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CONDITIONAL REASONING AND THE SHADOWS IT CASTS ONTO THE
FIRST-ORDER LOGIC: THE NELSONIAN CASE

GRIGORY OLKHOVIKOV

Abstract. We define a natural notion of standard translation for the formulas of conditional
logic which is analogous to the standard translation of modal formulas into the first-order logic.
We briefly show that this translation works (modulo a lightweight first-order encoding of the
conditional models) for the minimal classical conditional logic CK introduced by Brian Chellas in
[3]; however, the main result of the paper is that a classically equivalent reformulation of these
notions (i.e. of standard translation plus theory of conditional models) also faithfully embeds the
basic Nelsonian conditional logic N4CK, introduced in [10] into QN4, the paraconsistent variant
of Nelson’s first-order logic of strong negation. Thus N4CK is the logic induced by the Nelsonian
reading of the classical Chellas semantics of conditionals and can, therefore, be considered a
faithful analogue of CK on the non-classical basis provided by the propositional fragment of QN4.
Moreover, the methods used to prove our main result can be easily adapted to the case of modal
logic, which makes it possible to improve an older result [9, Proposition 7] by S. Odintsov and H.
‘Wansing about the standard translation embedding of the Nelsonian modal logic FSK? into QN4.

§1. Introduction. The present paper is a study of the relation between the rela-
tively new system of conditional logic N4CK, introduced recently in [10] by the author
and the paraconsistent version QN4 of Nelson’s logic of strong negationEI The main
result of the paper says that a natural notion of the standard first-order translation
of conditional formulas provides a faithful embedding of N4CK into QN4 modulo the
assumption of a certain first-order theory encoding the notion of a conditional model.

Since this embedding is, in a sense, the same embedding that obtains in the case
of CK, the minimal classical conditional logic, relative to the classical first-order logic
QCL, one can view this result as showing that N4CK as conditional logic is the same
logic as CK, only read non-classically, that is to say, read in terms of Nelson’s logic of
strong negation rather than classical logic. In this capacity, N4ACK can be viewed as a
natural candidate for the role of the minimal normal conditional logic extending N4,
the propositional fragment of QN4.

One can better appreciate the true meaning of this result if one views it as the final
piece in the mosaic of results relating the classical, the intuitionistic and the Nelsonian
modal and conditional logics to their corresponding fragments of first-order reasoning
by way of standard translation embeddings — but also to one another. In order to
supply this richer context, we have to do quite a bit of preliminary work before we get

Key words and phrases. conditional logic, strong negation, paraconsistent logic, modal logic, first-
order logic, constructive logic.

IThe only difference between QN4 and the original version QN3 of Nelson’s logic of strong negation
(see [7]) is that in QN4 the extensions and the anti-extensions of predicates are no longer required to
be disjoint.
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2 GRIGORY OLKHOVIKOV

to the main proof, if this paper is to be reasonably self-contained. Our strife towards
this goal explains most of our choices related both to the structure of the paper and to
its length. We did our best to compensate for the latter shortcoming by making our
explanations as lucid and easy to follow as possible. The more technical and tedious
parts of our reasoning are systematically shifted to numerous appendices to be found
at the end of the paper.

The rest of the paper is organized as follows. Section [2] introduces the notational
preliminaries, after which Section [3| defines a notion of logic which is wide enough to
cover every system to be mentioned below. We then proceed to introduce three first-
order logics in Section [4] namely QCL, QN4, and QIL™, the positive fragment of the
first-order intuitionistic logic QIL. The main work in this section is directed towards
familiarizing the reader with some elementary results about QN4, which is the least
known of the three logics. To facilitate our main proof, we also need to define a novel
sheaf semantics for QN4, and we show its adequacy for the logic.

The propositional fragments of the logics dealt with in Section [4] will not be intro-
duced separately but will in each case be referred to by omitting the initial Q in the
name of the corresponding logic, so that we will be mentioning CL, N4, IL™, and IL
below without further explanation. All of the propositional fragments of the first-order
logics are assumed to be given over the set Prop to be introduced in Section

The main task of the latter section, however, is to provide the context for the main
result of the paper by recalling several classical definitions and results about the stan-
dard translation of modal logics into first-order logics. This is followed by Section [6]
where we introduce the classical conditional logic CK and show how its properties can
be viewed as a natural continuation of the properties of the modal logics laid out in
the previous section. After that, Section [7] introduces the main system of the paper,
N4CK, and proves our main result. The proof procedure explained in Section [7] has
the additional merit in that it allows to improve on some known results about the
standard translation embeddings of N4-based modal logics. Finally, Section |8 sums up
the broader meaning of the results obtained, as well as offers concluding remarks; we
also chart several avenues for further research.

§2. Preliminaries. We use this section to fix some notations to be used throughout

the paper.
We will use IH as the abbreviation for Induction Hypothesis in the inductive proofs,
and we will write o := [ to mean that we define o as 5. We will use the usual

notations for sets and functions. The set of all subsets of X will be denoted by P(X).
The natural numbers are understood as the finite von Neumann ordinals, and w as
the smallest infinite ordinal. Given an n € w and a tuple a = (x1,... ,x,) of any
sort of objects, we will refer to o by &, and will denote by init(«) and end(«) the
initial and final element of «, that is to say, x; and x,, respectively. More generally,
given any i < w such that 1 < i < n, we set that 7'(a) := xz;, i.e. that 7'(a) denotes
the i-th projection of . Given another tuple 8 = g,,, we will denote by ()™ (8) the
concatenation of the two tuples, i.e. the tuple (1,...,%n,¥1,.-. ,Ym). The empty
tuple will be denoted by A.

We will extensively use ordered couples of sets which we will call bi-sets. Relations are
understood as sets of ordered tuples. Given binary relations R C X xY and S C Y x Z,
we denote their composition by RoS := {(a,¢) | for some b €Y, (a,b) € R, (b,c) € S}.
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We view functions as relations with special properties; we write f : X — Y to denote
a function f C X x Y such that its left projectionisallof X. If f: X - Y and Z C X
then we will denote the image of Z under f by f(Z). In view of our previous convention
for relations, for any given two functions f: X — Y and g : Y — Z, we will denote
the function x — g(f(z)) by fog, even though, in the existing literature, this function
is often denoted by g o f instead.

Given a set X, we will denote by ¢d[X] the identity function on X, i.e. the function
f:X — X such that f(z) = z for every x € X. In relation to compositions, functions
of the form id[X] have a special importance as a limiting case. More precisely, given a
set X and a family F' of functions from X to X, we will assume that the composition
of the empty tuple of functions from F' is just id[X].

Furthermore, if f : X — Y is any function, z € X and y € Y, we will denote by
flz/y] the unique function g : X — Y such that, for a given z € X we have:

,if z = a;
9(z) == {y

f(2), otherwise.

§3. Logics. We are going to give a notion of logic that is wide enough to cover every
formal system to be considered below, without aspiring to give any sort of ultimate
generalization of this notion.

Logics are based on languages, and in this paper we confine ourselves to considering
languages of two types: the propositional language with an added conditional or modal
operator(s) and the first-order relational languages with equality. Speaking generally, a
language L is simply a certain set. The elements of languages are called their formulas.
The languages are often generated from certain sets of atoms by repeated application
of connectives and quantifiers. Every language considered in this paper will include at
least the binary connectives —, A, and V. One consequence of this is that we can assume
the standard reading of equivalence ¢ <> 1 as the abbreviation for (¢ — ) A (¥ — @)
for every language considered below.

In this paper, we will treat the sets of formulas generated by different sets of atoms
over the same set of logical symbols as different languages rather than different versions
of the same language.

Although one and the same logic can be formulated over different versions of the
same language (or, in our terminology, over different languages), in this paper we
will abstract away from such subtleties, and will simply treat a logic as a consequence
relation, or, in other words, as a set of consecutions over a particular language £. More
precisely, a logic is a set L C P(L) x P(L), for some language £, where (I', A) € L iff
A L-follows from T" (we will also denote this by T' = A). We will say that (T, A) is
L-satisfiable iff (I, A) ¢ L. Given a ¢ € L, ¢ is L-valid or a theorem of L (we will also
write ¢ € L) iff (0, {¢}) € L.

Every logic considered in this paper will be introduced either by its intended seman-
tics, or by a complete Hilbert-style axiomatization; for most logics in this paper, we
will mention both.

The semantics of various logics considered in this paper is going to be laid out
according to the following general scheme. Recall that, given a classically flavored
logic L, we typically define L by setting that (I';yA) € L iff the truth of every ¢ € T’
implies the truth of some 1 € A. In the more general setting of our paper, if £ is a
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language, then a semantics for £ is a pair 0 = (EP,, =), where EP, is a (definable)
class called the class of o-evaluation points. The other element of the semantics, is a
(class-)relation =,C EP, x L called the (o-)satisfaction relation.

In case (pt, ¢) €=, we write pt =, ¢, and say that pt o-satisfies ¢. More generally,
given any I'; A C £, and a pt € EP,, we say that pt o-satisfies (I',A) and write
pt =, (T, A) iff:

(Vo € D) (pt =0 ¢) and (V) € A)(pt [~o ).
More conventionally, we say that pt satisfies I', and write pt =, T, iff pt =, (T, (). This
latter format is in fact sufficient to set up a semantics as long as our logics can express
Boolean negation. However, this is not the case for many logics to be considered in
this paper. For such logics the “double-entry” format for satisfaction relation proves
to be more convenient and flexible.

Next, given any I'y A U {¢} C L, we say that (I', A) (resp. T, ¢) is o-satisfiable
iff, for some pt € EP,, pt satisfies (I', A) (resp. I', ¢). Finally, A o-follows from T’
(written T’ =, A) iff (T',A) is o-unsatisfiable, in other words, if every o-evaluation
point satisfying every formula from I', also satisfies at least one formula from A.

We now say that, for a given language £, a semantics ¢ over £ induces the logic
L over £ and write L = L(o) iff for all T,A C £, we have (I';A) € L iff (T, A) is
o-unsatisfiable; in other words, L = L(o) means that, for all ')A C £, A L-follows
from I" iff A o-follows from I'. In case o is also used to introduce L by definition, we
write L := L(0).

As for the Hilbert-style systems, all of them will be given by a finite number of ax-
iomatic schemas oy, . .. , o, augmented with a finite number of inference rules p1, ... , pm,
so the most general format sufficient for the present paper is X(&y,; g ). Every Hilbert-
style systems considered below, happens to extend a certain minimal system which we
will denote by 3£+ | We have 3¢ := %(a; — ag; (MP)), where:

o= W —=9) (), (@—=W—=>x)—= (=)= (0—X) ()
(OnY) = (as), (@AY) = YP(a), ¢— (b= (0AY))(as),
o= (0VY)(ag), ¢ —=(oVy)(ar), (6—=x)= (¥ —=x) = (6VY)—= X)) (as)
and:
From ¢, ¢ — 1 infer ¢ (MP)

It is therefore important for our purposes to be able to refer to Hilbert-style systems as
extensions of other systems. If 2y = X(&y,; pm ), and f1, ... , Bk are some new axiomatic
schemes and o1, ..., 0, are some new rules, then we will write 2 + (Bk; 0,) to denote
the system X((@,) " (Bk); (pm) (7).

Axiomatic systems can be viewed as operators generating logics when applied to
languages. More precisely, if Ar = 3X(@,; pm) and L is a language, then L = x(L) can
be described as follows. We say that a ¢ € L is provable in Ar(L) iff there exists a
finite sequence v, € £ such that every formula in this sequence is either a substitution
instance of one of @, or results from an application of one of p,, to some earlier formulas
in the sequence and ¥y, = ¢; we will say that (I', A) € Ax(L) iff (T',A) € P(L) x P(L)
and there exists a sequence X, € L" such that every formula in it is either in I, or is
provable in 2x(L) or results from an application of to a pair of earlier formulas in

2In fact, J€7T is the standard axiomatization of ILT.
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the sequence, and, for some 61,... ,05 € A we have y, =61 V...V 0. This definition
makes sense in the context of our paper, since every language that we are going to
consider contains V, and every axiomatic system that we are going to consider contains
We will also express the fact that (I', A) € 2x(£) by writing I' Foy(z) A. If also
L = RAx(L), then we can write I' - A instead of I' o) A. In the latter case we will
also have, for every ¢ € L, that ¢ € L iff o) ¢ iff ¢ is provable in Ax(L).

§4. The first-order languages and their logics. We start by defining a handful
of first-order languages (relational with equality; the latter is denoted by =) according
to the scheme laid out in the previous section. First, we let II denote the set {p. | n €
w}U{S', O, E? R?}. In case Q C II, we set QF := {(P.)",(P_)" | P" € Q}. For
instance, if Q = {S*, R3 p}}, then QF = {SL, R3, (po)L, ST, R3, (po)L }.

Next, we define Sign := ITUTTT U{e?}. The elements of Sign will serve as predicateﬂ
letters; their superscripts denote their arities. In order to define the first-order atoms,
we also need to supply the set Ind := {v, | n € w} of individual variables.

If now Q C Sign, then the set At(Q) := {z =y, QT, | Q" € Q, x,y, T, € Ind} is
called the set of Q-atoms. The set Lit(Q) := At(Q) U {~ ¢ | ¢ € At(Q)} is called the
set of Q-literals. Our definition of atoms entails, among other things, that the arity
superscripts are not a part of predicate letters; strictly speaking, they are assigned by
Q to the predicate letters, so that, viewed more formally, 2 must be understood as a
function from the set of predicate letters into w. This is why the arity superscripts
do not appear in actual formulas. To take our previous example, Q = {S!, R3 p}}
is, strictly speaking, a function and could have been alternatively written in the form
Q= {(5,1),(R,3), (po,1)}; examples of Q-atoms in this case are given by S(vg) and
R(vg,vg,v3) rather than, say, S*(vg).

The first-order language FO(S)) is then generated on the basis of At(Q?) by the
following BNF (where x € Ind):

¢u=AtQ) [N OV S|P = |~ ¢|Vap|Ixg.

The positive first-order language FO™ () is the (~)-free subset of FO().

Given an Q C Sign and a formula ¢ € FO(2), we denote by Sub(¢) the set of
subformulas of ¢ assuming its standard definition by induction on the construction of
¢. Furthermore, we can inductively define for ¢ its set of free variables in a standard
way (see, e.g. [13, p. 64]). This set, denoted by FV(¢), is always finite. Given ann € w,
and a T, € Ind™, we will denote by FO(Q)" the set {¢p € FO(Q) | FV(¢) C {Zn}}.
If ¢ € ]-'(’)(Q)Q), then ¢ is called an Q-sentence. Finally, given some x,y € Ind, we
assume a standard definition for the property of y being substitutable for x in ¢; in
case this property holds, we define the result ¢[x/y| of this substitution simply as the
result of replacing all free occurrences of z in ¢ with the occurrences of y.

We are going to define three first-order logics, the classical logic QCL, the positive
intuitionistic logic QIL", and, finally, the logic QN4, which represents the paraconsistent
variant of Nelson’s first-order logic of strong negation. Each of these logics will be

3As for the intended meaning of S, R, and O, see our motivation for st; given in §6 below; the
binary predicate € is a purely technical tool to fix the Nelsonian anti-extension of the equality predicate
which is mainly used in the definition of embedding of QN4 into the positive fragment of intuitionistic
logic and in Definition (4| below.
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defined over a different set of the first-order language variants. Among the three logics,
the classical logic has the simplest semantics. We describe it as follows:

DEFINITION 1. Given an 2 C Sign, a classical first-order model over Q (also called
classical first-order Q-model) is a tuple M = (UM {PM | P" € Q, n € w}), where
U # () is called the domain of M and, for every P" € Q, PM C U™. The class of all
classical first-order Q-models will be denoted by C(Q).

We will also need the following notion relating classical models:

DEFINITION 2. Let Q C Sign, and let M, N € C(Q). Then a function f : UM —
UN is called a homomorphism from M to N (written f : M — N) iff a, € PM
implies f(an) € PN for every n € w, every a, € (UM)", and every P" € Q. The set
of all homomorphisms from M to N will be denoted by Hom(M,N).

The class EP.(Q) of classical Q-evaluation points is then the class
{(M, )| MeC(Q), f:Ind— UM

We now define QCL(Q2) := L(EP.(Q), =), where |=. is the classical first-order sat-
isfaction relation. We will often write M =, ¢[f] instead of (M, f) =, ¢ (also for the
non-classical first-order logics). The relation itself is defined by the following induction
on the construction of ¢:

M =, Pz, [f] iff f(&,) e PM P eQ
M =cx =y[f]iff f(z) = f(y)
M =e (b AX)[f] HE M e p[f] and M = x[f]
M e (¥ VX)[f] iff M = ¢[f] or M = x[f]
M =c (¥ = X)[f] Hf M e §[f] or M [=c x[f]
M e O[f] i M e Y[ f]
M =, Fzipf] iff (3a € UM
M = Vaip[f] iff (Va € UM

(M = [ flz/al])
(M |=c Y[ f[/al])

Our next logic is the positivie intuitionistic logic QILT. Its semantics (defined here for
every Q C Sign over the language FO1(Q)) is somewhat more involved, and exists in
several variants. By far the most popular one is the so-called Kripke semantics, see,
e.g. [5, Ch. 3]. However, the proof of our main result proceeds more conveniently on
the basis of a somewhat involved semantics of Kripke sheaves which we define next.

