ON A CLASS OF SINGULAR DIFFERENTIAL
OPERATORS

R. R. D. KEMP

In the considerable literature on linear operators in L, or L, arising from
ordinary differential operators it has always been assumed that the coefficient
of the highest order derivative appearing does not vanish in the interior of
the interval under consideration. If this coefficient vanishes at one or both
endpoints of the interval, or if one or both of the endpoints is infinite the
differential operator is said to be singular. In this paper we shall allow this
leading coefficient to vanish in the interior of the interval, and show that
the theory of such operators can sometimes be reduced to a consideration
of several operators of the well-known type. We shall also indicate how those
which cannot be so reduced should be dealt with.

A cursory examination of the problem leads one to the conclusion that the
major change from the known situation will be in the definition of appro-
priate domains {or such operators, and thus in the construction of appropriate
boundary conditions.

Thus in § 1 we shall define the domains of basic minimal and maximal
operators associated with a given differential expression, and thus define a
class of operators arising from a differential expression. This class of operators
will be the subject of the rest of the paper, and in § 2 we show how these
operators’ domains are determined by suitable boundary conditions. In § 3
we restrict to a narrower class of differential expressions in order to obtain
more detailed information. For this restricted class we have a problem, which
differs from the known case only in the nature of the boundary conditions.
In § 4 we show that operators of this restricted class, which are formally
self-adjoint, give rise to L, expansion theorems, and in § 5 we consider a
few examples.

1. Differential operators and adjoints. We shall consider operators
on L,(I) (1 < p < =) for any interval I = [a, b] (where a or b or both may
be infinite), which are generated by expressions

(L.1) . Z p,()D",

where D = d/dx and p; is a complex-valued function belonging to C*/(I).
We define the adjoint differential expression by
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(1.2) ™ =2 ¢;(x)D"
j=0
J
g5 = 2 (=" CID " p

Note that 7* is an operator of the same type as 7, and that it is the conjugate
of the usual Lagrange adjoint. This modification is made for convenience in
dealing with Banach space adjoints, and when we consider formally self-
adjoint operators in § 4 we shall return to the more usual notation.

When one assumes that pe(x) # 0 on the interior of I, the definition of
minimal and maximal operators on L,(I), which are associated with 7, is
relatively direct (see, for example, Rota (8)). However, as we do not wish
to make this assumption some modifications must be made. Denoting by
K, (I) the space of all #» times continuously differentiable f{unctions which
vanish outside a compact subset of I we define the operators 77 (r, p, I) on
L,(I) for 1 < p <o by I, p, )f = 7f for f € K,(I). Note that f is
continuous on [, and vanishes outside a compact subset if I is unbounded,
so 7f € L,(I).

Now for any p > 1 T(r, p, I) has an adjoint 7;(+*, ¢, I) on L,(I) with
domain D;(r*, q, I), and T1(+*, q, I) has an adjoint T(r, p, I) on L,(I) with
domain Dy(r, p, I). Clearly, To(r, p, I) is an extension of the closure of
T (7, p, I). It will, in fact, be the closure unless p = .

We shall now show how T',(r*, ¢, I) is related to 7¥*, and give a charac-
terization of D;(r*, ¢, I). First we define

(13)  7of = o) (@)
enf = Df) + (=D pa(e)f@), k= 0,1, ..., m — 1.
THEOREM 1.1. Di(*, g, I) = {f € L, (I)|7*f ©s absolutely continuous on any
compact subset of I, k=0,1,...,n—1; r* ¢ L,(I)}. Also, for

f € Di(e*, ¢, 1), Ti(r*, ¢, I)f = (= 1)"n*f, and if f € C" on a neighbourhood
of xo then T1(7*, q, I)f = v*f on that neighbourhood.

Proof. By definition f € Dy(r*, ¢, I) if and only if f € L,(I), and there is
fi1 € L,(I) such that for any g € K,(I) we have
(1.4) J re — ras = o

Given such a g there is a compact interval [¢, d] C I outside of which g is
zero. Thus if ¢ = D"g we have

k4 (x - ‘E)n_k_l

(1.5a) Dkg = zn_-—_];tT)' o(8)de, k=0,1,...,n — 1,
d

(1.5b) fx"qs(x)dx =0,k=0,1,...,n—1;

and may rewrite (1.4) in the form
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0= [Towrwow + 3 s [[EET o
—fl(x)f (= ‘91)_, ¢(s)dg] dx.

