
¢(b.ay,....a,). If M is a model of PA, then b is uniquely determined if M |=
w(ay,...ap). If M W~ w(ay. ..., a,) we use the convention that » = 0. In the special
case where v is parameter-free we refer to b as Skolem constant and denote it by my.
Consider the subset

N = {my : ¢ an L-formula}.

One can prove, using the Tarski-Vaught test, that AV is an elementary substructure
of M. Furthermore N is unique up to isomorphism among models of T = Th(M):
This is because for all formulas w(yy. ..., yr). we have that T decides whether
w(my,.....my, ) holds or not. Since NV is a sub-model of all models of T. it is the
prime model of T. Furthermore, for any M = A if n € N, then the automorphism
orbit of nin M, aut r((n), is a singleton as every element of A/ is definable in M.

THEOREM 7. Let N be a non-standard prime model of PA, then SR(N') = w.

ProoF. Every prime model is atomic and thus has Scott rank at most w, as the
defining formulas of the automorphism orbits are given by the isolating formulas of
the types. To see that SR(N') > w consider any non-homogeneous model M = N.
Then by Lemma 6, SR(M) > w. Thus, for every n there are ag, a; € M<® such
that, ap <, a; but ay € autaq(a;). Fix n. For every m € w,

M |: dxo, X1 ()E() 7é X1 A\ Xo S:’n )E])
and by elementarity N |= 3%, % (Yo # X1 A Xo <! X). Consider the set

X, = {b GN:leEI)'co)El(fo;«éil Axogﬁ)a)}
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which is a definable subset of A/ containing all of N. Therefore, as A is non-standard,
it must overspill and contain an element b* € A"\ N. Consider @y, a; € N<¢ such
that a SZ* a;. Then, by Proposition 4, ay <,, a; but ay # a;. Since all the elements
of N are definable, all automorphism orbits are singletons. It follows that the
automorphism orbit of a; is not =" definable (as every i formula true of a; is also
true of ag). Hence SR(N) > n. Thus, N does not have Scott rank less than .

THEOREM 8. Let M be a model of PA such that M = Th(N), then SR(M) > w.

Proor. Let N be the elementary sub-model of M consisting of all Skolem
constants in M. In particular, A/ is the prime model of Th(M). Towards a
contradiction, suppose that SR(M) = n < w. Then every automorphism orbit of
M is TI" definable, and therefore whenever & <, @, we get that i € aut(a). Fix
a € N<®, Since a is definable in M, whenever we have i <,, a, we have i = a.

Consider the set

Xo={ceM - MEVi(i<ia—a=iu)}

This definable set contains all c € M \ N, and hence it must contain some k € N. By
elementarity, we get that N |= Vii(ii <k @ — @ = @), and in particular whenever we
have (N, i) <, (N.a). we have & = a. This is true for all a € N<?, contradicting
Theorem 7. %

For non-standard models of true arithmetic we get an even better lower bound.
THEOREM 9. Let M = Th(N) be non-standard. Then SR(M) > w.

ProOF. Assume that M = Th(N). Then the elementary submodel N' < M
consisting of all Skolem constants in M is isomorphic to N. Because N is standard
and SR(N) =1 it satisfies Vaa'(Vx(a <{ a') <+ Vx(a <} a')). Furthermore, no
tuple in N is 1-free. In particular, N satisfies the following version of 1-freeness for
the bounded back-and-forth relations: Va3bVa'b’Ix (ﬁl; <gah —vya <) Ez’)).
Combining these two observations we get that N satisfies the following form of non-
freeness:

Va3bva'b'3x (dB <E @b —vyla <) a’)) . (1)

