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THE TRANSLATIONAL HULL OF A SEMILATTICE OF 
WEAKLY REDUCTIVE SEMIGROUPS 

MARIO P E T R I C H 

1. Introduction and summary. The translational hull is of central im­
portance in the construction of ideal extensions and the study of densely 
embedded ideals particularly for weakly reductive semigroups (see [4, Chapter 
III]). The translational hull of semigroups belonging to a few special classes is 
known in an explicit form, and for some other classes of semigroups, certain 
properties of their translational hulls have been established (see [4, Chapter V]). 
We have generalized in [5] the concept of an inverse limit of groups in order to 
give a construction of the translational hull of a semigroup which is a semi-
lattice of groups. The purpose of this paper is further to generalize the con­
struction in [5] in order to construct the translational hull of any semilattice 
of weakly reductive semigroups. Based on this construction, we are able to 
consider a variety of special cases providing extra information peculiar to these 
cases. 

We list in §2 most of the needed definitions and notation; those not explicitly 
stated can be found in [4]. In §3, we present the main construction and estab­
lish the needed characterization of the translational hull of a semilattice of 
weakly reductive semigroups. The special case of a strong semilattice of 
weakly reductive semigroups is treated in §4. A discussion of the further 
special case of a sturdy semilattice of weakly reductive semigroups is the 
content of §5. The translational hull of a semigroup which is a subdirect product 
of a semilattice and a cancellative semigroup is constructed in §6. Finally, in 
§7, we provide certain information about the translational hull of a spined 
product of semigroups satisfying certain restrictions. We deduce a number of 
corollaries concerning semilattices of cancellative and some other special 
kinds of semigroups. 

2. Preliminaries. Let 5 be any semigroup and let x and y stand for arbitrary 
elements of S. A function X (resp. p), written on the left (resp. right) mapping 
5 into itself is a left (resp. right) translation if \(xy) = (\x)y (resp. (xy)p = 
x(yp)); in addition, the pair (X, p) is a bitranslation if also x(\y) = (xp)y. The 
set of all bitranslations of 5 under the operation (X, p)(X', p) = (XX', pp')y 

where (XX')x = X(X'x) and x(ppf) = (xp)pf, is a semigroup, the translational 
hull of S, to be denoted by Q(5). We will denote the pair (X, p) by a single letter 
co and consider it as a bioperator on S with cox = Xx, xco = xp. For any s £ 5, 
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the function Xs (resp. ps) denned by \sx = sx (resp. xps = xs) is the inner left 
(resp. right) translation induced by s. We write TS = (\s, ps) and note t h a t 
11(5) = {irs\s £ 5} is an ideal of 0 ( 5 ) , called the inner part of 12(5). T h e 
mapping w : s —> irs is the canonical homomorphism of 5 onto 11(5), and is 
one-to-one if and only if 5 is weakly reductive. 

If 7 is an ideal of 5 , then 5 is an (ideal) extension of 7. If also the equali ty 
relation on 5 is the only congruence on 5 whose restriction to 7 is the equali ty 
relation on 7, then 5 is a dense extension of I ; if 5 is (under inclusion) a maximal 
dense extension of 7, then 7 is a densely embedded ideal of 5 . For a subsemigroup 
A of 5 , the idealizer of A in 5 is the largest subsemigroup of 5 having A as an 
ideal, and is given by 

is(A) = {s G S\sa, as £ A for all a G A}. 

An embedding x o f a semigroup T into 5 is d£?zse if Tx is a densely embedded 
ideal of its idealizer in 5 . 

An ideal 7 of 5 is a retract ideal, and 5 is a retract extension of 7, if there exists 
a homomorphism of 5 onto 7 which leaves the elements of 7 fixed. If F is a 
semilattice, its ideals form a semigroup JY under intersection; its re t rac t 
ideals S% Y form a subsemigroup of « / r . The principal ideal generated by an 
element a of a semilattice F will be denoted by fa). The elements 7 of ^ ? F are 
characterized by the property t ha t 7 P\ fa) is a principal ideal for every 
a G F. 

Let a- be a semilattice congruence on 5 (i.e., S/a is a semilat t ice); then 5 
is a semilattice Y of semigroups Sa where F = S/a and Sa are the c-classes. 
Such an 5 can be constructed from the semigroups Sa if these are weakly 
reductive as follows. 

Let {5a}a<Er be a family of pairwise disjoint weakly reductive semigroups 
indexed by a semilattice F. For each pair a ^ /3, let a function \pa<p : 5 a —» 
12(5/3) be given, ^ a ^ : a —» a^a>^, and assume tha t : 

(i) i^aja is the canonical isomorphism 5 a —» II (5a) ; 
(ii) (a\l/a^)(b\f/^a0) e ÏI(5a/3) for all a £ 5«, 6 G 5^; 

(iii) if a > ($y, then for all a £ 5«, & G 5#, 

(1) [ W a ^ ) ! ^ ^ ) ] ^ ^ " 1 ^ , ? = (^a,y)(b\l/^y). 

On 5 = U a e r 5 a define an operation * by 

( 2 ) a*fr = [(a^a,a/s)(6^/3fa/ï)]^a/S,a/8""1 fa £ 5 a , fr £ Sf l ) . 

Then 5 is a semilattice F of semigroups 5«, in notat ion 5 = (Y;Sa, fc^). 
Conversely, every semilattice F of semigroups 5« can be so constructed. 

