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Abstract

We consider the problem of group testing (pooled testing), first introduced by Dorfman. For nonadaptive testing
strategies, we refer to a nondefective item as “intruding” if it only appears in positive tests. Such items cause
misclassification errors in the well-known COMP algorithm and can make other algorithms produce an error. It is
therefore of interest to understand the distribution of the number of intruding items. We show that, under Bernoulli
matrix designs, this distribution is well approximated in a variety of senses by a negative binomial distribution,
allowing us to understand the performance of the two-stage conservative group testing algorithm of Aldridge.

1. Introduction to group testing

The group testing (pooled testing) problem was introduced by Dorfman [14] and provides a way of
efficiently finding a small number of infected individuals in a large population. The key construction
underlying this method is a so-called pooled test: given a subset S of the population, we combine
samples from each member of S into a testing pool, and test them all together. We suppose that such
a test returns a positive result if and only if at least one person in S is infected. Hence, a negative test
allows us to deduce that every person in S is not infected, allowing for efficient screening of individuals.
Some inference can be drawn from a positive test, but the analysis is typically more involved.

By carrying out a series of pooled tests, we hope to efficiently identify all the infected individu-
als—using as few tests as possible, and ideally using simple algorithms which do not require intensive
computation.

The group testing problem has generated an extensive literature, surveyed for example in [5,15], and
a large variety of variations on the problem exist. Group testing has been proposed as a solution to
problems in a wide variety of fields (see [5] Sect. 1.7 for a survey of some of these applications). In
engineering and computer science in particular, it has been used to efficiently search computer memories
[24], to give a novel data compression algorithm [21], to detect high-demand items in databases [11],
to bound the performance of multi-access communications channels [32], and in many other problems
besides. Due to the shortage of tests early in the COVID-19 pandemic, group testing was a natural
solution proposed to find infected individuals, and has indeed been deployed at scale in a variety of
countries (see [3] Sect. 6 for a review of some such uses).

One key distinction is whether we are allowed to employ adaptive testing strategies (where the choice
of individuals to be tested can depend on the outcome of previous tests) or are restricted to nonadaptive
ones (where the test design is chosen in advance). Clearly, the ability to search adaptively cannot harm
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us, and indeed it is known (see [5] Sect. 1.5) that in this case Hwang’s algorithm [22], based on efficient
binary search, requires a number of tests which is asymptotically optimal for a wide range of parameters.
However, in many circumstances, adaptive algorithms may not be an option, and there is independent
mathematical interest in understanding the performance of algorithms which are nonadaptive or are
restricted to a small number of stages.

One motivating example for the study of group testing algorithms with restricted stages is that of
COVID testing. It has been known since the early days of the coronavirus pandemic that a sample from
one infected individual gives a strong enough PCR positivity signal when mixed in a pool of 32 or 64
samples that group testing is a potentially viable strategy [33]. However, to take advantage of the ability
of PCR machines to perform 96 or more tests at a time in parallel [16] we need to use nonadaptive
algorithms. Furthermore, as argued in for example [26], if each round of tests takes a few hours to be
processed, then multi-stage binary search algorithms can give information about the infection status
of individuals too late to be useful, meaning that the virus could have already been passed on before
the results are received. For this reason, in this article, we will focus on nonadaptive and two-stage
algorithms.

When we work nonadaptively, we must declare our testing strategy in advance, and it is perhaps not
immediately obvious which strategy to choose. One simple idea, which we will refer to as Bernoulli
testing, consists of randomly placing each member of the population into each pool with the same
probability p, each such choice being taken independently of one another. In fact, if there are k
infected individuals, it is generally a good strategy to choose p = 1/k, so that there is, on average, one
infected individual in each test pool. Of course, Bernoulli testing is not the only strategy, and improved
performance can be obtained by placing each person in a fixed number of tests at random [23], or by more
advanced test designs [10]. However, Bernoulli testing is simple to describe and analyze, and generally
gives performance [5] Sect. 2 within a constant multiple of the best possible, so we will focus on it here.

Having chosen a particular nonadaptive test strategy, a key question is how we find the infected
individuals. A variety of algorithms are possible but one particularly simple one is referred to as
COMP after its use in the paper [9], but dates back at least to the work of Kautz and Singleton [24].
This algorithm works as follows: as mentioned above, each person who appears in a negative test is
guaranteed to be not infected. Hence, we can build a list of noninfected people by collecting together
the people from each negative test. For definiteness, we simply assume that everyone else is infected.

Given enough tests, each noninfected person should appear in at least one negative test, but using
arguments based on the coupon-collector problem we can deduce that this may require more tests than
we would otherwise hope. If we use insufficiently many tests, the algorithm is likely to fail, with a clear
single source of error. That is, if some noninfected person only appears in positive tests, then they will
be incorrectly classified as infected. We refer to such a person as “intruding,” and the focus of this paper
will be to count the number of intruding individuals, which we will refer to as G. (Each person declared
to be noninfected will definitely be so—see [5] Lem. 2.3.)

The COMP algorithm succeeds in deducing every individual’s infection status exactly if and only if
G = 0, but by understanding the distribution of G we can also consider some related issues. First, as
mentioned previously, given perfect testing, COMP never classifies a noninfected person as infected,
and can be used to provide a quick screening of the population. Knowledge of G tells us precisely how
many healthy people would be wrongly quarantined as a result of this screening, so given a particular
tolerance of this effect we could choose the number of tests accordingly.

Second, we can regard COMP as the first stage of a “conservative two-stage group testing” algorithm
as described by Aldridge [2], where following an initial screening using COMP we choose to test each
person who has not received a clean bill of health using individual testing. [2] Thm. 1 describes the
expected number of tests for such a procedure to succeed. If there are k infected people, clearly the second
stage requires G + k tests to succeed, so by understanding the distribution of G we can approximate the
probability this two-stage algorithm will succeed, which can give more information than the expected
value. Furthermore, given an overall budget of T tests, we might wish to know the optimal number of
tests 77 to use for the initial COMP stage, and analyzing the distribution of G will give insight into this.
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Finally, the purely nonadaptive DD algorithm introduced in [4] uses COMP as a first stage of the
analysis, and performs a further analysis based on looking for positive tests that contain exactly one
“nonscreened” item. Informally, we know that DD will succeed if the number of intruding items G is
much less than the number of defectives k, so again by understanding the distribution of G we gain
insight into the performance of DD.

The structure of the remainder of the paper is as follows. In Section 2, we give a more formal
introduction to the group testing problem, including introducing notation, defining the COMP algorithm,
and proving some simple properties of the number of intruding items G. In Section 3, we show that G
can be well approximated by a negative binomial distribution, first by considering a limiting argument
that shows convergence of all falling moments in an asymptotic limit and then giving a more detailed
bound based on a novel adaptation of the Stein—Chen method which gives bounds in finite blocklength
settings as well. Section 4 discusses the implications of these results for various group testing algorithms,
before a brief conclusion is given in Section 5.

