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A REMARK ON FUJINO’S WORK ON THE CANONICAL BUNDLE
FORMULA VIA PERIOD MAPS

HYUNSUK KIM

Abstract. Fujino gave a proof for the semi-ampleness of the moduli part in
the canonical bundle formula in the case when the general fibers are K3 surfaces
or abelian varieties. We show a similar statement when the general fibers are
primitive symplectic varieties. This answers a question of Fujino raised in the
same article. Moreover, using the structure theory of varieties with trivial first
Chern class, we reduce the question of semi-ampleness in the case of families
of K-trivial varieties to a question when the general fibers satisfy a slightly
weaker Calabi—Yau condition.

81. Introduction

Starting from Kodaira’s canonical bundle formula for minimal elliptic surfaces in [23], the
canonical bundle formula has been extensively studied and widely generalized (e.g., by [1],
[9], [10], [13], [21], [22], to list a few) and crucially used in higher-dimensional adjunction.
Roughly speaking, the setup is the following. Let f: X — Y be a projective morphism with
connected fibers between normal projective varieties. Let A be a (nonnecessarily effective)
Q-divisor on X such that (X,A) is klt (or lc) and Kx + A ~q ¢ 0. Then the canonical
bundle formula suggests to write

Kx+A ~Q f*(Ky+By+My)

in an insightful way so that, roughly speaking, By comes from the contribution of the
singularity of the fibers, and My comes from the (Hodge theoretic) variation of the general
fiber. Moreover, once we have f: X — Y, it makes sense to have the same formula for
other birational models f': X’ — Y’ over f so that By and My make sense as b-divisors.
We call By the divisorial part and My the moduli part. After choosing a high enough
model satisfying certain simple normal crossing assumptions, the moduli part commutes
with generically finite base change and it is known to be nef [22]. In the following cases for
the general fibers, this nef divisor is known to be semi-ample:

Pt [21], [26, Th. 8.1];
Elliptic curves: [14], [23];
Surfaces with x(X,) =0 or abelian varieties: [10];

Ll e s

Surfaces not isomorphic to P2: [9];
5. P2, and hence in relative dimension 2: [2, Th. 1.4].

A conjecture of Prokhorov and Shokurov [26, Conj. 7.13] predicts that this would always
be the case. They suggest to compactify the space parametrizing the general fibers to a
projective variety and show that the ample line bundle on the compactified moduli space
pulls back to the moduli part.
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2 H. KIM

Meanwhile, [9] gives an inductive approach to this conjecture by developing the canonical
bundle formula and adjunction for generalized pairs. Using the techniques in the minimal
model program, he shows that in order to verify the conjecture in relative dimension n, it is
enough to verify the conjecture in relative dimension < n, and the following two extremal
cases in relative dimension n:

1. f: X — Y is a Mori fiber space, or
2. Kx ~q,f 0, and A has no horizontal divisors.

We concentrate on special situations in the second extremal case, when A has no
horizontal divisors. Indeed, the cases when the general fibers are K3 or abelian varieties in
[10] fit into this framework. Fujino observes that the semi-ampleness in this situation reduces
to a purely Hodge theoretic result, namely, by looking at the Baily—Borel compactification
of the period domain, we get semi-ampleness. He raises the question whether one can use the
same strategy when the fiber is a holomorphic symplectic variety. We provide an affirmative
answer.

THEOREM 1.1. Let f: X =Y be an algebraic fiber space, with X and Y projective normal
varieties. Suppose that the general fiber is a primitive symplectic variety of dimension 2m
(see Definition 2.12). Then there exists a vertical divisor A on X such that f:(X,A) =Y
s an le-trivial fibration. The moduli part My does not depend on A and it is b-semi-ample.

We use the same idea as in [10], namely, we consider the Baily—Borel compactification of
the parametrizing space of weight 2 Hodge structures. The other input is to relate the second
cohomology and the middle cohomology of the general fibers. While it is hard to determine
the entire middle cohomology of the fiber, the existence of a generically nondegenerate two
form is strong enough for our purpose since we are only interested in the variation of the
lowest piece of the Hodge filtration.

We can combine this result with the structure theory of klt varieties with trivial first
Chern class, and reduce the semi-ampleness question to the case when the general fibers
satisfy a weaker Calabi-Yau condition. First, we recall the statement of the conjecture of
Prokhorov and Shokurov.