A special case of particular interest is obtained by taking F and Sa as above 
and a system of homomorphisms ça^ : 5« —> 5,3 for all pairs a ^ ft, with 
ça,a the identi ty mapping on Sa, satisfying the t ransi t ivi ty condition: if 
a > 13 > 7, then <pa,p<pp,<y = <pa,y (functions wri t ten on the r ight ) , with an 
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operation * on 5 defined by 

a*b = (a<pa,ap)(b<pp,ap) (a G Sa, b G Sp). 

Then 5 is a strong semilattice Y of semigroups 5 a , in nota t ion S = [Y; Sa, <pa,p]-
If all <patp are one-to-one, 5 is a sturdy semilattice Y of semigroups Sa, in nota t ion 
5 = (Y\Sa, <fa,p)> We will be mainly interested in semilattices of semigroups 
belonging to a class *$ ra ther t han in a special semilattice Y of fixed semi­
groups 5«. 

As usual, Es denotes the (partially ordered) set of idempotents of 5 . 
For undefined concepts as well as for a full discussion of the notions listed 

above, see [4]. Fur the r information concerning the translat ional hull is sum­
marized in [1]. 

3. T h e m a i n c o n s t r u c t i o n t h e o r e m . T h e result in question is preceded by 
some auxiliary s ta tements , nota t ion and constructions. These are of basic 
impor tance for a large pa r t of the paper. 

L E M M A 1. Let S be a semigroup, a be a congruence on S such that S/a is reductive 
and co G 12(5). If a a b, then coa a cob and au a bco. 

Proof. Assume t h a t a a b. Then for any c G 5 , we have (ceo)a a (cco)b and 
thus also c(coa) a c(cob). Let x —> x be the canonical homomorphism of 5 onto 
S/<r. Then c Ha = c cob for all c G S/a. Since S/a is reduct ive, i t follows t h a t 
côà = cob. Consequent ly coa a cob; the relation ace a bco is proved similarly. 

L E M M A 2. Let S = ( F ; 5«, ypatp)- We define a mapping e by 

e : co —» cô (co G 12 (S) ) 

where cô is defined on Y by 

coa = aco = j3 if a £ Sa, toa £ Sp. 

Then e is a homomorphism 0/12(5) into 12(F). Moreover, if coa G Sp, then aco G Sp. 

Proof. By Lemma 1, cô is well-defined. If a G 5«, b G 5/3, then 

co(aZ>) G 5V(<*/3), (coa)6 G S^aSp ç : 5(^a)/3 

and thus co(a@) = (coa) p. Hence cô G 12(F) since F is a semilatt ice. If co, 6 G 
12(5), a G Saf then 

(cod)a G S-^ëa, co (da) G co5^« £ S(^ë)a 

which proves t h a t cod = cod. Consequent ly e is a homomorphism. 
In order to prove the last s ta tement , let a G Sa, coa G Sp, aco G 5 7 . T h e n 

coa2 G Sp by Lemma 1, so t h a t (coa)a = coa2 implies fia = fi. Hence fi ^ a and 
similarly y ^ a. Fur ther , (aco)a = a (coa) implies ya = afi which finally implies 
7 = fi since fi, y ^ a. 

https://doi.org/10.4153/CJM-1974-148-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1974-148-2


TRANSLATIONAL HULL 1523 

Recall from [4, V. 6.1] that for any semilattice F, the mapping 

co —» 7W = co F 

is an isomorphism of 12(F) onto 3%Y', for more information on semilattices see 
[2]. Returning to the situation in Lemma 2, if we let 

L = {a £ Y\œSr\Sa 7* 0}, h = «F , 

we see from Lemma 2 that Iw = 1-^ and 

LEMMA 3. The mapping 

co —> Ia 

is a homomorphism of 12(5) into £%Y. 

Let S = ( F; 5a, ^a>/s) where each 5a is weakly reductive. We will consistently 
use the following notation. 

#~(F; 5«, *«,*) = U II »(&) 

with multiplication 

(C0a)acj * (6a)a£J = W a J a c / f l J -

We will usually write ^~ instead of # " ( F ; 5a, <A«js). It is easy to see that i^~ is 
a semigroup, in fact, 

where 12j = na(E/ 12 (Sa) for any I ^ JY and 

* J . J : (««)«€! - > (Wa)aç/ ( I , J G c / y , J 2 J ) . 

Next let ^ = ^ ( F ; 5«, ^«./s) be the set of all («a)«€J in & satisfying: 
(CI) I e 9tY> write (a)'Pi I = (a), 
(C2) for every a £ Sa there exist a', a" G S a such that 

a'fcj = co^(a^a)/3), a"fcr,/3 = (a^atp)(ûfi (fi ^ â) . 

Finally, let ^ = ^ ( F ; 5«, fa,?) be the set of all (coa)a^7 in #~ satisfying: 
(C3) there exists c £ Sy such that 

coa = c\l/y>a (a fg 7). 

Both 31 and *$ inherit the multiplication from J r . It will follow from the 
theorem below that they are both semigroups. We will adhere to this notation 
as well as to co, 7„, 1^ introduced above. 

THEOREM 1. Let S = (Y;Sai ^«,/s), where each Sa is weakly reductive. The 
mapping % defined by 

X : co -+ (<a\sa)aer (« £ 12(5)) 
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is an isomorphism of 0 (S) into & satisfying 

n(5)x = # , a(5)x = ^ = *>(^). 
Proof. Let co G 12(5). Then cô G 12(F) by Lemma 2 and hence cô leaves every 

element of / - fixed. I t follows from Lemma 2 t h a t co maps Sa into itself for 
every a G Ia = 1-^. Consequently co|sa G 12(5a) for all a G Iu. Hence x maps 
12(5) into &~. 