2. Notation and definitions
2.1. Group testing setup

We now state the group testing problem in slightly more formal language and introduce some notation
similar to that of [5]. We will write n for the total population of individuals, which we will refer to as
“items.” Instead of referring to infected and healthy individuals, we will follow standard group testing
terminology by calling them “defective” and “nondefective,” respectively. We write K for the set of
defective items (or defective set for short) and k = || for the total number of defective items, and T for
the number of tests.

As is standard, we can represent a nonadaptive testing strategy by a binary T X n test matrix X, with
rows corresponding to tests and columns corresponding to items. Here, the entry X,; = 1 means that
item i appears in test 7. In this paper, we focus on Bernoulli testing, where the (X;;) are independent
Bernoulli random variables with parameter p. We will refer to this as a “Bernoulli test design with
parameter p,” and this design will apply throughout. Of particular interest will be the case p = 1/k.

The outcome of test ¢ is represented as a binary value Y; (where ¥; = 1 means a positive test) which
can be calculated for this test matrix as

Yo=\/ X, ()

iekK

where \/ represents a standard binary OR, capturing the fact that each test is positive if and only if it
contains at least one of the items in K.

As in [4] we write go = (1 — p)¥, noting that each test is positive independently with probability
1 — go (since it is negative, if and only if it contains none of the k defectives).

Again, as in [4,10] and other papers, we will often study what is referred to in [5] as the sparse regime.
In this setting, the number of items 7 tends to infinity and the number of defectives k = k(n) = n? for
some explicit parameter 6 € (0, 1). In this context, it is natural to consider an asymptotic regime where
the number of tests T = (¢/qo) k log(n) for some constant ¢, noting that if p = 1/k, then asymptotically
qo converges to e~'. Here and throughout our work, we write log for the natural logarithm.

Another asymptotic setting of interest (see, e.g., [1] and [5] Sect. 5.5) is referred to as the linear
regime. Here, again n tends to infinity, and the number of defectives k = k(n) = Bn for some explicit
parameter 8 € (0, 1). In this context, we consider an asymptotic regime where the number of tests 7' = cn
for some constant c. Although, in this regime, Aldridge [1] proved that no nonadaptive algorithm can
outperform individual testing, there is still interest in understanding the performance of two-stage or
adaptive algorithms, and analysis of G of the kind presented in this paper can help with this.

However, in many practical group testing contexts, we are also interested in what we refer to as the
finite blocklength setting, following terminology popularized for example by the work of Polyanskiy
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et al. [27]. In this context, we wish to understand the performance of algorithms in solving concrete
problems such as n = 500, k = 10 (see [4]), where asymptotic bounds may not necessarily give the best
guide to actual performance. Interest in finite blocklength problems was particularly prompted by the
COVID pandemic, where for example the use of 96-well PCR plates [16] means that the number of tests
may be bounded by (a multiple of) 96. This setting has typically been less well explored than asymptotic
settings such as the sparse or linear regimes described above, however we provide some bounds in this
context.

At various points, in our analysis, we will find it useful to work in terms of the falling moments of
various random variables, and we will write M) (Y) = E(Y)(5) = EY(Y-1) ... (Y=s+1) = EY!/(Y—s)!
for the sth falling moment of random variable Y. We will also write w(u) for the Hamming weight of
the binary vector u.

2.2. COMP algorithm

The COMP algorithm uses the test outputs ¥ and matrix X to produce an estimate of the defective set
K which we will write as ‘KCOMP In fact, it is easier to consider the complement of V(CQMP an item will
appear in this complement if it appears in some negative test. Formally speaking

V?EOMP ={i : Yy = 0 for some s with X,; = 1}. 2)

Notice that if item j really is defective (i.e., j € K), then for every test s with X;; = 1 then ¥, = 1
(by the definition of the group testing action in (1)), so that (2) implies that j is not in ‘I?COMP. In other
words, K C (ieCOMP (see [5] Lem. 2.3).

COMP is an attractive algorithm because it is simple to perform and interpret, and because of this
performance guarantee in one direction. However, in practice if we do not perform enough tests, then
7?(:01\/[]) can be significantly larger than K, meaning that many nondefective items would be misclassified,
potentially causing problems in healthcare-related situations where unnecessary quarantine could result.

For this reason, Aldridge [2] proposed what he refers to as a conservative two-stage algorithm.
Here, given a total budget of T tests, we should use 7; of them to perform the COMP algorithm in
the usual way, and then the remaining 7, := T — T tests to perform individual testing of each of the
items in ‘I?COMP, which have not been classified as nondefective. While this algorithm may be inferior in
performance to a two-stage algorithm which uses the 7} tests to perform the DD algorithm [4] followed
by individual testing, it has the advantage of being transparent to perform for healthcare professionals
without a mathematical background.

Clearly, the conservative two-stage algorithm of Aldridge [2] will succeed in finding all the defective
items if the number of second stage tests is greater than or equal to the number of items to be tested.
That is, it will succeed when T, =T - T} > |7?COMP|, meaning that we would like to find the size of
7?COMP- Furthermore, for a given budget of T tests, since larger values of 7} give smaller 7?COMP (more
stage one tests allow more nondefective items to be screened out) but leave fewer tests available in the
second stage, we would like to find a sensible choice of 7} that manages this tradeoff.

2.3. Basic properties of intruding items

We now define the key property we will study in this paper:

Definition 2.1. We define

1. a nondefective item as “intruding” if it only appears in positive tests.
2. the binary random variables

G; = I(item i is nondefective and intruding),
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G = (Gy,...,G,) the binary vector with these components, and G = Y,; G; = w(G).

More formally, if nondefective item ¢ is intruding, then Y; = 1 for every s with X5, = 1, so that (by
(2)) we know ¢ ¢ V?éOMP, sof € ‘]?COMP. In other words, if a nondefective item is intruding, then COMP
will mistakenly declare it to be defective. Since nonintruding items are declared to be nondefective by
COMP, we know that the size of ‘I?COMP (which determines the success of the two-stage algorithm of
Aldridge [2]) is exactly [Kcomp| = k + G.

For a given nondefective item i, we can work out the marginal distribution of G; relatively easily:

Lemma 2.2. Under a Bernoulli test design with parameter p, for each nondefective item i, the marginal
distribution of G; is Bernoulli with parameter (1 — pqo)T, where we recall that we write gy = (1 — p)*.

Proof. Item i is intruding if no test contains item i and no defective item. The probability of the event
that test ¢ contains item i and no defective item is p(1 — p)* = pgo, so since successive tests are
independent, the chance that we avoid this event for each test is (1 — pgo)” . m]

3. Main results
3.1. Moments and associated random variables

If the G; were independent, then the analysis of the distribution of G would be easy: using Lemma
2.2, then G would be binomial with parameters n — k and (1 — pqo)” . However, there is a dependence
between the G;. In fact, if we learn that a given item is intruding, that suggests there might be more
positive tests than average, which would imply that other items are more likely to be intruding.

We formalize this intuition by showing that the G; are more likely be equal to 1 together than
independence would imply. That means that if COMP fails, it is more likely to fail badly (with a large
total G) than a naive analysis based on Lemma 2.2 might suggest. We prove this in two ways, first by
showing in Corollary 3.3 that the G; are pairwise positively correlated, and second by proving a stronger
result (Proposition 3.5) which shows that the G; have the property of association (see Definition 3.4),
which is stronger than positive correlation (see the discussion in [17] for example).