When we interchange the order of integration in each term which involves
two integrals this becomes

0= [ o | pere + 5 L2000 or0u

—J, %::%—fl(é)d’é] dx

= fc ¢ (x) ¥ (x) dx.

Now we may choose any ¢ (x) fulfilling (1.5b) and define g € K,(I) by (1.5a)
(for & = 0) inside [c, d], and by 0 outside [c, d]. Thus ¢(x) is a function in
L,(c, d) which is annihilated by all functions ¢ fulfilling (1.5b), and it must
be equal almost everywhere to a polynomial of degree n — 1.

Thus we have

d -1
16) pof) + ¥ [ ST s wrwa
. (in_—@ln)—! f1(&)dE = P,_1(x) a.e. on [c, d].

At this point in the known case, one alters f on a set of measure 0 so that
(1.6) holds everywhere on [¢, d]. We may do this except at points where
po(x) is zero, and shall assume that this has been done. Thus (1.6) holds
except at a subset 4 of measure 0 of Ny = {x|po(x) = 0}. Thus for any
x0 € A we have

lim po(x)f (x)

T->Z0

existing, where the limit is taken along a sequence of points not in 4. As
f € L,) it cannot be infinite on an open set, so il x, is an interior point
of Mo, or if it is the limit of interior points of Ny, this limit is 0. In any case
we see that (1.6) can fail to hold only at points where po(x) = 0 and f(x) is
infinite, so the definition of the product was in doubt in any case. We define
its value to be this limit, so that (1.6) will hold everywhere in [c, d].

Thus 7¢*f is absolutely continuous on [¢, d]. If 7,*f exists and is absolutely
continuous on [c, d] then (1.6) yields

k-1

At -ty [ e

j=k+1¥z (.7

— [ EE = D@ o a)
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Thus

D) + (=) @) + (1 3 [ E=ET ra
j=k+2¥ g (] k 2)!

a n—k—2

- X
:(m—k—=2)!
However, this means that the derivative 7,.,*f of an absolutely continuous
function

— (=1)*! (§)dt = D*"'P,_1(x) a.e.on[c,d].

A 0 [ pen@r©a

is equal a.e. to an absolutely continuous function. It must thus be equal
everywhere, and 7,4,*f exists and is absolutely continuous on [c, d].

Therefore 7*f, for £k = 0,1,...,n — 1 are absolutely continuous on [, d]
and 7,*f = (— 1)*f1a.e. on [c, d]. As we could begin with any compact [¢, d]CI
this completes the proof of the description of D,(7*, ¢, I), and of the action
of T1(r*, ¢, I) on this domain. The fact that T.(s*, ¢, I)f = 7*f if f € C"
follows from an easy computation.

For 1 < p < = it follows (see, for example, Rota (8)) that Ty (r, p, I) is
the closure of T (r, p, I), and is thus a restriction of 7'(r, p, I). For p =
the graph of To(r, ©, I) is the closure of the graph of 7" (s, , I) in the
Li(I) @ L,(I) topology of L,(I) ® L,(I). Thus To(r, o, I) will, in general,
be a proper extension of the closure of 7 (r, o, I). However, the graph of
Ti(r, o, 1) is also closed in the L,(I) @ L;(I) topology of L.(I) @ L, (I),
and contains the graph of T (r, o, I). Thus again Ty(r, ©, I) C Ti(z, », I)
and we have

N
8
Q
I
>

1§(T'P: I) = TI(T*v q, I) 1 <P

THr b, ) = To(r* 0, 1) 1< p< w,q=—b—

TO(T:PyI)CTl(TrP,I) 1<P<m

We shall consider closed operators 7" on L,(I) such that To(z, p, I) C T CT;
(r, p, I). These will be called differential operators associated with 7, or

r-operators. Clearly the adjoint of a r-operator on L,(I) is a r*-operator
on L,(I).