Say SR(M) = a with 1 < a < w. In the case where o = w we have that all
automorphism orbits are =" definable. Notice that this implies that for every
automorphism orbit there is n € @ such that the orbit is Ti* definable and that
the complexity of the defining formulas of the automorphism orbits is cofinal
in . Furthermore, recall that a tuple has X" definable automorphism orbit if
and only if it is not n-free [18, Lemma I1.65]. In any case, since o > 1 and « is
the least such that no tuple is a-free we get that there is a tuple a that is 1-free
but not n-free for some n < w. So, M satisfies Vb3a'b'(ab <o a'b’ Na £, a’) and
(3p < n)3bVa'b’(ab <z a'b’ — a <, a’). In particular, by the nestedness of the
back-and-forth relations M does not satisfy IbVa'b’(ab <, a'b’ — a <, a'). This
implies that M does not satisfy Equation (1), contradicting that M = Th(N).

It remains to show that SR(M) # 1. Assume the contrary and let « € M \ N
with automorphism orbit defined by the Ziln formula ¢. Then by elementarity there is
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n € w such that 7 satisfies one of the disjuncts of ¢ and thus 7 is in the automorphism
orbit of . But this is a contradiction, since 7’s automorphism orbit is a singleton. -

It is easy to see that every homogeneous model has Scott rank at most w + 1,
as every automorphism orbit is definable by the infinitary conjunction over the
formulas in its type. In the case where T is not true arithmetic we do not know
whether there are non-atomic homogeneous models of 7 with Scott rank .

§3. The canonical structural o-jump and bi-interpretability. One way to obtain
a characterization of the Scott Spectrum of PA is to find a reduction from
a well-understood class of structures to models of PA. One particularly well-
understood class is the class of linear orderings. It follows from results of Ash [5]
that ScotzSp(LO) = {a < w;}. Theorem 8 shows that we cannot find a reduction
from linear orderings that preserves Scott ranks. Instead we need a reduction that
preserves Scott ranks up to an additive factor of w. We will do this by giving a
reduction via Al" bi-interpretability from the class of linear orderings to the class of
canonical structural @ jumps of models of a given completion of PA in Section 4.
Before that we need to discuss infinitary bi-interpretability and canonical structural
w-jumps.

3.1. Reductions via infinitary bi-interpretability. Infinitary bi-interpretability
between structures, studied by Harrison-Trainor, Miller, and Montalban [11],
is a weakening of the model-theoretic notion of bi-interpretability. Let us recall
these notions.

DeriNiTioN 4 ([11]). Astructure A = (4, P, ...) (where P2 C 4°Y) is infinitar-
ily interpretable in B if there are relations Domg‘, ~, Ro. Ry. ..., each L, , definable
without parameters in the language of 5 such that:

(1) Dom¥ C B=*,
(2) ~ is an equivalence relation on Domﬁ,
(3) R; C (Dom%)*" is closed under ~,

and there exists a function f ﬁ : Domft — A which induces an isomorphism:
fﬁ . AB = (Domi,Ro,Rl, )/N >~ A.

We say that A is AN interpretable in B if the above relations are both Xi? and I
definable in 5.

DEFINITION 5 ([11]). Two structures A and B are infinitarily bi-interpretable if
there are interpretations of each structure in the other such that the compositions

s 5 ) )
féo-fﬁ:Dom;DamA) %Bandfﬁof?:DomffomB) — A

are L, definable in B, respectively, A. If A and B are A™ interpretable in each

other and the associated compositions are A" definable, then we say that .4 and B
are A} bi-interpretable.
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The following definition is a generalization of reducibility via effective bi-
interpretability. See [19] for a thorough treatment of effective bi-interpretability.

DEFINITION 6. A class of structures € is reducible via infinitary bi-interpretability
to a class of structures © if there are infinitary formulas defining domains, relations,
and isomorphisms of an infinitary bi-interpretation so that every structure in € is
bi-interpretable with a structure in ® using this bi-interpretation. If all the formulas
are A" then we say that € is reducible via A bi-interpretability to D.

Two structures that are infinitary bi-interpretable behave in the same way. A
particularly striking testimony of this is the following result.