In fact, we will deduce the positive correlation result (Corollary 3.3) from an expression for the
falling moments of G (Proposition 3.1), which may be of independent interest, extending the result
for EG implicit in [2] Thm. 1). We describe the distribution of G as a binomial mixture of binomial
distributions as follows. As in [4], if we let M be the number of negative tests, then we know that:

My ~ Bin(T, (1 - p)*), 3)

G |My=m~Bin(n—-k,(1-p)™). 4
The first result follows because a test is negative if and only if it contains no defective items, and
for Bernoulli testing this occurs independently across tests with probability ¢o = (1 — p)*. Moreover,
the second result follows because a nondefective item is intruding if and only if it does not appear in
any of the M, negative tests, and each nondefective item is present in a given test independently with
probability p. We can use this to prove the following result:

Proposition 3.1. Under a Bernoulli test design with parameter p, the falling moments of G are given by
n—k .
M) =E6(G - 1) G =5+ ) ="t -a-p o)
for any integer s > 0.
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We prove this result using the following intermediate lemma:

Lemma 3.2 (Falling Moments of Binomial Distribution). Suppose X ~ Bin(L, t). Then, the sth falling
moment of X is given by:

L .
M5 (X) = (S)s!-r‘. (6)

Proposition 3.1 follows using Lemma 3.2 when we recall the distributions of My and G | My = m
from (3) and (4), and apply the law of iterated expectation to express M (s (G) = E[E((G), | Mo)]. We
omit the details for brevity.

Note that we can give an alternative proof of Proposition 3.1, using [20] Lem. 2.2, which gives a
multinomial-type expansion for falling factorials based on the Vandermonde identity. This expansion
simplifies in the case of binary random variables to give the fact that the falling moment can be expressed
as a sum over sets:

[ e

ieS

M (G) = 5! Z E (7

S:|S|=s

The summation over sets contributes s!(";k) equal expectation terms, each one of which equals the

probability that all elements of a speciﬁedAset are intruding, which corresponds to the event that none
of them ever appear in a negative test, so the result follows by independence of all test items.

Using Proposition 3.1, we can deduce the following result that shows that the G; have positive
pairwise correlation:

Corollary 3.3. For nondefective items i # j:
Cov(Gi.Gj) = (1= qo(2p - p*)" = (1= qop)*" 2 0. ®)
Proof. We consider the variance of G in two different ways:
Var(G) = M(3(G) + EG — (EG)?, )
and (using the symmetry between pairs of G; implied by the Bernoulli matrix design)

Var(G) = Z Var(G;) + Z Cov(G;,Gj)

i#]
= (n—k)(EG; - (EG)*) + (n - k)(n - k — 1)Cov(G;, G,)
(EG)?
=BG - —— +(n-k)(n-k-1)Cov(G;,G)), (10

using the fact that for a binary random variable ¥ we have Var(Y) = EY? — (EY)? = EY — (EY)? and
that (n — k)EG; = EG. Now, equating (9) and (10), we obtain that

1
(n=k)(n ~ k = NCoV(G1. G ) = Mz (G) — (EG)” (1 - m)
=(n=k)(n=k=D[(1=go(1=(1=p)*N" = (1=go(1=(1-p))]
using the expressions for M(»)(G) and M(;)(G) from Proposition 3.1, and the result follows on
cancellation. O
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However, we can prove a stronger property than just positive correlation. Recall the following
definition:

Definition 3.4 [17]. Random variables X = (X1,X>,...,X,) are (positively) associated if, for all
increasing functions f and g,

E(f(X)g(X)) = E(f(X))E(g(X)). (11

We will prove the following proposition:

Proposition 3.5. Under a Bernoulli test design, the random variables G = (G,G3,...,G,) are
associated.
Proof. See Appendix A. o

Combining Proposition 3.5 with Theorem 3.1 of [12], we find that G is larger, in a convex sense,
than a binomial random variable H with parameters n — k and (1 — pgo)”. That is, we have that
Eg(G) = Eg(H) for all real-valued functions g with g(x + 1) — 2g(x) + g(x — 1) > O for all positive
integers x, and for which the expectations exist (where we note from Property 3.4 of [13] that convex
ordering on the integers is equivalent to convex ordering on the real line). This formalizes the notion
that G is more variable than it would be if the G; were independent.

The function g(x) = x!/(x — s)! satisfies this convexity condition, since direct calculation gives that
gx+1)-2g(x)+g(x—1)=s(s—=1)(x—1) ... (x—s+2) in this case. We thus deduce that (see Lemma
3.2 for the value of M, (H))

-y
M (G) = M5 (H) = (n E )S!(l - pqo)*", (12)

that is, the falling moments of H act as lower bounds for those of G. Indeed, direct calculation gives
that the ratio

M (G) (1 —qo(1 = (1-p)*)

T
= =: T 13
M) (H) (1= pgor ) R(s) (1)

where R(s + 1) — R(s) = (pgo(1 = go))(1 = (1 = p)*)(1 = pgo)™*~' > 0, so that the ratio between
successive falling moments of G and H is increasing in s.

Some numerical illustration of this is given in Table 1, along with comparison of falling moments of
G with those of other distributions which are more suitable than H as approximations of G and which
we now discuss in more detail.

3.2. Negative binomial approximation

In this subsection, we start to show that the distribution of G can be approximated by Z, where
Z ~ NB(r, g) follows the negative binomial distribution. For concreteness, we use the parameterization
where the probability mass function for the negative binomial distribution is

I'(z+r)

P(Z=12)=f(z;r,q) = Tl

q" (1-¢g)* forz=0,1,2.... (14)

Note that in the case of integer r, the normalization constant I'(z +r)/(I'(r)z!) = (“; _l), and Z can be
interpreted in terms of the number of failures to see the rth success in a sequence of Bernoulli trials.
However, we do not require r to be an integer here.

The parameter r is sometimes referred to as the dispersion. In this sense, it is worth noting that the

case r = 1 corresponds to a geometric random variable (as mentioned above) and the limiting regime
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Table 1. First four falling moments of approximating distributions in the case n = 500, k = 10, p = 0.1,

T = 100.
s M (G) M5 (Z) M (Y) M5 (X) M) (H)
(true) (negative binomial) (Poisson) (geometric) (binomial)
1 14.088 14.088 14.088 14.088 14.088
2 252.71 252.71 198.49 397.0 198.09
3 5,716.9 5,505.1 2,796.6 16,779.4 2,779.5
4 161,487 141,110 39,400 945,605 38,919

True falling moments M) (G)are given by (5). Negative binomial falling moments M) (Z) are given
by (15) with parameters are given by (18). Poisson falling moments are given by M) (Y) = A°, where
A = M(y(G) is chosen to match the first moment of G. Geometric falling moments are given by
M (X) = s!(1/a - 1)°, where @ = 1/(1 + M(1)(G)) is chosen to match the first moment of G. The
binomial random variable H and its falling moments are as given in the discussion following Proposition
3.5.

r — oo and g = r/(r + A) (which corresponds to a mean-preserving limit—see Lemma 3.6) gives the
mass function of a Poisson random variable with mean 1. However, in the finite blocklength setting, we
will see that G is often well approximated by a distribution with 1 <« r < co, meaning that neither the
geometric nor Poisson approximation are valuable.

