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CORRESPONDENCE.

AN ASSURANCE FALLACY.

To the Editor of the Assurance Magazine.

S1ir,—The following problem presents several points of interest.

An assurance of A pounds is to be effected on (x), at an annual premium
(=), subject to the condition that interest on the premiums paid up to and
including the year of death is to be allowed by the Office, at the rate involved
in the tables employed, whick rate it is assumed is that realized by the
Office, Required =.

Attempt a solution thus:— Since all the interest realized is to be handed
over to (z) or his repicsentatives, the Office has obviously nothing but the
bare premiums out of which to pay the sum assured. It is, therefore, as
regards the Office, the same thing as if no interest were made; and we
conscquently need take account only of the average number of premiums
that will be received from each policyholder. This number being 1+4-¢,
(where ¢, is the curtate mean duration of lives aged «), we have

w(l+e,)=A;
A

whence = s
14¢e,

This is a very singular result. It is independent of the rate of interest;
and yet it is obvious that the higher the rate realized hy the Office the
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greater will be the annual return to (), and consequently the less the cost
of the assurance to him. The foregoing equation therefore cannot be true,
and the process by which it is attained must be fallacious.®

But where, then, is the fallacy? It is in the assumption, tacitly made
in the so-called solution, that the interest realized by the Office and that
payable to the policyholders are identical. They are so, however, only as
to rate, but not as to amount, except during the first year. At the end of
that period the premium fund is so reduced by payment of death claims,
that the interest yielded by it is no longer sufficient to meet that due to the
policyholders, The deficiency, theiefore, must be made good from the
premiums themselves, and these therefore require to be increased to meet
this charge.

The reasons why I have commenced with an erroneous solution, are—
first, that an impression prevails, as T am informed, that this solution is a
correct one; and secondly, that the problem belongs to a class which
appear to invite the application of what are called common sense notions,
while such applications usually lead, as in the present case, unless skilfully
managed, to erroneous conclusions.

I now give a legitimate solution of the problem. The benefit consists
of, first, a uniform assurance of A, the term corresponding to which is AM,;
and secondly, of an increasing annuity of =i, 2w¢, 8wi, &c., which makes
its last payment at the end of the year of death. The term given by this
annuity, menus its last payment, is @iS,, and that given by the last payment
is wiR,. Hence, the payment term being »N,_;, we have

@N,_ =AM, + =i(S,+R,).

From this we obtain

N AM,
= N.r—l_i(sz_,—Rz) )
Now, Noo1—4(S, +R,)=N,_1—#(S, +v8,.,—8,)
=N,_;—(1—v)8,.,=R,.
AM,
'.w:R: S ) §

Of the value of = thus determined it would be easy to show that for
any value of z, except the oldest age in the table (for which = is always
equal to A), it increases with (not @s) ¢, the rate of interest.

t3

Since, when ¢ diminishes without limit, T approaches without limit
x
T

Nz— 1

; therefore, when ¢=0, 7.e., when money bears no interest, we have
AD, A
W= 17— = =,
N,_ 1 1 -+ 8’,

which agrees with (1). From this it appears that, althongh not true
generally, (1) is true in the case of money bearing no interest. In this

* The reasoning here does no} seem quite conclusive.—~Ep, J. L 4.
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case, however, no interest being realized there is none payable to the
policyholders,

The following table shows the premium per cent., by the Carlisle rate of
mortality, at several rates of interest. The commutation table for /=0 will
be found at p. 145, vol. xiii. of the Journal of the Institute of Actuaries.

Age. i=0. =03, =04, =05,
30 28604 37290 4-1146 4 5707
50 46281 54515 57719 6'1156
70 103371 11-6040 12 0426 12-4872
90 264432 28:5903 29 3248 299864

For further elucidation of this somewhat curious problem I have worked
out the following example at length, by the Carlisle table, at 5 per cent.
The age is 90, and the sum assured £100. By (2) we get for the annual

