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Abstract

Let S ={s1,s2,...} be an unbounded sequence of positive integers with s,.1/s, approaching « as
n — oo and let 8> max(a,2). We show that for all sufficiently large positive integers I, if A c [0,[]
with /€ A, gcdA =1 and |A| > (2 — k/AB)I/(A + 1), where A = [k/B], then kAN S # 0 for 2 < B <3 and
k>2B/(B—2)orfor>3andk > 3.
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1. Introduction
For two sets A, B of integers and a € Z, define
A+B={a+b:a€AbeB)
and
a-B={a—-b:beB}
For a positive integer i > 2, let
hA={a;+---+a,:ay,...,a, €A}

A set A of nonnegative integers is called normal if 0 € A and the greatest common
divisor of all elements of A is 1.

In 1990, Erd6s and Freiman [2] proved a conjecture of Erdds and Freud: if a set A of
integers is a subset of [1,n] and |A| > n/3, then a power of 2 can be written as the sum
of elements of A. In 1989, Nathanson and Sarkdzy [6] improved this result by showing
that 3504 elements of A is enough. Finally, Lev [4] obtained the best possible result
that a power of 2 is the sum of at most four elements of A. In 2004, Abe [1] extended
Lev’s result to a power of m. In 2006, Pan [7] generalised the results of Lev and Abe.

This work was supported by the National Natural Science Foundation of China (Grant Nos. 11071033,
12371003) and the Top Talents Project of Anhui Department of Education (Grant No. gxbjZDO05).

© The Author(s), 2023. Published by Cambridge University Press on behalf of Australian Mathematical
Publishing Association Inc.

420

L))

Check f¢
https://doi.org/10.1017/50004972723000904 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/S0004972723000904
https://orcid.org/0009-0000-7929-8396
https://orcid.org/0000-0002-6400-8090
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0004972723000904&domain=pdf
https://doi.org/10.1017/S0004972723000904

[2] Sumsets containing a term of a sequence 421

THEOREM 1.1 [7, Theorem 1]. Let k,m,n > 2 be integers. Let A be a normal subset of
[0, n] satisfying

1 k
Al> —([2- & 21),
| |>z+1(( zm)”+

where | = [k/m). If m > 3, or m = 2 and k is even, then kA contains a power of m.

Pan conjectured that Theorem 1.1 still holds for m = 2 and & is odd. In 2012, Wu
and Chen [8] made some progress towards this conjecture.

In 2010, Kapoor [3] extended Pan’s result for 2A to general sequences. He proved
the following two results.

THEOREM 1.2 [3, Theorem 1]. Let {ay,a;,as,...} be an unbounded sequence of
positive integers. Assume that a,|/a, approaches some limit @ as n — oo, and let
B > 2 be some real number greater than a. Then for sufficiently large x > 0, if A is a
set of nonnegative integers less than or equal to x containing 0 and satisfying

A] > (1 - é)x

then 2A contains an element of {a,}.

THEOREM 1.3 [3, Theorem 2]. Let {ay,a;,as,...} be an unbounded sequence of
positive integers such that a,./a, < f for some constant 8 > 2. Then for any x > 0,
if A is a set of nonnegative integers less than or equal to x containing 0 and satisfying

(gl ]

then 2A contains an element of {a,}.

We extend Pan’s result for kA (k > 3) to general sequences that grow like the powers
of a real number greater than or equal to 2.

THEOREM 1.4. Let 8 > 2 be a real number and let S = {s1, s>, ...} be an unbounded
sequence of positive integers such that lim,_, S,+1/S, = @ < B. Let k > 3 be a positive
integer. For large enough l, let A be a normal subset of [0, [] with | € A such that

1 k
Al > —(2— —)l,
A+1 A8
where A =T[k/B]. If 2 <B <3, then kANS # 0 for all k > 2B/(B—2). If B > 3, then
kKANS #0forallk > 3.

THEOREM 1.5. Let 8> 2 be a real number and let S = {sy, 52, ...} be an unbounded
sequence of positive integers such that s,1/s, < . Let k > 3 and | be positive integers

such that
l(g—/l+1)2;3r]2—1J+1. (1.1)
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Let A be a normal subset of [0, ] with | € A satisfying

> gt male- e 02

where A = [k/B1. If 2 < B <3, then kKANS # 0 for all k > 28/(B—-2). If B = 3, then
kANS # 0 forall k > 3.