One natural question is that of which negative binomial distribution (which choice of parameters)
to use. We argue that one natural choice is based on a standard moment matching argument—since we
need two parameters, we need to set EG = EZ and EG? = EZ?. In fact, equivalently, since Proposition
3.1 and Lemma 3.6 give closed form expressions for the falling moments of G and Z, it is actually easier
to solve M(4)(G) = M()(Z) for s = 1, 2. It is a straightforward exercise involving the Gamma function
to prove the following:

Lemma 3.6 (Falling moments of negative binomial distribution). The falling moments of Z ~ NB(r, q)
are given by:

M) (Z) =

F(s+r)(1—q)s. (15)

r(r) \ q

Hence, combining Proposition 3.1 and Lemma 3.6, we have successfully matched the moments if

rl-q) _

(n—k)(1-qop)" = M)(G), (16)
(1 - q)?
MDD — (== k= 1)1 = qu2p = )" = M3 (G), (17
or, equivalently, if
M) (G)? M) (G)

q (18)

T M) (G) - M1y(G)? - M) (G) + M1y (G) — M1y (G)?

In Figure 1, we illustrate the quality of this negative binomial approximation for G in the case
n =500, k = 10, and p = 0.1. We plot the mass function of the negative binomial random variable Z
(with parameter choices as in (18)) and the corresponding estimated mass function for G obtained by
simulation, for several values of the number of tests 7 in a nonadaptive algorithm. These experiments
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Mass Functions of G and Z (n=500, k=10) —=
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Figure 1. Probability mass functions of G (blue, obtained by simulation) and approximating negative
binomial random variable Z (black). In this case, the group testing parameters are n = 500, k = 10,
and p = 0.1. The four plots correspond to T = 60, 80, 100, 120.

show that this negative binomial distribution gives a good approximation to the distribution of G for
various different values of 7.

We also find that for many finite blocklength examples the extra flexibility offered by a two parameter
approximation means that the negative binomial distribution with parameters given by (18) approximates
the low-order falling moments of G (and hence the variance, skewness, and kurtosis) better than either
the Poisson or geometric distributions with a single parameter chosen by matching means. This is
illustrated in Table 1, again in the case n = 500, k = 10, p = 0.1, T = 100. In this setting, the dispersion
parameter » of Z is 3.66, which is well separated from both r = oo, corresponding to the Poisson, and
r = 1, corresponding to the geometric.

In general, direct calculation shows that for any n, p, g, T such that » > 1, then writing X, Z, Y, and
H for the geometric, negative binomial, Poisson, and binomial, respectively, defined in Table 1, we have

M(x)(X) > M(s)(Z) > M(s)(Y) > M(s)(H) forall s > 1. (19)

This follows by rewriting the expressions in (19) in the form

S!(r(l—q))s Tl +r) ((l—q))s S (r(l—q))s S (r(l—q))s
q ['(r) q q q

(")t

(n—k)s

which simplifies to

s!rs2(s+r—l)(s+r—2)...r2rser(n_k)“'(n_k_s-'-l)
(n—k)*

Recall from (12) above that M) (G) > M) (H) for all s. However, it is not the case that M) (G) >
M5 (Y) for all s, since M(5)(G) = Ofors > n—k, whereas M) (Y) > O for all s, although from Table 1
it appears that M(5)(G) > M) (Y) for small s at least.

In the sparse regime described above (in which k = n?, p = 1/k and T = (c/qo)k log(n)), we note
that the dispersion parameter r of (18) tends to infinity as n — oco. This is equivalent to the fact that
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M2)(G)/M1)(G)?* tends to 1. We can deduce that this holds from (18) by writing

M) (G) _(n=k)(n—-k=1)(1-q0(2p - p)”"
M) (G)? (n—k)2(1 = gop)*"
A, PPaol-q0)\"
_(1+ (1 —qop)? )
~ exp (PZTQO(l - 40))
(1 -qop)?
e[S eE)

(20)

since qop?T = clog(n)/k.
Similarly, in the linear regime (k = Bn, T = cn) using (20), we obtain

Mp(G) ¢qo(1-qo)\ _
M1)(G)? - ( B*n ) b

since p>T = c¢/(8*n). A Poisson approximation to the distribution of G may thus be appropriate in the
large-n limit for the sparse and linear regimes, but the numerical results of this section make it clear that
a negative binomial approximation is a more natural choice for finite blocklength applications.

3.3. Convergence of falling moments

Next, we show that, in this framework, matching the first two moments of G and Z ensures that all the
falling moments converge.

We can see this informally by simplifying (5) and (15), respectively. The former gives (to leading
order)

M5 (G) = (n ; k)sl(l —qo(1=(1=-p))’

= (n=k)*(1=qo(ps))"
= (n—k)* exp(—qopsT) = ((n - k) exp(=qopT))’, 21

using the fact that 1 — (1 = p)* = 1 — (1 = ps+ O(p?)) = ps + O(p?). The latter gives

@ = (1) = (50 Y

Note that the moment matching condition of (16) gives that (1 — ¢)/qg = (n — k)(1 — gop)T =
(n — k) exp(—qopT), meaning that (21) and (22) agree. A more formal comparison of falling moments
is given in the following theorem, where we recall that with the usual choice p = 1/k we have

go=(1-p)f~el:

Theorem 3.7. Consider the number of intruding defectives G and negative binomial Z with parameters
given by moment matching, satisfying (18). Under a Bernoulli test design, for any integer s > 1, if we
write C = qo(1 = qo)/(1 = qop)?, then the moment ratio satisfies

M (G) S n—-k-s
M (Z2) ~\(n—k)(1+(s—1)/(2r))

(s =2)(1-2g0)p\\"
3(1 - qop) )) 23

s 1
) (1 + 5s(s -1nHep? (1 -
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and

M) (G) _ dpcr o
M(S)(Z)SCXp(s(s DCp T (1 -qop)™°). (24)

Proof. See Appendix B. O
Hence, for any fixed s, the ratio M(5)(G)/M)(Z) — 1, for both

1. the sparse regime with k = n? for some @ € (0, 1) and T = cek log n, and
2. the linear regime with k = Bnand T = cn.

Here, we control the upper bound in (24) using the fact that (see Section 3.2) the p>T is c logn/(gok)
or ¢/(3*n), respectively. Similarly, we control the lower bound (23) using the fact that in both regimes
the n — k and dispersion parameter r tend to infinity (again see Section 3.2).

Additionally, the bounds (23) and (24) allow us to control the ratio M) (G)/M ) (Z) in the finite
blocklength regime, deducing bounds that can be compared with the concrete values given in Table 1
for example.

3.4. Stein—Chen method

Having seen in Sections 3.2 and 3.3 that a negative binomial distribution seems to be a reasonable
approximation for the distribution of G, in this section, we adapt the Stein—-Chen method to prove
explicit error bounds in the approximation of G by a negative binomial distribution. We emphasize that
these bounds apply for any finite blocklength application. The error in our approximation of G by Z
will be measured in total variation distance, defined by

drv(G,Z) = sup |P(G € A) —P(Z € A)| = inf P(G # Z), (25)
ACZF (G,Z)
where Z* = {0, 1, ...} and the infimum is taken over all couplings of G and Z.
First, we briefly review the Stein—Chen method in the context of negative binomial approximation.