)
)

DEFINITION 3. Given an Q2 C Sign, an intuitionistic Kripke Q-sheaf is any structure
of the form S = (W, <,M,H), such that:
1. W # 0 is the set of worlds, or nodes.
2. < is a reflexive and transitive relation (also called a preorder) on W.
3. M: W — C((Q).
4. H:{(w,v) e W? | w < v} — HomM(w),M(v)) such that the following holds:
(a) H(w,w) = id[U"™)] for every w € W.
(b) H(w,v) oH(v,u) = H(w,u) for all w,v,u € W such that w < v < u.
We will often write My, Hyy in place of M(w), H(w, V), respectively.
The class of all intuitionistic Kripke Q2-sheaves will be denoted by 1(£2).
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REMARK 1. In this paper we will introduce multiple notions of model-like structure;
in every case, we will assume that the default representation of the structure is given in
the definition and that all decorations applied to the default notation for a structure of
a given sort are also inherited by the elements of its default structure, unless explicitly
stated otherwise. For example, in the case of intuitionistic sheaves this means that
every S € I(Q) is given as (W, <,M,H) and that S,,S" € 1(Q) are always given as
(Wa, <n,Mp, Hy) and (W', </ M /'), respectively, unless explicitly stated otherwise.

For any Q2 C Sign, the class EP;(Q2) of intuitionistic evaluation points is the class
{(S,w,f)|Sel(Q),weW, f:Ind— U'}.
The satisfaction relation |=; is then defined by the following induction:

S,w =i Pz, [f] iff My . P(Z,)[f] iff f(2,) € P P eQ
Sswikiz=yiff f(z) = f(y)
Sw=i (WA IS, w = ¢[f] and S, w = x[f]
Sw =i (W V)I] IS, w = ¢[f] or S, w =i x[/f]
S,w i (v = )[f] HE (VW > w)(S,v & P[f oHwy] or S, v i X[f o Hwv])
S,w i Jay(f] iff (Ja € U™)(S, w i ¥[flz/a]))
S,w =i Yap[f] iff (Vv > w)(Ya € U™)(S, v |5 ¥[(f o Hwv)[z/a]])

We now define QILT(Q) := L(EP;(Q), ;) for any Q C Sign. See [5, Section 3.6 ff] for
a proof that we indeed get a correct semantics for the positive intuitionistic logic in
this way, the fact is also mentioned in [13, Cor. 5.3.16].

Sheaf semantics is a generalization of Kripke semantics in that the latter can be
obtained from sheaf semantics as long as we assume in Deﬁnitionthat Hyv = id[UM]
for all w,v € W such that w < v. Therefore, most of the properties and construc-
tions available in the usual Kripke semantics have obvious counterparts in the sheaf
semantics. The following lemma mentions some of these properties:

LEMMA 1. For every Q C Sign, (S,w, f) € EP;(Q), and ¢ € FOT(Q), we have:

1. If v>w, and §,w |=; ¢[f], then S,v =; ¢[f o Hyv].
2. The generated sub-sheaf S|lw = (Wlw, < |w,Mlw, Hlw) € I(Q2) is defined by Wy =

{veW|v>w} <|w =Wy X Wl|w), Mw :=M| Wl|w), and H|w, :==H |
(Wlw X Wlw). With this definition, we get

Slw, v =i ¢lf] iff S,v =i [f]
for every v > w and every f : Ind — U = UMw)v,
ProOF. We proceed by a straightforward induction on the construction of ¢ €

FOT(Q) in both cases, the reasoning is quite similar to the case of intuitionistic Kripke
semantics. -
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Alternatively, one can define QILT by its complete Hilbert-style axiomatization.
More precisely, consider the following set of axiomatic schemes:

Vag — plz/y] (crg)
¢lz/y] — Jxg (v10)
r=x (a11)
y=z— (dz/y] — olz/z]) (Q12)

plus the following rules of inference:
From ¢ — ¢[x/y] infer ¢ — Va¢ (RV)
From ¢[x/y] — ¢ infer Jz¢p — ¢ (R3)

where z,z € Ind and y € Ind\ FV (i) are such that z,y are substitutable for z in ¢.
We then let QI€" = 3£+ + ., .. ,m . It is well-known that for
every Q C Sign, we have QIL+( )= QJS"’(}'O( ))-

We now turn to the paraconsistent variant of Nelson’s logic of strong negation which
we denote by QN4 and which we only define over FO() for Q@ C II. Our main goal
in this section is to set up a sheaf semantics also for QN4. Since no variants of sheaf
semantics were yet (to the best of our knowledge) proposed for this logic in the existing
literature, we cannot use our proposed semantics to define QN4. Instead, we extend
0JILT with the following axiomatic schemes:

~r S O (Anl)
~(GAD) & (~ BV ~ ) (An2)
~ (VD) & (~ OA ~ 1) (An3)
~ (6 B) & (67~ ) (And)
~ 3z < Vr ~ 0 (Anb)
~Vzh >z ~ 0 (An6)

In doing so, we obtain the system Q914 := QILT + (, ey ;) which repre-
sents the most standard way to axiomatize QN4 known in the existing literature on
the subject, see, e.g. [8, p. 313]. We can therefore set QN4(Q2) := QMY (FO()) for
every Q C II.

This definition makes it obvious that QN4 is a sublogic of QCL and extends QILT.
We retain these observations for future reference:

LEMMA 2. Let Q C II. Every substitution instance of an QILT (Q)-theorem is a the-
orem of QN4(Q) and every inference rule that is deducible in QILY(Q) is also deducible
in QN4(Q2). In particular, the following derived rules hold:

FU{¢} Fona ¥ iff T Fqna ¢ — 2 (DT)
T Fona & — 4 implies T Fqna ¢ — Vai) x ¢ FV(DU {6} (BY)
T qne & — ¢ implies T Fqng Jxg — 9 x ¢ FV(T U{¢}) (B3)

T Fona ¢ implies T Fqng Vod x ¢ FV(T) (Gen)

LEMMA 3. Let Q C II. Then QN4(Q2) C QCL(Q2) and every inference rule that is
deducible QN4 is also deducible in QCL.
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We observe, further, that, for every 2 C II, QN4(Q2) is embeddable into QIL+(Qi U
{€?}) and that the corresponding embedding Tr : FO(Q) — FO1(Q* U {¢?}) can be
defined by the following induction on the construction of ¢ € FO(II):

Tr(PZ,) := PyZy; Tr(~ PZy,) := P_Zp;
Tr(z=y) =z =y; Tr(~ (z=y)) := exy;
Tr(~e @) = Tr(e);
Tr(¢x ) :=Tr(¢) » Tr(y); Tr(~ (9% 1)) :=Tr(~ ¢) x Tr(~ );
Tr(¢ =) :=Tr(¢) = Tr(y); Tr(~ (¢ = ) :=Tr(¢) NTr(~¢);
Tr(Qz¢) := QzTr(); Tr(~ Qud) = Q'zTr(~ ¢).

for all n € w, all P™* € 1I, all Z,,,z,y € Ind, and all %, *,Q, and Q' such that both
{x,*} = {A,V} and {Q,Q'} = {V,3}. More precisely, the following proposition holds:

PROPOSITION 1. For all T, A C FO(II), T =qna A iff Tr(T) Equ+ Tr(A).

Proposition [1f is a well-known result about QN4, see e.g. [8, Proposition 7] for a
sketch of a proof. To keep this paper reasonably self-contained, we also give its proof
in Appendix

We proceed to define a sheaf semantics for QN4 that we will presently show to be
adequate for this logic. We start by defining the structures that we will call Nelsonian
sheaves:

DEFINITION 4. Let 2 C II. A Nelsonian Q-sheaf is any structure of the form S =
(W, <,M*T M~ H), such that:

1. 8t = (W, <,MT H) € [(Q).
2. 8 = (W,<,M",H) € [(QU {€?}).
The intuitionistic sheaves ST and S, defined above will be called the positive
and the negative component of the Nelsonian sheaf S.

The class of all Nelsonian Q-sheaves will be denoted by N4(€2).

Since the family H of canonical homomorphisms is shared by ST and S™, it follows
that UM = UM~ for every w € W; we can therefore set Uy, 1= U = UMw for every
w € W. As for the Nelsonian sheaf evaluation points, they are defined similarly to the
intuitionistic ones: EP,(Q) := {(S,w, ) | M € N4(Q), (S*,w, f) € EP,(Q)}.

One peculiarity of QN4 consists in the fact that its semantics is usually constructed on
the basis of two satisfaction relations, = and [, , instead of just oneﬂ The informal
interpretation of the two relations is that whenever S, w = ¢[f] holds, ¢ is verified at
(S,w, f), and when M,w =, ¢[f] holds, ¢ is falsified at the same triple. These two

4This feature is shared by every variant of Nelson’s logic of strong negation, cf. the semantics of
the conditional logic N4CK defined in Section

https://doi.org/10.1017/bsl.2025.10136 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10136

10 GRIGORY OLKHOVIKOV

relations are defined by simultaneous induction on the construction of ¢ € FO(Q):
S,w X P, [f] iff S*,w |=; Pz, [f] iff M, =, Pi,[f] iff f(Z,) € P P"eQ, xec{+, —}
S,wisy x=ylf]iff ST,w = @ = y[f] ff My, =@ = y[f] iff f(2) = f(y)
S,wi, x=y[f] it ST, w =, exy[f] iff My, . exy[f]
Sw el (W AX)f] i S w =] y[f] and S, w =1 X[f]
S,wi=, WAX)HES,wi=, ¢f] or S,w =, x[f]
Sw = (W VXIS, w =] ¥f] or S,w =] x[f]
S,w =, (0 VS J and S, w [=, x[/]
)]
)]
]
]
]
J i
]

fliff S, w =, ¥[f
S,w ':+ (¥ = x)[f] if (Vv > w)(S,v F&+ Y[f oHwy] or S, v ':7—"7,_ X[f o Hwv])
8w b (6 U] S,w =5 (/] and 8,w 5 x[/]
§.w i ulf] i 8w =y v
S,w L~ vlf] iff S,w =] ¥[f]

Sow b Jewlf] iff (Ja € Uy)(S,w = v[flz/a]])
Sow by Jeulf] i (W > w)(Va € Uy)(S,v by $I(f © Hyy)[e/a])
Sow L Vawlf] H (W > w)(Va € Uy)(S, v | $[(f o Hu)[a/al)

S,w k=, Vay[f] iff (3a € Uw)(S, w =, [f[z/a]])

However, the negative satisfaction relation |=,, is often viewed within this pair as a sub-
sidiary one, which, among other things, is due to the fact that the satisfaction clauses
for negation allow to completely reflect the structure of =, within |=;". Therefore, one
can still capture QN4 according to our usual pattern. In other words, we are going to
prove the following:

PROPOSITION 2. For every Q C II, QN4(Q2) = L(EP,(Q), ).

The proof of this proposition makes a substantial use of the embedding T'r defined
aboveE| We sketch it in Appendix Another consequence of the tight relation
between QN4 and QIL™ is that Lemma [I| carries over to Nelsonian sheaves:

LEMMA 4. Let Q CII. For every x € {+,—}, (S,w, f) € EP,(Q), and ¢ € FO(Q),
we have:
1. If v>w, and S, w 2 ¢[f], then S,v =} ¢[f o Hwy].
2. The Nelsonian generated sub-sheaf Slw = (Wlw, < |ws M |w, M~ |w, Hlw) € N4(Q)
is such that both (S|w)™ and (S|w)~ are the generated sub-sheaves of ST and S,
respectively. Then:

[
[
[
[
[
[
[
[
Y
l
[
[
[
[

Slw, v =5, olf] iff S,v 1=, olf]
for every v > w and every f: Ind — U,,.
Proof of the Lemma is relegated to Appendix

REMARK 2. For the rest of the paper, we will be suppressing Il in notations like
FO(II), N4(II), EP,(IT), and QN4(II).

5An appeal to embeddings into an appropriate variant of positive intuitionistic logic is a powerful
technique that figures prominently in the existing literature on Nelsonian logics, see e.g. [6] and [9].
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In the remaining part of the section we develop QN4 to an extent that is sufficient
for the subsequent sections. As usual, it follows from our semantic definitions that
the truth value of a formula ¢ € FO only depends on the values assigned by f to
the values of the variables in FV(¢). We will therefore write, for any * € {+,—},
S,w =5 dlzi/ar,. ..,z /a,) iff S € N4, w € W, ¢ € FO™, and S,w =, ¢[f] for
every (equivalently, any) f such that both (S,w, f) € EP, and f(z;) = a; for every
1 <4 < n. In particular, we will write S, w = ¢ iff ¢ € FO" and we have S, w = olf]
for every (equivalently, any) function f such that (S, w, f) € EP,; we will write S |=% ¢
iff S, w =5 ¢ for every w € W. The conventions of this paragraph also extend to sets
and bi-sets of formulas in an obvious way; furthermore, in what follows, we will also
apply these notational conventions to both intuitionistic and classical semantics of the
first-order languages.

Next, we introduce the following abbreviations for all ¢, € FO:

e ¢ = 1 (strong implication) for (¢ — ) A (~ p =~ ¢).

e ¢ & o (strong equivalence) for (¢ = ) A (¥ = ¢), or, (equivalently, in view of

Lemma , for (¢ <> V) A (~ ¢ <>~ ).

o ¢ &1 (ampersand) for ~ (¢ —r~ ).

The following lemma lists some properties of these derived connectives:

LEMMA 5. Let ¢,9,x,0 € FO be chosen arbitrarily. Then all of the following theo-
rems hold in QN4:

Fana (6= ¥) = (¢ = ¥) (T1)
Fana (¢ & ) — (¢ < ¢) (T2)
Fang (¢ = ¥) & (~ ¢ =~ ) (T3)
Fane (¢ ¥) & (~ ¢ &~ 0) (T4)
Fona @ & ¢ (T5)

Fane (9 & ¥) & (¥ < ) (T6)
Fans (¢ < ¥) < (¥ & x) < (0 < X)) (T7)
FQua~~ ¢ & ¢ (T8)
Fana~ (9 AY) & (~ ¢V ~ 1)) (T9)
Fana~ (0 V) & (~ A ~ 9) (T10)
Fqna~ Jz6 < Vo ~ 0 (T11)
Fqna~ V20 < Jz ~ 6 (T12)
Fang (0 = V) A (x & 0) = (¢ x) & (¢ 0)) «€{AV,=} (T13)
Fang (¢ & ) = (Qud & Qi) Qe {v,3} (T14)
Fana (&) < (9 AY) (T15)
Fana~ (9 &) < (¢ =~ ) (T16)

Observe that (T9)- (T12)) strengthen (in view of (T2)) the azioms (Anlf)- (An2) and

(Anb)— (An6)), respectively. That this strengthening is non-trivial, follows from the fact
that the converses of both (T1]) and fail in general; moreover, one cannot replace

+ with < in (And), (T15), or (T16).
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Finally, note that the following schemes are not, in general, valid in QN4 :
(@ =) = (v =~ 0), (9 ) = (~ ¢ 1)

We sketch the proof in Appendix

Thus, even though our defined connectives wouldn’t make much sense in QCL as
they are classically equivalent to —, <> and A, respectively, we see that the situation
is different in the context of QN4. Indeed, whereas — and < in QN4 cannot be
contraposed, = and < define stronger (and contraposable) analogues to — and <,
respectively. Finally, the ampersand is especially convenient for handling the falsity
conditions of restricted existential quantification in the context of QN4. We provide a
motivation for this use of ampersand in Appendix

Note, furthermore, that the failure of theorems like (¢ <> 1) — (~ ¢ <>~ 1)) implies
that provably equivalent formulas in general fail to be substitutable for one another in
QN4. However, this failure does not extend to the strong equivalence; to the contrary,
one can even prove that a substitution of strongly equivalent formulas results in a
formula that is also strongly equivalent to the original one.

As is well-known, a substitution of one formula for another in a first-order context
can lead to rather complicated definitions. For the purposes of our paper it is sufficient
to confine ourselves to the following one simple case.

If ¢, € FO then we denote by ¢/1 the result of replacing every occurrence of
Vo = v in ¢ by 1. The replacement operatiorﬁ then commutes with all the connectives
and quantifiers, and, for ¢ € At, we stipulate that:

¢/w:—{‘”’ if ¢ = (o = vo)

¢, otherwise.
Then the following holds (See Appendix for a proof):
LEMMA 6. For all ¢,v,x € FO, we have:
Fana (¢ = 9) = ((X/¢) = (X/¥)) (T17)

An immediate consequence of Lemma [6] is that disjunction can also be understood
as defined connective:

COROLLARY 1. For all ¢,v,x € FO, we have Fqna (x/(d V¥)) < (x/(~ (~ &N ~
¥)))

Proor. By , , and Lemma@ =

The formulas of the form (Vz)(x — (¢ < «)) will play a prominent role in the subse-
quent sections. We would like, therefore, also to take a moment to spell out their truth
conditions in terms of Nelsonian sheaf semantics:

COROLLARY 2. Let x,y € Ind be pairwise distinct, let ¢ € FO*Y and let ¢, x €
FOY. For every S € N4, every w € W, and every a € Uy, we have

S,w ! (V) (x(y) = (0(y, x) & ¥(y)))[z/d]

6This replacement operation is far to simplistic to be adequate for many tasks arising relative to
development of non-classical first-order logic (e.g. a correct formulation of the substitution rule). Cf.
the far more nuanced definition that we find in [5, Ch 2.5]. However, this rather crude replacement
notion turns out to be suffiecient for the purposes of the present paper.
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iff, for every v > w and every b € Uy such that S,v =} x[z/b] we have both
S.v =y oly/b x/Buy(a)] iff S,v = ¥ly/b]

and
S,v =, oly/b,a/Hwy(a)] iff S, v =, Yly/b].
PROOF. By application of the definitions. =

Moreover, we would like to state an application of Lemma [f] to formulas of this type
as a separate corollary:

COROLLARY 3. For all ¢,v,x,0 € FO, we have
Fana Va(x = (¢ < ¥)) = (Ya(x = (0/9)) < Va(x — (0/v)) (T18)

PROOF. We reason as follows:

Fana (x = (0 & ) = (x = ((6/9) < (6/1))) by (T17), Lm(@)
Fana (x = ((0/9) & (6/9))) = (x = ((8/9) < (6/¢))) by (T2, Lm [22)
Fana (x = ((0/¢) < (0/¢))) = ((x = (6/¢)) < (x = (6/¢))) by LmP]  (3)
Fana (X = (¢ & ¥)) = (x = (0/9)) & (x = (0/9))) by [)-{), LaZ]

Now (T18) follows from (3 by Lemma [2] .

