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ON TWO THEOREMS CONCERNING SETS
WITH CONVEX SECTIONS

E. TARAFDAR

In this note two theorems of Ma and Fan concerning sets with convex sections are gener-
alised.

In this note we generalise two theorems of Fan concerning sets with convex sections.
These generalisations involve a relaxation of the compactness conditions on the family
of sets. Fan ([4], Theorem 16) proved Theorem I which includes the theorem of Ma
[5]. These results are usually proved by using fixed point theorems or the Knaster-
Kuratowski-Mazurkiewicz theorem.

The following notation is used throughout.
Let {Xa- a £ 1} be a family of nonempty sets, where I is an index set. We denote
the cartesian product by X, that is X = II Xa and for each a £ I, Xa = H Xa.

Also xa denotes an element of Xa. For a subset A of X, for each a £ I and each
xa £ Xa , let A(xa) = {xa £ Xa: [xa, xa) £ A} and for each a £ I and each xa £ Xa,
let A(xa) = {xa £ Xa: [xa, xa] £ A}. Also note for each a £ I, Xa x Xa = X (with
the appropriate ordering).

THEOREM 1. Suppose each Xa is a compact convex subset of a Hausdorff topo-
logical vector space Ea

Let {Aa: a £ 1} and {Ba- a £ 1} be two families of subsets of X having the
following properties:

(a) for eaci a £ I and each xa £ Xa, the set Ba(xa) is open in Xa ;
(b) for each a £ I and each xa £ Xa , the set Ba(xa) in non-empty and the

set Aa(xa) contains the convex hull of Ba{xa) •

Then n AQ ^ 0.

We use this theorem to prove the following extended version in which we remove
the compactness condition on each Xa and add condition (c) below. Condition (c) has
been used by Fan ([4], Theorem 15) in the case of a single finite family.
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THEOREM 2. Suppose each Xa is a convex subset of a Hausdorff topological vector

space Ea .

Let {Aa: a £ 1} and {Ba: a £ /} be two families of subsets of X satisfying

properties (a) and (b) above. Further assume that

(c) there is a non-empty compact convex subset K of X such that for every
x £ X \ K, x = [xa, xa] £Xa x Xa, there exists y £ K,y = [ya, ya] £
Xa x Xa satisfying [ya, xa] £ Ba for each a £ I.

Then there exists at least one point x0 such that Xo G D Aa.

PROOF: Let Pa: X —> Xa be the projection of X onto Xa for each a £ I.
For each a G / , let Pa{K) = X'a, which is non-empty compact and convex. Let
X' = I I J ' For each a G / , we let A'a = Aa D X' and B' = Ba n X'. We also set

x ' a = n x'p.
pa

Then for each a £ I and each xa G X'a, it is easily seen that the set

B'a(xa) = {xa £X'a: [xa, xa] £B'a} = {xa £ Xa: [xa, xa] £ Ba} n X'a

which is relatively open in X'a by condition (a).

Also for each a £ I and each xa £ X'a , the set

*«(*«) = {«- e X'a: [»„, xa] £ B'J

is non-empty for the following reasons. By condition (b) Ba(xa) ^ 0. Let xa £
Ba(xa). If xa $ B'a(xa), that is x = [xa, xa] <£. B'a = Ba D X'. Then since
x = [xa, xa] £ Ba , it follows that x £ X' and hence x £ K as K C X'. By
condition (c) there exists y £ K, y = [ya, ya] £ Xa x Xa such that [ya, xa] £ Ba for
each a G / . Thus as ya £ Pa{K) = X'a and xa £ X'a , [ya> xa] £ Ba D X' = B'a.
Hence ya £ B'a(xa). Therefore B'a(xa) is always non-empty.

Finally it can be easily seen that for each a £ I and xa £ X'a ,

4. (*a) = {«« G ^ a : [*a, *a] € < } = {xa £ Xa: [xa, xa] £ Aa} n X ;

contains the convex hull of the set B'a(xa) = {xa £ X'a: [xa, x'a] £ B'a} = {xa £
Xa: [xa, xa] £ Ba} n .YQ by condition (c). Hence the system {X'a) A'a, B'a} satisfies
the conditions of Theorem 1.

Therefore C\ A'a ^ 9. Hence D Aa ^ 0. |
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Remark. Theorem 2 for a finite family has been obtained in [9] as an application of
the fixed theorem proved in [7]. The technique applied in [9] fails for the case of an
arbitrary family as the product of an arbitrary family of open sets need not be open.

The following theorem, which includes a theorem of Von Neumann [6], which in
turn implies the fundamental theorem of two-person zero sum games was proved by Fan
([2] and [3]) and also Browder [1].

THEOREM 3. Suppose eacii Xa is a compact convex subset of a locally convex

Hausdorff topological vector space Ea . Let {Aa : a £ / } be a family of closed subsets

of X having the property: for each a £ / and each xa £ Xa, the set A(xa) is a

non-empty convex set.

Then D Aa ^ 0.

Using this theorem we prove the following extension.

THEOREM 4. Suppose each Xa is a convex subset of a locally convex Hausdorff
topological vector space Ea . Let {Aa: a £ /} be a family of closed subsets of X
having the property: for each a £ I and each xa £ Xa the set Aa(xa) is a non-empty
convex set.

Further assume that there is a non-empty compact convex subset K of X such
that for every x £ X \ K, x == [xa, xa] £ Xa x xa , there exists y £ K, y = [ya, ya] £
Xa x Xa satisfying [ya, xa] € Aa for each a £ / .

Then tiiere exists at least one point Xo such that xo £ D Aa .

PROOF: AS before, let Pa: X —> Xa be the projection of X onto Xa for each
a. For each a £ / , let Pa(K) = X'a which is a non-empty compact convex set in Ea .
Let X' = n i i and for each a £ I, let A'a = AanX'. Then A' is a closed subset

of X for each a £ / as X' is compact and Aa is closed.

Now for each a £ / and each xa £ Xa we can prove by giving similar arguments
to those in the proof of Theorem 2 that A'a{xa) = {xa £ X'a : [xa, xa] £ A'a} ^ 0.
That A'(£a) is convex follows from the equality:

K(*a) = {*« £ X'a : [xa, xa) £ A'J = {xa £ Xa : [xa : xa] £ Aa} n X'a.

Now applying Theorem 3 to the system {X'a, A'a} we have n A'a ^ 0.

Thus the theorem is proved. |

Remark. Results dual, in the sense of [8], to those of Theorems 2 and 4 can be obtained
similarly.
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