For a more detailed introduction to this technique more generally, we refer the reader to [28]. Recall
from [8] that Z ~ NB(r, g) if and only if

E[(1-q)(r+2)g(Z+1) - Zg(2)] =0, (26)

for all test functions g : Z* — R for which the expectation exists. This follows as a consequence of the fact
that the negative binomial probability mass function of (14) satisfies zP(Z = z) = (1—-q)(r+z—-1)P(Z =
z-1).

The key to the analysis is that for each set A C Z* we can define a function f4 : Z* — R which
satisfies f4(0) = 0 and the Stein—Chen equation

(I1-q@)(r+2)fa(z+1) —z2fa(z) =l(z € A) -P(Z € A), (27)
for all z € Z*. Then, for any random variable Y, we can take the expectation of (27) over Y to obtain
E(1-=q)(r+Y)fa(Y+1) =Y fa(Y)) =P(Y € A) —P(Z € A). (28)

Note that (as expected) if Y were negative binomial, then both RHS and LHS of (28) would be zero (the
latter due to the characterization in (26)). However, we can deduce that if the LHS of (28) is small, then
so is the RHS. Indeed, if the LHS of (28) is small uniformly over choices of A, then we can deduce a
bound in total variation distance since, combining (25) and (27), we have

drv(Y,W) = sup [E((1=q)(r+Y) fa(Y + 1) =Y fa(Y))l. (29)
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Having reviewed the Stein—Chen method in general, we will now describe how we bound (28) in this
specific case. For our approximating negative binomial distribution for G, we will make the following
choices of the parameters g and r:

- H — -
q="3 and r_a'z—,u_eTPZqO—l’ (30)

where
u=(n- k)e_T”"0 and o2 = (n- k)z(e_”’(z_‘”)”‘J - e‘zT”"O) +(n— k)e_T”"U,

and where, as before, we write gy = (1 — p)¥.

We remark that these parameter choices do not match the first two moments of Z with those of G,
unlike those of (18). Instead, the parameters g and r are chosen to match the first two moments of Z with
those of G”, to be defined precisely below, in which the binomial mixture which defines G is replaced
by a particular Poisson mixture. This may seem a little unnatural at first, but makes sense in the setting
of the proof in Appendix C, and the ultimate effect should be negligible since the distributions of G and
G are close, as our proof demonstrates.

Our main result is the following.

Theorem 3.8. Let G be as above, and let Z have a negative binomial distribution with parameters q
and r given by (30). Then, defining K = 7 P9, we have

1 1 1
drv(G,Z) < 2min —a(qo) + log( +—
\/ =40 \/_ V2n V1 =4qo K
2- - Nl 1 ~
+ Q-9r=-k (e”'Kr exp(—Kr) + r ({L(x)w , qu) -T(r,Krx) dx) ,
l-gq 0 log(1 - p)
(€29
where
(@) 0.4748[/1 — go(1 + Zq(z)e_q") + q% +(1-g0)?
alqo) = )
Vao(1 = qo)
and f(, -) is the normalized upper incomplete gamma function, defined by
—~ 1 A
I'(s,y) = —/ e dt,
(s) Jy
where I'(+) is the gamma function.
Proof. See Appendix C. O

We conclude this section with some discussion and numerical illustration of the bound of Theorem
3.8. We will discuss further aspects of the convergence of this bound in Remark 3.9, but first use
numerical illustrations to gain some initial understanding of its behavior. Firstly, we note that although
our bound applies for any finite blocklength, there are examples in which it is worse than the trivial
bound dtv (G, Z) < 1, or performs poorly compared with the simulation results we observed in Section
3.2. For example, with n = 500, £ = 10, p = 0.1, and T = 100, the bound of Theorem 3.8 gives
drv(G, Z) < 1.80, which is clearly uninformative. We give some further examples of our upper bound
in Table 2, all in the case n = 2500 and for various values of k, p, and T, from which it is clear that there
are some cases in which the bound of Theorem 3.8 performs very well, and demonstrates proximity of
the distribution of G to negative binomial.
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Table 2. The upper bound of Theorem 3.8 in the case n = 2500 for various values of k, p, and T.

T =500 T = 1000
p =0.05 p=0.1 p=02 p =0.05 p=0.1 p=02
k=5 0.501 0.337 0.120 0.460 — —
k=10 0.342 0.216 0.066 0.307 0.198 0.057
k=20 0.234 — — 0.200 0.065 —
The symbol “—” indicates that the upper bound is larger than 1, and therefore uninformative.

It is interesting to note that in many cases the largest share of the error estimate in Theorem 3.8 comes
from the first term of the upper bound, which arises from the approximation of the binomial random
variable M, by a Poisson random variable of the same mean (see the proof in Appendix C for details).
Nevertheless, the bound we would obtain without making this approximation generally performs worse
than our Theorem 3.8. We conjecture that this is because the integral in the final term of the upper
bound is made smaller by this approximation of M, (compared with the corresponding term without
this approximation), resulting in a smaller upper bound overall because of the relatively large factors
multiplying this integral.

Remark 3.9. While the incomplete gamma functions in (31) make the integral in that bound not
straightforward to interpret directly, we can provide an upper bound on this quantity using concentration
of measure inequalities.

We split the region of integration in three parts, with breaks at (1+¢€)/K. On the region ((1-€) /K, (1+
€)/K), we simply bound the integrand by 1, to give 2¢/K. Using the fact that for 0 < u,v < 1 we can
bound |u — v| < max(u,v) and |u — v| < max(1 —u, 1 —v), we can hence bound the integral in (31) by

E+lmax(]P’(§’< (1_6)),P(n’< (1_6)))
K K K K

+max(P(§’ > (I;E)),P(n’ > (126))),

wheren’ ~ T'(r,rK) and &’ = (1—p)M’, with M’ ~ Po(Tqy); see also (C.9) in the proof of Theorem 3.8.
The inequalities (C.5) and (C.6) below give us that we may upper bound both P(n’ > z) and P(n’ < z)
by

(Kze)" exp(—rKz) = exp(r(1 — Kz +1og(Kz))).

Hence, for example, we know by writing m(s) = s — log(1 +s) ~ s%/2 that

(I-¢
K

P (17’ > %) <exp(-rm(e)) and P (n’ < ) < exp(—-rm(—¢)).