2. 7-Operators and boundary conditions. The direct way of specify-
ing a r-operator 7" on L,([) is to give its domain D(7") as a subspace of D,
(r, p, I), which contains Dq(r, p, I). We note that under the norm
“f”’f-ﬁ = HTl(Tr py [>f”P + ”f”ﬂ (Called the T-norm on LP(I))v Dl(Ty P: I) iS a
Banach space, and Dy (7, p, I) is a closed subspace. In order that T be closed
D(T) must also be a closed subspace of D,(r, p, I) under this norm. Clearly
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we could also specify D(T) by giving the subspace of D(r, p, I)/Do(r, p, I)
onto which it projects under the natural projection of D,(r, p, I) onto
Dl(Ti b, I)/DO(T: b, I)-

As the image of an f € Dy(r, p, I) in the space Di(r, p, I)/Do(r, p, I)
represents the portion of f not in Dy(r, p, I) it also represents the way in
which f fails to be appropriately zero at the ‘““boundary’ of I. Thus we shall
call this projection of f the boundary value (or boundary values) of f, and call
the space Di(r, p, I)/Dq(7, p, I) the space of boundary values for + on L,(I).
This makes it natural to define a boundary condition for r on L,(I) as an element
of [Di(r, p, I)/Do(r, p, I)]*, which is thus the space of boundary conditions
for 7 on L,(I).

Clearly, a boundary condition F for 7 on L,(I) is completely specified by
a linear functional on D;(r, p, I) which vanishes on Dy(r, p, I) and is con-
tinuous in the 7-norm on L,(I). We shall also denote this functional by F.

TaeoreM 2.1. If F is a boundary condition for v on L,(I) there s g € D,
(r*, q, I) such that for any f € Di(r, p, I)

FG) = [ 1160, DI = FITi%, g, D)) .

Thus the space of boundary conditions for T on L,(I) is isomorphic to the space
of boundary values for v* on L,(I).

Proof. We see immediately that

.0 = | (1 b, D = 1T 0, Dl

is a bilinear form on Di(r, p, I) X D(7*, q, I), which satisfies the following
conditions:

{fyg) =0 for all f € Dy(r, p,I) if and only if g € Do(s*, q, I),
(f,g) = 0 for all g € Dy(+*, ¢, I) if and only if f € Dy(r, p, I),
[KFy ol < [Ifll+.allgl] .0

Thus (f, g) induces a continuous, non-singular bilinear form on [D:(r, p, I)/D,
(r, p, D)1 X [D1(7*, q, [)/Do(+*, q, I)], and if F is any non-zero boundary
condition for r on L,(I) thereisf € D,(r, p, I)/Do(r, p, I) for which F(f;) = 0.
Now for any f € Di(r, p, I)/Do(r, p, I) we have f = F(f)f1/F(f1) + fo where
F(fo) = 0. If N consists of all g € D,(r*, q, I)/Do(+*, q, I), which annihilate
the null-space of F, there must exist g; € N such that (fi, g;) # 0 or N would
annihilate all of Di(r, p, I)/Do(r, q, I) and (f, g would be singular. Then
F(f) = (f, g2) where g2 = F(f1)g1/{fu, gv)-

The mapping F — g, is clearly an isomorphism so the proof is complete.

This representation of boundary conditions allows us to show in what sense
boundary values and boundary conditions are related to the boundary of
the interval 1.
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THEOREM 2.2. If po(x) # 0 on [x1, x2) C I, wherea < x1 < xa < b, the value
of {f, g) depends only on the values of f and g on the set I — [x1, xs].

Proof. Since the continuous function po(x) is non-zero on the closed interval
[x1, x2] there is a larger closed interval [x1/, x2'] such thata < %)’ < %1 < %3 <
x9’ < b, on which po(x) #£ 0. Thus for f € Di(r, p, I), g € D1(r*, q, I) we have

Goy= | T Dg = T 0, D

+J [T, Dig = JTa(e* g, Dgl d.

[z1", 22

However on [x{, xy'] it is clear that f and g have absolutely continuous deriva-
tives up to order » — 1 and Ti(r, p, )f = 7f, T1(s*, q, I)g = 7*g on this
interval. Thus the second term above is given by

J:z [if ¢ — f gl dx = [fg](x') — [fel(xy),

where
—1

[fel(x) = ZO Z (=D D" (@) DM (p, ()2 ().

Thus (f, g) is given by an expression fulfilling the requirements of the theorem.

CoROLLARY 2.1. (f, g) depends only on the values of f and g in the neighbour-
hood of Mo = {x|po(x) = 0} and in the neighbourhood of the endpoints of I.