Let co, 0 G 12(5). Using Lemma 3, we deduce 

(co0)x = ( M ) k W „ , = ((«0)kW„n/* 

t ha t is, x is a homomorphism. 
Let co G 12(5) and a G K Then côa ^ a and côa G /« so t h a t (côa) C (a) P\ 

i"w. Let ]8 G (a) r\ Ia. Then /3 ^ a and /3 G /w which implies t h a t cô/3 = f3. 
Consequently 

(coa)0 = co(a/3) = co(/3a) = (co/3)a = /3a = /3 

which shows tha t /3 rg wa, and thus (a) C\ Io> ÇL (œa). Hence (a) P\ Ia = (wa) 
proving t ha t /w G ^ V - This establishes condition (CI ) above. We write 
(a) P\ /co = (â) and will prove next condition (C2). Let a G 5«, a' = coa, 
a " = aco so t h a t a', a" G 5^ . Wri t ing cô  = o>k for any /3 G /«, we obtain for 
a n y b G 5^, /3 ^ â, 

(a'yfctf) b = a'b = (coa)6 = co(a&) = oip(a\pafi)b 

b(a'\fctp) = baf = 6 (coa) = (&co)a = bœ^(a\pa^) 

which proves t h a t a ' ^ . p = œ^(a\pa^). This establishes the first formula in (C2) ; 
the second formula is proved similarly. Therefore x maps 12(5) into SS. 

Now let co, 6 G 12(5) and suppose t h a t cox = #x- Then Ia = Ie and co|Sa = 
6\sa for all a G /co- For /3 = â in (C2), we obtain 

(<aa)}fctâ = u-(a\pa^) = 0^(^« ,«) = (0ûOlfc.« 

which by weak reduct ivi ty of 5^- yields coa = da. One shows similarly t h a t 
aco = ad. Consequently co = 6 and hence x is one-to-one. 

Let (coa)a€/ G 3ê. Using the notat ion introduced in conditions (CI ) and 
(C2), we let 

coa = a', aco = a" (a G 5 ) . 

We will now prove t h a t co G 12(5) and t h a t cox = (coa)a(E/. Let a G 5 a , b G 5#. 
Using (1), (2) of §2 and (C2), we obtain 

(abyfa^ = <ûat-ïê[(ab)\l/apt-ïë] = o^(a\pa^i)(b\p^^) 

= te(4,^)]W/i^) = (a'ifc,ïiï)(b4'(i.iiï) = (a'b)fcB.iiï 

which by weak reduct ivi ty in 5 ^ yields co(a&) = (coa)6. One proves similarly 
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t h a t (ab)œ = a(bœ). Fur ther , 

(ab')\fcrv^ = (a\pa^)(b'\fo—p) = (a\l/a>-^)[œ^(b^^)] 

= [ ( ^ « , ^ ) ^ ] ( % , ^ ) = (af,ih,^)(bh,^) = (a"b)4r^^ 

and thus a(œb) = (aœ)b. Consequently co G 12(5). I t is clear t ha t I = Iœ. For 
a G I and a G 5 a , we have 

a'^a,a = coa(a^tti«) = (ooaa)\l/a>a 

so t ha t coa = ooaa. One shows similarly t ha t aco = aœa. Hence œ\sa = coa which 
implies t ha t cox = (coa)a€7. Therefore x maps 12(5) onto ^ ? . 

Let c G 5 7 , (coa)a^7 = TTcx- Then for any a £ Sa, a ^ 7 , we have 

coaa = ca = (c\l/7ta)a, aœa = ac = a(c\p7ja) 

and thus co« = c^7ttt. Hence (C3) holds and thus ircx G fé7. Conversely, if 
œa = ^ 7 > a for some c (z Sy and all a ^ 7 , then 

^cX = (&Py,a)a^y = (<*>a)a£y 

Consequently % maps 11(5) onto ^ . 
I t remains to show tha t 38 = i&(f$). Since 11(5) is an ideal of 12(5), we 

have t ha t *$ is an ideal of 38 because of the isomorphism x- Hence 38 Ç^ i& (cé?). 
In order to prove the opposite inclusion, we let (coa)a€7 G i&(^>). By vi r tue 
of the isomorphism x, for every c G 5 7 there exists c' G 5 ^ such t ha t 

(Uajaei ' (Clpy,a)a^y = (f fry~,a)a£y' 

Consequently I P\ (7) = (7) and ua(c\pyj(X) = cf\p^t(X for all a ^ 7. I t follows 
t h a t (CI) and the first formula in (C2) are satisfied; the second formula in 
(C2) is proved similarly. Hence (coa)aG7 G 38 which proves the inclusion 

COROLLARY 1. Le/ 5 6e as m Theorem 1. TTzew the junction f defined on 5 53/ 

f : a - » (a\l/a,(i)fêa if a £ Sa 

is a dense embedding of S into J^ \ 

Proof. I t follows easily from the proof of Theorem 1 t ha t f is the composition 
of the canonical isomorphism a —> ira and x- Recall from [4, III.5.9] t ha t II (5) 
is a densely embedded ideal of 12 (5) . Theorem 1 implies t ha t *$ is a densely 
embedded ideal of ^ because of the isomorphism x- Finally, by Theorem 1 
we conclude tha t 38 = i& (5f) , and therefore f is a dense embedding. 