CONJECTURE 1.2 [26, Conj. 7.13]. Let f:(X,A) =Y be an lc-trivial fibration. Then:

1. My is b-semi-ample.

2. Let X, be the generic fiber of f. Then there exists a positive integer Iy depending only
on the dimension of the generic fiber and the coefficients of the horizontal part A" such
that IO(KXn +A77) ~ 0.

3. My is effectively b-semi-ample, that is, there exists a positive integer 17 depending only
on the dimension of the generic fiber and the coefficients of A" such that Iy My is b-free.

We present two subconjectures of the first part of [26, Conj. 7.13] in our setting.

CONJECTURE 1.3. Let f: X =Y be an algebraic fiber space, with X and Y normal
projective varieties. Consider a pair (X,A) such that Kx + A ~q 5 0 and A has no
horizontal divisors. Suppose that the general fiber of f

1. s a Calabi—Yau manifold, or
2. is a pre-CY variety (see Definition 2.11).

Then My is b-semi-ample.
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CONJECTURE 1.4. Let f: X =Y be an algebraic fiber space as before. Consider the pair
(X,A) such that Kx + A ~q,5 0 and A has no horizontal divisors. Suppose that the general
fiber

1. is smooth, or
2. has kit singularities.

Then My is b-semi-ample.
We show the following result.

THEOREM 1.5. Conjecture 1.3(1) (resp. (2)) in relative dimension <n implies Conjec-
ture 1.4(1) (resp. (2)) in relative dimension n.

Therefore, we reduce the b-semi-ampleness question for K-trivial fibrations to the (pre)-
CY case.

§2. Preliminaries

2.1 The canonical bundle formula

We discuss the canonical bundle formula and the behavior of the moduli part under
various operations, mainly following [24]. Before that, we collect some notation and
terminology for algebraic fiber spaces.

Notation and terminology.

1. An algebraic fiber space is a projective morphism f: X — Y between normal projective
varieties with connected fibers. We put dim f =dim X —dimY for the relative dimension
of the algebraic fiber space.

2. For a Q-divisor B on a normal algebraic variety X, we write B = By — B_ where B,
and B_ are effective divisors sharing no irreducible components. We call B (resp. B_)
the positive (resp. negative) part of B.

3. Let f: X - Y be an algebraic fiber space, and let B be a Q-divisor on X. We write
B = B" 4 B where the irreducible components of supp(B") are exactly the irreducible
components of B that map onto Y. We call B" (resp. B") the horizontal (resp. vertical)
part of B. We say B is horizontal (resp. vertical) if B = B" (resp. B = BY).

4. [1] Wesay f: (X,A) =Y is an le-trivial fibration if f: X — Y is an algebraic fiber space
such that
(a) Kx+An~gy0;

(b) (X,A) is klt over the generic point of Y;
(c) if 7: (X',A") = (X,A) is a log resolution, then h®(F',[A”|r]|) =1, where F’ is a
general fiber of for: X' - Y.!

5. Let f: X —Y be an algebraic fiber space, and let 1: Y’ — Y be a projective surjective
morphism from a normal projective variety Y. Let X’ be any normal projective variety
mapping birationally onto the main component X’ — (X Xy Y')ain. Then we have the

1 This is equivalent to the condition rank f.Ox ([A(X,A)]) =1 in [1, Def. 2.1].
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corresponding commutative diagram

X M x

s

y' L.y,

We call f/: X' =Y an algebraic fiber space induced by p.

6. Let f: X =Y be an algebraic fiber space, and let A be a divisor on X such that
Kx + A ~q,r 0. We say that f satisfies the standard normal crossing assumptions if the
following conditions hold:

(a) X and Y are smooth;

(b) there exists an SNC divisor ¥ on Y such that f is smooth over Y \ 3;
(¢) supp(A)+ f*X has SNC support;

(d) A is relatively SNC over Y \ X.

Even though the divisors A and Y are oppressed in the terminology, we remark that
they are the part of the data of the standard normal crossing assumptions. For clarity,
we will sometimes say that X, Y, A, ¥ satisfy the standard normal crossing assumptions.