A similar standard Chernoff bounding argument, as used for (C.5) and (C.6), gives that, for Y ~ Po(2),
both P(Y > y) and P(Y < y) are bounded above by exp(—Ah(y/A — 1)), where h(s) = (1 +s)log(1 +
s) — s =~ s2/2. Hence, for example, we can bound

P(¢' > x) =P(M’ l(olgfp)) P( _logx)

1
Sexp( quh( OBX _ ))
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if—logx/p < EM’ =Tqyg,since M’ ~ Po(Tq,). Hence, taking x = (1+€)/K = (1+€)e~T P9, we obtain

(1+e) log(1 +¢€)
; )

P (f’ > ) < exp (—quh (—
Tqop

Similarly, we can bound
P(£ < x) IP’(M’> —logx )<ex ( T h( ~logx 1))
x) = —| < - —_—— - ,
“log(1-p)) = TP\ 1 Zrgqlog(1-p)

if —logx/—1log(1—p) < EM’ = Tqq, since M’ ~ Po(Tqq). Hence, taking x = (1—€) /K = (1—€)e~TP%
and writing m(—p) = —p —log(1 — p) > 0 as above, we obtain that

—log(1—¢) - qum(—p)))
~Tqolog(1 - p) ’

P (§’ < %) < exp (—quh (—

assuming that the numerator is positive, which holds, for example, if € > Tgom(—p). This condition
is satisfied, for example, for large n in the linear regime where T = cn, k = Bn, and p = 1/k, since
m(p) = p?/2 so Tgom(—p) ~ const./n in this regime.

4. Implications for group testing algorithms

As discussed previously, understanding the distribution of G allows us to control the performance of the
conservative two-stage algorithm of Aldridge [2]. Specifically, we consider the scenario where T; tests
are performed in the first stage according to a Bernoulli testing design with parameter 1/k, and then 7,
individual tests are performed afterwards to resolve the status of items we are unsure about.

Given a fixed total budget of T tests, we can regard the standard Bernoulli test design as corresponding
to7) =T and T; = 0 (no second stage), and individual testing as corresponding to 77 = 0and 7, = T (no
first stage). However, it is natural to consider strategies intermediate to these, to see if better performance
can be obtained by choosing some 7 satisfying 0 <7} < T.

Given an overall budget of T tests, this leaves us 7, = T — T; individual tests to find the status of
k + G items, and we will succeed if 7, > k + G or, equivalently, if G + T} + k < T. Equivalently, the
algorithm will fail if G > T - T} — k.

Aldridge [2] Thm. 1 considers this failure event in terms of expected values. That is, we may wish to
choose T; to minimize

E(T1 +k+G) =Ty +k+ M (G) =Ty +k + (n—k)(1 - gop)"

1
=T +k+(n-k)exp (_JTI)’ (32)

and as in [2] direct calculation gives that the optimal choice of T} to control this expectation is

T! = kelog ("k;k) . (33)
e

Interestingly, since p = 1/k and gy ~ 1/e, this choice makes the expected value

T
M(1)(G) = (n=0)(1 - gop)" = (n— k) exp (—j) =k,
meaning that the average number of intruding nondefectives approximately equals the number of true
defectives, so a randomly chosen individual test is positive with probability close to 1/2, maximizing
the information that we gain from it.
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However, instead of simply finding the expected value we can use the moment values calculated in
this paper to bound the error probability under this kind of two-stage strategy. For example, Chebyshev’s
inequality gives an upper bound on the error probability:

Lemma 4.1. [fwe use T) = kc tests in the first stage and T, = kc tests in the second stage

M) (G)/M1)(G)* = 1+1/M(1)(G)

P(err) < min |1, (34)
(nB(c2 = 1)/M)(G) - 1)?
Proof. A standard argument gives
P(err) =P(G > T, — k) =P(G -EG > T, — k — EG)
Var(G)  M)(G) = M1)(G)> + M(1)(G)
(T> ~ k - EG)? (nB(c2 — 1) = M(1(G))?
and the result follows. ]
Note that the expression (34) becomes
exp(cigop) — 1 +exp(ciqo)/n (35)

~ (Blea - D exp(crqo) /(1 - B) - 1)2

in the linear regime (k = fn), since M(1)(G) = (n — k)(1 — gop)™ =~ n(1 — B) exp(—c1q0) and
M) (G) = (n—k)(n—k = 1)(1 = qo(2p = p*))" = n*(1 - B)* exp(~ciqo(2 - p)).
Hence, if we take ¢; = elog((1 — B)/(Be)) as suggested by (33), so that exp(c1q0) = (1 = 8)/B,
then (35) becomes
exp(2cigop) — 1+ (1 - B)/(nB)
(c2-2)? ’

P(err) <

so for any fixed ¢, > 2 the error probability tends to zero at rate 1/n as n — oo.

Furthermore, using the negative binomial approximation of this paper, we can find large deviations
bounds on the success probability of the two-stage algorithm. Figure 2 shows that, in this case, this
negative binomial approximation provides accurate bounds on the total number of tests needed.

That is, if we write Z for the negative binomial approximation with parameters given by (18), we
know that for any g the tail probability P(G > g) ~ P(Z > g). Using a standard large deviations
argument, we know:

Proposition 4.2. If Z is negative binomial with parameters r and q, then for any g > BZ:

P(Z > g) <exp (—(g +r)DgL (i H 1- q)), (36)
g+r

where we write Dxi(v||w) = vlog,(v/w) + (1 —v)log,((1 —v)/(1 — w)) for the Kullback—Leibler
divergence from a Bernoulli(v) random variable to a Bernoulli(w ).

Proof. See Appendix D. O

Hence, again in the linear scenario (k = Sn), taking Ty = kBe log((1 — B)/Be) tests in the first stage
(as suggested by (33)) and T, = kc; in the second, then the probability of failure will be

P(G>T—k)=P(G > k(cs — 1)) =P(Z > k(cs — 1)), (37)

which we can bound using Proposition 4.2. Using the explicit bounds above, we obtain an upper bound
decaying exponentially in k.
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Figure 2. Comparison of probability mass function of G (via simulation) and approximating negative
binomial distribution Z (via calculation) for 2-stage COMP with a variety of values of T (n = 500,
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Figure 3. Comparison of error probability for 2-stage COMP - via simulation for G and direct calcu-

lation of negative binomial approximation Z. Upper bounds implied by (34) and (36) are provided for
comparion (n =500, k = 10, p =0.1).
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In Figure 3, we see that the negative binomial approximation Z well approximates the distribution of
G and that the upper bounds implied by (34) and (36) are somewhat tight.

This analysis could be extended to cover a two-stage version of the DD algorithm of [4]. In Stage 1 of
this algorithm, there would potentially be some items which could be confirmed as “definitely defective”
(because they appear in some positive test only otherwise containing items which are guaranteed by
other tests to be nondefective). Such items would not need individual testing in Stage 2, which could
potentially reduce the number of tests required by up to k; this could be significant in the linear regime

https://doi.org/10.1017/5026996482200033X Published online by Cambridge University Press


https://doi.org/10.1017/S026996482200033X

Probability in the Engineering and Informational Sciences 989

at least. However, we leave this question as further work, for reasons of space and due to the complexity
of the analysis of nonadaptive DD in [4].