Recall t ha t a semigroup 5 is separative if for any x, y G 5 , x;y = x2, ;yx = ;y2 

implies x = y and x;y = y2, yx = x2 implies x = y. 

COROLLARY 2. Every (commutative) separative semigroup can be densely 
embedded into a strong semilattice of (commutative) cancellative monoids. 
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Proof. Let 5 be a (commutat ive) separat ive semigroup. By [4, 11.6.4], 
S = (Y;Sa,fo,p) where each Sa is a (commutat ive) cancellative semigroup. By 
Corollary 1, 5 can be densely embedded into ^{Y\ Sa, fo,p) ; the la t ter is 
isomorphic to [JV; 127, f 7 i ; ] as noted before Theorem 1. Since Sa is (commu­
tat ive) cancellative, so is 0 (5 a ) by [4, 111.5.9, 5.14, 5.16] and hence also 
Q7 = na€7a(sa). 

In view of [4, 11.6.4], Corollary 2 implies t h a t if 5 is (commutat ive) separa­
tive, so is 12(5). This can be proved directly using the definition of a separat ive 
semigroup. I t is easy to see t h a t if T is a semilattice of cancellative monoids, 
then ET is a subsemigroup of T, and thus the semilattice composition is strong. 
Hence ''strong" in Corollary 2 is au tomat ic . Corollary 1 can be applied to any 
semilattice of monoids having a proper ty preserved by direct products to 
yield a result similar to Corollary 2. 

4. S t r o n g c o m p o s i t i o n s . If the composition in Theorem 1 is strong, we can 
make much more precise s ta tements abou t 12(5) as follows. 

T H E O R E M 2. Let S = [ F ; Sa, <pa,p], where each Sa ts weakly reductive. Then 
the following statements hold. 

(i) âê consists of all (co«)a€7 in ^ satisfying (CI ) and 
(C2 r) for every a G Sa, OL ̂  /3, a G I, 

(uaa)va,fi = œp(a(pa,p), (awa)<pa>(3 = (a<patp)œi3. 

(ii) 38 ^ \8%Y, 38 C\ 07, $ , , , ] where $ / f J = ^ 7 , ^ n 0 / . 
(hi) <€ = {(TTaJa^ G ^\a^^a = aa # & G 5/j, a ^ j8 g 7}. 

Proof. T h e hypothesis t h a t the composition is strong implies 

a^a(/3 = (a<pa,fi)fo,fi (a £ Sa, a ^ 13). 

(i) Assume first t h a t (CI ) and (C2) hold. For a G Sa, we obtain 

a'h.â = W Î ( 4 « , Ï ) = ^ [ k , à ) f c , « ] = k ^ ^ a . â j j ' f c . à 

which implies a' = co-(a<^a-). One shows similarly t h a t a" = (a<p«-)co-. Next 
let a G 5fl, a è |3, a G L Then 

[(coaa)^a^]^,j8 = (o)aa)fo,fi = <>>fi{afo,fi) = [w/s(a^a>/3)]^fj8 

and thus (ooaa)<Pa,p = (ap(a<pa,p). T h e second formula in (C2') is proved analo­
gously. 

Now assume t h a t (CI ) and (C2') hold. For a G Sa, let a' = co-(a^«-) , 
a " = (a(fa^)o^^ If /S ^ â, we obta in 

a'fc.fi = ifl'^.fi) fo.fi = {[uâ(a<Pa,â)]<Pâ,p}fo,(i = [ ( M ) ^ , à ^ , d ^ ^ 

= [(o)a<l)<Pa,fi] fo.fi = [œp(a<P«,fi)]fo,fi = ^ [ ( O ^ a . ^ ) ^ . / » ] = <*fi{a> fo.fi) 

giving the first formula in (C2). T h e second formula in (C2) is proved similarly. 
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(Pa,fi 

0)p 

(ii) We note first that for any I ^ 3%Y, 38 C\% contains (oja)a€/ with 
coa = (isa, isa)y the identity bitranslation. Consequently 38 C\ % F^ <t>. For 
7, Je&Y, 7 3 / , (««)«€/ G ̂  Pil27, condition (C2') for (««)«€/ is the 
restriction of condition (C2') for (coa)a€/. Consequently (coa)a€J G 38 C\Q,j, 
and $7, j maps ^ P\ fl7 into 38 C^Q.j. The assertion now follows from the 
multiplication in Ĵ ~. 

(iii) The remark at the beginning of the proof implies that 

^ = { ((C<py,a)\l'a,a)agy for SOIÎie C G Sy, 7 € ^ } • 

It is easy to see that this set coincides with the set in item (iii). 
Condition (C2') can be schematically represented as the commutativity of 

the following diagram: 

O a ^ <^a 

<Pa,0 

0/3 > 0/3 

COROLLARY 1. If S is a strong semilattice of {commutative) cancellative semi­
groups, so is 12(5). 

In [5] we have modified the notion of an inverse limit of groups to describe 
the translational hull of a semilattice of groups. We now offer the following 
variant of this concept. 

For a given system [F; Sa, <pa,p], we let 

Inv lim^{5a}a6F = {(a«)a€/|7 £ 3i Y, aa G 5«, a« â>/9 = dp if a > 0} 

with multiplication 

\(la)a£l\b<x)(x€J = \daOa)a£ir)J' 

COROLLARY 2. Le£ 5 = (F ; 5«, ^a,/s), where each Sa has an identity ea and the 
set E = {ea\a G Y} is a subsemigroup of S. Then Q(5) = Inv lim^{5a}a6r. 