THEOREM 2.3. If po(x) = 0 on [x1, x2] C I then the value of {f, g) depends
only on the values of f and g at points outside [x1, x2], at its endpoints, and in
the neighbourhood of points inside (x1, x2) where pi(x) is zero.

Proof. We may assume that po(x) is not identically zero on any interval
containing [x1, x2], although this does not alter the proof. The conditions
which the restriction of f € D, (7, p, I) to [x1, x2] must satisfy are: rof = ¢of =0,
7if = — qif absolutely continuous, etc. Thus it is clear that on [x;, x2] we
are really dealing with the operator

Tlz1,22] = Zl Pj(x)D"_j,
=

and we may apply Theorem 2.2 to the boundary form (f, g) for this operator
to obtain the desired result.

This reduction process can clearly be repeated to arrive at a complete
characterization of the points in I at which the values of f and g are relevant
to the values of (f, g). We use the notations W, = {x|p;(x) =0,7=0,1,... k}
and ;o for the interior of N, and combine our results in the following theorem.

TueoreEM 2.4. The value of {f, g) depends only on the values of f and g in the
neighbourhood of the set B = {x € I|x is an endpoint of I, or there exists an
integer k between 0 and n — 1 such that x € Ny, x ¢ Nyo}.
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Thus for the differential operators 7 and 7* the set B plays the role of
the boundary of the interval I. The boundary values of a function in Dy (r, p, I)
or Di(*, ¢, I) depend only on the values of the function in a neighbourhood
of 8. Thus there are boundary conditions for 7 on L,(I), which depend on
values of the function away from the endpoints of I. This is the main signifi-
cant difference which arises in our general class of operators.

Another remark might be made at this stage. If f € C*(I) N\ L,(I) and
g € C*(I) N\ L,(I) it is easily seen that (f, g) depends only on the values of
f and g near the endpoints of I. If f, and g, are sequences of such functions
which converge in L,(I) and L,(I) to fo and g, respectively, and if 7f, and
*g, converge in L,(I) and L,(I) to fo* and go* respectively, it is clear that
fO G Dl(Tv ﬁ! I)v £o E DI(T*v q, I)y Tl(Tv P» I)f() = f()*y TI(T*9 q, I)go = gU*v ’dlld
that as #» and m approach « (f,, g.) converges to (fo, go). Thus it is clear
that (f,, go) depends only on the values of fy and go in the neighbourhood of
the endpoints of I. Thus 7'y (r, p, I) and T'1(r*, ¢, I) are not given, in general,
by the closures of 7 and 7* on C*(I) M L,(I) and C*(I) M L,(I) respectively.

3. Regular operators. In order to obtain more specific results it seems
to be necessary to restrict the class of operators somewhat. The natural
restriction to make, and one which we shall make throughout the remainder

of this paper, is that B should be finite, consisting of {xo, x1, ..., x.}, where
x9 and x,, are the endpoints of I, and either or both may be infinite. We shall
denote by I, the interval [x, 1, x;] 7 =1,...,m.

It is necessary to restrict somewhat further than this however. The essential
spectrum of an operator T is the set {A|T — X does not have closed range}, and
we shall define the essential spectrum of 7 to be the essential spectrum of 7%
(7, p, I) and denote it by a,(r, p, I). The essential point spectrum of 7 is the
point spectrum of 7'y(r, p, I) and will be denoted by Po,(r, p, I). The essential
resolvent set p.(r, p, I) is the complement of

O'e(Ty b, I) UPUe(Ty b, I)r

and we shall say that r is a regular operator if 9 is finite and if p.(r, p, I) is
non-empty.

THEOREM 3.1. If I' and I? are two subintervals of I such that I' M I? is a
single point and I'\J I? = I, then
oo(r, p,I) = aolr, p, I') \J a.(r, p, I?)
and
PO’e(T, pr I) D .PO'e(T, P! Il) U PG—G(T! py 1'2).
Proof. If & is the point common to I' and I? it is finite, so for f € Di(7, p, I),
D (r, p, IY), or Dy(r, p, I?), it follows that r,f for £ = 0,1,...,n — 1 has a

finite limit at x. Thus if f € Do(r, p, I') and To(r, p, I')f = A it follows that
for any g € C*(I"), which is zero on a neighbourhood of x,, we must have
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0= fzo[m, b, I') fg — fr* gl d

=1lim >, (=170 fG — &) g* P — o).
k=1

€50+

Thus for £ =0,1,...,n — 1 the limit of 7,f(x) as x — x is zero, and the
function f; which is equal to f on I' and is zero on I?belongs to Do(r, p, I)
and has the property that 7(r, p, I)f1 = M. Thus

PUG<Ty py Il) C PUC(T: P; I)!
and the proof for I? is precisely the same.