7. Let f: X — Y be an algebraic fiber space satisfying the standard normal crossing
assumptions. We say f is semi-stable in codimension 1 if there exists a codimension
> 2 closed subset Z of Y such that f*(X\ Z) is a reduced SNC divisor. In this case, the
local system R'f,Cx|y\x has unipotent monodromy for every i by [20].

REMARK 2.1. For any algebraic fiber space f: X — Y, there exists a birational
morphism p: Y’ — Y and an algebraic fiber space f': X’ — Y’ induced by u such that f’
is satisfies the standard normal crossing assumptions. Moreover, we can take a generically
finite morphism px: Y’ — Y and an algebraic fiber space f': X’ — Y’ induced by pu such
that f’ is semi-stable in codimension 1.

REMARK 2.2. Even though there are more general setups considering lc or slc general
fibers due to [12] or [11] which are important in many applications, we are only interested
here in the case when the general fibers are Kklt.

We describe the canonical bundle formula for algebraic fiber spaces. Let f: (X,A) Y
be an lc-trivial fibration and fix L a Q-divisor on Y such that Kx +A ~q f*L. For each
prime divisor P on Y, we consider

tp =sup{t € Q: (X,A+tf*P) is log-canonical over np}.

We define By =) (1 —tp)P. Note that this is a finite sum since (X,A) is klt over the
generic point of Y. We define My = L — Ky — By, so that we have

Kx—i—ANQ f*(Ky+By+My)

REMARK 2.3. Note that by definition, By and My do not depend on the birational
model of X. In other words, if we consider a birational morphism 7: X — X such that
Ks +A=m*(Kx +A), then f: (X,A) =Y is an le-trivial fibration, and the By and
My computed in terms of fom: ()N( ,&) — Y agree with the ones computed in terms of
f:(X,A) =Y.
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For every birational morphism px: Y/ — Y, we have a commutative diagram

x M, x

lf ' lf

y .y,

where p/: X’ — X is birational. If we write Kx/ + A’ = p/*(Kx + A), then we use the
formula for f': (X',A’) — Y’ and write

KX’ + A/ ~Q f/*(/.,L*L) == f/*(KY’ —|—By/ +My/)

We have p,My: = My and p,By: = By, and therefore we may and will consider the
divisorial part and the moduli part as b-divisors, and denote them by By and My . We
point out that each My~ may be well defined only up to Q-linear equivalence, but once we
fix a representative L such that Kx + A ~q f*L, then My is well defined as a b-divisor.

REMARK 2.4. We say that a b-divisor D on X descends to X’ if D = Dx,. We remark
that a b-divisor D on X is b-nef (resp. b-semi-ample, b-free) if there exists a birational
model X’ — X such that D descends to X’ and Dx- is nef (resp. semi-ample, free). For
basic notions for b-divisors, we refer to [7, Chap. 1]. Here, we collect some standard facts
about the divisorial part and the moduli part from [24, §8.4].

1. For an lc-trivial fibration f:(X,A) — Y, we can take a resolution of singularities p :
Y’ — Y and an algebraic fiber space f': (X’,A’) — Y’ induced by u such that X', Y/,
A’, By satisfy the standard normal crossing assumptions. In this case, My and K+ By
descend to Y in the sense that for any birational morphism 7: Y — Y’ we have

My y» =n"Mys, and Ky»+Byyr=m"(Ky: + By).

2. My only depends on the general fiber (F,A|r) and Y.

3. Let f: (X,A) =Y be an lc-trivial fibration satisfying the standard simple normal
crossing assumptions. Then My is b-nef.

4. Let f: (X,A) =Y be an lc-trivial fibration satisfying the standard normal crossing
assumptions. Let pu: Y/ — Y be a generically finite surjective morphism from a smooth
variety Y. Let

X " x

lf ' lf

) 4
be an algebraic fiber space induced by p and write Kx/ + A’ = u/*(Kx + A). Then,
f(X',A") - Y’ is an le-trivial fibration and
My/ = ,u*My.
5. Suppose moreover that there exists an SNC divisor ¥ on Y such that f: (X,A) =Y
satisfies the standard normal crossing assumptions and A" is an integral divisor (hence

—AM is effective). Furthermore, assume that py(X,,) = 1 where 7) is the generic point of Y,
and the variation of Hodge structures R4™/ f,C x |y\x has unipotent local monodromies.
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Then My is the divisor class corresponding to the canonical extension of the lowest piece
of the Hodge filtration of Rdimff*(CX]y\E.