§5. Modal logics and their standard translation embeddings. Although
modal logics are not the main subject of this paper, they are so tightly connected
to conditional logics based on the so-called Chellas semantics that a review of their
standard translation embedding properties provides the best possible introduction to
our main result. We start by setting Prop := I\ {S*, 0!, E? R3} = {p} | n € w}.
The modal language MD is generated from Prop by the following BNF:

du=ploAd[oV P[P |~¢|Dg,
where p! € Prop. In case we want to have O¢ as an elementary modality rather than
an abbreviation for ~ O ~ ¢, we obtain the language MD®. The Kripke semantics for
this language uses the class pMod of pointed Kripke models as evaluation points and
the modal satisfaction relation =,,; the definitions of both can be easily found in any
of the numerous textbooks, e.g. in [2, Ch 3.2]. The minimal normal modal logic K can
then be defined by K := L(pMod, E.,).

If we now set u := Prop U {E?} and assume that, for every x € Ind we have fixed
an y € Ind which is distinct from z, then the mapping o7, : MD — FO(u)* is
deﬁnedE] by induction on the construction of ¢ € MD and is called the modal standard
z-translation:

o7 (p) == p' € Prop
0Ty (~ ) 1=~ 07’1( )
o7 (Y % X) 1= 07 (V) * o7 (x) x € {N,V,—}
o7z (0Y) = (El"y — o7y (V)

7One normally denotes the binary relation by R rather than E and writes STy instead of o7y,
cf. [1, Definition 2.45, p. 84] and the discussion just below this definition. However, in our paper
we prefer to reserve R and ST, for the formulation of our main result on the standard translation
embedding of the conditional logic.
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The following lemma is then often presented without any proof in the existing literature:

LEMMA 7. For every x € Ind, every ¢ € MD and every (M,w) € pMod, we have
MW Em ¢ iff M e 072 (0)[z/W].

Lemma [7] comes across as very natural, indeed, almost self-evident: the class of
Kripke models for modal logic is just another name for C(u), 2 € Ind chooses a point,
turning it into a pointed structure, and the definition of o7, is just a direct formalization
of the inductive definition of |=,, in first-order logic.

It is then just a small step to get from Lemma[7] to the following

PROPOSITION 3. For all ;A C MD and for every x € Ind, we have T =k A iff
o7:(I') EqcL 07 (A).

In other words, we find that o7, faithfully embeds K into QCL(u) for every x € Ind.

The main line of thought presented in the paper can be viewed as a natural contin-
uation of this very idea. However, before we get to it, we need to observe that things
become more complicated as soon as we replace the classical propositional basis of K
with some non-classical logic. For example, the basic intuitionistic modal logic IK (see,
e.g. [4]) is supplied with a Kripke semantics of bi-relational models over a classical
metalanguage. This immediately results in an analogue of Proposition |3| saying that a
straightforward formalization of this semantics amounts to defining an embedding of IK
into a classical first-order correspondence language based on two binary predicatesﬂ
However, and much more interestingly, o7, turns out to be useful for IK, too, as it
happens to embed it into QIL(x). This result, which is far from being trivial (one ver-
sion of its proof can found in [12, Ch. 5]), suggests that IK carves out exactly the same
fragment of QIL(x) as the one carved out by K in QCL(u); and the latter circumstance
provides a strong argument in favor of viewing IK as the correct intuitionistic analogue
of K.

One may picture this situation as follows: assume that an intuitionist gets interested
in modal logic, and asks a classicist colleague to explain them K. It is natural to expect
that this explanation, if it is to be given in precise terms, will end up mentioning o7,
at some point. Of course, the intuitionist will read the definition of o7, in terms of
QIL rather than QCL and thus will end up with IK. In a sense then, IK is nothing but
K read intuitionistically.

Moreover, it is easy to see that at most one intuitionistic modal logic can be faithfully
embedded by o7, into QIL(x). In this sense, IK can be called the correct intuitionis-
tic counterpart to K. We may even try to elevate this to a general criterion: given
a mon-classical logic Qu such that Qu is a proper sublogic of QCL and its proposi-
tional fragment v is a proper sublogic of CL, a modal extension vK of v is the v-based
counterpart of K iff o1, faithfully embeds vK into Qu(u).

Yet, the very deep and enlightening result about IK is not without its little annoying
wrinkles. Observe that IK is formulated over MD® rather than MD as the diamond is
no longer definable in terms of box. Therefore, the above definition of o7, is no longer
sufficient, as it has to include

o7y (O9) = Ty(Bay A o, (¥)) ()

8Note, however, that already in the basic case of IK this embedding is only faithful modulo a
certain first-order theory encoding the interaction conditions between the two accessibility relations
in the Kripke models that are assumed in the semantics of IK.
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as an additional clause. Of course, this clause is implied by the above definition of o7,
over QCL and thus adding it to the definition of o7, results in a classically equivalent
reformulation o7¢ of o7,. However, other classically equivalent formulations of o7, are
also possible, and some of them make the analogue of Proposition [3]fail for IK and QIL.
Think, for example, of the extension o7J of o7, with the following clause:

ol (OV) =~ Vy(Bay —~ o7 (v)) (6)

The choice of a right classical reformulation of o7, can therefore affect the truth of our
analogue of Proposition [3|in the intuitionistic case. Its precise formulation, then, goes
as follows

PROPOSITION 4. There exists a classically equivalent reformulation o7’ of o7, such
that, for allT,A C MD° and for every x € Ind, we have T’ Eik A iff oti(T) Equ
oTi(A).

Of course, the required classical reformulation is pretty clear in the case of IK; in fact,
it is so clear that one is tempted to dismiss the existential quantifier in the formulation
of Proposition [4 as mere pedantry and to speak of just o7, instead. However, we need
to be mindful of the fact that our caveat ‘up to a classically equivalent reformulation’
reflects a very real possibility that (to continue with our metaphorical scenario) in
explaining the semantics of K to an interested intuitionist, the classicist modal logician
might slip up and explain the semantics of diamond according to @ rather than ,
which might lead, on the side of the intuitionist colleague, to a logic that is distinct
from IK. In other words, our caveat uncovers the fact that IK is the result of the
intuitionistic reading of K only up to a certain wording of K.

Given these considerations, our tentative principle for seeking out non-classical coun-
terparts for K needs to be corrected as follows: given a non-classical logic Qv such that
Qv is a proper sublogic of QCL and its propositional fragment v is a proper sublogic of
CL, a modal extension vK of v is a v-based counterpart of K iff some classically equiv-
alent reformulation of o1, faithfully embeds vK into Qu(w); the comparative merits of
different v-based counterparts of K will then have to be judged on the basis of other
properties of Qu.

Apart from IL, N4 provides another possible instantiation of v in the above principle;
in fact we are not the first to notice this, as the paper [9] by S. Odintsov and H.
Wansing both defines several N4-based analogues of K and looks into their standard
translation embeddings into QN4(u). In the context of this paper, the most interesting
of these results is [9, Proposition 7], which shows that the N4-based modal logic FSK?
is faithfully embedded into QN4(u) by a standard translation 7, which provides yet
another classical equivalent to o7,. Although [9] defines FSK? over MD?, the logic
also derives the classical definition of < in terms of O which makes it possible to
alternatively define FSK? and T, over Mﬂﬂ The result of [9] can then be reformulated
in the terminology of this paper as

PROPOSITION 5. There exists a classically equivalent reformulation T, of o1, such
that, for all T,A C MD and for every x € Ind, we have I' |=gsa A iff TL(T') =qna
T.(A).

9See [10, Section 5.2] for details.
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Unfortunately, T, looks a bit clumsy in that it fails to commute (up to a strong
equivalence) with the propositional connectives of N4. For example, given a p' €
Prop, we have T.(Op) = Vy(Rxy — py), but also T.(~ Op) = Jy(RzyA ~ py),
whereas ~ T (Op) =~ Yy(Rxy — py), and the latter formula is clearly equivalent to
Jy(Rxy & ~ py) rather than T, (~ Op). Whereas ensures that Jy(Rxy & ~
py) > Jy(RxzyA ~ py), we fail to get the strong equivalence between the two formulas.

Still, Proposition [5| shows that some sort of an N4-based analogue to Propositions
and is possible and that FSKd, at least to some extent, can be viewed as an N4-based
counterpart of K.

§6. CK, the minimal classical logic of conditionals. In this section we will in-
troduce the language of conditional propositional logic (conditional language for short)
which we will denote by CA/. The language is generated from Prop by the following
BNF:

pu=ploNG| VI d|~o| P T,
where p! € Prop. The new connective O— will be referred to as would-conditional or
simply conditional; the elements of CA will be called conditional formulas. We will

apply to the conditional formulas all of the abbreviations introduced earlier for the
connectives in FO, plus the following new one:

o ¢ O— b (might-conditional) for ~ (¢ O—~ 1h).

One relatively popular and well-researched semantics for CA is the so-called Chellas
semantics. In this paper, we will use Chellas semantics to define two logics over CN,
denoted by CK and N4CK, respectively. We begin by defining our models:

DEFINITION 5. A classical conditional model is a structure of the form M = (W, R, V),
such that:

1. W # 0 is a set of worlds, or nodes.

2. RCW xP(W) x W is the accessibility relation. Thus, for every X C W, R
induces a binary relation Rx on W such that, for all w,v € W, Rx(w,v) iff
R(w, X,v).

3. V. Prop — P(W), called evaluation function.

The class of all classical conditional models will be denoted by CK.

The absence of bound variables in CA allows for a shorter definition of evaluation
points compared to the one we had in the first-order case: we simply set

EPy :={(M,w) | M eCK, we W}
The satisfaction relation (denoted by =) is then supplied by the following definition:

M,w e p iff we V(p) pt € Prop
M,w =g~ ) iff Myw o ¢

M,w g Y A x it Miw o ¢ and M, w = x

M,w g vV x it M,w o ¥ or M,w =i X

M,w o ¥ — x it M, v o ¢ or M, v Eo X

M, w Ee ¥ O x iff (Vv € W)(RWH?\;Z(W,V) implies M, v [=c X)
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where [|¢[|% = {w € W | M, w =, ¢}. Having thus defined the intended semantics
for the classical conditional logic, we set CK = L(E P, Eck)-

It is easy to see that CK extends CL. Furthermore, our semantics represents con-
ditionals as a sort of modal sentences where the box is indexed by the antecedent; in
other words, it generates a binary ¢-accessibility relation for every ¢ € CN and reads
a conditional ‘if ¢ then v’ as something like ‘it is ¢-necessary that ¢’. This connection
leads to some obvious correspondences between normal modal logics and conditional
logics based on Chellas semantics: indeed, one can meaningfully ask what kind of
modalities are we dealing with when we view the conditionals of a given logic as noth-
ing but formula-indexed modal boxes, and these considerations lead us to the notion
of a modal companion of a given conditional logic. For example, the formula-indexed
boxes assumed by the conditionals in CK can be viewed as K-boxes, which, for every
¢ € CN, is attested by the existence of the faithful embedding 74 of K into CK which
commutes with the propositional connectives and reads modal boxes as conditionals
with ¢ as the antecedent.

Thus the idea of standard translation, at least for the conditional logics based on
Chellas semantics, readily suggests itself. Of course, our accessibility relation is now
ternary, so we have to use R? instead of E? in the correspondence language. An
additional difficulty is that our binary accessibility relations are generated from R? by
truth-sets of the conditional formulas, therefore, our semantics has to say something not
only about particular nodes in a Kripke model, but also about certain subsets of this
model. Thus we must allow for two kinds of items in the first-order correspondence
language, the nodes of the corresponding Kripke model and the subsets thereof; we
need, therefore, to add two additional unary predicates to our correspondence language.
In our paper we denote them S! and O! (for ‘sets’ and ‘objects’). Next, we must be
able to express that some sets are in fact truth sets of certain conditional formulas,
that is to say that an item of the object kind is their element iff this item verifies a
given conditional formula, which further means that we have to allow the elementhood
relation into the correspondence language. In what follows, we will denote this relation
by E2. To sum up, our correspondence language turns out to be just FO(II) = FO.

Given this informal interpretation of the predicates in II, the following definition
is just a straightforward first-order formalization of the inductive definition of |=..
For every x € Ind, let us fix y,z,w € Ind such that z,y,z,w are pairwise distinct.
Moreover, for any given ¢ € FO let (Vz)p¢ abbreviate Va(Ox — ¢). The classical
standard x-translation st, : CN' — FO? is given by induction on the construction of a

¢ € CN:
te(p) == p' € Prop
( Y) i=r sta (V)
(¢*X) = ( )*St (X) *E{/\,\/,—>}
<w 0= x) := Jy(Sy A (Vz)o(Ezy < st.(¢)) AVw(Rzyw — sty(X)))

Of course, in order for st, to work correctly, the interaction between .S, O and E must in
fact resemble the interaction between sets of worlds and worlds in a classical conditional
model. Although E does not need to be the ‘real’ elementhood verifying anything like
ZFC, we can at least expect that F satisfies a variant of the extensionality axiom in
that we do not have multiple copies of the same truth-set; moreover, sufficiently many
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instances of set-theoretic comprehension must hold in order to guarantee that at least
one copy of a truth-set for any given ¢ € CN is contained in the extension of the S
predicate. The following first-order theory Th., C F 0" sums up these requirements:

VaVy(Sz A Sy A (Vz)o(Ezx <+ Ezy) —» x =y) (Thel)
Fz(Sz A (Yy)o(Eyx < py)) (p' € Prop)(Thc2)
Ve (Sx — Jy(Sy A (Vz)o(Ezy <~ Ezx)) (Thc3)
VaVy((Sz A Sy) = 32(Sz A (Yw)o (Bwz < (Ewz A Ewy)))) (Thced)
Vavy((Sz A Sy) — F2(Sz A (Yw) o (Ewz + Yu(Rwzu — Euy)))) (Thc5)

It is easy to show that this, relatively lightweight, encoding of the subset structure of a
classical conditional model is sufficient to turn st, into a faithful embedding of CK into
QCL. Although the proof of the fact that st, faithfully embeds CK into QCL under the
assumption of T'h.; provides no principal difficulty, we could not find it in the existing
literature, so we devote the rest of this section to sketching it. In other WOI‘dSE we
claim that:

PROPOSITION 6. For all T,A C CN and for every x € Ind, T Eck A iff Thep U
tz(l“) ':QCL Stw(A)

The proof of this proposition employs the following technical lemmas:
LEMMA 8. For every ¢ € CN', we have Ther F=qcL 3y(Sy A (Yz)o(Exy < sty(4))).

PROOF. We can simply repeat the proof that we give for Lemma [I2] below, and
observe that Th is clearly equivalent to Th¢, over QCL. Our Lemma then follows by
Lemma B 4

LEMMA 9. Let M € CK and let M € C be such that:

o« UM” = WUP( ).

e For every p' € Prop, pMCL =V(p).

o OM =W,

o SMT = p(W).

o EM = {(w,X) e W xP(W)|we X}.

o RM™ .= {(w,X,v) e W x P(W) x W | R(w, X, v)}.

Then the following statements hold:

1. M =, Theg.
2. For every ¢ € CN, every x € Ind, and every w € W, we have M, w [=c, ¢ iff

M =, sty (o) /w].

PROOF (A SKETCH). Part 1 is straightforward (even though somewhat tedious) to
check. As for Part 2, we argue by induction on the construction of ¢ € CN in which
we only consider a couple of cases.

10That Proposition El only shows the faithfulness of the standard translation embedding modulo
a certain set of first-order assumptions reflects the complexity of the semantics of conditionals as
compared to modal semantics. However, this type of complications is also well-known in the modal
case. For example o7, faithfully embeds the classical modal logic S4 into QCL(u) only modulo the
assumption that Ve Exx A Vzyz(Exzy A Eyz — Exz).
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Basis. Assume that ¢ = p where p' € Prop. Then we have:
M,w = ¢ it we V(p)if we pM i M . px = sty (¢)[z/w].

Induction step. The Boolean cases are straightforward. In case ¢ = (¢p O— x) for
some 1, x € CN, and pairwise distinct x,y, z,w € Ind, we begin by noting that IH for
1 implies that:

M e Sy A (V2)o(Ezy  st.(¥))ly/I1v]13)- (7)

We now reason as follows:
M, w = ¢ iff (Vv € W)(anjﬁ (w,v) implies M,V =k X)
iff (vv € W)(BM (w, ][5, v) implies M =, sty (x)[w/v]) by IH
iff (WweWw u P(W))(RMCL (w, |5, v) implies M =, st,,(x)[w/v]) by def. of RM”
iff (vv € UM™Y (RM™ (w, |[]|5, v) implies M =, st (x)[w/v])
iff M e Vuw(Reyw — st (X)) [z/w,y/ ]3]
The latter implies, by , that
M =0 3y(Sy A (Y2)o(Bzy < stz(1)) AVw(Rayw — stu(x))z/w] (8)

in other words, that M |=, st, (¢ O— x)[z/w]. Conversely, assuming (), we can
find an X € UM such that X € SM” = P(W) and we have

el E. (V2)o(Ezy < st.(¥)) AVw(Rzyw — sty (x)))[z/w,y/X] 9)
But then, by and Part 1, it follows that X = H¢||3\If1 so that M¢ . Yw(Rayw —
stw(X)[x/w, y/[|9]|%] follows. i

Yet another lemma provides for the converse direction of Proposition [6}

LEMMA 10. Let M € C be such that M |=, They,, and let M € CK be such that:
o Wk .=UM,
o R¥(w,X,v) iff (Ja € SM)(XNOM = {bec OM| EM(b,a)} and RM(w,a,v)).
e For every p' € Prop, V< (p) := p™.
Then, for every ¢ € CN, every x € Ind, and every w € W = UM, we have
M w =g ¢ iff M = sty (d)[z/w].

