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A dimension formula relating to
algebraic groups

Su-shing Chen

An upper bound is given of the dimension of certain spaces of
cusp harmonic forms of arithmetic subgroups I of semisimple
algebraic groups G in terms of the multiplicities of

corresponding irreducible unitary representations of the group

GR of real rational points of G 1in the space OLZ(GR/F) of

cusp forms.

1. Introduction

Our formula can be considered to be related to the duality of

Gel'fand and Pyateckii-Shapiro of a discrete subgroup T of GR such
that Gp/T is compact [3]. An essential point of the duality in [3] is
that Lz(GR/F} is a countable direct sum of irreducible unitary
representations of GR . If GR/F is not compact, then LZ(GR/F)
contains continuous and discrete spectrum in general. However, the closed
invariant subspace OLZ[GR/F) of LZ(GR/F) is still a countable direct
sum of irreducible unitary representations of GR for an arithmetic
subgroup [ of GR [4]. Consequently, we can obtain an upper bound of

the Garland space of cusp harmonic forms which is a closed invariant
subspace of the space studied in [2] by Garland. For basic definitions
and facts about algebraic groups and their arithmetic subgroups, we refer

to [1].
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2. The formula

We assume that (G 1is a connected semisimple linear algebraic group
which is defined and simple over Q . Moreover, we assume that G has

Q-rank 1 , that is, dimSQ = 1 , where SQ is a maximal Q-split torus of
G . Let —Q—R denote the Lie algebra of GR and G denote the

complexification of ER . Denote by A the Casimir operator which is a

G
unique element of the center of the universal enveloping algebra of G .
0,2 s 2
The space L (GR/F) of cusp forms consists of elements of L (GR/P)

satisfying

J Flzu)ldu = 0
UR/UROF

for almost all &« € GR , where U 1is the unipotent radical of an arbitrary
parabolic subgroup P of G .

We fix a certain maximal compact subgroup X < GR . Let V bea

finite dimensional complex vector space with a positive definite hermitian
inner product. Then let 0 : K » AutV be a representation of K which is

unitary with respect to the given inner product. We let d0 denote the
complex dimension of V and let Ec denote the character of o . Let dk

denote the Haar measure on K normalized so that J dk =1
K

For v € C , the Garland space G(0, v) of harmonic forms is defined

by
6o, v) = {f € L2 (Gp/T) n 0“’(GR/F)|AGf =Vf ,

o)

d; L{ £ (K)f(xx)dk = flz), = ¢ GR/I‘} .

If G(o, v) # 0 and G has Q-rank 1 , then Vv is real and

dimG(o, v) < ® ([2]). The Garland space OG(O, v) of cusp harmonic forms
is defined by

%o, v) = {f € 6(o, v) n °L2(GR/r)} .
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Let GR denote the set of irreducible unitary representations w of

GR . Let H_ be the representation space of T , m(m) be the

multiplicity of ® in OLZ[GR/F) and An be the Casimir operator of the

representation W . Since 7 1is irreducible, there exists a complex

number V" such that Anw = Vnw for ¢ in the domain of An , which is
dense in H1T . Let 6R(v) denote the set of irreducible unitary
representations m of GR such that An = vn-l and Vo=V Fix an
irreducible unitary representation m and its representation space H" .

For any irreducible unitary representation o of K , we define a linear

transformation E0 in H1T by

g

Ev=d JK Eo(k)n(k-l)vdk ,

for v € H1T . Then Eo is a continuous projection. We let

H =E (H )} . The dimension of H is finite dimensional and is
40 ov'm M,0

denoted by d(H" 0]
3

We write OLZ(GR/F) = 'El @® Hi , where Hi is the representation
space of the irreducible unitary representation "i . Note that, for
¢ € Cm(GR/F) n oLz(GR/F) , the regular representation A of GR on
OLZ(GR/F] satisfies Axw = AG¢ . This follows from an easy computation.

For any f € °G(o, v) , f € °L2(GR/r) n c”(cR/r) s Bf = Vf and

Ef= f . Let P, be the projection of OLZ(GR/F) onto H, . Since f

is differentiable, for each X ¢ gR ,
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lim
t>0

PiA(X)f

o j

Pi(h(exth)fo)

= lim

Lim (A(expex)P f-P_f)

o |

o |-

= 1lim
>0
= ni(X)Pif .

[ni(exth)PifLPifj

Hence Pif is in the domain of A“i . PiAxf = A“iPif and
Aﬂipif = AniPif . Ifom, ¢ @R(v) , then Pif = 0 . Hence

Y t

i € {Z,, ..., 2,} . Consequently, we get the following
1 t

=P. + ... P, . i P, =P.- . .
F=2.f + P, b Since E’0 P$ Pl Eo s Pﬂf € HL,O for

THEOREM. Let G be a connected semisimple linear algebraic group

which is defined and simple over Q . We assume that G has Q-rank 1 .
Then
aim’6(o, v) = I m(md(H_ )
ncGR(v) >
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