REMARK 2.5. We remark that it is enough to take a resolution of singularities and a
generically finite cover of the base in order to check the b-semi-ampleness of the moduli
part.

We compare our setup with the formulation in [10], [13]. Consider an algebraic fiber
space f: X — Y between smooth projective varieties. Suppose that the Kodaira dimension
of the generic fiber of f is zero, that is, k(X)) =0, where 7 is the generic point of Y. Fix
b € Z( such that the b-th plurigenus of the general fiber P,(X,,) is nonzero. Then we have
the following formula for the canonical bundle K.

PROPOSITION 2.6 [13, Prop. 2.2]. In the above situation, there exists a unique Q-divisor
D on Y, modulo linear equivalence, with an isomorphism of graded Oy -algebras:

POy (1iD]) =~ P (£.Ov (K xv)) ™.
i>0 i>0
Furthermore, the isomorphism induces a Q-linear equivalence
bK x ~Q f*(be +D) + B,
where B is a Q-divisor on X satisfying

1. fiOx(|iB+]) =0y fori>0, and
2. codimy f(suppB~) > 2.

Note that we recover the canonical bundle formula in this situation, since f: (X,—b"!B) —
Y is an lc-trivial fibration, and we can write

Kx —~bv'B ~Q f*(Ky+By+My).

REMARK 2.7. We point out that in this situation, there is a natural choice of A" since on
the general fiber F, the divisor —bA|p is the zero locus of the unique section (up to scalar)
in HO(F,w$’). Moreover, any two such A that make (X,A) — Y an lc-trivial fibration
differ by the pullback of a divisor on Y. Note that the moduli part My only depends on the
general fiber (F,A|r). Therefore, given a projective morphism f: X — Y between smooth
projective varieties whose general fiber has Kodaira dimension zero, it makes sense to talk
about the moduli part My without picking a divisor A on X such that f: (X,A) =Y is
an le-trivial fibration.

We end this section by describing the behavior of the moduli part after taking a
generically finite cover of the source.

PROPOSITION 2.8 [10, Lem. 4.1]. Let f: X =Y and h: W —Y be algebraic fiber spaces
between smooth projective varieties such that:

1. k(X;)=0, where n is the generic point of Y,
2. there is a generically finite morphism g: W — X such that h= fog,

3. there is an SNC divisor ¥ on Y such that f and h are smooth over Y° :=Y \ ¥, and
4. k(W,) =0 and ps(W,) = 1.

Let Mx,y and My y be the moduli part of the canonical bundle formula coming from
J: X =Y and h: W =Y, respectively. Then Mx,y = My .
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REMARK 2.9. We point out that there is a difference of a multiple of b in the formula
from [10], where b is the smallest number such that the plurigenus P, (X)) is nonzero. This
is because the semi-stable part denoted by L% Iy in [10] actually equals bMx/y in our
situation.

2.2 The structure theorem for K-trivial kit varieties

We recall the structure theorem for K-trivial varieties, starting from the decomposition
theorem of Beauville-Bogomolov and its singular generalization. Roughly speaking, this
theorem suggests to study K-trivial varieties by studying three different special types of
varieties.

THEOREM 2.10 [4]. Let X be a Kdhler manifold with c1(Kx)=0¢€ H?(X,R). Then X
admits a finite étale cover v: X — X such that X decomposes as

)?ZAXHYjX HZk

jeJ keEK

such that:

1. A is an abelian variety;
2. Y are irreducible hyperkdhler manifolds;
3. Zi are Calabi—Yau manifolds.

We introduce a remarkable generalization of this result to singular varieties, due to [18]
and a series of works including [8], [15], [17]. We first define the singular analogues of
irreducible hyperkahler manifolds and Calabi—Yau manifolds, in the sense of [15]. We also
introduce weaker versions of these notions.

DEFINITION 2.11. Let X be a normal projective variety of dimension n > 2. We say

1. X is CY (Calabi-Yau) if X has Gorenstein canonical singularities with wy ~ Ox, and
if HO(Y, Q[ﬁ]) =0 for all covers v: Y — X which are étale in codimension 1 and for all
1<p<n-—1.