For the other part of the theorem we note that as the null-space of
To(r, p, I) — X is contained in the direct sum of the null-spaces of Ti(r, p,
I;) — X\, which are finite dimensional, the former must be finite dimensional
also. Similarly the null-spaces of T'y(r, p, I') — X\ and T(r, p, I?) — N must
be finite dimensional. Thus results of Rota (8) yield our conclusion.

We might note that these results depend only on B being finite, and not
on p.(r, p, I) being non-empty. There are several immediate consequences
of Theorem 3.1 which we list as corollaries.

CoroLLARY 3.1. If 8B is finite
oilrs 2, 1) = U, 1)
and
Por 5. 1) D U Poutr p, 1),

and if p.(r, p, I) 1s non-empty, we have p.(r, p, I,) non-empty forj = 1, ..., m.

COROLLARY 3.2. a,(r, p, I) is closed and equal to the essential spectrum of any
r-operator if p.(r, p, I) 1s non-empty. Also a.(r, p, I) coincides with o,(r*, q, I)
if 1 <p <o,

Corollary 3.1 is obvious and Corollary 3.2 follows from corresponding
results of Rota (8) for the usual case. One cannot state that Po,(r, p, I) is
closed, and it is quite possible for Pg,(7, p, I;) to be empty forj=1,...,m
and yet have Po,(r, p, I) non-empty.

TaEOREM 3.2. If 7 s regular on L,(I) or if B is finite and p(r, p, I,) is
non-empty for j = 1,2, ..., mthen Di(z, p, I)/Do(7, p, I) is finite dimensional.

Proof. We note that by Corollary 3.1 7 regular on L,(I) implies that
pe(r, p, I;) is non-empty for j = 1,2,...,m. It is the latter which is the
necessary hypothesis here, and it does not imply that p.(7, p, I) is non-empty.

Now for each j there is an integer k; such that pa(x) = 0 on I; for a < ky
and py;(x) # 0 for x in the interior of I;. Thus every f € Dy(r, p, I) belongs,
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when restricted to [; to the domain of an operator of order » — k;, which
we shall still denote by 7. On I, 7 satisfies all the hypotheses required by
Rota (8), so Di(r, p, I;)/Do(r, p, I,) is finite dimensional. Let =; be the
projection of Di(r, p, I;) onto Di(r, p, I;)/Do(r, p, I;). If we define the trans-
formation = from D,(r, p, I) to

m

Z—:l @ Dl(Tv 0 IJ‘)/DO(Ty Dy I])

by «f = (mif, mof, . . ., muf) we see immediately that the null space of = is
contained in Dy(r, p, I) so that Di(r, p, I)/Do(r, p, I) is isomorphic to the
quotient of D (r, p, I) by #Do(r, p, I), which must be finite dimensional.

The previous discussion has essentially consisted of proofs that a regular
operator possesses properties very similar to those of the usual case. In fact
they possess sufficiently similar properties to carry over unchanged the results
on extensions proved by Rota in (8).

However, further questions naturally arise. [t would simplify the problem
immensely if any r-operator had the property of commuting with the pro-
jections P, defined by P,;f = x,f where x; is the characteristic function of ;.
Even if this is not true one might wish to examine the nature of the operator
T; on L,(I;) arising from a r-operator 7" by T,P,f = P,Tffor f € D(T). One
can hardly expect that 7", will even be closed in general, for all the functions
f in its domain have 7,_:f absolutely continuous on compact subintervals of
I; which contain the end point of I;, which is interior to I. This condition is
not satisfied by all f € D, (s, p, I;) in general. For the particular case when 1
is T1(r, p, I) one might hope that the closure of T'y,(r, p, I) would be 7 (r, p, I,).

THEOREM 3.3. The second adjoint of T'y,(r, p, I) is T (r, p, I,).