PROOF (A SKETCH). It is clear that M € CK; as for the main statement of the
Lemma, we proceed by induction on the construction of ¢ € CN.
Basis. Assume that ¢ = p where p' € Prop. Then we have:
M w gy ¢ = piff w e V(p) iff w e pM iff M =, pr = st (¢)[x/w].

Induction step. The Boolean cases are straightforward by TH. If ¢ = (¢ O— x), assume
x,y,z,w € Ind to be pairwise distinct. By Lemma [8] we know that for some a € SM
we have:

M =e Sy A (Vz)o(Ezy < stz (¢))ly/a]. (10)
For the left-to-right half of the Lemma, assume that M w |=., ¢. Then (Vv €

WCk)(Rﬁ’f/)HC,C (w,v) implies M* v =, x). If now v € UM = W¢ is such that
Mck
RM(w,a,v), then, by IH and the choice of a, we must have R* .. (w,v), whence

Ik o
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also M v |=u x, and, by IH, M =, st,(x)[w/v]. Thus we have shown that
M e Yw(Rayw — sty (x)))[z/w,y/a], which, together with (10), yields that M |=.
sto (¢ O x)[z/w].

For the converse, assume that M =, st; () 0= x)[z/w]. Then there must exist a
b € SM such that both

M e Sy A (Vz)o(Ezy < stz (v))[y/b] (11)
and

M e Vw(Reyw — stw(X))[z/w,y/b] (12)
If now v € W = UM is such that Rﬁ“jﬁck
c € UM such that both RM(w, ¢, v) and

M e Sy A (Vz)o(Ezy' < st (4))[y'/d] (13)

Now, and (L3), together with (Thcl]), imply that b = ¢ so that RM(w,b,v)
also follows. The latter entails M =, st,(x)w/v] by ([12). By IH, we must have
M v = x. Thus we have shown that M w =g, 1 O— Y.

(w, V), then, by TH, we can choose a

_|

If we attempt to adapt the general criterion for seeking out non-classical counterparts
to K that was formulated in the previous section, to the context of conditional logic,
the following principle suggests itself: given a non-classical logic Qv such that Qu is
a proper sublogic of QCL and its propositional fragment v is a proper sublogic of CL,
a conditional extension vCK of v is a v-based counterpart of CK iff some classically
equivalent reformulation of o1, faithfully embeds vCK into Qu(II) modulo the assump-
tion of some classically equivalent reformulation of Thek; the comparative merits of
different v-based counterparts of CK will then have to be judged on the basis of other
properties of Qu.

Approaching with this principle to QIL, we have defined an intuitionistic counter-
part IntCK of CK in [11], and we have shown, in [11, Theorem 2|, that IntCK is an
intuitionistic counterpart to CK according to the above criterionE Very conveniently,
the reformulation st of st, used in [11] is similar to the reformulation o7i of o7y,
described in the previous section in that the change consists in adding the standard
translation of ¢ as a separate clause. Moreover, [11, Proposition 4] shows that, if we
also add a clause for diamonds to the mapping 14 mentioned in the beginning of this
section, then we get an embedding of IK into IntCK. Thus, K, CK, IK, and IntCK are
tied to one another by natural embeddings forming, as it were, a tightly connected
system. The main aim of the next section, and of this paper in general, is to extend
this system with N4-based modal and conditional logics.

§7. N4CK, the basic Nelsonian conditional logic. Another logic based on CA
extends N4 rather than CL. It was introduced in [10], and its semantics is based on
the following notion:

1 The theory that is used in [11] is not classically equivalent to Th.x; however, the proof given in
[11] can be easily shown to apply to a certain subtheory of this theory which, in its turn, is classically
equivalent to T'h.j. This discrepancy is just another example of polymorphism of first-order conditional
theories that is further discussed in Section |8 below; cf. especially Corollaries @ and E
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DEFINITION 6. A Nelsonian conditional model is a structure of the form
M= W, <, R, VT V™) such that:

1. W # () is the set of worlds, or nodes.

2. < is a pre-order on W.

3. RCW x (P(W)x P(W)) x W is the conditional accessibility relation. Thus,
for all X, Y C W, R induces a binary relation R(xyy on W such that, for all
w,v € W, Rixy)(w,v) iff R(w,(X,Y),v). Moreover, the following conditions
must be satisfied for oll X, Y C W:

(< ' oRxy)) € (Rixyyo <71) (c1)
(Rix,yyo <) € (L oRxy)) (c2)
4. VY V=i Prop—»PS(W)={XCW | (Vw e X)(Vv >w)(v e X)}.

The class of all Nelsonian conditional models will be denoted by NC.

Conditions and can be reformulated as requirements to complete the dotted
parts of each of the two diagrams given in Figure [I] once the respective straight-line
part is given. The evaluation points for N4CK are then defined as in CK, in other
words, we set EP := {(M,w) | M € NC, w e W}.
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Just as in other Nelsonian logics, we find in N4CK two satisfaction relations =" and
=, representing verifications and falsifications of the conditional formulas, respec-
tively. Their inductive definition runs as follows:

M, w E*piff we V*(p) for p' € Prop and % € {4, -}
M,wET~yif MywE" 9
M,w "~ iff M,w =T 9
M, wET A xiff M,wET ¢ and M, w =T x
MwE T VAxITMwE Yor MiwE" x
M,wET YV if MywET Y or M,wgET x
MwET YVt M,wET ¢ and M,wE" x
M,w =T — xiff (V> w) (M, vET Y= M vETX)
M,wE" = xif MwET ¢ and M,w =" x
M, w =T 0=y iff (Vv > w)(Yu € W) (Rjjy (W, u) = M,u =" x)
M,w =" ¢ O= x iff (Gue W)(Rjy|. (W,u) and M,u =" x)
where we assume, for any given ¢ € CN, that:
16llve = (161150 6050 = ((w € W | M, w =* 6}, {w € W | M,w =~ 6}).

To set up the semantics for N4CK it only remains to define that N4ACK := L(EP, ™).
The following Lemma is then straightforward to prove:

LEMMA 11. For every M € N4, allw,v € W such that w < v, for every x € {+, -},
and for every ¢ € CN', w € ||¢|s, implies v € ||P|| -

Among other things, [10] considered the question of a complete Hilbert-style axioma-
tization of N4CK. It turns out (see [10, Theorem 1]) that we have N4ACK = DM4CR(CN)

for Ma€R = 3&7 + ([And) — (An6), (Ax1) — (Ax4); (RAD), (RCOI)), (RCO2)), where

we assume that:

(T2 )N (0T X)) < (¢ T~ (Y AX)) (Ax1)
(~ (@O Y) AP T x)) =~ (¢ O (¥V ~ X)) (Ax2)
(0O ¢) = (T2 x)) = (¢ T (¥ = X)) (Ax3)
¢ = (Y =) (Ax4)

From ¢ < 9 infer (¢ 0= x) < (¢ O x) (RAD)

From ¢ > 9 infer (x O— ¢) > (x B ) (RCO1)

From ~ ¢ <3~ ¢ infer ~ (x 0= @) <>~ (x 0= ¥) (RCO2)

In what follows, we will write - to denote oy ez.

The completeness of 914CR relative to NACK was shown in [10] by the rather standard
method of constructing a universal model; we would like to recall this construction in
some detail as we plan to use it below. More precisely, we say that, for any given
I'yA C CN, the pair (T',A) is maximal iff T I/ A and T UA = CN. Our universal
model can now be defined as follows

DEFINITION 7. The structure M. is the tuple (W, <., R., V.F,V.7) is such that:
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={(I',A) e P(CN) x P(CN) | (T, A) is mazimal}.

(F07A0) (1—‘1, 1) Zﬁro cIy fOT all (F(),Ao), (FhAl) e W..
For all (FO,AO), (T1,A1) € We and X, Y C W, we have ((To, Ao), (X,Y), (T1,44)) €
R, iff there exists a ¢ € CN, such that all of the following holds:

- X={,A)eW,.|¢peT}.

-Y={T,A) e W, |~¢eTl}

~ w160 v e T
—{~ (@02 ¢) |~y el} CT.
o V.r(p):={(I,A) € W. | peT} for every p* € Prop.
. V (p) :=={(T',A) € W, |~ p €T} for every p* € Prop.

It follows from [10, Proposition 7] that:

PROPOSITION 7. For every ¢ € CN, the following statements are true:

1. M. e NC.

2. For every (T, A) € W,, we have:
(a) M,(T,A) =+ ¢ iff g €T
(b) M., (FaA) ':7 ¢ iff ~p€l.

The main result of this paper is that an analogue of Proposition [6] can be proven
for N4CK and QN4, respectively, which considerably strengthens the claim that N4CK
is the correct minimal conditional logic on the Nelsonian propositional basis. In order
to do that, we first need to define the right classical equivalents for The, and st,
respectively. Since these equivalents are at least syntactically different from Th.; and
st,, we will introduce for them separate notations, namely, Th and ST,.

As for the first component in this pair, we assume that Th C F 0" contains all and
only the following first-order sentences:

Vavy(Sz A Sy A (Vz)o(Ezx < Ezy) —» 2 =y) (Th1)
3z (Sz A (Vy)o(Eyz < py)) (p' € Prop) (Th2)
Vo (Sx — Jy(Sy A (Vz)o(Ezy <~ Ezx)) (Th3)
Vavy((Sz A Sy) — F2(Sz A (Vw)o(Fwz < (Ewz * Ewy)))) (x € {A,—})(Th4)
VaVy((Sz A Sy) — Fz(Sz A (Yw)o (Fwz & Yu(Rwzu — Euy)))) (Th5)

It is easy to see that T'h is classically equivalent to Th.,. The only difference between
the two theories is the replacement of equivalences encoding the set extensions in Th.
with the strong equivalences which allows for a replacement of a definable set with
its definition in QN4. In view of the considerations given in Appendix [AZ5] one could
also argue for replacing conjunctions with ampersands in 7; however, this
is not necessary, since T'h only imposes the truth of its components and never says
anything about their falsity conditions. We have seen, however, that the differences
between A and & only become apparent when the treatment of the falsity component
of a restricted existential quantification comes into question. Therefore, the distinction
between A and & can no longer be overlooked when it comes to the definition of
the standard translation which is supposed to faithfully represent both the truth and
the falsity conditions of a translated formula. As a result, we obtain, for every given
x € Ind, the standard translation ST}, : CN — FO¥ defined by the following induction
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on the construction of a ¢ € CA (assuming the same choice of z,y, z,w as in st;):

ST, (p) := px pl € Prop
STy (Y * x) == ST () * ST (x) € {A,V, =}

ST, (¢ 0= x) := Fy(Sy A (Vz)o(Ezy < ST, (¢)) &Vw(Rxyw — STy (x)))

The following proposition provides for the ‘easy’ direction of the faithfulness claim:

PROPOSITION 8. Let ')A C CN, and let x € Ind. If T Enack A, then Th U
ST, (T) Eqna STy (A).

Its proof is analogous to the proof of the corresponding half of Proposition [6] given
in the previous section. We start by proving the following technical lemmas:

LEMMA 12. For every ¢ € CN', we have Th Eqna 3y(Sy A (Vz)o(Exy < ST, (¢))).
The proof of the Lemma is relegated to Appendix

DEFINITION 8. Given an S € N4, we define Mg as follows:
1. Ws :={(w,a) |weW, acUy}.

2. (w,a) <s (v,b) iff w < v and Hyy(a) = b.

3. RS((Waa)a (Xa Y)7 (Va b)) ZﬁW =v and

(3e € S")((Vu > w)(¥d € O")(((u,d) € X iff E™ (d, Hyu(c)))
and ((u,d) € Y iff E" (d,Hwu(c)))) and R"™ (a,c,b)).

4. For every p* € Prop, V4§ (p) :={(w,a) € Ws |a € prX,} and Vg (p) :== {(w,a) €
Ws | a € p'w}.

In order to avoid the clutter, we introduce the notation Z((w,c),(X,Y)) for the
main universally quantified bi-conditional in Definition [8|3; this part of the definition
can then be re-written as

Rs((w,a),(X,Y),(v,b)) iff w=v and (Fc € SM‘T")(E((W, ), (X,Y)) and RM:'(a7 e, ).

LEMMA 13. Let S € N4 be such that S = Th, and let Ms be given according to
Definition[8 Then Ms € NC.

PROOF. The transitivity and reflexivity of <g easily follow from the same properties
of <. As for the monotonicity of V; relative to <g, assume that p' € Prop, and that
(w,a),(v,b) € Wg are such that (w,a) <s (v,b). Then w < v and Hyy(a) = b. If now
(w,a) € V& (p), then a € P and, since Hyy € Hom(M{,,MY), also b = Hyy(a) € P,
which, in turn, means that (v,b) € V& (p). We argue similarly for the monotonicity of
Vs .

SIt only remains to check the conditions imposed on R. As for , assume that
(w,a),(v,b), (u,c) € Ws and X, Y C Wgs are such that both (w,a) <s (v,b) and
Rs((w,a), XY, (u,c)). Then w = uand w < v, whence (u, c) = (w,c) <s (v,Hwv(c)) €
Ws. On the other hand, Hyv(a) = b, and there exists a d € S" such that both

R (a,d,c) and, for all w' > w and all g € O™+ we have:

(W', g) € X iff " (g, Hww(d))) and (W', g) € Y iff B" (g, Hyw'(d)))  (14)
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WtV

in other words, that R (b, Hwv (d), Hwv(c)). Moreover, if v/ > v and k € OMj/, then
transitivity implies v/ > w, and Definition {] implies that Hyys (Hwv(d)) = Hwv (d),
whence, by , we must have:

Now, consider Hyy (d) € S . Since Hyy € Hom (M, M3), we must have that R (Hyy (@), Hyy (d), Hyy (€)),

(V' k) € X iff B (k, Hyy (Huy (d)))) and (v, k) € Y iff " (k, Hyy' (Huw (d))))

Therefore, we must also have Rs((v,b), X,Y, (v,Hyv(c))), and is shown to hold.
The argument for is similar. —|

Since Definition [§3 is relatively involved, we look a bit deeper into its consequences,
before proceeding further:

LEMMA 14. Let S € N4 and let ¢ € CN. Then the following statements hold:

1. Assume that, for every x € {+,—}, every x € Ind, and every (w,a) € Ws, we
have Ms, (w,a) E* ¢ iff S,w =5 ST.(¢)[z/a]. Then, for every (v,b) € Ws and
all distinct y, z € Ind we have

S, vy (V2)o(Ezy < ST.())[y/b] #ff E((v,b), [4llms)-

2. Forall(w,a),(v,b) € Ws, if (W,a) <s (v,b) and E((w, a), [#llms), then E((v,b), [[6]lms)-

PROOF. (Part 1) Assume the premises. We have S,v = (V2)o(Ezy < ST.(¢))[y/b]
iff, by Corollary 2l we have:

(vu > v)(vd € O")((S,u | ST.(6)[2/d] iff S,u b Ezyly/Hau(b), 2/d)
and (S, u b=y, STL(6)[2/d] iff S,u by Ezyly/Hau(0), 2/d)

By our hypothesis about ¢, the latter statement is equivalent to

(Vu > v)(¥d € O")(((u,2) € 6]}y, iff E™ (d, Huwu(b)))
and ((u,2) € [|¢] 5 iff B (d, Hyu(b))))

that is to say, to Z((v,b), ||¢||ms)-

(Part 2) Assume that (w,a) <s (v,b); then w < v and Hyy(a) = b. If now
E((w,a), ||¢||ms), this means, by Part 1, that S,w = (V2)o(Ezy < ST.(¢))[y/al,
whence, by Lemma 1, S,v |5 (Vz)o(Ezy < ST.(¢))[y/Hwv(a)], whence, again by
Part 1, E((V7b)7 ||¢||./Vls) B

LEMMA 15. Let S € N4 be such that S =} Th, and let Ms € NC be given according
to Definition[§ Then, for every ¢ € CN, x € {+,—}, « € Ind, and (w,a) € Ws, we
have Ms, (w,a) = ¢ iff S, w |=, STo(¢)[z/a).

PROOF. We argue by induction on the construction of ¢ € CN.

Basis. If ¢ = p for some p! € Prop, then we have, for every x € {+,—} and
(w,a) € Ws, that Mg, (w,a) * p iff (w,a) € V&(p) iff a € p' iff S, w =5 prz/a].

Induction step. The following cases arise:
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Case 1. If ¢ =1 A x, then we have, on the one hand:

Ms, (w,a) ET ¢ Ay iff Ms, (w,a) =T ¢ and Mg, (w,a) ET x by IH
iff S,w =, STu(y)[x/a] and S, w = STy (x)[z/a]
iff S, w =t ST (¢) A ST (x)[x/d]
iff S, w = ST (¥ A x)[z/a]
On the other hand, we have:

MS; (w,a) ):7 7/} A X iff MSa (W,CL) ':7 T/J or MSa (W,CL) ':7 X
it S,w =, ST, (¢)[z/a] or S,w =, ST,(x)[x/a] by IH
iff S,w =, STe () A STo(x)[x/d]
iff S,w =, ST (¢ A x)[z/a]
Case 2 and Case 3, where we assume that ¢ =¥ V x and ¢ =~ 1), respectively, are
solved similarly to Case 1.
Case 4. If ¢ = 1) — x, then assume that Mg, (w,a) ET ¥ — x, and let v > w be
such that S,v = ST, (v¥)[z/Hwv(a)]. Then, by TH, Mg, (v,Hwv(a)) ET ¥, and we
also have (w,a) <s (v,Hwv(a)), whence, by our assumption, Mg, (v,Hyv(a)) ET x.