2. Lemmas

LEMMA 2.1 [5, Corollary 1]. If A is a normal subset of [0,I] with € A and
p=[U-1D/(Al=2)] -1, then

) | Br0AD ifh<p.
By(AN+ (h=p) ifh=p,

where By(x) = $h(h+ 1)(x = 2) + h + 1.

LEMMA 2.2. Let 8 >2 be a real number. Let S = {sy,s,,...} be an unbounded
sequence of positive integers such that s,.1/s, <. Let a, b be two positive integers.
Suppose A and B are sets of integers satisfying A € [0,a], BC [0,b] and0 € AN B. If

Al + B > 3+§F12_ 1J+max{a,b,(1 —é)(mb)}, 1)

then (A+B)NS # 0.

PROOF. We may assume thata < b.If0 < b < 51, putxg = [(s; — 1)/2]. If b < xp, then

|A|+|B|>2+§{s1;1J+(1—é)(a+b)

>2+é(a+b)+(1—é)(a+b):2+a+b,

which is a contradiction since |A| + |B|<a+ b+ 2. Thus, xo <b <s;. Ilf a+ b < s,
then

|A|+|B|>3+§{51;1J+(1—é)(a+b)
23+}3(s1—2)+(1—é)(a+b)
Z3+é(a+b—l)+(l—é)(u+b)

1
23—B+a+b>a+b+l

https://doi.org/10.1017/5S0004972723000904 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972723000904

[4] Sumsets containing a term of a sequence 423
which is again impossible. Thus, a + b > s;. Then,

1 1
A+ B >3+ ~(s1 —2)+(1——)(a+b)
B B
1 2 1
ST - T
BB B
2
=3-—=+s51 25 +2.
B
Since B, s;1 — A C [0, s1], we must have s; € A + B.
Next, we consider » > s;. Choose r such that s, < b < s,,;. We proceed by induction

ona+b.
Ifa+b=s+1,thenA C[0,1]and B C [0, s1]. Since s; — A, B C [0, s;] and

|A|+|B|>3+é(s1—2)+(1—é)(a+b)

3
=3-—=+s51+1>5 +2,
B

we have s; € A + B.
Now, assume that a + b > s; + 1 and that the lemma holds for the sets A” C [0, a; ]
and B’ C [0,b;] with a; + b; < a + b. Suppose that (A + B)N S = 0.

Casel:a<s, WriteA; =5, —A. Thus,A; C[s, —a,s, ] C[0,b].If|A{| +|B| > b+ 1,
then

|Ay "Bl =|A|+|B|- Ay UB|2b+2-(b+1)=1

Thus, s, € A + B, which is impossible. Hence, |A| + |B| = |A{| + |B] < b + 1, which
contradicts the hypothesis (2.1).

Case2:a>s,anda+ b > s,.,. Write
Ay =[0,b] N (sp41 —A), By = [sr41 —a,b]N B,
Ay =10,84+1 —b—-1]1NA, B, =[0,8,41 —a—-1]NB.
Then,
|B| = |B1| + |Ba| (2.2
Al = Az + |[sr41 — b, al N Al
= Azl + Isy1 = ([$/+1 — D, al N A)|

= |As| + |[$41 — a,b] N (541 — A)|
= A1l + |Az]. (2.3)

Since A, By C [s,+1 —a,b] and s,,1 ¢ A1 + By,

il + 1Bl < b= $pat +a+ 1. 2.4)
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If b =s,41— 1, then |A;| = 1 and |B;| < 5,41 — a. By (2.2)—(2.4),
Al +|B|<spp1—a+1+b—5s,p1+a+1=b+2,

which contradicts the hypothesis (2.1). Thus, b < s, — 2.
Since (A + B) NS = 0, we have (A, + B;) N S = (. Noting that

Si1—b—-1+s,,1—a-1<2a+b)—a—-b-2<a+b,
it follows from the hypothesis that if
1
max{sr+1 —b-Tl,sm—a- 1,(1 _5)(2s’+1 —a-b- 2)} —s—a—1,
then

2 -1
Mﬂ+WﬂS&H—a—1+3+BFg?ﬁ. 2.5)

By (2.2)-(2.5),

208 -1 28 -1
|A|+|B|sb—s,+1+a+1+s,+1—a—1+3+—f‘2 J:’”S’LBPTJ’
which contradicts (2.1). If
1
max {s,+1 —b—Tls—a-1, (1 - B)er“ —a—b- 2)}
|
=(1—Eymml—a—b—2»

then

] + |Bo| < (1 - /‘13)(2s,H —a—b-2)+3+ aslz_ 1J. 2.6)