Proof. Since each 5« has an identity, for any a > /?, the semigroup Sa W Sp 
is an extension of Sp determined by the homomorphism ipa,p : a —> a^ = ê a 
by [4, 111.4.5]. The hypothesis that £ is a subsemigroup easily implies that 
<pa,0<P0,y — <Pa,y if ot > fi > 7- Consequently the composition is strong. 

Let (ooa)aei G 38. Since 5 a has an identity, we must have Œ (Sa) = TL(Sa) 
by [4, V.1.4]. Hence co« = aa\l/a,a for some aa G 5, a G 7. If now a G 7, a > 0, 
we obtain by (C2'), 

which shows that (aa)aei £ Inv lim^{Sa}a(:F. Conversely, if (aa)a£i G Invlim^-
{SaU^y, then it is clear that (aa\l/ata)aer G 38. 
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For a given system [ F ; Sa, ^«^] , we can also define 

inv \im{Sa}aeY = {(aa) G UaeY Sa\aa<pa,p = a$ if a > 0} 

with multiplication inhere ted from the direct product . I t is easy to see t h a t 

Inv \im<%{Sa}aeY = [S8Y, inv \im{Sa}aei, ipItJ] 

where 

Vl,J •' (>«)«€/-> Maçj ( ^ J' G S$Y, I ^>J). 

Most of the results in [5, §3] can be obtained by specializing some of the 
s ta tements of this section to a semigroup which is a semilattice of groups. 

5. S t u r d y c o m p o s i t i o n s . In this section we fix a s tu rdy composition 

S = (Y; Sa, <Pa,p) 

of weakly reductive semigroups 5«. 

L E M M A 4. The functions $ItJ defined in Theorem 2 are one-to-one. 

Proof. Let (coa)a67, (9a)açi G Se, I 2 / , / , J G ^ ? r and assume t h a t 

T h e n coa = 6a for all a £ J. Let a Ç 5 a , a ^ P, a £ I, & £ J. T h e n 

(œaa)<Pa,p = o}p((i(patp) = dp(a<pafi) = (6aa)(pa^, 

which by hypothesis on <£>a>/3 implies coaa = 0aa. One shows analogously t h a t 
aœa = adaj so t h a t coa = 6a. Consequently (coa)a€7 = (6a)a^i-

On any s turdy composition T = (Z; Ta, Ça,p ) define a relation a- by 

a a b if afa,a/9 = ô f o ^ (a G Sa, b G 5^). 

I t is proved in [4, III .7.11] t h a t a is a congruence. We will use the nota t ion 
T = T/a. Caut ion: a depends on the way T is decomposed into a semilattice of 
subsemigroups. T h e class of a containing an element a G T will be denoted by 
[a] in any semigroup. We now let 

gg = ( f F ; f nu,, $ItJ) 
so tha t , by Theorem 2 and Lemma 4, we have Se = B. Le t 5 = S/a and 
B = B/a where both o-'s are defined relative to the par t icular semilattice 
decompositions expressed by the above notat ion. F rom L e m m a 4 and [4, 
III.7.11], we immediately obtain 

COROLLARY. The mapping 

f : (coa)a€/ -> (J, [ (u a ) a € / ] ) (Maei G ^ ) 

is an isomorphism of Se onto a subdirect product of S%Y and B. 
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T H E O R E M 3. On B define a mapping rj by 

7] : [(coa)«€7] —>co 

where for a £ Sa, («) P\ I = («), 

"M = k(^«,â)], M co = [(a<pa-)o>-]. 

Then rj is an embedding of B into 12 ( S). 

Proof. Let (coa)a€7 £ ^ and co = [(o)a)aa]rj. In order to show t h a t co is 
well-defined, we let a £ S«, b G 5/3, [a] = [6], ( 7 ) n I = (7) for all y £ Y. 
Then aça,a$ = b(pp>ap and thus 

= uKë(b(ppt-zë) = <**ïB(b<ppt0(pët-ïë) = (wë(b(ppj))<pët-zë 

so t ha t o>[a] = co[fr]. A similar a rgument shows tha t also [a]co = [6]co. 
We show next t ha t co £ 12(5). With the same notat ion, we obtain 

(co[a])[6] = [wï(a<pa,â)][b] = [(^â(^<Pa,â))<Pâ,-^(b^^)] 

= [(<»r£ë(a<Pa,-ZB))(b<Pfi,-zë)] = [co^s((ac*a>^) (b<pfit^))] 

= [ ^ ^ ( ( ( ^ a ^ ) ^ ^ ^ ) ) ^ ^ , ^ ) ] = [w^((a6)</>aj8|^)] 

= co([a&]) = co (MM) , 

and similarly 

[a] ([&]«) = ([a][è])«. 

Fur ther , 

([a]co)[6] = [(acA*-)co-][6] = [((a^a t«)co^)^,-^(&^a,^)] 

= [ ( ( ^ a , ^ ) w ^ ) ( ^ ^ , ^ ) ] = [ ( ^ « , - 5 i s ) ( w ^ ( ^ , ^ ) ) ] = M ( « [ 6 ] ) . 

Consequently co £ 12(5). 