THEOREM 10 ([11]). Two structures are infinitary bi-interpretable if and only if their
automorphism groups are Baire-measurably isomorphic.

It is easy to see that two Ail“ bi-interpretable structures have the same Scott
sentence complexity and thus also the same Scott rank. However, this observation
is not true for infinitary bi-interpretability in general. Furthermore, Theorem &
shows that there is no hope in having a reduction from linear orderings to Peano
arithmetic that preserves the Scott rank. Instead, our goal is that given a linear
ordering £ we produce a model N such that £ and N are bi-interpretable and
SR(N;) = @ + SR(L). Infinitary bi-interpretations of two structures .4 and B such
that SR(A) is equal to o + SR(B) have some interesting properties. As we will see
in Corollary 15 they give A" bi-interpretations between A and B(y). the structural
a-jump of B.

3.2. The canonical structural o-jump. The canonical structural a-jump is an
extension of the ideas developed by Montalban [16] (see [19] for a more up-to-
date exhibition including recent developments). The canonical structural jump of a
structure A is obtained by adding relation symbols for the l'[iln types of tuples in 4
to its vocabulary. It is ITi" definable in A and A" bi-interpretable with the jump of
A. When trying to generalize to the a-jump, it is not immediately clear how these
definability properties carry over. After all, for a > 1, there might be continuum
many formulas in the IT"-type of a tuple. However, surprisingly we will see that
these properties do carry over.

DerINITION 7. Given a 7-structure A and a countable ordinal @ > 0fix an injective
enumeration (a;);c., of representatives of the a-back-and-forth equivalence classes
in A. The canonical structural o-jump A, of A is the structure in the vocabulary
7(4) Obtained by adding to 7 relation symbols R; interpreted as

- A _
beR ™ «— a <,b.
We will use the convention that A = A.
Notice that the canonical structural a-jump of a structure is only unique up to
choice of enumeration of all the I} types. When working with the jump we always
have a fixed enumeration in mind. This does not impose a strong restriction as for

two enumerations the two resulting candidates for the canonical structural a-jump
are A} bi-interpretable.
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ProposITION 11. Let A be a t-structure and ¢ be a Eg’ ' | Tformula. Then there is
a X' 1(q)-formula y such that

Ay B VE (8(X) ¢ y(X)).
PROOF. Since a X, 7-formula is a disjunction of existentially quantified IT}?
7-formulas, it is enough to prove that every I3} 7-formula ¢ is equivalent to a X"

T(o-formula y. Let (@;);c., be the enumeration of representatives of a-back-and-
forth classes used to generate A,). Given ¢ let I, = {i : A = ¢(a;)}. We claim that
S \)(/1.6145 R; is as required.

The proof of the claim follows easily from the definition of . Suppose first
that A |= ¢(a). Then a =, a; for some i € I. It follows that A, = R;(a) and
50 A(o) = w(a). Conversely, if A, f= w(a). then A, = R;(a) for some i € I. It
follows that @; <, a. Since A = ¢(a;) and ¢ is 1", we have that A = p(a) too.

Let I be a set of formulas. Then T is IT"-supported in A if there is a IT" formula
¢ such that

A 3xg(x) AvE | o(x) = N\ 7(%)

yel
A proof of the following fact appeared in [18].

ProposITION 12 ([18_., Lemma II.62_]). For every ordinal, every structure A, and
every tuple a € A<®, TI"-tpA(a) is TI"-supported in A.

Note that in Proposition 12 the supporting formula ¢ is indeed equivalent to
the TT"-zp(a) as it is itself TT. In other words, A = ¢(b) <= a <, b. As
a consequence we get a syntactic definition for the canonical structural a-jump,
similarly to the structural 1-jump.

COROLLARY 13. For any structure A and non-zero ordinal o, A, is AP,
interpretable in A.

. A : . ..
PrOOF. All the relations R, ® are TP definable in .A. These definitions
together with Domﬁ( = A and ~ the graph of the identity function yield a A7}, |

interpretation of A, in A. -
Proposition 12 also lets us proof the dual of Proposition 11.