Proof. We shall assume that the terms of 7 with coefficients identically
zero on I; have been omitted and thus that po(x) ## 0 except at x, ; and
x;. Thus, if g belongs to the domain of the adjoint of Ty, (r, p, I) it has absolutely
continuous derivatives up to order  — 1 on any compact interval properly
contained in ;. Thus for any f € D(r, p, I) and C®-functions ¢; and ¢,
such that ¢; + ¢ =1,

¢r1=1 for x < —;z__,_‘ ,
and

¢1=0 for > %ﬂfiﬁf_ﬂ :
we have

0= <fv g>1j = <¢1f’ g>[j + <¢2fy g>1]-~

As ¢:f and ¢sf both belong to Dy (s, p, I) we must also have 0 = (¢.f, g>1,~ =
(#of > 2)1;, and thus
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0 = lim Zn: (_l)n_HlTn-k[d’l(xj—l + G)f(xj—1 ‘|‘ 6)]Dk_lg(xj—1 + 6)

€504+ k=1

2

= lim (=" af (50 4+ 0D g0 + 6,

€50+ k=1

and

0= lim 3 (=1)"* i 4ldals, — Of (s, — 1D "e(x, — o)

€50+ k=1

M§

(=)™ fx; — D 'g(x; — ).

= lim
€50+ k=1
To show that these conditions imply that g € Dy(7*, ¢, I;) we must show
that if these conditions hold for f € D;(r, p, I) they also hold for f € D,
(r, p, I;). If x;_; or x; is an endpoint of I this implication follows immediately
at that endpoint. For, let f € Dy(r, p, I;) and x;_1 = xo. Thus the function
7 which is ¢,f in I, and 0 outside I, belongs to D;(r, , I) and

lim Z (=)™ f (i1 + gl + €)

€50+ k=1
= Im 3 (=1 @ + gl + o) = 0.
0+ k=

The proof if x; = x,, is similar. Otherwise both x; and x,-, are finite. We shall
treat only the condition at x,_; as the treatment of the other is similar. If
x0 € I then

Taif (%) = ZO T (%) iﬂﬁ__ x)’

[ =[5 v £ Jola

which clearly exists for x = x,_;. Thus we can use this expression for x° = «x;_
whether f € Di(r, p, I) or Dy(7, p, I;). Now if

lim eD*g(x;-1 + €) % 0

€50+

g can hardly belong to L,(I;) so

lim >, (=1)"™'r o f(x,1 + €)D" glx, 1 + ¢

€504+ k=1

Tj—1+¢€

= lim Z (—1) AH]V" of (65-1) +f K (6,1 + € £)mf (©)

€50+ k=1

+ K (o1 + z)f(s)]ds}D""g(xj_l + o).
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It is also easy to verify that g € L,(I;) implies that

Tj-1t€

lirur:_ D" g (w0 + é)f ‘ (K (61 + & £)raf (&) + K (%01 + ¢, £)
f(&)lde = 0.

Thus the condition reduces to

0= fim 3 (= 1) r of e ) D" gy + ).

€504 k=1

We must show that if this holds for all f € D,(r, p, I) it also holds for all f
in Di(r, p, I,;). This amounts to showing that the admissible values of the
vector (rof (¢j—1), 71f(Xs-1), - . -, Tu—1f(xj—1)) are the same for f € D,(r, p, I)
and for f € Dy(r, p, I,;). A change in this vector amounts to changing

n—1 v z
i) = 3 rfe ) A [T RO @) + KE @ @M
v= . =1
by the addition of a polynomial R(x) of degree n — 1. As this addition could
be modified by a C” function outside of I, the admissible class of polynomials
in both cases consists of those for which R(x)/p¢(x) belongs to L,(I). Thus
the admissible values of the vector are the same in both cases and we have
succeeded in proving that the adjoint of le(r, p, I) is To(r*, ¢, I). This
completes the proof.

COROLLARY 3.3. If p # « the closure of Tv;(r, p, I) is T'y(r, p, I;).

For a more general r-operator 7" the domain D (7)) is determined by a
finite set of boundary conditions ay, as, ..., a,. Even if we assume that
these are separated in the sense that each one depends only on values of a
function near one point of B, it does not follow that any of them can be
considered as boundary conditions on any [;. This is due to the fact that a
boundary condition at a point x; of 9, which is interior to I, will usually
depend on values of a function on both sides of x;. If none of the boundary
conditions determining D(7") can be considered as boundary conditions on
I, then it is clear that the second adjoint of T'; will again be Ty(r, p, I,).

