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Powder X-ray diffraction intensities of corundum calculated by conventional
and density functional theory methods and extracted by deconvolutional
treatment on experimental data
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Least-squares analysis on the diffraction intensity values certified for NIST SRM676a and SRM1976c
α-Al2O3 (corundum) have shown that the intensities of SRM1976c can be simulated by the March-
Dollase preferred orientation model along the (001)-direction. Diffraction intensities of randomly ori-
ented corundum crystallites have been calculated from electron density data obtained by conventional
and density functional theory (DFT) calculations, on the assumption of independent and similar
atomic displacements for Al and O atoms. The results of DFT calculations support that the strongest
peak of randomly oriented α-Al2O3 crystalline powder should be 113-reflection, though the intensities
simulated by DFT calculations are not closer to NIST SRM676a intensities than those expected for a
fully ionized model Al3+2 O2−

3 . Diffraction data of two types of relatively fine (nominally 2–3 μm and
ca 0.3 μm) α-Al2O3 powder have been collected and processed by a deconvolutional treatment (DCT).
Integrated peak intensities extracted from the DCT data by an individual peak profile fitting method
also support that the 113-reflection is the strongest reflection of randomly oriented α-Al2O3 crystalline
powder.
© The Author(s), 2023. Published by Cambridge University Press on behalf of International Centre
for Diffraction Data.
[doi:10.1017/S0885715623000131]
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I. INTRODUCTION

PDF-4+ 2023 lists 23 star-quality data sets of α-Al2O3

(corundum), where 21 sets (00-046-1212, 01-070-5679,
01-070-7346, 01-071-1683, 01-075-1862, 01-075-1863,
01-075-6775, 01-082-1399, 01-088-0826, 01-089-7715,
04-004-2852, 04-004-5434, 04-005-4213, 04-005-4505,
04-007-1400, 04-007-4873, 04-015-8608, 04-015-8993,
04-015-8994, 04-015-8995, and 04-015-8996) assign the
strongest peak to 104-reflection, and 2 sets (01-089-7716
and 01-089-7717) assign the strongest peak to 113-reflection
and the second strongest to 104-reflection in the hexagonal
setting for the rhombohedral system. In contrast, it is certified
that 113-reflection is the strongest, 116-reflection is the second
strongest, and 104-reflection is the third strongest for NIST
SRM676a standard α-Al2O3 powder (Kaiser and Watters,
2008), while 104-reflection is the strongest for NIST
SRM1976c standard α-Al2O3 sintered disk (Holbrook and
Choquette, 2021). It is likely that high-temperature sintering
of uniaxially pressed powder promotes preferred orientation
due to Ostwald ripening (e.g. Ostwald, 1897).

Hubbard et al. (1976) have suggested that 116-reflection
is expected to be the strongest for the neutral atom model

Al02 O
0
3, and 113-reflection should be the strongest for the

fully ionized model Al3+2 O2−
3 . One may consider that the

assumption of the hypothetical O2– should be odd, because
it is obvious that O2– cannot stably exist in an isolated state
and in an electrostatically neutral space. However, it has
also been suggested that the assumption of O2– in solid state
can be a useful working hypothesis for the description of elec-
tron density and X-ray diffraction data of some crystalline
oxides (e.g. Suzuki, 1960; Tokonami, 1965). The author
would like to add a note that an anion in a crystal is not in
an electrostatically neutral space.

If a crystallite of corundum tends to have a platy shape
parallel to (001)-face, the reflection from 104-plane with the
angle of declination 38.2° from (001)-plane will be more
emphasized than that from 113-plane with the angle of decli-
nation 61.2°, in a typical geometry for a powder X-ray diffrac-
tion measurement system. However, it has been reported that
(012)-face tends to be developed on crystal growth by
Czochralski method (e.g. Sun and Xue, 2014).