PROPOSITION 14. Let A be a t-structure and let ¢ be a Ziln T(y)formula. Then there
is a Xy | t-formula y such that for all a € A<

AEy(a) = Ao F ¢la).

Proor. To obtain y from ¢ simply replace each occurrence of the relation R;
with the supporting formula of the I1g type of @;. Clearly the resulting formula is
X and A, |= ¢(a) if and only if A |= w(a). 5

Combining everything we have proven about the structural a-jump so far, the
following corollary may not be very surprising. It is, however, quite useful as we will
see in Section 4.
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COROLLARY 15. For all countable ordinals a and y. the following are equivalent.
(1) Ay, is A bi-interpretable with By,
(2) A is infinitary bi-interpretable with B such that:

(a) the interpretation of A in B and fB o fA are Aa+] in B,

(b) the interpretation of B in A and f§ o fB are Am L in A,

(c) foreverya € Dom&. {c: (AP.¢) = Hiy“-lp ( )} is A | definable in B.
(d) forevery b € Dom#. {¢: (BA.¢) E Hi“-thA( b)} is Ai“ | definable in A.
PrROOF. Assume that A, is Am bi-interpretable with B (a)- From Corollary 13

we get that By, is A} in " mterpretable in B and hence if A is AI“ interpretable in
B(y). then it is Am atl 1nterpretable in B. In particular, A is Am | interpretable in B.
Slmllarly, as f§ o 1B B is Al definable in By,). it is A", | in B. Thus, we get Item 2a
and Item 2c. Item 2d and Item 2d follow by a symmetric argument.
Assuming all the items in Item 2 we get that A(,) is Aln interpretable in B and B,

is Am interpretable in .A. By Proposition 11 we get that Ay 1s Alln 1nterpretable 1n
B, and vice versa, that 4 % © f 21 A"‘ definable in B, and that /5 20 f % 1s A‘I“
deﬁnable in A(,). Thus, A,) and B, are A“‘ bi- 1nterpretable o

Using Lemma 5 we get that the canomcal structural w-jump of models of Peano
arithmetic has a model theoretic flavor.

PROPOSITION 16. For N' = PA, the structure (N, (Sy)ncw). where (Sp)necw is a
listing of the types realized in N, is the canonical structural w-jump of N

At last we need to relate the Scott rank of a structure with the Scott rank of its
jump. For this we need to study how the back-and-forth relations interact.

ProrosiTioNn 17. Let A be a structure and o, f < w; where > 0. Then
(At @) <p (Ai).b) = (A.@) <ayp (A.D).

ProoOF. The proposition is proven by transfinite induction on f. The successor
and limit cases are actually trivial, and the only case that matters is the base case

p=1

Say (A, @) <as1 (A.D). then zin -tpA(b) C zin -tpA(a). By Propositions 11
and 14, len-tpAW (b) C xin- 1p ( ) and thus (A,). &) <1 (A b).

On the other hand assume that (A,).a) <i (A(,).b). We have that (A, a) <u11
(A.b) if and only if for all d there is ¢ such that (A, bd) <, (A.a¢). Fix a tuple
d and let @; be such that bd =, a;. Then (A()-bd) = R; (b ) and in particular
(A b) = 3xR;(h%). By assumption that (A (A ci) <1 (A .b), also (A). a) =
JxR;(ax). Pick a witness ¢ for X. Then H‘“—tpA(dE ) D Ii"-tpA(bd) and thus
(A.bd) <, (A.acy) as required. 4

Assume that a tuple a from A is (o + )-free where f > 1. Then in particular for
ally < f

vb3a'b (A ab) Zary (A.G'B) N (A.G) Zasy (A.))

and hence by Proposition 17,
(Vy < ﬁ)Vi)Eﬁli)/ ((.A(a), ﬁB) <, (.A(a), d/l_)/) A (.A(a), a) £p (.A(a), 67/)> .
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So, a is p-free in A(,). On the other hand if a is f-free in A(,) we get by Proposition
17 that

(Vy < B)Vh3a'b’ ((A, b) <asy (A.@'D) A (A.G) £ (A. &’)) .