(1)’X is pre-CY (pre-Calabi-Yau) if X has Gorenstein canonical singularities with wx ~ Ox,
and if HO(X, Q) =0forall 1<p<n-—1.

2. X is IHS (irreducible holomorphic symplectic) if X has Gorenstein canonical singularities

with wy ~ Ox, and if there exists a holomorphic 2-form o € H°(X, Q[;}) such that for

all covers v: Y — X étale in codimension 1, the exterior algebra HY(Y, Qgﬂ) is generated

by the reflexive pullback of o.

Following [5], we also give a slightly general class of symplectic varieties than those
appearing in the decomposition theorem.

DEFINITION 2.12. A normal projective variety X is primitive symplectic if

1. HY(X,0x)=0 and H°(X, Q[;]) = Co, where o is nondegenerate on the smooth locus
Xreg, and

2. there exists a resolution of singularities 7: Y — X such that the pullback of o|x,,,
extends to a holomorphic 2-form on Y.

REMARK 2.13. Let X be a primitive symplectic variety of dimension 2m, and let o
be the symplectic form. Then wyx ~ Ox since it is trivialized by ¢™ and therefore X is
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Gorenstein and canonical. We point out that the second condition in Definition 2.12 is
equivalent to X having canonical singularities by [16, Th. 1.4]. Pick any resolution of

singularities 7 : X — X and let & be the holomorphic 2-form on X extending 7*c
Note that in this case, we have

Xreg *

h20(X) =h"?(X) =1.

Note that there is a natural morphism of Hodge structures p: Sym™ H2(X,Q) —
H 2’”()? ,Q). We observe that keru is a Hodge structure of weight 2m that does not have
a (2m,0) part since o is generically nondegenerate. We also point out that if X itself is a
smooth hyperkéhler manifold, then the natural morphism p for X is injective by [28].

REMARK 2.14. We will use the following convention for Calabi-Yau manifolds. A
smooth projective variety X of dimension n is a Calabi—Yau manifold if wx ~ Ox and

1, if k=0,n,

dime H*0(X) =
© 0 {0, otherwise.

This condition is weaker than the condition appearing in Beauville’s decomposition theorem
(see [4, Prop. 2]). However, we point out that if X is a holomorphic symplectic manifold of
dimension 2m with

1, kis even,

dime H*O(X) =
cH™(X) {0, k is odd,

then X is automatically simply connected, and hence irreducible holomorphic symplectic
(see [19, Prop. A.1]).

We finally introduce the generalization of the Beauville-Bogomolov decomposition to the
singular case.

THEOREM 2.15 [18, Th. 1.5]. Let X be a normal projective variety with at worst
kit singularities such that c¢1(Kx) = 0. Then there exists a projective variety X' with at
worst canonical singularities, with a quasi-étale (which means quasi-finite and étale in
codimension one) map v: X' — X and a decomposition

X' ~Ax[[Yix [ %
jeJ kEK
into normal varieties with trivial canonical bundles, such that
1. A is an abelian variety;

2. 'Y; are irreducible holomorphic symplectic varieties;
3. Zj are Calabi—Yau varieties.

2.3 Summary of Fujino’s result for K3 surfaces

We briefly summarize the Hodge theoretic results used in [10, §2]. Let B be a smooth
projective variety, and let ¥ be an SNC divisor on B. Let B° = B\ ¥ and consider a polarized
Z-variation of Hodge structures of weight 2 on B° with the following numerical conditions:

R20 = p02 =1, Rl =g>3, and h?? = ( otherwise.
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We furthermore assume that the local monodromies around ¥ are unipotent and there exists
a neat arithmetic group I' containing the local monodromy operators around . Then we
have the period map ©°: B° — D/I" and in this case, D is a bounded Hermitian symmetric
domain. By Borel’s extension theorem [6], the holomorphic map p° extends to B as