A credible crystal structure model of α-Al2O3 has been
derived by single-crystal X-ray diffraction measurements
(Maslen et al., 1993). The lattice constants are estimated at
a = 4.759 Å and c = 12.993 Å in the hexagonal setting of
R�3c (space group No. 167). The structure parameters are listed
in Table I, and a projection along [110] direction is shown in
Figure 1. The corundum structure can be recognized as fol-
lows: 2/3 of 6-coordinate octahedron sites are occupied by
Al atoms in the O atoms arranged in a hexagonal close
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packing (hcp) manner. As can be seen in Figure 1, two neigh-
bor Al atoms in a couple of face-sharing octahedrons appear to
be avoiding each other, probably because of electrostatic
repulsive interaction between positively charged Al ions.
The axial ratio c/a = 2.73 is significantly higher than the
value of c/a = ��

6
√ ≈ 2.45 for the ideal hcp arrangement of

O atoms.
Maslen et al. (1993) have described the morphology of

two crystals 1 and 2 used in their experiments. It has been
reported that the crystals were distorted octahedra exhibiting
two {021}, two {0�11}, two {�111}, and two {101} faces for
crystal 1, and two {003}, two {0�11}, two {�111}, and two
{101} faces for crystal 2, with dimensions, respectively,
20 × 38 × 38 × 38 μm for crystal 1 and 20 × 44 × 44 × 44
μm for crystal 2. It would be difficult to expect preferred
orientation along the (001)-direction, if a crystallite of
corundum tends to have similar morphology in a powder
sample.

The values of anisotropic mean squared displacement
parameters Uij in Table I suggest that a common isotropic dis-
placement parameter Biso = 0.22 Å2 ⇔ Uiso = 0.0028 Å2 can
be assumed for both Al and O atoms in α-Al2O3, which will

simplify the treatment of the effects of atomic displacement
on calculation of powder diffraction intensities from electron
density data obtained by density functional theory (DFT) cal-
culation, as will be discussed later.

II. CALCULATION

A. Preferred orientation

It is assumed that the diffraction intensities I(HKL)hkl of NIST
SRM1976c data, are affected by the preferred orientation
along (HKL) = (001) or (012) direction of crystallites, while
the intensities certified for SRM676a, I(676a)hkl , can be regarded
as those of randomly oriented crystalline powder. The follow-
ing formulas of preferred orientation based on the
March-Dollase model (Dollase, 1986) are applied.

I(HKL)hkl = f I(676a)hkl m(HKL)
hkl /mhkl, (1)

m(HKL)
hkl =

∑mhkl

i=1

P(a(HKL)
hikili

, r), (2)

P(a, r) = (r2cos2a+ r−1sin2a)−3/2, (3)
where f is a scaling parameter, mhkl is the multiplicity of
reflection, m(HKL)

hkl is the effective multiplicity affected by pre-
ferred orientation along the (HKL)-direction, r is the March
coefficient, and a(HKL)

hkl is the declination angle of hkl-plane
from (HKL)-plane.

Levenberg-Marquardt least-squares optimization algo-
rithm (Marquardt, 1963) based on the model defined by Eqs
(1)–(3), with (001) or (012)-preferred orientation has been
applied on SRM1976c intensities against SRM676a intensi-
ties. The scale parameter f and March coefficient r are treated
as adjustable parameters. Table II lists index hkl of significant
powder diffraction peaks of corundum, multiplicity of reflec-
tion mhkl, indices of equivalent reflections {hikili}, declination
angles of hkl-plane from (001)-plane, a(001)

hkl , and from
(012)-plane, a(012)

hikili
.

Table III lists diffraction intensities certified for NIST
SRM676a and SRM1976c, and intensities calculated by the
March-Dollase model for SRM1976c optimized at the values
f = 4.00 and r = 0.167 for (001)-preferred orientation, and the
values f = 0.669 and r = 1.06 for (012)-preferred orientation.
The intensities certified for SRM1976c can be simulated by
the March-Dollase model for (001)-preferred orientation
within acceptable deviations, but not for (012)-preferred
orientation.