Recall_ that the back-and-forth r_elations are nested, i.e., if for some a ,1_7, and f,
a <p b, then for all y < 8, a <, b. Hence we get that the above equation holds for
ally < a + f and thus a is (o + f)-free in A. Using Item 5 in Theorem 1 we obtain
the following.

COROLLARY 18. For any structure A and non-zero o, f < w1, SR(A) = a+ B if
and only if SR(A(,)) = .

§4. Reducing linear orderings to models of PA. The goal of this section is to
complete the proof of Theorem 2 by showing that for every completion 7 of PA and
every countable ordinal o bigger than w. « is the Scott rank of a model of T. The
main missing part is the following theorem which is the main result of this section.

THEOREM 19.  For any completion T of PA, the class of linear orderings is reducible
via A" bi-interpretability to the canonical structural w-jumps of models of T.

To prove Theorem 19 we use a classical construction of Gaifman [9]. The following
result is a special case of one of his results (see [13, Section 3.3] for more details).

THEOREM 20 (cf. [9]). For every completion T of PA and every linear order L, there
is a model N = T such that the automorphism groups of L and N are isomorphic.

In light of Theorem 10 this result suggests that there is an infinitary bi-
interpretation between £ and N.. Coskey and Kossak [8] used Gaifman’s
construction to obtain a Borel reduction from linear orderings to models of 7" and
thus obtained that the isomorphism relation on the models of T is Borel complete.
Analyzing Gaifman’s construction we will see that this £ is Al bi-interpretable with
the canonical structural w-jump of N/.

4.1. Gaifman’s L-canonical extension. This section follows Gaifman’s construc-
tion. We will outline his proof and refer the reader to [13, Section 3.3] for details.
We will work with a fixed completion 7' of PA. The main ingredient of Gaifman’s
construction are minimal types. A type p(x) is minimal if and only if p(x) is:

(1) unbounded: (t < x) € p(x) for every Skolem constant, and .
(2) indiscernible: for every model M, and all increasing sequences of elements @, b
in M of the same length with each element realizing p(x). tp™(a) = tp™(b).

This is not Gaifman’s original definition, rather a convenient characterization. The
original definition was that a type p(x) is minimal if it is unbounded and whenever
M =T and M(a) is a p(x)-extension of M, then there is no A such that M <
N < M(a). See [13, Section 3.2] for this and other characterizations of minimal
types.

One other property of minimal types is that they are definable in the sense of
stable model theory. That is, for every formula ¢ (u, v), there is a formula g, (1) such
that for all Skolem constants 7, ¢(z.v) € p(x) < T F g,4(¢). Gaifman used these
types to build L£-canonical extensions of models M given a linear order £. We will
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build the £-canonical extension of the prime model NV, denoted by N. We will fix a
minimal type p(x) not realized in N. Gaifman [13, Theorem 3.1.4] used Ramsey’s
theorem to show that minimal types exist. Let us point out though that one can find
a minimal type recursive in 7 [13, Remark below Theorem 3.1.4].