One can give a more definitive answer to the question of permutability with
the projections P;.

TueoreM 3.4. If To(r, p, I) C T C Ti(r, p, I) then P;T = TP, if and only
if P,D(T) = Do(r,p,I;) for j =2,3,...,m — 1 and F(P;f) =0 for any
f € D(T) and boundary condition F on Iy or I,, which depends only on the
values of a function near x1 or xX,_1 respectively.

Proof. If P, is to leave D(7T) invariant it is clear that f € D(T) implies
xi € D(T) so 7f(x;) =0 for k=0,1,...,n—1; 7=1,2,...,m — 1.
Noting that 71(s*, ¢, I;) is the closure of 7* on C"7%(I;) M L,(I;) we see
that for g € C**%j(I;,) N\ L,(I;), {f, gr; depends only on values of f and ¢
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near xo or X, if either belongs to I, and is zero otherwise. Thus clearly
xif € Do(r, p,I;) forj =2,3,...,m — 1, and F(P,f) = 0 for any boundary
condition F on I, or I,, which depends only on the values of a function near
x1 or x,_1 respectively. The converse implication is trivial.

Thus if T is to commute with P; the boundary conditions must be chosen
with great care, and even this will be impossible unless P;Dy(r, p, I) = D,
(r,p, I;) for j =2,3,...,m.

4. Formally self-adjoint operators on L;(/). In dealing with the L,
case we shall conform to the standard Hilbert space notation and 7* will
now denote the conjugate of (1.2). As the g;'s are now conjugates of those
in (1.2) the expressions for 7,*f in (1.3) must have conjugates on the p;’s.
When we speak of adjoints of operators we now mean the usual Hilbert
space adjoint.

We shall assume henceforward that 7 = 7*. Thus Ty(r, I) = To(r, I, 2) is
a symmetric operator and (s, I) C T1(r, I) = T¢*(r,I). As usual we
are interested in discussing the spectral resolution of operators 7" such that
To(r, I) C T C Ti(r, I), and particularly in those which are maximal sym-
metric or self-adjoint. The general theory of such problems has been con-
sidered by many authors, so we shall only consider a particular aspect. Cod-
dington (2, 3, 4, 5) has shown how the resolution of the identity of a self-
adjoint extension, or the generalized resolution of the identity for a maximal
symmetric extension, can be expressed as integral operators in such a way as
to vield an expansion theorem and Parseval equality; provided that the
resolvent, or generalized resolvent, is an integral operator of Carleman type.
This is also related to the work of Mautner (6), Bade and Schwartz (1), and
Nelson (7) on eigenfunction expansions.

We shall prove only the following theorem, which allows one to apply these
results to obtain an expansion theorem.

THEOREM 4.1. If B is finite, To(r, [) C T C T1(r, I) where T is maximal
symmetric or self-adjoint, then the generalized resolvent or resolvent of T s an
integral operator of Carleman type.

Proof. On I, 7 gives rise to a problem of the type considered by Coddington
(3, 4), who showed that there are either maximal symmetric extensions
possessing generalized resolvents, which are integral operators of Carleman
type, or self-adjoint extensions with resolvents having the same property. Let
G;(x, & N\) be the kernel of such a resolvent or generalized resolvent.

Now the essential spectrum of To(r, I), and thus of T(r, I), is contained
in the real axis, so we can apply a result of Rota (9) to construct for dmx > 0
an orthonormal basis

¢§j)(xr >\)y vy ¢£f)+(x, )\)

of the null-space of Ti(r, I;) — A, and a similar basis
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$1” (v, N), .+ .., ¢l (x, N)
for dm\ < 0. These bases will be analytic in A.

Now if g € Dy(r, I) and (T1(r, I) — N)g = f we see that on I; g can differ
from

J 6 e rwae

only by a linear combination of ¢ (x,\) (¢ =1,2,...,0;0); w;(\) = w;+
for dm\ > 0 and = w;- for dm\ < 0). Thus
@i\

@D g0 = 2 s + [ G s O € 1

Since g € D,(r, I) we must also have

@i (\)
Te fI.G,-(xj =0, & Nf(E)ds + 2:‘1 apr.d” (x; — 0, \)

wj+1(A)

=1, | Gualx; + 0,8 Nf(E)dE + Z Qs Tedr (x5 + 0, \)

Ij+1

forj=1121-~'1m—1;320,1,---,7’5—1; Where

Te¢l(cj) (xj - 0: >\)
and
et (s 4 0, N)

clearly exist as the x,’s involved are finite. Similarly 7,G;(x; — 0, £ \) and
7¢Gir1(x; + 0, & N\) exist and are in Ly(7;) and Lo(1;41) respectively as func-
tions of £ These identities determine certain of the aj’s in terms of certain
others and in terms of such expressions as

J‘I.T"Gf(xf = 0, § Nf(§)de.