premium
1479288 .
= —————=29'98648; whence »:=1:4993215.
4933192 ?
1424 4258:0731 17324009
5 per cent. *212 9037 #86'6260
44709768 18190209
wix 142 *212:9037 Sari X 40 *299 8643
100 x 37 3700° 3912:9037 | 100x 10 1000 1299-8643
558:0731 519-1566
105 3148 5752 | 30w 899-5929
37066483 1418 7495
*185'3324 *70 9375
3891 9807 1489 6870
2ari X 105 +314:8575 6mrix 80 *269-8779
100 x 30 8000- 3314:8575 | 100x7 700" 969-8779
5771232 519-8091
75 22489822 | 23w 6896879
2826°1054 1209-4970
*141:3053 *60°4794
3wix 75 *337-3473 Twix 23 *241-3908
100x 21 2100- 2437-3473 | 100%x5 500 741-3908
530 0634 5285811
54w 1619 2672 { 18w 5397557
2149 3306 1068:3368
*107-4665 *53:4168
22567971 1121-7536
dori x b4 *323:8534 8wix 18 *215:9023
100 x 14 1460¢ 17238534 | 100x 4 400° 6159023
532 9437 5058513
40w 110894572 | 4o 419-8100
173824009 9256613
VOL, XIV, F
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9256613 514°7570
*46 2830 *257378
971 9443 540 4948
9wix 14 *188 9143 13wix 5 =97-4559
100x 3 300- 488 9145 100x 2 200° 2974559
483 0308 2430389
11w 329 8507 3w 89 9593
812 8815 332 9982
*40 6440 *16 6499
853 5255 349 6481
10@ix 11 164 9254 1danx 3 *629715
100x2 200~ 364 9254 100 %2 200° 2629715
488 6001 86 6766
Yoz 2698779 | = 29 9864
7584780 116 6630
*37 9239 *58331
796 4019 1224961
llwix 9 *148°4328 15mx 1 *22:4898
100 x 2 200 348 4328 100x 1 100° 122:4898
417 9691
Tor 209 9050
657 8741
*32 8937
690 7678
12wix 7 *125 9430
100 x 2 200- 325 9430
364 8248
S 1499322
514 7570

Little cxplanation of the above is needed. At the outset the premium
is received from the tabular number alive at 90, viz., 142, and a year's
interest is added, giving a total in hand at the end of the first year of
£4,470. This is immediately ieduced by the payment of, first,
£212 9037, interest on the preminms, and secondly, £8,700, the claims
arising on 37 deaths, to £558°0731. The premium is again received
from the 105 smvivors, a year’s interest is added, and the outgoings of the
second year, amounting to £3314 8575, are deducted, leaving £577°1232
in hand at the commencement of the third year. In this way the scheme
works itself out at the end of the fiftecnth year.

It is visible now that after the first year the interest which the office
realizes is altogether insufficient to meet that which it has to pay. And it
is singular to note that, after the fist few years, the ratio of the interest
receivable (by the Office) to the interest payable, closely approximates to
that of 1:4.* "Whether this is accidental, or whether the like would be
observed in other circumstances, I am at present unable to say.

Returning to equation (2), and writing it thus,

wR,=AM,,

* To facilitate this comparison I have marked the interest on both sides with
asterisks.
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we see that the transaction resolves itself into an exchange or commutation
of one assurance on () for another, viz., a uniform assurance of A payable
by the Office, and an increasing assurance of », 2=, &c. (nw in the nth
year), payable fo the Office. And this is correct, as it is obviously the
same thing, theoretically, whether the premiums be paid aunually, interest
being allowed upon them, or in the aggregate at the end of the year of
death. In practice, however, there is a great distinction between the two
modes of payment. No Office would consent to defer the receipt of pre-
mium till the emergence of the claim, as they would in a great many cases
have then more to receive than to pay.

It is interesting, however, to watch the operation of this mode of
payment in a particular case; and I have therefore worked it out for the
same age as before, 90, and at the same rate, 5 per cent. The preminm
also is of course the same, 29-98643.

100 x 37 3700°
@ x 37 1109-4979 2590-5021 2852:6285
5 per cent. 129 5250 1426314
272000271 29952599
100 x 30 3000~ 100 x 3 300"
277 x 30 1799°1858 1200 8142 9w x 3 8096336 5096336
3920 8413 24856263
196 0420 124 2813
4116 8833 2609-9076
100 x 21 2100° 100 x 2 200°
3w x 21 1889-1451 2108549 | 10w x2 599-7286  — 3997286
4327-7382 22101790
216 3869 1106-5090
4544°1251 23206880
100x 11 1400 100 x 2 200+
4mrx 14 16792401 —279:2401 | 1lwx2 6597015 —4597015
42648850 1860°9865
2182442 930493
4478 1292 1954 0358
1060 x 10 1000° 100 x2 200"
5z x 10 1499-3215 —499-3215 | 12w %2 7196743 -519'6743
3978 8077 14313615
198 9404 717181
4177-7481 1506-0796
100x 7 700° 100 x2 200+
6arx T 12594301 - 559-4301 | 18w x 2 7796472 5796472
3618-3180 926'4324
180 9159 463216
3799 2339 972-7540
100x 5 500- 160 x 2 200
Twxb 1049 5250  —549'5250 | 14w x 2 8396200 —-639-6200
32497089 3331340
162°4854 166567
34121943 3497907
100 % 4 400° 100 x 1 100-
Swx4 959:5658 —559'5658 | 16wrx1 4497965 - 349:7965
2852 6285
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The great distinction between this mode of arranging the transaction
and the other is that there the Office was put in funds at the outset,
enabling it to meet all claims as they avose, while here it is in advance
from fivet to laat,