Let p(x). g(») be two definable types. Then we can define the product p(x) x ¢(y)
to be the type r(x,y) of (a.b) in M(a)(h) where M(a) is a p(x)-extension of
M and M(a)(b) is a ¢q(y)-extension of M(a). Definability of ¢(x) guarantees
uniqueness of r(x,y), as ¢(x,y) € r(x,y) if and only if Ix¢(x,y) € ¢(y) and
o4(x) € p(x). Furthermore, if M(ay,....a,) is a p1(x;) x -+ x p,(x,)-extension
and M(by.....by) is a p; (x;) % -+ x p; (x;, )-extension with all i, disjoint and
between 1 and #n, then there is a unique elementary embedding that is the identity
on M and takes b; to aj;. This allows us to iterate p(x)-extensions. Given a linear
ordering £, associate with every / € L a variable x; and a minimal type p(x;) (where
p(x;,) and p(x;,) only differ in the free variable). Fix the prime model A of 7" and let
N be the structure obtained by taking the direct limit of all p(x;,) x - x p(x;, )-
extensions of N for every ascending sequence /; < -+ < [ in L. The structure N
is commonly referred to as an L-canonical extension of A'. We will refer to the
elements of £ and their corresponding elements in A/, as the generators of Nz.

4.2. Interpreting £ in Nz. The prime model AV of any completion 7 of PA has a
copy whose elementary diagram—the set @, ;. {(a1.....a;) : N |= ¢/ (dr. ... a;)}

where ¢i/ is the ith formula in the language of arithmetic with j free variables—is
T-computable. We say that such N is T-decidable.

Something similar can be observed for the models NV. Fix an enumeration (s;);cq,
of the Skolem terms of 7. Let Var = {x; : i € L}, and, given L, let 1 : Var<® —
Var<® be the function taking tuples of variables and outputting them such that
their indices form an L-ascending sequence. The canonical copy of N is given by
the quotient of the Skolem terms with parameters being the generators under the
equivalence ~ given by

=/

sm(®) ~ s, () = |\ pGAGETR)) | sn(®) = 5,(F).

i<||+]#|
For any first-order formula ¢ and elements s1(X1), ..., 5, (X,) in Nz we have that

NL }:Qﬁ(sl()_ﬂ), [EXS Sm()zm))

= AN\ pCGGT %)) | E bl (Fr). s (Fn)).-

i<|Xq |4 4| X |

We will interpret this canonical presentation of A, in £ using relations in
o x N5”. We use @ x N7 instead of N for conceptual reasons. Given R C
w x N5” we can effectively pass to a relation R’ C N7“ and vice versa by let-
ting R ={a..abc:a.be N, (nc)e R} We let Domffﬁ =LU{(nl,...1y,):

n times
Sn(xy,. ... x1,,) € Nz} and the relation symbols and ~ to be interpreted in the
obvious way from AN. It is not immediate that the so defined relations are
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Ail“-deﬁnable in £. We will use the relativization of a result obtained by Ash, Knight,
Manasse, Slaman [4], and, independently, Chisholm [7]. A proof for the version that
we are using can be found in [19].

LemMA 21 ([19], cf. [4, 7]). Let A be a structure, R < w x A<® a relation on A,
and X C . The following are equivalent:

(1) Ris uniformly relatively intrinsically X-c.e., that is in every copy A= A the
relation RA is X-c.e. in A, uniformly in the copies.
(2) R is definable by an X-computable £\ formula in the language of A.

Using this lemma one easily sees that the elementary diagram of N is Ailn
interpretable in L.

In order to prove Theorem 19 we want to use Item 2 of Corollary 15. Towards
that we show that the TTI" types of tuples in A are Ailn definable in £. By Lemma 5
it is sufficient to show that all first-order types realized in N, are Ailn definable
in L. Since the full first-order structure of N is Ailn interpretable in £, the sets

{b:b= tpNﬁé(&)} for a € Ny are clearly ITi" definable in £. We will show that
they are also X} definable.

LeEMMA 22. For every a € (Damf\:/ﬁ)“", the set {b:b = tpNﬁE(d)} is xin-
definable in L.

Proor. First note that if @ is an n-tuple of generators of Nz, then 1p’V: c” (a) =
Ni<n P(xi) and the elements satisfying this type are all in the ~-closure of the
generators of length n from L. It is therefore trivially X}" definable in L. Every
other element is a Skolem term with generators as parameters. We will view these
elements as such. Recall that in a model of PA we can represent every finite sequence
of elements by a single element, its code. Given a. recall that its code is the element
cla) = X i<lal 2(t@i) Tt is then not hard to see that b |= tp(a) if and only if ¢(b) =
tp(c(a)). Thus, it is sufficient to establish the lemma for 1-types.