Let (coa)ae/» (Oa)aej € ^ - For any a G F, let 

(a) n i = (a), w n ; = («), «*" = g. 
Then 

(a*) = (a) r\ 1 = ((a) r\ J) n i = (<*) n (/ n J), 
and thus, for any a £ 5 a , we have 

= [ c O a * ( ( ^ ( ^ a , S ) ) ^ , a * ] = [ua*Qa* ( « ^ a , a * ) ] 

= [ ( « a ^ a ) « € / ] ' ? M = ( [ ( ^ a ) a € / ] [ ( ^ ) a € j ] ) ^ M . 

The formula with [a] on the left is proved analogously. Hence 17 is a homo-
morphism. 
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With the same notation, assume that 

Then for any a G Sa, a £ I C\ J, we have [œaa] = [0aa] which evidently 
implies waa = daa; analogously awa = ada. Consequently [(coa)a€/] = [(6a)a^j] 
which proves that rj is one-to-one. 

COROLLARY. 12(5) can be embedded into 12(F) X 12(5). 

Proof. By Theorem 1, 12(5) ^ $8\ by [4, V.6.1], 12(F) ^ @Y. It remains to 
apply Theorem 3 and the corollary preceding it. 

This corollary establishes a connection between the translational hull of 5 
and the translational hulls of two of its homomorphic images. For example, 
if each Sa is (commutative) cancellative, then by [4, III.7.11], 5 is also, and 
the corollary implies that if 5 is a subdirect product of a semilattice and a 
(commutative) cancellative semigroup, then so is 12(5), for the corresponding 
statement holds both for semilattices and (commutative) cancellative semi­
groups by [4, 111.5.14, 5.17]. In the next section, we will prove this statement 
directly and obtain some additional information. 

6. Subdirect product of a semilattice and a cancellative semigroup. 
For these semigroups we establish here precise statements concerning their 
translational hulls. 

THEOREM 4. Let S be a sabdirect product of a semilattice Y and a cancellative 
semigroup C. For any co G 12(5), there exist unique co' G 12(F) and co" G 12(C) 
such that 

(1) co(a, a) = (a/a, a/'a), (a, a)œ = (aa/, aco") ((a, a) G 5) . 

The mapping 

e : c o - * (co', co") (co G 12(5)) 

is an isomorphism of 12(5) tw/0 ^J2(r)xQ(c)(n(5)e). 

Proof. We may suppose that 5 is a subsemigroup of F X C. Let co G 12(5) 
and define bioperators a and r on 5 by the following formulae 

co(a, a) = (a(a, a), r(a, a)) , 

(a, a)co = ((a, a)cr, (a, a)r). 

For any (a, a), (/3, &) G 5, using the properties of co, we easily derive 

[a (a, a)]/3 = <r(a/3, ab) [ript, a)]b = r(a(3, ab) 

4 ( 0 , &)*] = (a/3, ab)a a[(fi, b)r] = (a/3, ab)r 

[(a, a)er]/3 = a[a((3, b)] [(a, a)r]b = a[r(/3, 6)]. 
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T h e relation rj denned on 5 by 

(a, a) r] (13, b) if a = /3 

is evidently a semilattice congruence. Now let (a, a), (a, b) G 5 . Then (a, a)rj-
(a, b) which by Lemma 1 implies co(a, a) rj œ(a, b). This means t ha t a (a, a) = 
a (a, b). Hence we may write aa = a (a, a) and consider a defined on F. T h e 
same type of a rgument is valid for (a, a)o), and hence writing aa = (a, a), we 
have a bioperator mapping Y into itself. The properties of a s tated above 
imply a t once t ha t o- G 12(F). 

Next let (a, a), (/3, a) G 5 . Then 

r ( a , a)a = r(a/3, a2) = r(/fa, a2) = r(/3, a ) a 

which by cancellation in C implies r(a, a) = T(/3, a). Hence we may write 
ra = r(a, a). T h e same type of a rgument is valid for (a, a)r and we may write 
ar = (a, a ) r . Consequently r is a bioperator mapping C into itself. T h e 
properties of T s tated above yield r G 12(C). 

T h e uniqueness of a and r follows immediately from the hypothesis t ha t 5 
is a subdirect product of Y and C. Let t ing co' = a- and co" = r, we obtain 
formulae (1). I t is very easy to see t ha t t is an isomorphism of 12(5) into 
Q ( 7 ) X Q ( C ) . Since 11(5) is an ideal of 12(5), it follows tha t II(5)e is an ideal 
of 12 (5) e and thus 

(2) û ( 5 ) 6 Ç i 0 ( F ) X Q ( o ( n ( 5 ) 0 . 

I t is easy to see t ha t 

( 3 ) € '. 7T(a,a) —> (7T a , 7Ta) ((<*, a) £ S). 

In order to establish the opposite inclusion in (2), we let (a, r ) G ^Q(r)xfi(o(n-
(5)e) . Let (a, a) G 5 . In view of (3), there exist unique (a, a)', (a, a)" G 5 
such t ha t 

( 4 ) (<T, r ) ( 7 T ( a f a ) € ) = 7 T ( „ i B ) ' 6 , (?»"(a,a) 0 ( o - , r ) = 7 T ( a > a ) » e . 