Again by IH, S,v ! ST.(x)[z/Hwv(a)]. Since v > w was chosen arbitrarily, we
conclude that

S,w sy (STu(y) = STu(x)) = STu(v = X)[z/d] (15)

In the other direction, assume that holds. If (v,b) € W is such that (w,a) <s
(v,b), then w < v and Hyy(a) = b. If, moreover, we have Mg, (v,b) ET 1, then, by

IH, S,v =} ST, (¢)[x/Hwy(a)], whence, by , S,v =5 ST, (x)[r/Hwv(a)]. Applying

IH again, we get that Mg, (v,Hwy(a)) ET ¢, in other words, that Mg, (v,b) =T 1.

By the choice of (v,b) € Ws, we obtain that Mg, (w,a) =T ¢ — x, as desired.

Finally, observe that we have:
Ms, (w,a) |E~ ¢ — x iff Ms, (w,a) =T ¢ and Mg, (w,a) E~ x

iff S, w = ST,.(¢)[x/a] and S,w |=,, ST.(x)[z/a] by IH
ift S,w k=, ST, () — ST,(x)[z/a]
it S,w k=, ST,(¢ — x)[x/d]

Case 5. If ¢ =1 O— x, then assume that

Ms, (w,a) =T ¢ O= x (16)
By Lemma we can choose a b € Uy, such that:

S, w =y Sy A (Vz)o(Ezy < ST.(v))[y/0] (17)
Moreover, choose any v € W and any ¢ € U,, such that:

V>w (18)

S.v =y R(@,y,w)[z/Hwy(a), y/Hwy (b), w/c] (19)
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We now reason as follows:

(W, 0) <s (v,Hwv (D)) by

be M by

E((w, b), [[¥]lms) by (17), Lm{141, IH for ¢
E((v,Hwv (D)), [l ms ) by 7aLm2

Hyv (b) € S by 1)), Hwv € Hom(M{,, M)
Rs((v, Hwv(a)), [¥lms (v, ) by ([23), [24),

(w,a) <s (v,Hwv(a)) by

Ms, (v,c) F x by (16), (25),

S,v =l ST, (x)[w/c] by , IH for x

By the choice of v and ¢, we obtain that:
S,w = Yw(R(z,y,w) = STw(x))[z/a,y/0]

Now , together with , allows us to conclude that
S, w =y STu(¥ B x)[z/d]

27

(30)

For the converse, assume (30) and choose any b € U, such that both and

hold. Consider any (v,c¢), (u,d) € Wg such that
(w,a) <s (v,¢)
Rs((v.c, )’ HwHMm (ua d))

(31)
(32)

By and Definition 37 there must be a e € U, such that all of the following holds

ee S
E((v,e), ¥l ms)
R (c,e,d)

We now reason as follows:
S,v =l (V2)o(Ezw < ST, () [w/e] by (34), Lm[141, IH
S,v 5 (79)0(B2y & ST.(4))[y/Huww (9)] by T i1,
S.v Ef (V2)o(Baw & Ezy)ly/Bun () w/e] by @), B,
e = Hyv () by ,
¢ = Hyv(a) by
S,V Ry, w)le /B (@), y/Ban(0),w/d) by (53), (B9,
S,v i STu()[w/d] by ().
Ms, (v,d) =T x by TH, (42)
v=u by , Df3
Ms, (u,d) FT x by ({@3), (@)

(33)
(34)
(35)

(
(
(
(
(
(41
(
(
(
(

Since (v, ¢), (u,d) € Ws were chosen arbitrarily under the conditions and (32)), it

follows that Mg, (w,a) =1 ¢ O x, as desired.
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Next, assume that

Ms, (w,a) E~ ¢ O x (46)
This means that, for some (v,b) € W, we have:
Rs((w,a), [¥]lms, (v,)) (47)
Ms, (v,b) =~ x (48)
By , we can choose a ¢ € Uy, such that all of the following holds
ce S (49)
E((w,0), 1llms) (50)
R (a,c,b) (51)
Assume, next, that some u’ > u > w and some d € U, are such that
S,ufsy Sy A (V2)o(Ezy & ST.(¥))[y/d] (52)
We now reason as follows:
W=V by (53)
S,w =, STy, (x)[w/b] by IH for X,(,
S,u' = ST () [w/Hww (b)) by Lm 41,
(55)
S, v =5 Rryw[x/Hyw (a), y/Hew (€), w/Hyu (b)] by Lm 41,
(56)
S,u' | Rayw — ST () [a/Bww (), y/Bww (), w/Bww ()] by (5), (B6)(57)
S,u' |, Vw(Reyw — STy (X)) [2/Hww (@), y/Bww (c))] by (58)
S,w = Sz A (V2)o(Ezz & ST, (¥))[z/d] by Lm [411, [49), (50)
(59)
S, = Sz A (V2)o(Ezx & ST, (¥))[x/Hww (c)] by Lm 41,
(60)
Su' B Sy A (V2)o(Bzy & ST:(¢))[y/Buw (d)] by Lm {1, )
S, =5 Sz ASyA (V2)o(Ezzr & Ezy)[r/Hww (), y/Huw (d)] by , ,2
Huw (d) = Hww (¢) by 7 3)
S,u =, Yu(Rayw = STy (X))@ /Hww (a), y/Buw ()] by (58). (63)(64)
)

S,u =~ Yw(Rryw — STy (X)) [2/Huw (Hwa(a)), y/Haw (d)] by Df. [ (645
It follows from the above reasoning, by the choice of u’ > u, that we must have
S.ut=y (Sy A (V2)o(Ezy & ST.(¥))) =~ Vw(Reyw — STy (X))[#/Hwa(a), y/d];
the latter implies, by the definition of &, that
S,u =, (Sy A (Vz)o(Ezy & ST.(¥))) &Vw(Reyw — STy (X)) [2/Hwa(a), y/d],
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whence, by the choice of u and d, it follows that
S,u =, W ((Sy A (V2)o(Ezy & ST.(v))) & Vw(Rzyw — ST, (x)))[z/a],

or, in other words, that S,w =, ST, (¢ O— x)[z/a], as desired.
On the other hand, if we have

Ms, (w,a) =~ ¢ O x (66)
this means that, for every (v,b) € W, we have:

Rs((w,a), [[¢]ms, (v,)) implies Ms, (v, b) =~ x (67)
By Lemma we can choose a ¢ € U, such that:

S, w =y Sy A (Vz)o(Ezy < ST.(v))[y/c] (68)

We choose, next, any d € Uy, and reason as follows:

R" (a,c,d) premise (69)
E((w; ), 1]l ms) by Lm [[41, (70)
Rs((w,a), [[¥]|lms, (W, d)) by (69). (71)
Ms, (w,d) = x by (67). (72)
S,w s, STy (x)[w/d] by TH for x, (72) (73)
S,w = Rryw — STy (x)[x/a,y/c, w/d) by (69), (74)

This reasoning, by the choice of d € Uy, shows that we have:
S,w e, Yw(Rayw — STw(X))[x/a, y/c,

which, together with , implies that

S, w iy (Sy A (V2)o(Ezy < ST (¥))) =~ Yw(Rryw — STw(x))[x/a,y/d,
whence we get, by definition of &, that

S,w =, (Sy A (V2)o(Ezy < ST.(¥))) &Vw(Reyw — STy (X)))x/a, y/d;
the latter implies that

S,w i, H((Sy A (V2)o(Ezy < ST=(4))) &Vw(Reyw — STw(x)))[x/al,

or, in other words, that S, w [ ST, (¢ O— x)[x/a], as desired. =

We are now in a position to prove Proposition [

PROOF OF PROPOSITION [8l We argue by contraposition. Assume that ThUST,(T) Fqna
ST,(A). Then there must exist an S € N4, a w € W, and an a € Uy such
that S,w = (Th U ST,(T),ST,(A))[z/a]. By Lemma ]2, we have Sw =} Th
and Sw,w b (ST,(T),ST,(A))[z/a]. By Lemma the structure Mg, given
as in Definition is a Nelsonian conditional model, and, by Lemma we have
Ms,,, (w,a) ET (I, A). But then also T' fenack A. =

We now wish to prove a converse of Proposition This task also requires a series
of preliminary constructions that develop the potential of the universal model M, of
N4CK given in Definition [7}
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DEFINITION 9. For any n € w, a sequence a« = (T, Ag), @1, , n, (Tny Ap)) s
called a (Ty, Ag)-standard sequence of length n + 1 iff (Do, Ao),...,(Tn,Ay) € W,
O1,... ,0n € CN', and we have:

(Vi <n)(Re((Ti; Ai), ldisallages (Tig1, Aig1)))-

Given o (IyA) € W, the set of all (T',A)-standard sequences will be denoted by
Seq(T", A). The set Seq of all standard sequences is then given by Seq := |J{Seq(T', A) |
(T,A) e W}

Finally, given a 8= ((ZE9,00),¥1,... ,Um, (Em,Om)) € Seq, we say that B extends
a and will write a < B iff (1) m=n, (2) ¢p1 =1,...,¢n = Yp(= ), and
(3) (T, Ag) <c (Z0,00)s -, (T, An) < (Bn, O0) (= (Em, Om)).

Given any (I', A), (E,0) € W, such that (I', A) <, (£, 0), a function f : Seq(T', A) —
Seq(2,0) is called a local ((T',A), (E,0))-choice function iff (Va € Seq(T, A))(a <

f(a)). The set of all local ((T', A), (E, ©))-choice functions will be denoted by F((T', A), (£, 0)).

However, ((T', A), (E, ©))-choice functions will mostly interest us as restrictions of
global choice functions. More precisely, F' : Seq — Seq is a global choice function
iff for every (I', A) € W, there exists a (E,0) € W, such that (I',A) <. (E,©) and
F | Seq(T',A) € F((T, A), (Z,0)). The set of all global choice functions will be denoted
by &. The following lemma sums up some useful properties of global choice functions:

LEMMA 16. Let (I',A) € W.. Then the following statements hold:

1. For every (2,0) € W, such that (T, A) <. (E,0) and for every f € F(T',A), (B, 0)),

there exists an F € & such that F | Seq(T,A) = f.
2. For every a € Seq(T', A) and every (2,0) € W, such that end(a) <. (E, ©), there
exists a B € Seq such that end(B) = (£,0), and an F € & such that F(«o) = f.
3. id[Seq| € &.
4. Gien anyn € w and any Fy, ..., F, € & we also have that F1o...0 F, € &.
5. For every a € Seq and every F € &, we have a < F(a).

The proof of Lemma [16| repeats the proof of [11, Lemma 19] almost word-for-word;
however, for the sake of completeness, we also include this proof in Appendix [C}

The global choice functions are the basis for another type of sequences, that, along
with the standard sequences, is necessary for the main model-theoretic construction
of the present section. We will call them global sequences. A global sequence is any
sequence of the form (Fy,...,F,) € &™ where n € w (thus A is also a global sequence
with n = 0). Given two global sequences (Fi, ..., Fy) and (Gy,...,Gp), we say that
(G1,...,Gp) extends (Fi,...,Fy) and write (Fi,...,F;) C (G1,... ,Gn) iff Kk <m
and Iy = Gy,...,Fy = Gy. Furthermore, we will denote by Glob the set | J, o, &",
that is to say, the set of all global sequences.

The final item in this series of preliminary model-theoretic constructions is a certain
equivalence relation on CA. Namely, given any ¢, € CN, we define that:

¢~ iff (¢ < b € NACK).

For any ¢ € CN, we will denote its equivalence class relative to ~ by [¢]~.
We now proceed to define an S. € N4 induced by M, € NC of Definition [7}

DEFINITION 10. We set S, := (Glob, T, Mt M~ F), where:
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e For every F € Glob, MJFC = M, My = M™ i.e. every global sequence gets
assigned the same positive model Mt € C(II) (resp. the same negative model
M~ € C(ITU {€%})). As for the components of these models, we set:

— UM = UM = U = SeqU {[¢]~ | € CN}.

— P = {B € Seq|pe r(end(B))} andp™ :={B € Seq |~ p € 7' (end(B))}
for every p' € Prop.

— SM" = {[¢]~ | o € CN'} and ™ := Seq.

— O™ .= Seq and O™ := {[¢]~ | ¢ € CN'}.

— B = {(8,[0]=) € OM" x 8" | ¢ € w!(end(B))} and M := {(5,[4]=) €
OM" x SM" |~ ¢ € 7' (end(B))}

= R = {(B,[¢]=,7) € O™ x 87 x O"" | (A(2,0) € We) (3 € [¢)2)(y =
B (¥, (Z,0))} and RM ™ :=0.

= = {([Blas Wl € 8™ x SMT | [l # 8]}

e For any F,G € Glob such that, for some k < m we have F = (F,... ,Fy) and

G=(F1,...,F,) we have Fpa : U — U, where we set:
Fri10...0F,)(7), if v € Segq;
Fao(y) im {( » w)(7)

v, otherwise.

The first thing to show is that we, indeed, have S, € N4. Again, we begin by
establishing another technical fact:

LEMMA 17. For all F,G € Glob such that F C G, it is true that:

1. Fpa | Seq € 6.

2. For every a € Seq we have a < Fpa(a); in particular, we have end(a) <.
end(Fpa(a)), or, equivalently, 7t (end(a)) C 7t(end(Fra(a))).

PROOF. _Assume the hypothesis; we may also assume, wlog, that, for some k < m <
w, F and G are given in the following form:

F=(F,... ,F) (def-F)
G=(F,...,F,) (def-G)

In this case, we also get the following representation for Fza:
Fra | Seq=1id[U]o Fyy10...0Fy, (defl-Fza)
Fra 1{ld]~ | ¢ € CN} =id[{[¢]~ | ¢ € CN}] (def2-Frg)

Part 1 now easily follows from and Lemma 4. As for Part 2, we observe
that, if @ € Seq, then Fpz(a) = (id|U] o Fgy1 0 ... 0 Fy)(a) € Seq. Now Part 1
and Lemma [T6]5 together imply that o < Fpg(a). By Definition [9] this means that
end(a) <. end(F g (a)), or, equivalently, that ©!(end(a)) C wt(end(Fra(a))). =

LEMMA 18. S, is a Nelsonian sheaf.

PROOF. It is clear that Glob is non-empty and that C defines a pre-order on Glob.
It is also clear that Mt € C(0), M~ € C(© U {¢2}), and that, for F',G € Glob, F C G
implies Frs : U — U. We need to show that S = (Glob,C,M™*,F) € [(©) and that
S = (Glob,C, M+ F) € I(O U {e2}).

As for the conditions imposed by Definition [3]4 on the functions of the form Fzg, it
is clear from Definition [10| and from our convention on compositions of empty families
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of functions that (1) for any F' € Glob we will have in Fpz = id[U] and that (2) if
F,G,H € Glob are such that F T G C H, then FpzoFag = Frpg.

It remains to establish that, for each pair F,G € Glob such that FF T G, we have
Fra € Hom(MY,M*™) N Hom(M~,M™). The latter claim boils down to showing that
the M*-extension of every predicate in II and the M~ -extension of every predicate in
ITU {€?} is preserved by Fzas. In doing so, we will assume that, for some approprlate

k< m < w, F, G, and Fpg are given in a form that satlsﬁes 7 ,
(defl-F &), and ( m So let X € II U {e?}; the followmg cases have to be
considered:

Case 1. X € {0, S1, €%}, Trivial by and (def2-Fzg).

Case 2. X = p' € Prop. If a € U is such that o € pM+, then, by Definition |10] and
Lemma we must have all of the following: (1) o, Fpa(a) € Seq, (2) 7l (end(a)) C
7l (end(Fpa())), and (3) p € wt(end()). But then clearly also p € 7! (end(F pa(a))),
whence, further, Fpa(a) € pM+, as desired. Similarly, if & € U is such that a € pM |
then, by Definition [10] and Lemma [I7, we must have (1) and (2) as given above, plus
~ p € wt(end(a)). But then clearly also ~ p € 7l(end(Fpa(e))), whence, further,
Fra(a) € pM | as desired

Case 3. X = E2. If a, 8 € U are such that (a, 3) € EM+, then, arguing as in Case 2,
we must have: (1) a,Fpa(a) € Seq, (2) 8 € S, in other words, 8 = [¢]~ for some ¢ €
CN, (3) m!(end(er)) C 7' (end(Fpg())), and (4) ¢ € 7' (end(a)) C 7' (end(F pg(av))),
so that we also have, by (def2-Frg)), that (Fpa(a),Fra(8)) = (Fpg(a). Fra((¢l~)) =
(Fra(), [¢]~) € EM". On the other hand, if (o, 3) € E™ | then we must have (1)—
(3) as above plus ~ ¢ € 7wl(end(a)) C n'(end(Fpa())), so that we also have, by
(def2Frg), that (Frg(a),Frg(B)) = (Fra(a), Fra(ldl~)) = (Fra(a), [¢]~) € EM .

Case 4. X = R3. Then for no a,3,7 € U can we have (a,3,7) € RM . If
a, B,y € U are such that (o, 3,7) € RM+, then, arguing as in Case 2, we must have:
(1) a,7,Fpa(a),Fra(y) € Seq, (2) 8 € SM+, in other words, f = [¢]~ for some
¢ €CN, (3) a < Fpa(a), and v < Fpa(y), and, finally, (4) for some (Z,0) € W,
and some ¢ € [¢]~, we must have v = o™ (¢, (E,0)). Now, Definition |§| implies
that, for some (Z',0’) € W, such that (£,0) <. (£/,0’) we must have Fpa(y) =
Fra(a)™ (¢, (E/,0")). Therefore, by Definition 10} we must have

(Fra(a),Fra(B).Fra(1) = Fra(a), [¢)~,Fra(y)) € R
_|

We will eventually have to show that the Nelsonian sheaf S, satisfies (Thl)—(Th5|.
The following lemma shows the satisfaction of (Thl):

LEMMA 19. S, | (Thi)).