Cramm 22.1. Let s be a Skolem term and a = s(1y, ..., 1,) where [} < --- < I, € L.
Ifb = s(ky,....ky) for some k) < - <k, € L, thenb = tp(a).

Assuming the claim, we have that every type in Nz~ is a countable union of Skolem
terms with parameters being all ordered L-tuples. Let (5i)icw be an enumeration of
these Skolem terms. Then it is definable by a X" formula of the form

y etpla) & \X/Elxl, e Xy Y = Si(x1. e X))

where the s; can be viewed as a formula in the language of PA and thus are Ailn
interpretable in L.

PrOOFOF CLamM 22.1. Notethat (ky,....k,) E tp(ly.....1,).Sayb = s(ky. ... ky)
and that b i 1p(a). then there is w such that N;* = w(b) and N:* = w(a). So
NefE3x(x =s(l. ... L) A—w(x) and N5 = 3x(x = s(ky. .. k) Aw(x)). a
contradiction as (ky,....k,) = tp(ly,.... 1,). 4

We have thus shown the following.
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LEMMA 23. For every linear ordering L. (N7) (4 is A interpretable in L.

4.3. Interpreting £ in V2. Our goal is to show that £ is A;‘; .1 interpretable in V..
This follows from the following lemma which can be extracted from various results

of Gaifman.

LemMA 24. For any L. {a:tpNc(a) = p(x)}y=L. In particular, ({a :
tpNe(a)) = p(x)}. <Ne) = L

PrOOF SKETCH. To obtain a proof of this lemma we need the definition of the gap
of an element. For fixed M |= PA, let F be the set of first-order definable functions
f M — M for which x < f(x) < f(y) whenever x < y. Then for any a € M let
gap(a) be the smallest set S with e € Sandifbe S, f € F,and b <x < f(b)
or x < b < f(x). then x € S. Notice that the gaps of M partition M into <M-
intervals. We can thus obtain an equivalence relationa ~ b <= gap(a) = gap(b)
and study the order type (M /~, <M), the order type of the gaps of M. Notice, that
if M is the prime model of 7, then the order type of its gaps is 1 and unsurprisingly,
the order type of the gaps of N is 1 + o(£) [13, Corollary 3.3.6].

Minimal types and gaps interact in interesting ways. Minimal types are rare, that
is no two elements in the same gap can realize the same minimal type [13, Lemma
3.1.15]. A different characterization of a rare type p(x) is that if @ is an element
realizingitand b € gap(a), then ais in the Skolem closure of 5 [13, Theorem 3.1.16].
So, in particular, if the type p(x) is non-principal, then in the first gap, the gap of
0. p(x) cannot be realized. Thus, we get that £ and the ordering of the elements of
type p(x) in N'* are isomorphic.

It remains to show that the elements of type p(x) are precisely the generators.
Clearly the type of every generator is p(x) by construction. To see that L O {a :
tpNe(a) = p(x)}. note that every b € N is of the form s(/;.....1,) where s is a
Skolem term and /1, .../, is a sequence of generators. Then b ¢ N(/;.....1,) and
thus by rarity, if b had type p(x). then gap(b) # gap(l;) for i < m and gap(b) #
gap(0). But the order type of the gaps in N'(/;. ..., 1,) is 1 + m and every /; and 0
sit in their own gap, so this is impossible. —1

Lemma 24 yields a natural interpretation of £ in A/ given by Domﬁf‘ ={a:aE

p(x)}. ~= id, and gﬁN‘ =<Nz_ The only complicated relation is Domg‘ which
has a T definition given by the conjunction of all formulas in p(x). We thus obtain
the required interpretation.

LemwMA 25.  Every linear ordering L is Alvf . interpretable in N.