By (2.2)—(2.4) and (2.6),

| 205 — 1
|A|+|B|§b—sr+1+a+1+(1—ﬁ)(25,+1—a—b—2)+3+5r1 J

2
=Sr+1—ésr+1+é(a+b)+§+2+§r12_1J
3a+b—§(a+b)+%(a+b)+/%+2+§P2_IJ
:(l—é)(a+b)+é+2+as12_w
L |

which again contradicts (2.1).
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Case 3:a>s,anda + b < 5,,1. Write

A =1[0,s,]NA, B, =[0,s,]NB,

Ay = (s,,alNA, B, =(s,,b]NB.

Since (A + B) N S = 0, it follows that (A; + B;) NS =0 andso s, — A{| +|By] < s, + 1.
Thus,

Al+|Bl<a+b-2s,+s,+1=a+b-s,+ 1.

However, by (2.1),
1
IA| + |B] >2+(1 ——)(a+b)
B
1
=a+b-—-(@+b)+2
B
1
>a+b— =5, +2
B

>a+b-—s,.+2,

which is a contradiction. Hence, we have (A + B) N .S # 0.
This completes the proof of Lemma 2.2. |

REMARK 2.3. If 51 is odd, this lower bound can be improved to

A+ |B| > 2+§r12_ IJ +max{a,b,(1 —é)(mb)}.

3. Proof of Theorem 1.5
Let k; = |k/2] and k, = [k/2]. Then,

kA C [0, gH koA € [0, [SH

Since 8 > 2, if k > B/(B — 2), then

ol

In particular, if 8 > 3, then
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Hence, if 2 < B <3 and k > B/(B—2), or 8 > 3, then [k/2] < (B — 1)|k/2]. So,

HEHEEH R e

o= (3]- o s

To show kA NS # 0, by Lemma 2.2 and (3.1), it is sufficient to show that

Since 0 € A,

25— 1 |
1Al + oA > 3 + —Fl J + (1 - —)kl.
pL 2 B

By (1.2),

A+ (A= 2) > %({%J +§)+(2— %)1—2. 3.2)

Noting that A > k/p,
k
(A+1)(|A|—2)>(2—E)1—221—2. (3.3)

Write
p=1U-1D/(AI-2)]- L
Then by (3.3),

p<|A|_—ZS/l+1. (3.4)

If B> 2 and k > 28/(B — 2), then

o=t rs [4]-

2 B Bl B
and so k/2 > [k/B]. If 8>3 and 3 < k < 2B, then [k/B] < k/2. If B> 3 and k > 28,
then
k1 _k _k (B-2)k k
A—[B}<B+l_2 5 +1§2.
Thus, A < k/2forB >3 o0r2 <B <3 andk > 28/(B8 - 2). Hence, by (3.4),
k
<AL |=|=k.
peaslt]n
By Lemma 2.1,
|kiAl > B,(JA]) + (kj —p)l  fori=1,2. (3.5)
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If A = p, then by (3.2) and (3.5),
k1Al + koAl > A+ DAl = 2) + 24 + 2 + (k — 22)]

>ﬂ(%({%J+’g)+(2—%)1—2)+2/l+2+(k—2/1)l

=3+%F“4J+@—1yL
BL 2 B
Now suppose that p < A — 1. Then, 0 < p < [k/B] — 1. Hence, by (1.1),
k1A + kAl = p(o + 1A = 2) + 20 + 2 + (k — 2p)I
>p(l-1)+20+2+ (k—2p)l

—kl—p(-1)+2
>kl—(§+[g}—g—l)l+2
:kl—§l+(g—[g}+l)l+2
z(l—%%k+3+%k“;]}

This completes the proof of Theorem 1.5.

4. Proof of Theorem 1.4

Let 8~ be some constant satisfying @ < 8~ < 8, and assume that

Sn+1
Sn

<p foralln>1. 4.1)

Then for any / so large that

-3 (e ) e 1 3
A+1 AB A+1 AB- A+ 1)B- 2 2
we see that Theorem 1.5, using the constant 5~, gives the conclusion of Theorem 1.4. If
(4.1) does not hold for all n > 1, then as s,4/s, < 8~ for sufficiently large n, a simple
relabelling of the terms of the sequence, omitting finitely many terms at the beginning,

would suffice.
This completes the proof of Theorem 1.4.
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