PrROOF. Let F € Glob and let a,b € U be such that S., F' =7 SzASzA(Vy)o(Eyx <
Eyz)[z/a,z/b]. Then a,b € SM+, that is to say, for some ¢,1 € CN, we must have
a = [¢]~ and b = [¢)]~. Assume, towards contradiction, that a = [¢]~ # [¢]~ = b,
then we must have (¢ < 1) ¢ NACK; in view of Proposition [7, we can suppose, wlog,
that for some (I';A) € W, we either have ¢ € T" but v ¢ T" or we have ~ ¢ € T
but ~ ¢ ¢ I'. Since we clearly have (I';A) € Seq C U, it follows from Definition
that in the former case we must have both S.,F ! Oy A Eyz[z/a,y/(T,A)],
and S,, [ 5+ Eyz[y/(T',A), z/b], which contradicts our assumption. Similarly, in the
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latter case we must have both S., F' = OyA ~ Eyz[z/a,y/(T,A)], and S, F &}~
Eyz[y/(T, A), z/b], which, again, contradicts our assumption. Therefore, we must have
a=b. —

We will also need the following corollary to Lemma

COROLLARY 4. Let z,y,2 € Ind be pairwise distinct, let ¢ € FOY F € Glob,
and a,b € U be such that both S.,F =} Sz A (Vy)o(Eyr < ¢)[z/a] and S., F
Sz A (Vy)o(Eyz < ¢)[x/b]. Then a =Db.

PROOF. Assume the premises. Renaming the variables, we get that Se, F =
Sz A (Vy)o(Ezz & ¢)[z/b], whence, by (T18) we obtain that S, F =} Sz A Sz A
(Vy)o(Eyz < Eyz)xz/a,z/b]. It follows, by Lemma [19] that a = b. o

The next lemma can be seen as a version of a ‘truth lemma’ for S..

LEMMA 20. Let F' € Glob, a € Seq, x € Ind, and let ¢ € CN'. Then the following
statements hold:

1. 8., F =5 ST (¢)[x/a] iff ¢ € 7t (end(a)).

2. Se, F l=,, STy(9)[x/a] iff ~ ¢ € w'(end(a)).

3. Se, F =L Sz A (Vy)o(Eyz < STy(¢))[x/[¢]~]-

PROOF. We observe, first, that, for any given ¢ € CA, Parts 1 and 2 together clearly
imply Part 3. Indeed, we must have S., F = Sz[z/[¢]~]. As for the other conjunct, if
Parts 1 and 2 hold for a given ¢ and for all instantiations of F', o, and z, then assume
that a G € Glob is such that F' C G. Then, by Part 1, we must have, for every 8 € Seq:

E"(8,19]~) iff ¢ € 7' (end(8)) iff S., G =} STu(¢)lr/B),
and, by Part 2, we will have, for every 8 € Seq:

E™ (8,[¢]) iff ~¢€n'(end()) iff S, G f=, STu(0)[z/B].

Since we have [¢p]~ = Fpg([¢]~), Corollary [2] allows us to conclude that S, F |=}
(Vy)o(Eyz < ST,(9)))[z/[¢]~]-

We will therefore prove all the three parts simultaneously by induction on the con-
struction of ¢ € CA; but, in view of the foregoing observation, we will only argue for
Parts 1 and 2.

Basis. Assume that ¢ = p for some p! € Prop. Then ST,(¢) = pr and Definition
implies that we have (for Part 1) S., F = pz[z/a] iff a € P p € 7wl (end(w)),
and (for Part 2) S, F |=,, pz[zr/a] iff « € p" iff ~ p € 7l (end(a)).

Induction step. Again, several cases are possible:

Case 1. ¢ =) A x. Then ST,(¢) = ST, (¢) A ST,(x) and we have, for Part 1, by
IH and Proposition [7}

Se, F =y (STo(9) ASTo(x)[w/a] iff Se, F 1= STo(¥)[z/0] and S¢, F = STu(x)[x/a]
iff ¢ € 7' (end(a)) and x € 7' (end(w))
iff M., end(a) =1 9 and M., end(a) =T x
iff M., end(a) ET 9 A x
iff 9 A x € 7' (end(a))
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and, for Part 2:

Se, = (STo(¥) A STo(x)) /0] iff S, F |, STo(¥)[z/a] or Se, F 1=, STa(x)[x/
iff ~ € nl(end(a)) or ~ x € n'(end(a))
iff Mc,end(a) E™ ¢ or M., end(a) E~ x
iff Mc,end(a) E~ ¥ Ax
iff ~ (¢ Ax) e nt(end())

Case 2 ¢ =9V x, and Case 8 ¢ =~ 1) are similar to Case 1.
Case 4. ¢ =) — x. By Proposition [7} we know that:

Y —x € nl(end()) iff M., end(a) ET ¢ — x
iff (V(Z,0) € W,)(end(a) <. (Z,0) and M., (Z,0) =1 ¢ implies M., (Z,0) = x)

—_
—
—
—_
—
—

<c
iff (V(5,0) e W,)(end(a) <. (E,0) and ¢ € = implies x € Z) (=)

We have STy (¢) = ST, () — STy (x), and we argue as follows for Part 1.

First, assume that ¢ — y € 7!(end(a)), and let G € Glob be such that F C G.
Then, by Lemma2, end(a) <. end(Fpg(a)), so that, by (&), ¢ € 7' (end(Fpg(a)))
entails x € ! (end(Fpa())), whence, by TH, it follows that

Se, G [y STo(¥)[x/Fpg(a)] implies Se, G =, STo () [/Fpa(a)).

Since G O F was chosen in Glob arbitrarily, we have shown that S., F' ¢ (ST,(¢) —
ST.(x))[x/al, or, equivalently, that S, F' =t ST, (¢)[z/].

For the converse, we argue by contraposition. Assume that ¢ — x ¢ 7' (end(a)).
By (=), there must be a (Z,0) € W, such that end(a) <. (£,0), ¢ € E, and x ¢ E.
By Lemma 2, we can choose a § € Seq such that end(8) = (£,0), and a F € &
such that F(a) = 3. But then we can set G := [~ (F) € Glob; we clearly have G J F,
Fra(a) = F(a) = B, and 7' (end(B)) = =. Therefore, under these settings, we also
get that ¢ € 7l (end(Fpa(a))), but x ¢ 7 (end(Fpa(a))). Thus we must have, by IH,
that S., G =1 ST, (¥)[z/Fpa(a)] but S., G ¥ ST, (x)[z/Fra(a)]. The latter means
that S, F' =1 (ST, (1) — ST,(x))[x/a), or, equivalently, that S., F' [=F ST, (6)[z/a].

As for Part 2, we have, by IH and Proposition [7}

Se. F =y (STu(v) = STe(x))[z/a iff S, F =y STo(¥)[z/a] and S, F' =, ST (x)[z/cl
iff ¢ € 7' (end(a)) and ~ x € 7' (end(a))
iff M., end(a) ET ¢ and M., end(a) =~ x
iff M, end(a) E~ ¢ — x
iff ~ (1 = x) € 7' (end(a))

Case 5. ¢ =1 O— x. Then we have

ST (¢) := Fy((Sy A (V2)o(Ezy & ST.(¢))) & Vw(Rryw — ST, (X)))-
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We argue for Part 1 first. By Proposition [7} we know that:

Y O=x € 7' (end(a)) iff M., end(a) =1 O x
iff (V(2,0),(Z,0') e W,)
(end(a) < (E,0) and Re((E,0), [[¢]| ., (F',©)) implies M., (Z',0') =" x)
iff (V(2,0),(Z,0') € W)
(end(a) < (E,0) and Rc((E,0), [¢[nm.. (E,0)) implies x € Z'|0-)

Assume first that ¢ O x € 7' (end(a)); let 8 € Seq, and let G € Glob be such that
FCG. If (Fpa(a),[¢)~,8) € R™'| then we must have, by Definition m, that, for
some (' A) € W, and some 6 € [¢p]~, we have § = Fpa(a)™ (6, (T',A)). But then,
by Definition [0} also Re(end(Fpg(a)), [|0]|m., (T, A)); and, since § € [¢)]~, Proposition
7 implies that [|0]|r1, = [[¢]la4,, so that Re(end(Fpa(a)), [¥]lam,, ', A)). By Lemma
2, we must further have end(a) <. end(Fpa()), and now yields that x €
I = nl(end(B)). Therefore, it follows by IH that S.,G =} ST, (x)[w/B).

Since the choice of 3 € Seq and G € Glob such that F' C G was made arbitrarily, we
have shown that S, F =} Yw(Rzyw — STy, (x))[x/a,y/[b]~]. Moreover, IH for Part
3 implies that S., F =1 Sy A (V2)o(Ezy < ST.(¥)))[y/[¢]~]. Summing up the two
conjuncts and applying and (T15), we obtain that:

S F 1= Fy((Sy A (V2)0(E2y & ST (1)) & Vu(Reyw — ST, (x)))[w/al,

or, in other words, that S., F' =} ST.(¢)[z/a], as desired.

For the converse, we argue by contraposition. Assume that 1 O— x ¢ ! (end(a)).
In this case, implies the existence of (Z,0),(2,0’) € W, such that end(a) <.
(2,0), RA((Z,0),|[¢]m.,(E,0), and x ¢ Z. By Lemma [16]2, there exists a
B € Seq such that end(8) = (E,0) and an F € & such that F(a) = 8. But
then clearly G = F~(F) € Glob and FF C G. Moreover, Definition [10| implies that
Frala) = B. Next, Re((E,0), [[¢[lm., (E,0)) implies that v = 57 (¢, (E,0")) €
Seq, whence, by Definition (B, [¥]~,7) € RM" . So, all in all we get that S, G Shy
Rayw[r/Fpa(), y/[Y]~,w/v], and, on the other hand, since x ¢ =’ = 7! (end(y)), IH
for Part 1 implies that S., G &, ST, (x)[w/~]. Therefore, given that F' C G, it follows
that:

Se, F ¥ Vw(Reyw — STy (x)) [/, y/ ]~ (1)
If now a € U is such that we have:
Se, F = Sy A (V2)o(Ezy & ST.(¥))[y/d] (1)

then note that, by IH for Part 3 we also have S, F' =} SyA(Vz2)o(Ezy < ST, (¥))[y/[¥]~]-
By Corollary [4] and (f]), it follows that we must have a = [¢]~ in this case. But then
(i) implies that we must have S, F' £ Vw(Rzyw — ST, (x))[z/a,y/a]. Since a € U
was chosen arbitrarily under the condition given by , we conclude that

Se, F IS Iy (Sy A (V2)o(Ezy & ST, () AVw(Rryw — STy (X)))[x/al,

whence, by Lemma and (TT15), it follows that S., F' [t ST, (#)[z/a], as desired.
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It remains to consider Part 2. By Proposition [7} we know that:
~ (1 O=x) € ©'(end(a)) iff M, end(a) =~ ¢ O x
iff (3(E, ©) € We)(Re(end(a), [¢]m., (B, 0)) and M., (£,0) =7 )
iff (3(Z,0) € We)(Re(end(a), [ m., (E,0)) and ~x €E)  (F-27)

Assume, first, that ~ 1 0= y € w'(end(a)). Then, by (O—]), we can choose a
(£,0) € W, such that both R.(end(a), |¢¥||m.,(E,0)) and ~ x € Z. The former
means, by Definition [0 that 3 = o™ (¢, (E,0)) € Seq, and the latter means that
~ x € T (end(B)) whence, by IH for Part 2, it follows that S., F' |=,, STw(x)[w/3].

Next, Deﬁnition implies that S, F' =1 Rryw[z/a,y/[]~,w/B] and that, by TH
for Part 3, we have S, F =1 Sy A (V2)o(Ezy < ST.(¥))[y/[v]~].

If now G € Glob is such that G 3 F and a € U is such that S,,G = Sy A
(V2)o(Ezy < ST.(¢¥))ly/a], then, by Lemma {41, we must have S.,G =5 Sy A
(V2)o(Ezy < ST.(¥))ly/[¢]~]. By Corollary 4 we get that a = [¢)]~. Moreover,
Lemmal also implies that S, G =, Rryw[z/Fpa(a),y/a, w/Fpg(6)] and S, G =,
STw(X)w/Fpa(B)]. 1t follows that S, G |=, Yw(Rzyw — STy (x))[z/Fra(e), y/al,
in other words, that:

Se, G =~ Yw(Rayw — ST, (X)) [z/Fra(a), y/dl.
In view of the choice of G € Glob and a € U, we have shown that:
Se, F =35 Vy(Sy A (Vz)o(Ezy & ST (1)) =~ Yw(Rryw — ST, (x)))[z/al,

which, by (T8) and (T17)) is the same as
S, F =f Yy ~~ (Sy A (V2)o(Ezy < ST, () —~ Yw(Rxyw — STy (x)))[x/a],
It remains to apply the definition of ampersand and (An5) to get that S., F =t~

ST.(¢)[x/a], or, equivalently that S., F = ST,(¢)[x/a], as desired.
As for the converse of Part 2, we again argue by contraposition. Assume that ~

(v O= x) ¢ m(end(a)). In this case, implies that for every (2,0) € W,
such that R.(end(a),||¥||m,, (E,0)), we must have ~ x ¢ =. Now, if § € Seq is
such that (a, [)]~, ) € R™", then, by Definition [L0] there must exist a (I, A) € W,
and a 6 € [¢]~ such that 8 = o™ (0, (T, A)). Since S € Seq, Definition |§| implies
that R.(end(a),||0]|m., (T, A)); but, since 6 € [¢]~, the latter means that we must
have R.(end(c), ||¥||m., (T, A)). But then our assumption implies that ~ x ¢ ' =
7l (end(B)), whence, by IH for Part 2, we must have S., F' [~, ST, (x)[w/8] . Thus
we have shown that S., F' &} ReywA ~ ST (X)[x/a, y/[W0]~,w/B] for every 3 € Seq,
which, by definition of R™" | implies that S, F' j&; Rzyw — STy (x)[z/a,y/[t)]~,w/b]
for every b € U. In view of the QN4 semantics of V and ~, the latter can be equivalently
reformulated as S., F' &}~ Yw(Rryw — STy (x))[z/o,y/[]~]. Since, by IH for Part
3, we also have S., F =1 Sy A (V2)o(Ezy < ST.(¥))[y/[1]~], we have shown that

Se, F Iy (Sy A (V2)o(Bzy & ST.(¢))) =~ Yw(Rryw — STy (X)) [w/a, y/[¢]~],
which, in view of the definition of ampersand, is the same as
Se, F iy (Sy A (Vz)o(Ezy & ST.(¥))) &Vw(Reyw — ST, (x))[z/ e, y/[]~]-
The latter, by the QN4 semantics of the existential quantifier entails that
Se. F i 3y(Sy A (V2)o(Bzy & ST.(v))) & Vw(Rryw — STy (x))[x/al,
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in other words, that S., F' &, ST.(¢)[z/a], as desired. o
Before we move on, we would like to draw a corollary from our lemma:

COROLLARY 5. Let F' € Glob, o € Seq, x € Ind, and let v, x € CN'. Then:
Se, F =y STo(y O x) & Vw(Rayw — STw(x))[z/a,y/[]].
ProoFr. We show, first, that
Se, F =y STo(v B x) ¢ Vw(Rayw — STw(x))[z/a, y/[]].
Right-to-left direction is trivial by Lemma 3. As for the converse, if S.,F =}
ST, (v O— x)[z/a], then we can choose an a € U such that:
Se. F |5y Sy A (V2)o(Ezy & ST.(¥)) &Vw(Reyw — STy (x))[z/a,y/a]
But then, by Corollary [4 and Lemma 3, we must have a = [¢]~, so that
S., F B Vw(R(z,y,w) = STy (x))[z/a, y/[tb]~] follows. We need to show, next, that
Se, F Iy~ STo(y B x) ¢~ Yw(Rayw — STw(x))z/ o, y/[Y]=]-

The left-to-right direction easily follows by (Anl), (An5), and Lemma [20}3. If
Se, F' =, Yw(R(z,y,w) = STyw(x))[x/a,y/[Y)]~], then let G € Glob and an a € U

be such that G 3 F and S.,G = Sy A (Vz)o(Ezy < ST.(¢))ly/a]. By Lemma
17 we also have S, G |=,, Yw(R(z,y,w) = STu(x))[z/Fra(a), y/[Y]~]. Next, Corol-
lary 4| and Lemma 3 imply that a = [¥]~, so that S.,G |, Vw(R(z,y,w) —
STw(X))[z/Fra(a),y/a] follows. Since G J F and a € U were chosen arbitrarily, it
follows that
Se, F =5 Vy(Sy A (YV2)o(Ezy & ST.(¢)) =~ Yw(R(z,y,w) — STy(x)))[z/al,

or, equivalently, that S., F' |=f~ ST, (v O x)[z/al. —|
It only remains now to show that S. is a model of Th:

LEMMA 21. For every F € Glob, we have S, F' |= Th.

PRrROOF. That the Nelsonian sheaf S, satisfies was shown in Lemma The
satisfaction of follows from Lemma [20}3 (one needs to instantiate y to [p]~). We
consider the remaining parts of Th in more detail below:

. Let x € {A,—}, F € Glob, and a,b € sMt Then, by Deﬁnition there
must exist some ¢,1 € CN such that a = [¢p]~ and b = [¢]~. But then Lemma 3
implies that we have all of the following:

Se, F I=y Sz A (Yw)o(Ewz & STu(4))[z/a] (8)
(

Se. F =y Sy A (Yw)o(Ewy < STw(¥))[y/b] Q)
Se, F =y 82 N (Yw)o(BEwz « STy(9) * STw(¥))[2/[6 * 9]~]

whence S, F ¢, clearly follows by . The argument for the satisfaction
of is similar
(ThE). Again, let F € Glob and a,b € SMT . Then let ¢, € CN be such that
a = [¢]~ and b = [¢]~. Lemma 3 implies that both and hold, and that we
have:
Se, F = Sz A (Yw)o(Bwz < STy (¢ O ))[z/[¢ T 9]~].
By Corollary [f] and (T18), it follows now that we must have:

Se, F =L Sz A (Yw)o(Bwz & Vu' (Rwzw' — STy (¥)))[x/a, z/[¢ O Y]]
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whence S.., F' =} (Th5) clearly follows. -
We are now finally in a position to prove a converse to Proposition

PROPOSITION 9. For all T, A C CN and for every x € Ind, if Th U ST,(T') Eqna
STx(A), then T' ':N4CK A.