Now writing (a, a ) ' = (X(a, a ) , p(a, a ) ) , by (3) and the first formula in (4), 
we have 

(a, r ) (7T a , 7Ta) = (7Tx(a,a)» T p ( a . o ) ) 

and thus 

TJVa = (77Ta = 7Tx(a , a ) , ^ r a = 7"fl"a = ^p(a,a) 

so t h a t o-a = \(a, a) and ra = p(a, a ) . Consequently (era, ra ) = (a, a) 7 G 5 . 
A similar argument , using the second formula in (4), can be used to prove t h a t 
(aa, ar) = (a, a)" G 5 . Now letting 

co(a, a) = (aa, ra), (a, a)co = (aa, ar) ((a, a) G 5 ) 
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we evidently have co Ç 12(5) and coe = (a, r). Consequently (a, r) 6 0(5)e, 
as required. 

COROLLARY 1. Let the notation be as in Theorem 4. Then S can be densely 
embedded into 12(F) X 12(C) and also into J Y X 12(C). 

Proof. For the first embedding it suffices to take 7re, where x : 5 —» 11(5) is 
the canonical isomorphism, and apply Theorem 4. By [4, V.6.1], 12(F) ~ S%Y. 
Hence 5 can be densely embedded into S% Y X 12(C) in view of the first em­
bedding. It is easy to verify that the image of 5 in &Y X 12(C) has the same 
idealizer in S%Y X 12(C) as in J Y X 12(C). Consequently 5 can also be densely 
embedded into JY X 12(C). 

COROLLARY 2. If S is a subdirect product of a semilattice and a {commutative) 
cancellative semigroup, so is 12(5). 

Proof. In the notation of Theorem 4, 12(F) is a semilattice by [4, V.6.2]; 
12(C) is cancellative by [4, 111.5.14], 12(C) is also commutative if C is by 
[4, 111.5.16]. The assertion now follows from the fact that 12 (5) e is a subdirect 
product of its projections in 12(F) and 12(C). 

COROLLARY 3. Let Y be a semilattice and C be a cancellative semigroup. Then 
12(FX C) ^ 12(F) X 12(C). 

Proof. This follows easily from the proof of Theorem 4. 

The principal results of [5, §4] follow from the statements of this section by 
specialization. 

7. Spined products. These represent a special case of a subdirect product, 
the pertinent definitions are given below. 

Let 5i, 52, . . ., Sn be semigroups. If at £ 12(5*) for i = 1, 2, . . ., n, it is easy 
to see that the bioperator co defined on the direct product 5i X 52 X • . • X Sn 

by 
Cd(Si, -S2, • • -, Sn)

 = (o"lSl> (J2S2, • • -, Vnsn)i 

(S i , S2, • • -, Sn)ù) = (SiŒi, S2&2, • • -, Sn(Jn) 

is a bitranslation oî Si X S2 X . . . X Sn; we write œ = (0-1,0-2,..., an). 

Definition 1. The bitranslations of Si X 52 X . . . X Sn split if every co £ 
12(5i X 52 X . . . X Sn) is of the form (0-1, o-2, . . ., an) for some at G 12(5*), 
i = 1, 2, . . ., n. 

Note that en, 0-2, . . ., an are unique and that this property implies that 

12(5i X 52 X . . . X Sn) ^ 12(5i) X 12(52) X . . . X 12(5J. 

For example, this is the case when Si is a semilattice, 52 a left zero semigroup, 
5 3 a group, 54 a right zero semigroup according to [4, V.6.8, Exercise 2]. It 
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follows from Theorem 4 t ha t this is the case also when 6*1 is a semilattice and 
52 is a cancellative semigroup. 

We next modify the notion of a spined product as follows: 

Definition 2. For i = 1, 2, . . ., n, let St be a semilattice F of semigroups Sf. 
Then the subsemigroup 

U (Sia X S2
a X . . . X Sn

a) 
aCY 

of the direct product Si X 5 2 X • . . X Sn is the spined product of Si, S2, . . ., Sn 

over Y. T h e phrase "over F " will be omitted if F is the greatest semilattice 
decomposition of each St. 

I t should be remarked tha t F is common to all St and tha t the decomposition 
of St induced by F need not be the greatest semilattice decomposition. For 
examples of spined products see [4, IV.4.6, 4.7] ; we will encounter some below. 
T h e desired theorem can now be stated. For simplicity, we consider only the 
case n = 2; the general case then follows by induction, or by an obvious 
modification of the proof below. 

T H E O R E M 5. Let S be a spined product of T = ( F ; Ta, <pa,p) and V = ( F , 
Va, \pa,p) over F, and assume that for every a 6 F, both Ta and Va are weakly 
reductive and the bitranslations of Ta X Va split. Then 12(5) is a spined product 
ofQ(T) andtt(V) over &tY. 

Proof. In light of Definition 2, we can write 

S = (Y; Sa, Xa,fi) 

where Sa = Ta X Va and 

(1) (/, v) Xa.fi = (tfpa.fi, Vlfra,ft) 

for all (/, v) G Sa, a ^ /3. Each Sa is weakly reductive, so by Theorem 1, we 
can consider 38 = 38 (Y; Sa, x<*,p) instead of 12(5). 

Let (coa)a€7 G 38. For each a £ I, we have œa G &(Ta X Va), which by the 
hypothesis of splitting implies t ha t coa = (ra, va) for some ra £ Q>(Ta) and 
va £ Q(F«). Now let (/, v) £ Ta X Va; (a) r\ I = (a) by condition ( C I ) . In 
view of condition (C2), there exist (t, v)'', (/, u ) " £ T- X V- such tha t 

(2) {t,v)'xa-.fi = «*[(*, V)XML M ) ' ^ = [('.«Ox*.*]"* (0 ^ a). 