If it is required to foad the premium of this problem, we must proceed
a3 in all cages in which the Office makes a veturn {o the assured. It is not
sufficiont to apply the required loading to the value of o, determined as
above, since this would leave the additional interest which has to be
returned wnprovided for, The loading must, as in all such cases, be
applied to the benefit side of the fundamental equation,

Let the requived loading be & per pound, Then,

wN_=(1+k){AM, +oi(S,+R)};
(1+HAM,
N+ AT )’
But, N ~(1+A):iB,+R)=N,_,—(1+ 58, +08,_,—8,)
=Ny — (1R (1= 0)8,y = (L RN, = (L =),y }— AN, _,
=(I+z‘.)R,-—]:N,_1.

whence, =

. (1+BAM, _ AM,
e W= (1 +,€)R‘-—kN‘_1 = Rx— 7 N L (3)-
1+;‘: %=1
AM,

x

This is obviously greater than

greater than a +§)Ay-’, which is what the net preminm becomes when

ik but it can be shown to be also

3

the loading is direcfly applied to it. Thus,

A sa+nil,
R— —N *
= l—}-k z=]
if R,>{(1+%)R,—~iN,_,,
it KN, > AR,
if N>R

and thizs Jast we know to be true.
If no interest is earned, M, and R,, as before, assume their limiting
values, and (8) becomes

AD AD,

R —— e =] R =,

X, £ N Net
=1 l-l—k x-1

In this case, therefore, it snffices to apply the Ioading directly to the
net premium; which is in accordance with the remark zalveady made, the
inteiest returnable by the Office belng hore el

I append a table of lowlel premiums, corresponding to that already
given of net plewinms  Tue loadig Is 10 per cuut., that is k=-1,
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Age. i=0. 1="03, =04, 2="05.
30 1464 4 5002 51881 61767
50 50909 63154 6 8386 74329
70 11-3708 180714 13 6844 14-3199
a9 20-0874 318114 327722 33 6255

T am, Six,
Your most ohedient servant,

P, GRAY.
London, 2nd Sept., 1867,

*.* A shori note on the problem which forms the subject of this letter will be famnd
in vol, v., p. 348.

VALUE OF A POLICY—FORMULALA—MILNE.
Ta the Editor of the Assurance Magazine,

Dear Sir,~=There iz a theorem which I suppose must be in the heads
of many actnaries, bat I cannot find it in any of the books, Tt is that the
values of a policy, as it runs on, are proportional to the falls in the value
of the annuity. ‘That is, if @, be the valoe of an annuity of £1 at the age
x, the age of creation of the policy, the values of the policy at the ages y
and z are as a,—gq, to a,—a,, That this theorem is not commonly
expressed seems due to the value at the age y being usnally written

I4a, ., &, —d,
11— T-T:a# ingtead of 1ta, .

1 shali be eurious to see whether any one will produee a statement of
this gimple form. I find it oceasionally very useful to take out from the
table, without any writing, that the policy-value of 1+, at death is
a,—ua, at the age y, the age = being that of commencement, When a
formmla represents two different results, it is a useful exercise of ingenuity
to deduce one result directly from the other. Now «,~a, is the valne to
{2) of a counter-survivorship—as we may call it—of the following kind.
The executors of the fivss who dies pay an annuity of £1 to the survivor;
and (@,—a,)=-(1+4a,) 35 the whole-Ife preminm which (#) should pay to
be put in this position. How, from the mature of this contract, does it
follow that one payment of this preminm, over and above the annual
premium which (2) should pay, admits (¢} to a poliey of £1 at the preminm
for the age (x)?

Eagy forms, corollaries from common forms, are things for second
editions. A person who is engaged in a great effort, and has a heavy
system of tables to look after, does not waich offshoots. Now none of the
best known woiks—except only those of Plice and Morgan, which Jay no
stress on formnle—have mrived at second editions: this may be said of
Baily, G. Davies, Milne, and David Jones,

It is much to be regicited that Milne did net, in his Iater years, oceapy
himself with a reconstiuction of the algebraical part of his work. Dot
it 33 haidly hnown bow completely he abandoned the subject. In May,
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