PROOF. We argue by contraposition. If T' fenack A, then (T', A) must be N4CK-
satisfiable, and therefore, applying the standard Lindenbaum construction (cf. [10,
Lemma 8]), we can find a (IV,A") € W, such that (I",A’) D (I, A). By Definition
[9] we have (I",A’) € Segq, therefore, Lemma [20]1 and Lemma [21] together imply that
Sc, A EF (Th U ST, (T), ST, (A)[z/(I7, A")], or, equivalently, that Th U ST, (T') F~qna
ST, (A), as desired. 5

We can now formulate and prove the main result of this section:

THEOREM 1. For all T, A C CN and for every x € Ind, we have I' Enack A iff
Thu STQJ(F) ):QN4 STw(A)

PROOF. By Propositions [§ and [0 -
Before we end this section, we would like to mention, that the proof of Theorem
not only allows us to completely mirror, on the level of conditional logic, the selection
of the embedding results for modal logic reported in Section 5| but also to improve
on [9, Proposition 7] for the N4-based modal logic FSK<: namely, if we repeat the
constructions of this section adapting them to the modal case (basically, using o7, in
place of ST, and throwing away all the parts dealing with Th and the existence of
formula-defined truth-sets) then we arrive at the following

THEOREM 2. For all T;A C MD and for every x € Ind, we have T’ |Epga A iff
O’Tx(F) 'ZQN4 UTJ.(A).

This alternative embedding result shows that the very definition of translation used
for the classical logic K, also embeds FSK? into QN4; and this time our embedding
commutes, up to the strong equivalence, with the propositional connectives of N4.

That such a result would fall out from our proof of Theorem [I| should not surprise
us, as FSK? was shown to be the modal companion to N4CK in [10, Lemma 16].

§8. Discussion, conclusion, and future work. Theorem [I] shows that N4CK
is faithfully embedded into QN4 by a (classically equivalent) variant of the classical
formalization of the Chellas semantics for CK based on the pair (T'h, ST,) for any given
x € Ind. The conditional logic N4CK can thus be seen as a result of a Nelsonian reading
of the classical conditional logic CK, and, therefore, as one plausible counterpart to CK
on the basis of Nelson’s logic of strong negation. This result allows us to view N4CK
as a strong candidate for the role of a natural minimal N4-based logic of conditionals,
and thus completes a series of other arguments to that effect presented earlier in [10].

Our nearest research plans include an extension of this series to other non-classical
constructive logics. An especially fitting candidate for such an extension appears to
be the negation-inconsistent constructive logic C introduced by H. Wansing in [14],
given especially that the subject of conditional logics on the basis of the propositional
fragment of C has already seen its first rather intriguing steps in [15], and that the
methods of the current paper seem to open a way to a considerable refinement of these
first results. However, one should also keep in mind that C is not a sublogic of CL and
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is therefore not in the scope of the general criterion put forward in the final paragraphs
of Section [6l

Before we end this paper, we would like to observe that T'h is but one of the infinitely
many theories that can be used to prove results like Theorem [I} More precisely, let us
call a T C FO" N4-conditional iff it can be substituted for Th in Theorem above, in
other words, iff for all T’ A C CN and for every x € Ind, it is true that ' FEngck A iff
TUST,(T') =qna ST (A). Then Theorem [1| can be reformulated as stating that Th is
N4-conditional. But we can also show that:

COROLLARY 6. Let Th' C FO" be such that S. = Th D Th. Then Th is N4-
conditional.

PROOF. Assume the hypothesis. If I'; A C CA and = € Ind are such that T' FEnack
A, then, by Proposition [8] we must have Th U ST, (T") Eqna ST.(A), whence, by
monotonicity of Fqng and Th' D Th, also Th' U ST, (T') FEqna ST, (A). In the other
direction, we can just repeat the proof of Proposition |§| using the fact that S, =
TH . -
Corollary [6] allows us to strengthen the connection between Theorem [I] and the earlier
embedding result [11, Theorem 2] reported for the intuitionistic conditional logic IntCK.
Namely, we can define a theory Th® O Th which is both N4-conditional and classically
equivalent to the theory mentioned in [11]. To obtain Th?, we need to extend Th with
the following sentences, for every p' € Prop:

Vx(Sx Vv Ox),Ya ~ (Sz A Ox), Ve(pr — Ox), VaVy(Exzy — (Ox A Sy))
VaVyVz(Rzyz — (Ox A Sy A Oz))

It is clear that all of these sentences are in the scope of Corollary [6} but they are by
no means the only interesting additions to T’h made available by the said corollary.
It is easy to see, for example, that we can also replace the main — in with =
without affecting Theorem

Of course, the same trick is possible w.r.t. Proposition [f] which was our blueprint for
Theorem [1| Indeed, we can call a T' C FO CL-conditional iff for all ')A CCN and
for every x € Ind, it is true that T ek A iff TUst,(T') EcL stz(A). Then Proposition
[6] shows us that T'h.y is CL-conditional, and we can also strengthen it as follows:

COROLLARY 7. Let T C FO be such that M . T 2 Theg. Then T is CL-
conditional.

The proof is similar to the above proof of Corollary [} However, now that we have
established the polymorphism of both N4-conditional and CL-conditional first-order
theories, further (and increasingly deeper) questions suggest themselves. For example,
what is the relation between the theories mentioned in Corollary [6] to the theories
mentioned in Corollary [7? It appears that at least the following is highly plausible:

CONJECTURE. Let Th' C FO? be such that S, = Th' D Th. Then M |=, Th';
in particular, Th' is also CL-conditional.

If the above conjecture is true, then it might still be the case, that some subtheories
of the complete theory of M that extend They are such that none of their classical
equivalents both extends Th and is a subtheory of the complete N4-theory of S..
Moreover, this discrepancy between the two sets of theories can be either coincidental or
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necessary. Indeed, notice that the definitions of M and S, are not completely forced
by our main result: at least the definition of M~ could have been given differently
without affecting Theorem [I] So is it possible to revise those definitions in such a way
that one gets a perfect match between the theories arising in the two structures? We
sum these considerations up as the following

OPEN QUESTION 1. Assume the truth of the above conjecture. Is it true that for
every T C FO we have M¢! E. T D They iff there exists a T C FO such that T
is equivalent to T over CL and S. ;7 T' O Th? If not, then is it possible to tweak the
definitions of both M and S, in such a way that the answer to this question becomes
affirmative and both Proposition [6] and Theorem [1] are still true relative to these new
definitions?

However, the above question may seem a bit too narrow in that we only ask about
the relation between the theories arising in two particular structures (even when we
allow those structures to differ from M¢ and S. as defined above). A much more
interesting question is whether we can establish any meaningful relation between the
N4-conditional theories and CL-conditional theories in general. In other words:

OPEN QUESTION 2. LetT C FO be Na-conditional. Is it then also CL-conditional?

OPEN QUESTION 3. LetT C FO be CL-conditional. Is it always the case that there
exists some T' C FO which is equivalent to T over CL and also N4-conditional?

It is much harder to formulate the right inverses to the open questions [2] and [3]
It seems that not all CL-conditional theories are also N4-conditional: one example is
likely to be provided by Th, itself. However, some sort of a canonical reformulation
p(T) of a classical theory T might be still possible with the effect that p(T) and T
are classically equivalent and, in case T is CL-conditional, p(T) is N4-conditional. In
case such a reformulation technique is found and given in an effective way, the above
conjectures and open questions can be extended by similar items asking about the
format of the possible match-up between CL-conditional theories and their canonical
reformulations.
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§A. Proofs of some results about QN4. To simplify the notation, we fix an
Q C Il and set FO := FOT(QF U {e?}), 1 := 1(QF U {€?}), EP; := EP,(QF U {€?}),
QILT := QILT(Q* U {€?}), and QILT := QILT(FOT). Moreover, we set FO :=
FOQ), At := At(Q), Lit := Lit(?), N4 := N4(Q), and EP, = EP;(Q) for this
Appendix.

A.1. Proof of Proposition The proof of Proposition [1] is complicated by the
fact that T'r is not injective; we have, for example

Tr(~ (vp=v1 = v1 =v2)) = (vg = v1 A€e(v1,v2)) = Tr(vg = V1A ~ (V1 = v2)).
Therefore, we need to choose a subset of O which can both serve as a representative
for the whole set FO and provide a basis for an injective restriction of Tr. The next

definition singles out this class:

DEFINITION 11. A ¢ € FO is in negation normal form iff, for every ~ 1) € Sub(p)
it is true that ¢ € At.

The following Lemma sums up the properties of negation normal forms in N4 required
for our argument:

LEMMA 22. The following statements hold:

1. tr:=Tr [ {¢ € FO | ¢ is in negation normal form} is a bijection.
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2. For every ¢ € FO, define NNF(¢) € FO by the following induction on the
construction of ¢:

NNF(¢):=¢ ¢ is a literal
NNF( +x) := NNF(¢) + NNF(x) « € {AV, >}
NNF(Qu) := QeNNF(4) Q€ {¥,3}

NNF(~~1):=NNF(y)
NNF(~ (6% x)) i= NNF(~ $) s NNF(~ ) {5} = {A,V)
NNP(~ (6 - x)) i= NNF(@) A NNF(~ );
NNF(~ Qup) i= QeNNF(~ 1) (Q.Q'} = {v.3}

Then NNF(¢) is in negation normal form, and ¢ <> NNF(¢) € QN4.
3. For every ¢ € FO, we have Tr(¢p) = Tr(NNF(¢)).

PROOF (A SKETCH). (Part 1) Observe that T is injective on literals and commutes
with the connectives and quantifiers for the non-negated complex formulas. As for the
surjectivity, a simple induction on the construction of ¢ € FOT (IT* U {e?}) shows that
every such ¢ must have a tr-preimage.

(Part 2) That NNF(¢) is in the negation normal form is immediate from the def-
inition. As for the provability of ¢ <> NNF(¢), we reason by induction on the con-
struction of ¢ € FO, using Lemma plus the axioms 7.

(Part 3) By a straightforward induction on the construction of ¢ € FO. —

We are now ready to prove our proposition:

PrROOF OF PROPOSITION [Il (Left-to-right) Assume that T' =qna A and choose any
0Mg-deduction x, from the premises in I' such that, for some vq,... 95 € A we
have x, = ¢1 V...V ¢)s. Consider Tr(Y,): the translation of every axiom of QIet
is again an instance of the same axiom and the same is true for the applications of
every rule in QJ€'. Finally, all the instances of (Anl)-(An6) get translated into
formulas of the form 1) <+ 1) for an appropriate ¢» € FOT; all of these translations are
also clearly provable in QJ3€". Therefore, Tr(Y,) is straightforwardly extendable to a
03¢ -deduction of Tr(x,) = Tr(11 V... V) = Tr(yy) V...V Tr(1s) from premises
in Tr(T"). We have thus shown that Tr(I") =q .+ Tr(A).

(Right-to-left) Assume that T7(T) qu+ T7r(A) and choose any Q3£ -deduction
Xr from the premises in Tr(T") such that, for some ¢1,...,19s € A we have x, =
Tr(¢1) V...V Tr(ts). Consider tr—'(x,). Again, every instance of a QJ£"-axiom is
transferred by tr~! into an instance of the same axiom and the applications of all the
rules in QILT are likewise preserved by tr—!. Therefore, tr=1(x,) must be a deduction
of tr=1(x,) in QILT and hence also in Q4. Note, next, that for every § € FO we

have:
tr=1(Tr()) = tr 1 (Tr(NNF(6))) by Lemma [22]3
=tr Y (tr(NNF(9))) by Lemma [22]2
= NNF(0) by Lemma [22]1

Therefore tr~1(y,) is an QM4-deduction of
tr—Y(x,) = tr H(Tr(Wn)V.. VTr(s)) = tr *Tr()V.. Vtr tTr(ihs) = NNF({1)V.. VNNF(¢,)
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from premises in NNF(I'). In view of Lemma 2, it is straightforward to extend
tr=1(x,) to an Q94-deduction of 11 V...V 94 from the premises in T. -

A.2. Proof of Proposition [2} Proposition [2] follows from Proposition [I] together
with the following two lemmas:

LEMMA 23. Let S € N4, and let St = (W?, §i,Mi,Hi) be such that Wi := W, <t:=<,
H' :=H, and that, for every w € W = W, we have U := Uy, = Ute = UM Finally,
for all w € W and P™ € 11, we set that

i i _ i _
P_};[_‘” = PM‘TV; P .= p'. M = M

)

Then all of the following statements hold:

1. St el

2. For every w € W and every function f, we have (S,w, f) € EP, iff (S, w, f) €
EP;.

3. For every w € W, every f such that (S,w, f) € EP,, and every ¢ € FO, we
have S,w =} o[f] iff St w =i Tr(9)[f]-

ProOOF. Parts 1 and 2 follow trivially by definition. Part 3 is proved by a straight-
forward induction on the construction of ¢ € FO for all w and f such that (S,w, f) €
EP,. We consider some typical cases in this induction in more detail.

Case 1. ¢ = PZ,, for some m € w, P™ € Il and Z,, € Ind™. But then:

S,w =L o[f] iff f(Zm) € P iff f(@n,) € P_}S’” iff S°w =y Py (Zn)[f] iff ST,w = Tr(o)[f].
On the other hand, we have:

S.w =i o[f) it S, w =y Olf] i f(F) € P Il f (7)€ PP
iff S',w =i P_(z,)[f] iff S',w |=i Tr(~ ¢)[f].
Case 2. ¢ = (¥ — x). Then we have:
S,w =y Olf]ff (VW = w)(S, v iy 9Lf o Huvl or S, v =7 X[f 0 Hwv))
iff (Vv > w)(S',v & Tr(v)[f oH, ] or ', v |=; Tr(x)[f oHL,]) by IH
iff S',w i (Tr(v) = Tr(x)If] it S w = Tr(9)[f]-
On the other hand, we have:

S,w =i~ olf]iff S,w =] LS
iff S, w k=) ¥[f
it S w k= Tr
iff ST, wl=; Tr

Case 3. ¢ = Vx1. Then we have:

S, w =, ¢lf]iff (W > w)(Va € Uy)(S, v = ¢[(f o Hwy)[z/a]])

iff (Vv > w)(Va € U™)(S',v =i Tr(4)[(f o Hiy)[z/a]]) by IH
iff S',w = VaTr(¥)[f] iff S',w = Tr(9)[f]-

Jand S, v =, x[/]
| and S, w =~ x[f]
D)fl and 8" w = Tr(~ x)[f] by IH

(
() ATr(~x) iff ST, w =i Tr(¢)[f]-
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On the other hand, we have:

S,w =1~ o[f] iff (3a € Uw)(S,w =, ¢[flz/a]])
iff (3a € Uy)(S,w =~ [f[z/a]])
iff (3a € UM)(S',w |=; Tr(~4)[f[z/a]]) by IH
iff S w = JaTr(~ ) [f] iff ST, w k=i Tr(o)[f).

The remaining cases are trivial, or similar to the cases considered above, or both. -

LEMMA 24. Let S € T and let 8™ = (W™, <", M"T M"~ H") be such that W™ := W,
<™=<, H" := H, and that, for every w € W" = W, we have Ull = UNS = U =
U . Finally, for allw € W and P™ € 11, we set that

n+ M n— M n—
P = P, P .= p'w. v = v,

Then all of the following statements hold:

1. 8™ € N4.

2. For every w € W and every function f, we have (S,w, f) € EP; iff (S™,w, f) €
EP,.

3. For every w € W, every f such that (S,w, f) € EP,, and every ¢ € FO, we
have 8™, w =5 o[ f] iff S,w =i Tr(o)[f].

PRrROOF. Again, the first two parts are trivial and Part 3 is proved by an induction
on the construction of ¢ € FO. We illustrate the idea using the same selection of cases
as in the previous proof:

Case 1. ¢ = Pz, for some m € w, P™ €Il and Z,, € Ind™. But then:

S w = olf] iff f(Zm) € P if f(@m) € wa ift S,w |=; Py (Zm)[f] it S,w =; Tr(9)[f]-

On the other hand, we have:
S w =t~ o[f] it 8™ w = olf] ff f (@) € P f(2,,) € P
Case 2. ¢ = (¢ = x). Then we have:
S"w =y of] HfE (Vv 2" w)(S™, v L ¢[f o HR ] or 8", v = X(f o HG)
iff (Vv >w)(S,v & Tr()[f oHwy] or S, v =; Tr(x)[f oHwy]) by IH
iff S, w =i (Tr(y) = Tr())Uf] i S, w = Tr(o)[f]-
On the other hand, we have:
S"w En~ ol f] iff 8" w =] o[f] and 8" w = x[f]
iff ", w =t ¢[f] and 8™, w =t~ x[f]

iff S, w b= Tr()(f] and 8, w k= Tr(~ X)[f] by IH
it S,w; Tr() ANTr(~ x) iff S,w =; Tr(é)[f].
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Case 8. ¢ = Vx1p. Then we have:
S w =y of] M (Vv 2" w)(Ya € UF)(S™, v = ¢I(f o Hyy ) [z/al])
iff (Vv > w)(Va € U™)(S,v = Tr(¥)[(f o Hwy)[z/a]]) by IH
iff S, w =i VaTr(y)[f] iff S, w = Tr()[f].
On the other hand, we have:
S, w =y~ olf] iff (Ja € UL)(S™, w =, ¥[f[z/a]])
iff (3a € Uy )(S™,w =~ ¢[flz/a]])
iff (3a € U™)(S,w |=; Tr(~ ¥)[f[x/a]]) by IH
iff S, w = 3aTr(~P)[f]iff S,w = Tr(9)[f].