5. Conclusion

We have identified the key role played by G, the number of intruding nondefective items, in group
testing algorithms. Under the standard Bernoulli testing strategy, we have identified the distribution of
G, given explicit expressions for its falling moments and shown how it can be well approximated by a
negative binomial distribution with given parameters. This allows us to deduce results concerning the
performance of the COMP and DD group testing algorithms.
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Appendix A. Proof of Proposition 3.5

Proof. We use Proposition 1 of [18], which shows that it is enough to verify that the G; satisfy the
so-called FKG condition:

P(G=xVy)P(G=xAYy) = P(G=x)P(G=Yy), (A1)

where V and A represent the maximum and minimum, respectively.
By independence, we can describe the distribution of G conditional on My, the number of negative
tests. Recall that M, has a binomial distribution with parameters T and ¢q. For any g, we can write

P(G=g) = Y B(My=m)Py® (1= P,) "

= > P(Mg =m)(1 = Pp)" *R}®,
m

where P, = (1-p)™ and R, = P,,,/(1 — P,,). This follows since we can check which tests the defective
items appear in first, and then each nondefective item is independently intruding with probability P,,,
since it must not appear in the m negative tests.

Using this expression, and writing P(G = x V y)P(G = x A'y) in the form

ZIP’(M(,zm)]P(szVy|M0=m) ZP(Mozf)P(sz/\ylMO:f)
m £
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we can verify the FKG condition (A.1) by writing

P(G=xVy)P(G=xAy) -P(G=x)P(G=Y)
D B(My = mB(My = O)(1 = Pp)" (1 = Po)" * (R, "V Ry ™ — RO RY )

m,l

L Y B(Mg = mP(My = O)(1 = Pp)" (1= Po)" F e (x,y).
m,l

‘We can pair up these a,, ¢ terms, noticing the fact that w(x Vy) + w(x A'y) = w(x) + w(y) means that
@m.m vanishes, and that, in general, we can write

1

: + - pw () + pw (¥)
e (R Ry = R R (R Ry = Ry Ry,
m Ry

U+ A =

where for brevity we write w, = w(x Vy) and w(x A'y) = w(x) + w(y) — w,. Observe that since
wy = w(x) and w, > w(y) both these bracketed terms have the same sign, S0 @,,,.¢ + @, > 0 and the
FKG condition is satisfied. O

Appendix B. Proof of Theorem 3.7

Proof. Write L = (n — k) for the number of nondefective items. We know that

M (6) = ;1= ao(1 = (1= )T
[(r+s) (1 —q)s

rr) \ q

M) (Z2) = p

where we write go = (1— p)* for brevity. By moment matching, we know that L(1-¢gop)” =r(1-q)/q,
so the ratio

M (G) :( L ror )(1_q0(1_(1_p>s>)T
M(Z) ~ \(L=s)ILT(r+5) (1-qop)’

_ L! r(r)yrs 1 s 1-p \ T
_((L—s)!LSF(r+s))((l_qO)(l_qop) +‘10(1_q0p)) : (B.1)

We will treat the two bracketed (falling factorial and T'th power) terms of (B.1) separately.

1. Falling factorial term. Note that

L! C(ryrs  L(L-1)...(L-s+1) re <
(L-s)!LST(r+s) Ls r(r+1)...(r+s-1) —

1, (B.2)

by a termwise comparison. Similarly, we can bound (B.2) from below using the arithmetic
mean-geometric mean inequality as

L! r(ryrs S (L—s)s 1
(L=-s)!ILsT(r+s) \ L Hf;ol(1+i/r)

>(L—s)A 1 :( J s
SV L) (txgasin) \BIEG=D/Cn)
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2. Tth power term. We can write the second term of (B.1) as (1 — R)T, where we write ¢ = 1 — gop,

R=u—%%r(%)+%@—ctﬁ)) (B.3)
q q

We first provide an upper bound on R using the fact that

0(x) = (1+x)° = (L +xs+x%s(s = 1)/2+x3s(s = 1)(s — 2)/6) > 0 (this result follows using the
fact that #(0) = 6’(0) and since 6”(x) = s(s — 1)((1 +x)*72 —=x(s —2) — 1) > 0 by Bernoulli’s
inequality). Equivalently, for any x, we can write 1 — (1 +x)* < —sx — %s(s D (x*+x3(s =2)/3).
Hence, taking x; = 1/g — 1 = pgo/q and x, = (1 — p)/q — 1 = —p(1 — q0) /9, respectively, in the
two terms of (B.3) this gives

(s —2)(1 —2q0)p
3q

>

1
R < —zs(s - 1Cp*|1 -

since the linear terms cancel as (1 — go)x; + goxz = 0, and where we recall that we write

C = qo(1 - 90)/7".

We can give a complementary lower bound on R using a standard argument based on the mean
value theorem with f () = ¢° by rewriting (B.3) to obtain

R=(1-4) (f(l) —f(l ¥ ’%)) 0 (f(l) —f(l - P_“a—qo)))

— (-0 "2 () + qo@f(w
= —M(ﬁ —a)f"(y), (B.4)

for some @ € (1 — p(1-¢qo)/q,1),B8€ (1,1+ pqo/q),and y € (a,B). Then, since we know
(B—a) <p/qandy < B <1+ pqo/q, the expression (B.4) gives

) 1— s=2 1 s-2
R> _quo)s(s_l)(“.@) = —s(s — 1)Cp? (:) ,
q q 1

meaning that

(1-R)T <exp(s(s— 1)Cp2Tq§*S ,

and the proof is complete.

Appendix C. Proof of Theorem 3.8

In proving the theorem, our strategy will be to replace G by the mixed Poisson version G” defined
below (bounding the error in making this replacement). We then approximate G” by a negative binomial
distribution by noting that a negative binomial can itself be written as a mixed Poisson with gamma
mixing distribution. Lemma C.1 allows us to transfer our negative binomial approximation problem for
a mixed Poisson distribution into a gamma approximation problem for the mixing distribution. We may
then bound the appropriate distance from our mixing distribution to gamma to complete the proof.
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Before proceeding with this programme, we first define a further metric we will need: the Wasserstein
distance, denoted by dy . For any non-negative, real-valued random variables X and Y, we define

dw(X,Y) = sup |EA(X) —-Eh(Y)| = /°° [P(X < x) —P(Y < x)|dx, (C.1)
heHy 0

where Hiy is the set of absolutely continuous functions 4 : R* — R with ||4’]| < 1, and || - || is the
supremum norm defined by [|g|| = sup, |g(x)| for any real-valued function g.

Lemma C.1. Let Z have a negative binomial distribution with parameters r and q, and let H have a
mixed Poisson distribution, H|¢ ~ Po(&) for some positive random variable &. Let n ~ T'(r, 1) have a
gamma distribution with density function (A" JT'(r))x""'e™, for x > 0, where A = q/(1 = q). Then,

2 —
dTV(H3 Z) < 1— ZdW(g’ 77)

Proof. Tt can be easily checked by direct calculation that Z has the mixed Poisson distribution Z|n ~
Po(n). Following Stein’s method for negative binomial approximation (see [7,8,29] and the review in
Section 3.4), we let f = f4 satisfy £(0) = 0 and (see (27))

A=)+ NfG+D) = jf(J)=1( € A)-P(Z € A),
where A C Z*, so that we may write (see (29))

drv(H,Z) = sup [E[(1 - ¢)(r + H) f(H +1) - Hf (H)]|.