Thus we may rewrite (4.1) in the form
w(\)

(+2) B = 2wl V) + | Gl & V@,

where the «;'s are the aj;’'s which remained undetermined above, and
G(x, &, \) € Ly(I) as function of & Clearly the functions ¢ (x, \) belong to
the null-space of 7'i(r, I), and we can assume that they form a basis for
this space which is orthonormal and analytic in A.

Now if dm\x > 0, w(\) = w +, and if dmk <0, w(A) = 0w —. We may
assume w + < w — so that a maximal symmetric extension of 7'y(r, I) is
determined by an isometric V from W(71(r, I) — 1) into N(T1(r, I) + 1) in
the following manner

D(T,) = {f € Du(r, DIf = fo+ I =V)fs,fo € Do(r, I), f+ € N(T1(r, I) — 1)}
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then
D(T) = {f € Di(r, DIf = fo+ (I = V¥Yf_, fo € Do(r, I), f—
EN(Ti(r, I) +19)}.

This clearly amounts to imposing «w + boundary conditions, and allows us
to determine from (4.2) a Carleman kernel G,(x, £, \), which is a kernel for
the generalized resolvent of the maximal symmetric operator T,

5. Examples. Here we shall discuss briefly three examples of operators

which are formally self-adjoint.
(@) If 7y = (xy")’ on I = [—1, 1] one finds that $ = {— 1,0, 1} and

(f, g0 = cr(@az(f) — as(@ea(f) + as(g)as(f) — as(g)as(f) + as(g)as(f)
— as(g)as(f),

where

ai(f) = (), ea(f) = (1), es(f) = lim xf"(x) = 7:f (0),
as(f) = lim [f(x) = f(=x)], as(f) = f(=1), and as(f) = f'(=1).

Thus this operator of the second order requires three boundary conditions
to determine a self-adjoint extension on Lq(7).

With the boundary conditions a;(f) = a3(f) = as(f) = 0 we obtain a self-
adjoint extension on Lo(I) which commutes with the projections P; and Ps.

On the other hand, with the boundary conditions a1 (f) = a4(f) = as(f) = 0
we obtain a self-adjoint extension which does not commute with P; and Ps.

We might also note that this differential expression has particularly simple
properties as the equation (Ti(r, p, I) — \)f = 0 has three linearly independ-
ent solutions, which are entire functions of X\ for any p < . These are

wi(x, \) = {J0(2(—>\x)%) x>0
0 x <0
0 x>0
U, A) = {Jo(z(—xx)%) © <0

(o, \) = Yo(2(=)h) — 1% Jo(2(—=Ax)%) (log (=N + )

= Liog ol u(2(—xh = 2 5 Bk g,
where
o) = 3 3

For p = o only #:(x, \) and u2(x, \) belong to L, (I). However, in this case
a3(f) = as(f) = 0 automatically.
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(b) If 7y = (x*')' 4+ y on I = [— 1, 1], one finds that = {— 1,0, 1}
again, but

(fy g0 = ar(@az(f) — az(@ar(f) — as(@aa(f) + as(Qeas(f),

with the same notation as in (a). Here any extension defined by separated
boundary conditions commutes with the projections P; and Ps, but extensions
given by non-separated boundary conditions will not have this property of
course. The spectrum is purely continuous (A > —%) for separated boundary
conditions, but there may also be point spectrum in the general situation.

(c) If
_JEH)Y +i x>0 o
Ty—-{iy, + <0 on I =[—1,1]
one again finds that ¥ = {— 1,0, 1} but here

G2 = | Gfg— s = O ~ J0g T + Fal) — (- D).

Thus 7y (r, I) has no self-adjoint extensions on L:(I), but a maximal sym-
metric extension will commute with P; and P if its domain is defined by
separated boundary conditions.
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