p: B— (D/T)"F,

where (D/T)BB is the Baily—Borel compactification of D/T" [3] which is a normal analytic
space. The tautological sub-bundle on D descends to a line bundle £ on D/T". The sections
of £L&9% can be identified with automorphic forms of weight k (which are T'-equivariant
k-pluricanonical forms on D). For some k > 0, the automorphic forms give an embedding
of D/T" into a projective space, and the automorphic forms can be continuously (hence
analytically) extended to (D/T')BB. Moreover, these extended automorphic forms define a
projective embedding of (D/T')BB. Hence, L#9* extends to an ample line bundle O(p e (1)
on (D/T)BB. On the other hand, from the variation of Hodge structures, we have the
associated vector bundle H on B° with a filtration F'*. By the nilpotent orbit theorem, the
canonical extension #H of H is a vector bundle on B which carries a filtration F'® by vector
bundles extending the filtration on H. By definition, we have the natural identification
(p°)*L ~ F?H. The key content of [10, Th. 2.10] is that the lowest piece of the filtration on
the canonical extension 7 and the ample line bundle on (D/T")BB are compatible. In other
words, we have

p*O(D/F)BB (1) ~ (F2g)®gk.
In particular, this shows that F?H is a semi-ample line bundle on B.

REMARK 2.16. [10, §2] has a parallel statement dealing with variations of Hodge
structures of weight 1 which covers the case when the general fiber is an abelian variety.

83. Proof of Theorem 1.1
We give a proof of Theorem 1.1.

Proof of Theorem 1.1. All other assertions except b-semi-ampleness are clear. By
Remark 2.5, we can take a generically finite base change of Y and resolve singularities.
Hence, we can assume that we have a morphism f’: X’ — Y’ between smooth projective
varieties and we have a divisor A’ on X’ such that f': (X', A’) — Y’ is an lc-trivial fibration.
We can furthermore assume that the following facts hold:

1. There exists an SNC divisor ¥’ on Y’ such that f’ is smooth over Y\ ¥'.

2. X', Y' A’ Y satisfy the standard normal crossing assumptions, and f’ is semi-stable in
codimension 1.

3. Every fiber X of f’ for y € Y’\ X admits a unique holomorphic 2-form o, € HO(X;, 02 é)
which is generically nondegenerate.

4. h'(X)) >3 for y €Y'\ (by blowing up X’ further).”

2 We point out that it is important to allow negative coefficients for (A" in the canonical bundle formula
since we are blowing up X’ further.
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Note that in this case, the local monodromies of R* f/Cx/ |y sy and R*™ f/Cx/ |y s around
Y are unipotent by [20]. It is enough to show that My~ is semi-ample. Since the general
fibers of f: X — Y have Gorenstein canonical singularities, —(A’)" is effective and integral.
Hence, we are exactly in the situation in Remark 2.4(5). Hence, My is the divisor class of
the canonical extension of the lowest piece of the Hodge filtration of the variation of Hodge
structures Rme;CXf|y/\2/. We denote by V) and V™) the polarizable variations of
Hodge structures RQfLCX/|y/\E/ and RgmfiCX/|y/\E/.3 Then we have a natural morphism
of variations of Hodge structures

w:Sym™v®@ - yem)
Then we have noncanonical splittings
Sym™ V® ~ ker nimp
V@™ ~imu @B,
where ker i, im i, and B are polarizable variations of Hodge structures (see [25, Th. 10.13]).
By Remark 2.13, ker z and B do not have (2m,0)-part. We denote by (H?), F'*), (H,F*), and
(H(™) F*) the filtered vector bundles associated with the variations of Hodge structures

V@ imp, and V@™ Denote by H(2),H, and H(2™) the canonical extensions of H?) H,
and H (™) respectively. Since B does not have a (2m,0)-part, we get

F2mﬁ ~ F2m7‘[(2m) )

We also have F?™H ~ (F?H(2)®™ by Lemma 3.1 below and since kerp does not have
a (2m,0)-part. Then [10, Th. 2.10] immediately implies that F?#H(?) is semi-ample, and
therefore F2m7{(2m) is semi-ample as well. Since My~ is a divisor class of this line bundle,

we are done. [

LEMMA 3.1. Let Y be a smooth complex manifold, and let X be an SNC divisor on
Y. Let V be a polarizable variation of Hodge structures of weight 2 on Y \ ¥, with Hodge
numbers

R0 =n"2 =1, and h"?1=0ifp<0 orp>2.