ACZ*

We note the following bounds on f, taken from Lemma 3 of [8] and Lemmas 2.2 and 2.3 of [29],
respectively:

1 1
sup [f (/)] < =q IAf()I < I SuplA(D(r)f)(J)l < = (C2)
J

(1 q)

where Af(j) = £(j + 1) = £(j) and DO F() = Gifr+ DF G + 1) = (/) (), 50 that
A(D(r)f)(j) = (% + 1) Af(j+1) - %Af(J)

Now, we define g(x) = (1-¢)E[f(H+1) | ¢ = x]. Using the fact that H has a mixed Poisson distribution,
adirect calculation shows that g’(x) = (1-¢)E[Af(H+1)|¢ = x], and similarly for the second derivative
of g. We also note that (see p. 12 of [6] for example), since H has a mixed Poisson distribution,

EE[f(H+1)[£] =E[Hf(H)|£]. (C3)

This then allows us to write

E[(1-¢q)(r+H)f(H+1)-Hf(H)]
=EE[(1 -¢q)(r+H)f(H+1) - Hf (H)|£]
=EE[(1-g)rf(H+ 1)+ (1 - q)§f(H+2) - £f(H+1)]
=E[£8"(§) + (r — 28)g(&)].

This latter expression is closely related to Stein’s method for gamma approximation, as developed by
Luk [25]; see also [19] and references therein for more recent developments. In particular, it is known
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that since 17 has a gamma distribution, E[ng’ () +(r—1n)g(n)] = 0. Letting h(x) = xg’(x)+(r—1x)g(x)
(and noting that our earlier calculations show that # is differentiable), we may therefore write

dry(H,Z) = sup |Eh(§) —Eh(n)| < sup [|1']|dw(&.n).
ACZ* ACZ*

To complete the proof, it remains only to bound |4’ (x)| < (2 — ¢g)/(1 — g). To that end, we note that

W' (x) = xg" (x) + 8’ (x) + (r — Ax)g’ (x) — Ag(x)
=(1- q)(xE[Azf(H+ D]éE=x]+(1+r—-A)E[Af(H+1)|&=x]
—AE[f(H+1)|&=x])
=(1-q)E[HN f(H) |£ =x]+ (1 +r)E[Af(H+1) | & = x] - AB[HAf(H) | £ = x]
—AE[f(H+1)|£=x])
= (1-q)rE[A(D") f)(H) | = x]
- (1= @AE[HAf(H) | & =x] +E[f(H +1)[§ =x]),

where the penultimate inequality again uses (C.3). Using the bounds (C.2), we therefore have

1- 2 - 1 2 -
|h'(x)|sw+(1—q)z(1+ )=2—q+(1—q)/l+/l=—q,
(1-q)r l-g¢ l-¢q
as required, since 1 = ¢/ (1 — q). m]

Proof of Theorem 3.8. We now use Lemma C.1 to establish Theorem 3.8. Recalling that M, ~
Bin(T, q¢), we define M’ ~ Po(Tqy). Similarly, recalling that G has the mixed binomial distribution
G|My ~ Bin(n - k, (1 — p)M0), we define G’ and G"’ as follows:

G'|M’ ~Bin(n - k, (1= p)*"),

G”|M’ ~Po((n—k)(1-p)").

We then write
drv(G,Z) < drv(G,G') +drv(G',G") +d1v(G”, Z),

and bound each of these three terms separately.
Firstly, we note that

1 1
drv(G,G’) < dpy(My, M') < Zmin{ a(qo) + log( )} ,

e T

where the final inequality comes from the main result of Weba [31] combined with the sharpened value
0.4748 of the constant in the Berry—Esseen theorem due to Shevtsova [30].

Secondly, using the fact that dry (Bin(m, p”), Po(mp’)) < p’ for any parameters m and p’ (see p. 8
of [6]), we have that

drv(G',G") <E[(1 - p)M'] = TP,
To complete the proof, it remains only to bound drv(G”’, Z). To that end, we apply Lemma C.1, noting

that the parameters ¢ and r of Z are chosen such that the first two moments of Z match those of G”:
straightforward calculations show that E[G”'] = u and Var(G”) = o*. Lemma C.1 gives

" 2 -
drv(G".2) < T dw(E).
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where £ = (n—k)(1-p)M and 5 ~ ['(r, A) has a gamma distribution with rate parameter A = (1 — ¢)/q.
Using scaling properties of the gamma distribution and the Wasserstein distance, we have that

dw(&,n) =dw((n=k)¢', (n=km') = (n-k)dw(&',n'),
where ¢’ = (1 — p)™" and ’ ~ ['(r, Kr), with K as in the statement of the theorem. We then write

00

1
dw(&.) = /0 P& > x) — P > x)| dx + /1 PGy’ > x) dx, (C4)

and bound the two terms on the right-hand side of (C.4) separately. Beginning with the final term of
(C.4), we note that, for Z ~ I'(a, B), a standard Chernoff bounding argument gives us that, for any
z>a/Bandt > 0,

tZ _ —a a
P(Z>z)§E;z _(=1/B) :(%e) exp(—fBz)z°, (C.5)

etZ

where we take the optimal choice that r = 8 — a/z. (Observe that the same argument applies to bound

P(Z<2z) < (%) exp(—Bz)z?, (C.6)

for z < B/a, simply by again taking t = 8 — a/z < 0). Since ” ~ I'(r, rK), the expression (C.5) tells
us that

P(n’ > x) < (Ke)" exp(—Krx)x".

This allows us to write the final term of (C.4) as

°° , eTr+1) [ (Kr)y*! |
/1 P(p' >x)dx < ey T+ l)x exp(—Krx) dx (C.7
e'T'(r+1) (Kre r+l
- -K 1
rrt1K (r+1) exp(=K7) €h
2r+1F NK"
= % exp(—Kr) < e""'K" exp(—Kr), (C.8)

since we recognize the integrand in (C.7) as the density of a I'(r + 1, Kr) random variable and again
apply (C.5). The expression (C.8) follows on observing that v(r) := ¢'T'(r + 1)/(r + 1)"*! < 1 for
r > 0. We can see this, for example, since v(0) = 1, and v(r) is decreasing in r since (d/dr)logv(r) =
Y(r+1)—log(r+1) <0, where i is the digamma function.

Finally, we write the first term of (C.4) as

dx

log(x) ,
( L g(1- p)D_P(U =

~ [Me([ log(x)
_./o F(Log(l—p)

This completes the proof of the theorem. m}

dx. (C.9)

} ,qu) - f(r, Krx)
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Appendix D. Proof of Proposition 4.2

Proof. For any u > 0 we may write, using Markov’s inequality,

E uzZ
B(Z > g) < )~ expllog My (1) - ug)
eu
=exp |rlog S, S -ugl, D.1)
I1-(1-¢q)e“
where we use the fact that the moment generating function of the negative binomial distribution NB(r, q)

18

E[e”z] = Mz(u) = (ﬁ) .

Direct calculation then gives that the optimal value of u to substitute is

* 8
! _bg(@+rﬂl—q)’

(note that the assumption g > EZ = r(1 — q)/q ensures that g/[(g +7)(1 — ¢q)] > 1 so that u™ > 0 as
required in (D.1)). The result follows on substitution in (D.1), since this choice of # = u* makes

q _4q(g+r)
1-(1-g)e r '
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