4
We can now prove our proposition:
PRroor orF ProrosITION 2l For all I', A C FO it is true that:
I Eqna A Iff Tr(T) Equ+ Tr(A) by Proposition
ift Tr(T) =; Tr(A) by definition of QILT
iff L = A by Lemmas [23] and [24]
4

A.3. Proof of Lemma 4} (Part 1) If w < v and S,w =, ¢[f], then, by Lemma
we must have S', w = Tr(¢)[f], whence S*,v = Tr(¢)[f o H,,] by Lemma 1
and S,v = ¢[f o Hwy|, again by Lemma In case S,w [=, ¢[f], we must have
S, w =~ @[f], whence S,v =~ @[f o Hyy| which is the same as S, v =, ¢[f o Hyvy].

(Part 2) We note that we clearly have (S|w)" = (§')|w. Thus, by Lemma we
have Slw, v =7 oLf] iff (Slw)', v =i Tr(@)[f] iff (S°)|w. v i Tr(¢)[f] iff, by Lemma
2, we have §*, v |=; Tr(¢)[f], iff, again by Lemma S,v Erolf]

On the other hand, we have S|w,v E, ¢[f] iff S|lw,v Ef~ o[f] iff S,v Ef~ ¢[f]
iff S,v =, ¢lf].

A.4. Proof of Lemma [5| The claims of Lemma [5 can be easily verified on the
basis of the Nelsonian sheaf semantics. Also, it is pretty straightforward to obtain the
proofs of (T1)—(T16) in Q914. As an example, we sketch the following proofs:

(T13). We consider the case when x =—. We start by building the following chains
of QN4-valid implications:

(peP)N(xe0)—= (6 D)A(x+0) by Lemma [2] def. of <
= (d—x) < (W —10) by Lemma [2]
and
()N (x<0) = (¢ V) A(~x<~0)) by Lemmal2 def. of &<
= (PN ~ x) < (YA ~0) by Lemma [2]

=~ (¢ = x) &~ (Y —0) by Lemma [2} (And)
We thus have shown that

(p=P)Axe0) = (0—=x) < @ —=0A~(¢—=X) o~ (P —0)),
whence for * =— follows by the definition of <.
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(T14). We consider the case when @ = 3. Again, we build two valid implication
chains (the commentary applies to both chains simultaneously):

(@& Y) = (¢ 1) (p =) = (~ ¢~ 1)) by Lemma [2] def. of <
— (Fzg + Jz1h) — (Vo ~ ¢ <> Vo ~1) by Lemmal|2

— (~ Jxd <>~ Fz1h) by Lemma [2 (An5]

Combining the two implication chains yields that

(¢ < ¥) = ((Frd ¢ Fzg) A (~ Fzg <~ Tay)),
whence ((T'14]) for @ = 3 follows by the definition of <.

A.5. The use of ampersand in QN4. In this appendix, we quickly motivate the
usefulness of ampersand. Ampersand is especially convenient for handling the restricted
existential quantification in the context of QN4. The latter statement can be easily
motivated as long as one is prepared to assume that the states of any given Nelsonian
sheaf & can be seen as knowledge states so that an object a € Uy is understood as
an object known to exist at w; the states that are accessible from w are then to be
understood as future knowledge states that are possible in w.

Indeed, when we say that some object has some property, say pg, this is true iff
at least one currently known object verifies pg; this is false iff every object that is
either currently known or will become known in the future falsifies pg. Let us now try
to formalize this idea: if our current state of knowledge, located in the web of other
possible knowledge states, is faithfully captured by some world w in some Nelsonian

v
sheaf S, then we will say that our existence claim is true at (S, w) iff Uy, ﬂpg‘" £ 0

and false at (S, w) iff, for every v > w, we have U, C pg" . It is easy to see now that
both the truth and the falsity condition of our existence claim are exactly those of
the sentence Jxpg(x), which is also how one usually formalizes simple existence claims
classically.

Suppose now that we would like to restrict our claim about the existence of an object
with the property pg to the family of objects that verify some additional property p;.
At least one natural way to understand such a restriction is to say that our claim is
true iff at least one object that is currently known to have p; also verifies pg. As for
the falsity condition, our claim must be false iff every object that is either currently
known or will be known in the future to have p; also falsifies pg. Turning again to
possible formalizations, we are looking for a formula that must be true at (S, w) iff
(Uwﬁp}fj”) ﬂpg:’ # () and false at (S, w) iff, for every v > w, we have (U, ﬂppfj) C oy

Now the classical formalization of this sort of restricted existential quantification
is given by Jz(p1(x) A po(z)), and it is easy to see that in the context of QN4 this
sentence has exactly the truth condition that we have given above. However, its falsity
condition is different, namely, the sentence is false at (S, w) iff, for every v > w, we
have U, C (p}fv U pgv ). Note that in the semantics of Nelsonian sheaves, p}f” and prf‘T
are, generally speaking, completely independent from one another and, therefore, the
latter condition is also independent from the requirement that (U, N pT‘T) - pgv for
every v > w.

We are doing much better, though, if in the above formalization we replace conjunc-
tion with ampersand. The truth condition then remains the same, since Lemma [2] and

(T13) together imply that Jz(p1(x) & po(x)) < z(p1(z) A po(z)).
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However, the falsity condition looks different, since, by Lemma (T2), (T11), and

(T14), it follows that ~ Jx(p1(x) & po(x)) < Va(p1(x) =~ po(z)).
In other words, our alternative formalization is false at (S, w) iff, for every v > w,

we have (Uy N p}f‘t) - pg" , which is exactly what we wanted initially.

Note that ampersand becomes necessary for our representations of restricted existen-
tial quantifications only insofar as we get interested in what happens when a statement
is false. This is not always the case, though. For example, if one is formulating a
theory in QN4 and would like to ensure the existence of an object with the property
po among those objects that happen to satisfy p;, then it might make perfect sense to
formalize this part of one’s theory by requiring that 3z(p1(z) A po(x)) as long as one is
only interested in the models where this claim is true and is indifferent to the models
where the claim happens to be false.

A.6. A proof of Lemma [} We proceed by induction on the construction of
x € FO.

Basis. If x € At, then the following cases are possible:

Case 1. x = (vg = vg). Then assumes the form (¢ < ) — (¢ < ), and is a
theorem of QN4 by Lemma

Case 2. x # (vg = vg). Then is just (¢ & ¥) — (x & X), and is a theorem of
QN4 by and Lemma

Induction step. The following cases are possible:
Case 1. x = (xo * x1) for some x € {A,V,—}. Then we reason as follows:

Fang (6 < ¥) — ((xo/¢) © (xo/v)) by TH (75)

Fang (6 & ¥) = ((x1/¢) & (xa/¥)) by TH (76)

Fana (¢ € ) = (((xo/®) < (xo/¥)) A ((x1/9) & (xa/v))) by (@), (76), IEm)
77

Fana (((xo/®) € (xo/%)) A ((x1/¢) & (x1/9))) =
= (((xo*x1)/®) & ((xo * x1)/%)) by (78)
Fana (0 < ¥) — (/) & (x/v)) by ,,Lr(n
79

Case 2. x =~ xo or x = Qxxo for some @Q € {V,3} and some x € Ind. We reason

as in Case 1 applying (T4) (resp. (T14)) in place of (T13).

§B. Proof of Lemma[12] We proceed by induction on the construction of ¢ € CA.
The basis of induction follows from (Th2|). As for the induction step, we need to
consider the following cases:

https://doi.org/10.1017/bsl.2025.10136 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10136

48 GRIGORY OLKHOVIKOV

Case 1. ¢ = 1) x x, where x € {A, —}. We consider the following derivation D1 from
premises in QN4:

Sz A (Yw)o(Bwz < ST, (¥)) premise (80)

Sy A (Yw)o(Bwy < STy, (X)) premise (81)

Sz A (Vw)o(Ewz < (Ewz x Ewy)) premise (82)

(Vw)o (Fwz < (vg = vg * Fwy))/Ewzx reformulation of (83)

(Vw)o(Buwz & (ST, () « Bwy) by (50, (3. (34)

(Vw)o(Fwz < (ST () * vg = o))/ Ewy reformulation of (85)

(Vw)o(Bwz < (STw(¥) * STw(X))) by (1), (83), (T18) (86)

F2(Sz A (Yw)o(Ewz < STy, (Y * x))) by (B6), def. of ST (87)
We now reason as follows:

Th, , En Ez — 32(Sz A (Yw)o(Bwz < ST, (¥ * X)) (D1, (DT)),

Th, , En Sz A Sy (trivially)

Th, B0), BI) =, (Sz A Sy) — 32(82)

Th, , En 32(Sz A (Yw)o(Bwz < STy (Y * X)))

Th E, Elx — (Ely — 32(S2 A (Vw)o(Ewz < ST,(¢¥ xx)))) (DT)), (BJ)

Th En, Elx A Ely (IH)

Th k=, 32(Sz A (Yw)o(Bwz < STy, (Y * X)) (MP))

Case 2. ¢ =~ 1p. Similar to Case 1, but using (Th3) in place of (Th4).
Case 3. ¢ = ¥ V x. Note that by Cases 1 and 2 we know that Th Eqna Jy(Sy A

(Vz)o(Bxy o~ (~ STy(Y)N ~ STy(x)))) (which can be equivalently re-written as
Th Eqna Fy(Sy A (Vz)o(Exy < vy = vg))/0 for 8 :=~ (~ ST, (¢Y)A ~ ST(x))); now,
Corollary [1| together with Lemma |§| implies that Th Eqna Jy(Sy A (Va)o(Ery <
(ST () V ST ().

Case 4. ¢ = (1 O— x). We consider the following deductions from premises in QN4,
letting T := Th U {Sy' A (Yw)o(Ewy < ST, (¢))} = Thu{6}.

Deduction D2+-:

Vw(Rzy'w — STy (x)) premise (88)
Fy((Sy A (Vw)o(Bwy < ST, (¥))) &

& Vw(Rrxyw — STy (x))) by 6, [B8), (ed)), (89)
ST, (¢ O ) by (89), def. of ST (90)

Deduction D2—:
~ ST, (v O= x) premise (91)
Vy((Sy A (Vw)o(Ewy < STw(¥))) —
—~ Vu(Rayw — STy (x))) by (1), (And), (92)

0 —~ Yw(Rzy'w — STy (x)) by (92), (93)
~ Yw(Rzy'w — STy (X)) by 6, (94)
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Deduction D3+:

Sy A (Yw)o(Bwy & STy, (¥)) premise (95)
Vw(Rxyw — STy (X)) premise (96)
(Vw)o(Ewy < Ewy') by 6, (93)), (T18) (97)
y=1v' by (97), (Thi) (98)
Vw(Ray'w — STy, (x)) by (96), (99). (99)
Deduction D3—:
7 premises
y=1vy as in D3+ (100)
~ Yw(Rzyw — STy(x)) by (94), (L00), (101)
We sum up the intermediate results of these deductions:
T &, Yw(Rzy'w — ST, (x)) = ST, (v O— x) D2+, (DT)) (102)
T =, ((95) A (96)) — Yw(Rzy'w — ST, (x)) D3+, (DT)) (103)
T =, ((99) & 6) = Yw(Rzy'w — ST, (x)) (103), (T15) (104)
T = 3y(([©F) & @) — Yw(Rey'w — ST, (x)) [[04), (BI) (105)
T &, ST,(v 0= x) = Vw(Rry'w — ST, (x)) (105), def. ST (106)
T b V(ST (1 O X) ¢ Yuo(Ray'w — ST, (x))) (100, (08), @e)  (107)
T En~ ST, (¢ B x) =~ Yw(Ray'w — ST, (x)) D2, (DT) (108)
Tk, — ((95) =~ Yw(Razyw — ST, (x))) D3, (DT) (109)
T En — Yy ((95) —~ Yw(Rzyw — STy (x))) (109), (BY) (110)
T En~ Yw(Rzy'w — STy (x)) =~ STy (v O x) (110), (Anb)), (T16) (111)
T =, Va(~ ST, (¢ O x) <3~ Yw(Ray'w — ST, (x))) [108),([111), (Gen) (112)
T &, V(ST (¢ 0= x) & Yw(Rzy'w — ST, (x))) (107),(112) (113)
We now feed these results into the next deduction D4:
Sz A (Yw)o(Bwz < STyw(x)) premise 114

(
Sy NSz by 6, (
32(S2' A (Vo)o(Ezz' & Vw(Rzy'w — Ewz))) by ([115), (
32(S2' A (Vo)o(Exz' & Vw(Rry'w — STyw(X)))) by ([114), (116), (T18)(117
32 (S2' A (Va)o(Exz & ST,(v 0= X)) by ([117), (113), (T18)(118

We now finish our reasoning as follows:

Th =, Fy'0 — (32(114) — 32/ (S2' A (Va)o(Exz’ < ST, (v O x)))) (D4, (DT),
Th =, 3y'0 A 32(114) (IH)
Th n 32'(S2" A (Vo)o (B2’ < STp(¢ O X)) (MP)
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§C. Proof of Lemma In order to prove the Lemma, we will need to prove a
couple of technical results first.

LEMMA 25. The following statements hold:

1. If o, € Seq are such that o < B3, and ¢ € CN, (I';A) € W, are such that
o = a"(¢,(T,A)) € Seq, then there exists a B/ = 7(¢,(E,0)) € Seq and
o <pg.

2. For all (T, A),(2,0) € W, such that (T',A) <. (Z,0), and every a € Seq(T', A),
there exists a § € Seq(E,0O) such that a < .

3. For all (T',A), (E,0) € W, and a € Seq(T', A) such that end(o) <. (E,0), there
exists a f € Seq such that oo < 8 and end(B) = (E,0).

ProOF. (Part 1) Assume the hypothesis. Since o < 8, we must have end(a) <.
end(B), and, since o = o™ (¢, (T', A)) € Seq, we must have R.(end(«), ||| m., (T, A)).
Since M, satisfies condition of Definition [6] there must exist some (Z,0) € W,
such that both (', A) <. (E,0) and R.(end(B), ||¢||m., (E,0)). The latter means that
we have both 8/ = 7(¢, (E,0)) € Seq and o/ < f'.

(Part 2) By induction on the length of a. If « has length 1, then we can set 5 :=
(2,0). If a has length k£ + 1 for some 1 < k < w, then we apply IH and Part 1.

(Part 3) Again, we proceed by induction on the length of a. If « has length 1, then we
can set 8 := (Z,0). If a has length &k + 1 for some 1 < k < w, then for some o’ € Seq
of length k and some ¢ € CN, we must have a = ((T', A), ¢) " (), with end(a) =
end(a’). Applying now IH to o/, we find some ' € Seq such that end(3’) = (5,0)
and o/ < B’. But then, in particular, we must have init(a/) <. init(8"). Moreover,
since @« = ((T', A), ¢) " (o) € Seq, we must also have R.((T', A), ||¢||sm,, init(a’)). But
then, since M, satisfies condition of Deﬁnition@ there must exist some (I, A’) €
W, such that both (I',A) <. (IV,A’) and R (I, A"),|¢||m.,init(8")). For B :=
(T, A"),9)(B") we have § € Seq, end(B) = end(8') = (E,0), and o < . o

The following Lemma sums up some facts about local choice functions:

LEMMA 26. Let (I', A) € W,. Then the following statements hold:
1. For every (2,0) € W, such that (I, A) <. (E,0), we have F((T', A), (Z,0)) # 0.
2. For every a € Seq(T', A) and every (E,0) € W, such that end(a) <. (E, ©), there
exist a f € Seq such that end(8) = (5,0), and an f € F((T',A),init(3)) such
that f(a) = B.
3. For every (2,0) € W, id[Seq(E,0)] € F((£, 0), (E,9)).
4. Giwen an n € w, any (Lo, Ao), ..., (Tn,Ayn) € We such that (Lo, Ag) <¢ ... <.
(T, Ay), and any f1, ... , fn such that for everyi < n we have fiy1 € F(Ti, A¢), (Tiv1, Ait1)),
we also have that fio...0 f, € F((Fo, Ao), (T'n, Ar)).

PROOF. (Part 1) By Lemma [25]2 and the Axiom of Choice.

(Part 2) Assume the hypothesis. By Lemma 3, we can find a § € Seq such
that both a@ < B and end(8) = (E,0) are satisfied. Trivially, we must also have
B € Seq(init(B)). Assume, wlog, that & = ((T'g, Do), 1, -+ &, (Tn, Ayn)) and that
B = ((20:00); P15 s P, (En, Or)). We now set f((Lo,No), P15, iy (i, Ay)) =
((20,00), 01, .-, 04, (E;,0;)) for every i < n and, proceeding by induction on the
length of a standard sequence, extend this partial function to other elements of Seq(I", A)
in virtue of Lemma 25/1. The resulting function f clearly has the desired properties.

Part 3 is trivial, and an easy induction on n € w also yields us Part 4. -
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ProoF oF LEMMA [I6 (Part 1) Note that we have Seq(Tg, Ag) N Seq(I'1,Ar) =0
whenever (I'g, Ag), (I'1, A1) € W, are such that (I'g, Ag) # (I'1, A1). Therefore, we can
define the global choice function in question by F := (| J{Id[Seq(To,Ao)] | (To,Ag) #
(I',A)}) U f. Lemma [26|3 then implies that F € &.

(Part 2) Assume the hypothesis. By Lemma 2, we can choose a 8 € Seq such
that end(B) = (E,0), and an f € F((I', A),init(B)) such that f(a) = 5. By Part 1,
we can find an F' € & such that F' | Seq(I', A) = f and thus also F(a) = f(a) = 8.
Parts 3 and 4 are, again, straightforward.

As for Part 5, note that we must have both o € Seq(init(«)) and, for an appropriate
(T,A) € We, that F' | Seq(init(c)) € §(init(a), (I, A)). But then we must have
a < (F | Seq(init(o))) (o) = F () by definition of a local choice function. o
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