Suppose that V has unipotent local monodromies along X. Let H and H' be the filtered vector
bundles associated with the variations of Hodge structures V and Sym™ YV, respectively.
Denote by H and H' the canonical extensions of H and H', respectively. Then we have

(FPH)®™ ~ F2m3],
Proof. We fix a polarization on V and denote the Hermitian metric on H by h. We have
the induced metric h’ on H'. Note that there is a canonical isomorphism (F2H)®™ ~ F2m3{’
between line bundles on Y\ X. Fix local coordinates 21, ..., 2, on an open subset 2 C Y such

that Q ~ {(z1,...,2,) € C" : |z;] < 1} and XN Q is given by the equation z ---z; = 0. Since
V and Sym™V both have unipotent local monodromies, we have the following description

3 We point out that we should first fix a relatively ample class for f': X’ — Y’ to give a polarization
on the variations of Hodge structures V(? and V®*™ due to a subtlety of signs in the polarization for
primitive and non-primitive parts, but this does not cause a problem throughout the argument.
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of the local sections of F?H and F?™H’ using the estimation of Hodge norms by [27, §6]:

l
(Q,F*H) = {s eT(Q\X,F?H) : ||| =0 (H|logzi\N"> for some N; > 0} :

i=1
I
(Q,F*H) = {s’ ceT(Q\ X, F?"H') : ||s'||2, = O (H|logzi|Ni/> for some N > 0}.
i=1

Since [|s®™||2, = ||s[|?™, the isomorphism (F?H)®™ ~ F?™H’ extends to (F?H)®™ ~
F2ma, 0

We give a similar lemma which can be proven along the same lines as the previous lemma.
This will be used in the next section.

LEMMA 3.2. Let Y be a smooth complex manifold, and let ¥ be an SNC' divisor on Y.
LetVq,...,V, be polarizable variations of Hodge structures of weight wy,...,w,, respectively.
Assume that V1,...,V,. have unipotent local monodromies along Y. Suppose that the Hodge
numbers for V; satisfy

R0 =p0wi =1 and RP9=0ifp<0 orp> w;.

Let Hq,..., Hy, and H be filtered vector bundles associated with Vy,...,V,, andV{®---QV,.,
respectively. Denote by Hi,...,H,, and H' their canonical extensions. Then we have

er,u_Tl@ e ® erq_TT ~ Fw1+-~-+wrﬁ_

84. Proof of Theorem 1.5

We give a proof of Theorem 1.5.

Proof of Theorem 1.5. We first consider the case when the general fiber is smooth. By
resolving singularities, we can assume that X and Y are both smooth, and the geometric
generic fiber has trivial first Chern class. By Theorem 2.10, after taking a generically finite
base change of Y, we can assume that there are algebraic fiber spaces h: W =Y, p: A —
Y {q;: Y; = Y}Yi_), {rr: Zi = Y}}_, satisfying the following conditions:

1. h factors as W % X L Y, where ¢ is a generically finite morphism.

2. There exists an SNC divisor ¥ on Y such that f,h,p,q;,r; are smooth over Y° =Y\ X.

3. Over Y°, the fiber spaces p,q;,ry’s are families of abelian varieties, irreducible
hyperkahler manifolds, and Calabi—Yau manifolds, respectively.

4. Denote the inverse images of Y° by W°, A°, Y7, and Z;. Then there is an isomorphism

W~ A° Xyo Y Xyo -+ Xyo Y, Xyo Z] Xyo - Xyo Z}

over Y°.
5. The variations of Hodge structures Rdimhh*CWo,]wl’di“‘”"p*(CAO,Rdimqiqj>,<(Cyjo7 and

RdmTey C Z9 have unipotent local monodromies around .