We now write (/, v)' = ((/, v)%, (t, v)rj) £ T- X V-^, so t ha t the first formula 
in (2) by vir tue of (1) becomes 

([(*, v)Ç\<p-£, [ ( / , v)ï}]\fr^tfi) = (r/J, Vfi)(t<pa,fi, tlfra.fi). 

Writ ing this expression by coordinates gives 

(3) [ ( / , V)£\<pa-.ft = Tpfoaf), [(t, V)7j]j^tfi = Vfi(v\fra,fi). 
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The right hand side of the first formula in (3) does not contain v, so that the 
left hand side is independent of v. Consequently we can write t' instead of 
(/, v)i*. Similarly, in the second formula in (3) we can write v' instead of 
(/, v)rj. Hence (3) takes on the form 

An analogous argument shows that (t"', v") can be found in T- X V-
satisfying 

(5) t"<pziP = (t<pa,p)Tfi, v"yfcta = (vfa,(i)vii. 

Formulae (4) and (5) are valid for all a £ F which in view of Theorem 1 
implies that (r«)a€7 £ 38 u (P«)«6I £ ^ 2 where 381 = 38{Y\ Ta, <patP), 3$2 = 
3§{Y, Va,4,a,f>). 

Since for each a £ I, coa uniquely determines ra and va, we have that 

maps 38 (Y\ Say Xa,p) into the spined product of 38 \ and £81 over ^ ? F . It is now 
clear that if we start with ((ra)a(E7, (?«)«€/) £ «^1 X ^ 2 , then (ra, *>«)«€/ is the 
unique element (coa)a€7 of «â? such that 

(Wa)a€/1 = ((^a)a€/, OOaC/)-

An easy verification shows that f is also a homomorphism. Therefore f is the 
required isomorphism of 38 onto a spined product of 38\ and 381. The assertion 
of the theorem now follows from Theorem 1. 

Semigroups which are orthodox bands of groups have been characterized in 
[6, Theorem 3.2] as spined products of bands and semilattices of groups. I t 
follows from [4, V.3.12] that the bitranslations of B X G split, where B is a 
rectangular band and G is a group. Hence the theorem yields 

COROLLARY I. If S is a spined product of T = ( F; Ta, <pa,p), where each Ta is a 
rectangular band, and V — (F ; Va, \l/a,p), where each Va is a group, then 12 (,S) 
is a spined product of £l(T) and 12(F) over 3% Y> 

It follows from [7, Theorem 5 and Corollary 2 to Theorem 7] that completely 
regular orthodox semigroups in which both Green's relations «Sf and 3$ are 
congruences can be characterized as spined products of a left regular band, a 
semilattice of groups and a right regular band. Since by [4, V.3.12], the 
bitranslations of L X G X R split, where L is a left zero semigroup, G is a 
group and R is a right zero semigroup, the theorem implies 

COROLLARY 2. IfSis a spined product ofL = (Y-, La, cpa^),G = (F;G«, wafj8), 
R = (Y; Ra, fa,p), where each La is a left zero semigroup, Ga is a group and Ra is 
a right zero semigroup, then 12(5) is a spined product of 12 (L), 12(G) and Q.(R) 
over 3ê y 
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Completely regular semigroups whose idempotents form a normal band have 
been characterized in [3, Construction 4.4] as spined products of a left normal 
band, a semilattice of groups and a right normal band. All three of these 
semigroups are strong compositions of their .yK-classes. Hence we are dealing 
with a semigroup S which is a spined product of 

[Y; La, <patfi], [Y; Ga, <*a.f>], [Y; Ra, *«,„]. 

Corollary 2 is applicable in this case. We will give a more precise description 
of the translational hull of each of these three semigroups. First note that the 
translational hull of a left (resp. right) zero semigroup A can be identified 
with the semigroup of all transformations on A written on the left (resp. right), 
see [4, V.3.12], and that all bitranslations of a group are inner. We now intro­
duce some convenient notation. 

Let [F; Ta, (pa,p', Fa] stand for the following: [F; Ta, <pa,p] is a system as 
defined previously, Fa is a nonempty set of functions on Ta written on the 
left or right. Let 

l im[F ; Ta, <pat0; Fa] 

be the set of all (&*)<*€ r G n a € F Fa for which the diagram 

rp fa T, 
la > ±a 

<Pa,fi Va,fi 

Ts-^Tt 

is commutative whenever a > ($, with the multiplication inherited from the 
direct product. Next let 

Lim [ F ; Ta, <pa,p; Fa] = U lim [/; Ta, <pa,fi\ Fa] 

with the multiplication 

WOae/ • (àa)aeJ = (4/aàa)aem J' 

For example, if all Ta are groups, Fa are right translations, then it is easy to 
see that (pajatr G lim[F; Ta, <pa#\ Fa] if and only if (aa)aeY G inv lim{Ta}aeY. 
Consequently (pa<x)açi 6 Lim[F; Ta, <pa,p', Fa] if and only if (aa)aa G Inv 
lim@{Ta\aeY> Hence the above concept can be considered as a generalization 
of the inverse limit of groups. 

In view of the above discussion, the theorem yields 

COROLLARY 3. If S is a spined product of 

[F; La, <pa,fi], [F; Ga, coa^], [F; Ra, faj], 

where La X Ga X Ra is a rectangular group, then 0(5) is a spined product of 

Um\Y-,La,<Pa3\F(La)\ Inv \im{Ga}azY, LimlYiRa^a^f-'iRa)] 

over g%y 
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