To finish the proof of Theorem 19 it remains to show that Nz and £ are infinitary
bi-interpretable, i.e., that the function f ﬁfﬁ o f ﬁfg : LWe) ‘ — Lis Ail“ definable in
£ and that fﬁ[L o fﬁfﬁ : (Ng)ﬁwa) — N is A" | definable in AVz.. We have that

D L
DomﬁomNﬁ ={aelL®: tp(NC)L(c'z) = p(x)} = L. Thus, by Lemma 24, fﬁfﬁ o
7 &, = id. and so trivially A} definable in £.
On the other hand

Ne
Domf\)/im‘ ={(n.ai.....an) nc o (Vi< m)ip"e(a;) = p(x)}
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and

Graph

Np =
FNeee

DomN£
{({n,ay ...ap).b) : (n.ay ...an) € DomNﬁ £ &b =sylar,....am)}

which is easily seen to be Al . definable in V. We have thus shown that the
interpretations £z and (N )% satisfy all the conditions of Item 2 in Corollary 15.
Hence, we obtain Theorem 19 and can close by finishing the proof of Theorem 2.

ProoF oF THEOREM 2. First, recall that by Theorem 8 no model of PA except the
standard model has Scott rank n < w. By Theorem 7 non-standard prime models
have Scott rank w and thus w is the least element of the Scott spectrum of any
completion of PA that is not true arithmetic. Similarly, for true arithmetic, by
Theorem 9 the only element of the Scott spectrum below @ + 1 is 1.

To obtain models of Scott rank « for a > w we use Theorem 19 that says that
for every completion T of PA and every linear order £ there is a model N of
T such that £ is A" bi-interpretable with Nz ,). Hence, SR(N,(,)) = SR(L) and
thus, by Corollary 18, SR(N;) = w + SR(L). It remains to show that there are
linear orderings of every Scott rank. This follows from Ash’s characterization of
the back-and-forth relations [5]: SR(w®) = 2a. SR(w® - 2) = 2« + 1. For detailed
calculations, see [2, Proposition 19]. To obtain a linear ordering of Scott rank 1 one
can either consider finite linear orderings or 7, the order type of the rationals. Both
are uniformly Ailn categorical. —

§5. Questions. While Theorem 2 completely characterizes the possible Scott
ranks of models of Peano arithmetic, there are possibilities to push this research
further. One question which we alluded to at the end of Section 2 concerns
homogeneous models.

QUESTION 1. Is there a non-atomic homogeneous model M of Peano arithmetic
with SR(M) = w?

The Scott rank is a robust measure of complexity but a structure having
parameterless Scott rank o for a a success ordinal only tells us that it has a IT? |
Scott sentence and no Scott sentence of complexity IT)). It is possible that it has
Scott rank « and, for example, a Zgl Scott sentence. Thus, one could ask what is the
minimal complexity of a structure’s Scott sentence, its Scott sentence complexity.
The formal study of this notion was recently initiated by Alvir, Greenberg, Harrison-
Trainor, and Turetsky [1].

QUESTION 2. Which Scott sentence complexities can be realized by models of Peano
arithmetic?

Our results in this article show that no Scott sentence complexities below IT"
can be realized by non-standard models of PA and that for every successor ordinal
a > o, there is a model of PA with Scott sentence complexity T .1~ A thorough
study of our reduction from linear orderings to models of PA should yield an answer
to the above question, once one understands the possible Scott sentence complexities
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of linear orderings. In recent work, Gonzalez and Rossegger [10] obtained a partial
characterization of the possible Scott sentence complexities in that class.
If the parameterless Scott rank of a structure is a limit ordinal /., then it can

either have Scott sentence complexity Han or H;‘{H. For 4 = w the only models that
could potentially have either of these two complexities are homogeneous models by

Lemma 6. What about the atomic models?

QUESTION 3. Let M be an atomic model of Peano arithmetic. Does M have a T
Scott sentence?
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