By Proposition 2.8, it is enough to show that the moduli part My, y associated with
h: W — Y is semi-ample. Applying the Kiinneth formula, the realization of the moduli
part as the canonical extension of the lowest piece of the Hodge filtration, and Lemma 3.2,

https://doi.org/10.1017/nmj.2024.22 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.22

12 H. KIM

we get

a b
My = MA/Y+ZM13/Y+ZMZk/Ya
j=1 k=1
where M 4 ,y, My, vy, and Mz, /y are the moduli parts associated with the fiber spaces p, q;,
and 7, respectively. By [10, Th. 5.1] and Theorem 1.1, we know that M,y and My, /y are
semi-ample. Hence, Conjecture 1.3(1) in relative dimension < n implies Conjecture 1.4(1)
in relative dimension n.
We deal with the singular case in a similar fashion. By applying Theorem 2.15 to the
geometric generic fiber X5, we get the following diagram:

1 2 3
Xy s X  xL P

such that:

1. 7 )Z'ﬁ — X3 is a resolution of singularities.
2. ps is a generically finite morphism such that

a b
/ ~J — . — —
X5~ A x HYJn X H 275
j=1 k=1

where A is an Abelian variety, Y; are IHS varieties, and Zj, are CY varieties.
3. ¢;j:Y; 5 — Y5 and ¢y, : Z, 3 — Zy 5 are resolutions of singularities and

a b
X%/ZAWX HYj’ﬁX HZk’ﬁ
j=1 k=1

such that X7 — X7, is induced by the maps ¢; and ¢y’s.

4. X7 is smooth and p; : X7" — X7 is a birational morphism resolving the indeterminacy

of the rational map from X7 to )N(ﬁ.

After replacing Y with a generically finite cover of Y and resolving singularities, we can
assume that Y is smooth, and there exist an SNC divisor ¥ and algebraic fiber spaces
pr A=Y {q;: Y, =YY {q: Y, = Y, {re: Ze > Yy, and {7y Zp = Y,
over Y, and a commutative diagram

X ~
/—_)lﬂ\‘
x L x Sy

X M1 N H2 N

satisfying the following conditions:

1. 7: X — X is a resolution of singularities, and fsatisﬁes the standard normal crossing
assumptions.

2. For every point y € Y'\ 3, the fibers of p, ¢;, and 7y, over y are abelian varieties, primitive
symplectic varieties, and pre-CY varieties, respectively.

3. p3: X' — X is a generically finite morphism and if we denote by X'°, A°YP, Zy the
corresponding inverse images of Y°, then we have an isomorphism
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o
X/ ~ A° Xyo Ylo Xyo -+ Xyo Yao Xyo Zlo Xyo: -+ Xyo ZI?

over Y°.
4. o is a birational morphism from a smooth projective variety X", and if we denote the
inverse images of Y° similarly, we have an isomorphism and a commutative diagram

X//O i) A° Xyo Ylo Xyo -+ Xyo Yao Xyo Z(f Xyo -+ Xyo Zl(;j

| |

X/o i} A° XY°Y10 XYO"'XYOYaO Xyo ZfXYon-XYO Z(?a

where the right vertical map is induced by the morphisms ¢; : }7] — Y, and ¢y : Zk — Zy,
over Y such that for each point y € Y'°, the morphisms ¢; and ¢, restricted to the
fibers over y, give resolutions of singularities.

5. pp is a birational morphism, A is a generically finite morphism, and foh satisfies the
standard normal crossing assumptions.

6. The variations of Hodge structures RI™Pp,C4o, RI™G qu*(ngo, Rdim?’“?k*ng,
Rdim fﬂ(c

5o, and Rdim [ (fo h)«Cx o have unipotent local monodromies along 3.

Note that Mx,y = M)?/Y = Mxm )y = Mxny by Proposition 2.8 and Remark 2.3. Note
that

a b a b
MX”/Y - MA/Y+ZM17J/Y+ZMZk/Y = MA/Y+ZM§/J/Y+ZMZk/y
j=1 k=1 j=1 k=1
We already know that M4,y and My, y are semi-ample. Therefore, Conjecture 1.3(2) in
relative dimension <n implies Conjecture 1.4(2) in relative dimension n. 0

REMARK 4.1. Note that we used wider classes of varieties when we passed from the
properties of the geometric generic fiber to those of the general fiber. This is because the
definitions of IHS and CY in [15, Def. 1.3] have a condition on the reflexive Hodge numbers
for every étale in codimension 1 cover, which involves a priori infinite data. It is also not
clear how to use the description of THS and CY using holonomy groups in the sense of [15,
Prop. 12.10] since one should choose an abstract field isomorphism C ~ k(n) in order to
perform such a decomposition in the proof of Theorem 1.5. It would be interesting if one

could overcome this technical point.
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