TABLE I. Fractional coordinates and anisotropic displacement parameters for α-Al2O3, reported by Maslen et al. (1993).

Crystal 1 Crystal 2

Data set 1 Data set 2 Data set 3 Data set 4 Data set 5

z (Al) 0.35222(6) 0.35223(4) 0.35221(2) 0.35227(5) 0.35228(4)
x (O) 0.69424(28) 0.69378(17) 0.69376(9) 0.69396(24) 0.69401(19)
U11 (Al) (Å

2) 0.00236(17) 0.00206(12) 0.00252(9) 0.00217(16) 0.00234(13)
U33 (Al) (Å

2) 0.00265(24) 0.00252(17) 0.00242(12) 0.00221(24) 0.00230(20)
U11 (O) (Å

2) 0.00282(36) 0.00247(20) 0.00276(12) 0.00255(32) 0.00253(25)
U22 (O) (Å

2) 0.00274(47) 0.00258(26) 0.00303(13) 0.00296(42) 0.00281(34)
U33 (O) (Å

2) 0.00270(43) 0.00278(25) 0.00281(15) 0.00212(40) 0.00274(34)
U13 (O) (Å

2) 0.00029(19) 0.00028(10) 0.00032(5) 0.00025(17) 0.00032(14)

Figure 1. Projection along the [110] direction in hexagonal setting of the
crystal structure of α-Al2O3, drawn with VESTA3 (Momma and Izumi,
2011). Locations of oxygen atoms are represented by small red spheres, and
aluminum atoms by larger blue-gray spheres.
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B. Conventional structure factor and electron density

The powder diffraction intensity Ihkl for hkl-reflection
with the multiplicity mhkl is calculated by the following equa-
tion:

Ihkl = C(2uhkl)|Fhkl|2mhkl, (4)
where C(2θ) is the geometric correction factor given by

C(2u) = (1+ cos22u) csc 2u csc u, (5)
for the diffraction angle 2θ in a typical powder diffraction
measurement system. The crystal structure factor Fhkl in
Eq. (4) is given by

Fhkl =
∑m
j=1

fXj (d
∗
hkl, l) Tj(d

∗
hkl) exp [2pi(hxj + kyj + lzj)], (6)

d∗hkl=ha∗+kb∗+lc∗, (7)

for the reciprocal lattice vectors a∗, b∗, and c∗. The fractional
coordinate of the mean location of the j-th atom in the unit cell
is represented by (xj, yj, zj). The atomic scattering factor of an
atom X for the X-ray with the wavelength of λ is represented
by fX(d*, λ). The atomic displacement factor for the j-th atom
is represented by Tj(d∗hkl).

The atomic scattering factor fX(d*, λ) is conventionally
expressed by

fX(d
∗, l) = f (0)X (d∗)+ f ′X(l)+ i f ′′X(l), (8)

where f (0)X (d∗) may be called the atomic form factor, which is
identical to the three-dimensional Fourier transform of elec-
tron density ρX(r) for the atom X. The dispersion correction
terms are represented by f ′X(l)+ i f ′′X(l) in Eq. (8), and
f ′′Al = 0.246, f ′′Al = 0.246, f ′O = 0.049, and f ′′O = 0.033 are
assumed for Cu Kα X-ray (λ = 1.541Å) (Creagh, 1999). The
atomic form factor f (0)X (d∗) is approximated by

f (0)X (d∗) =
∑n
i=1

ai,X exp − bi,Xd∗2

4

( )
+ cX , (9)

which is equivalent with that the electron density of the X
atom, ρX(r), is assumed to be

rX(r) =
∑n
i=1

8p3/2ai,X

b3/2i,X

exp − 4p2r2

bi,X

( )
+ cX d3(r), (10)

where δ3(r) = δ(x)δ(y)δ(z) is the three-dimensional Dirac delta
function. The values of parameters {ai,X, bi,X, cX} for X = Al,
Al3+, O, and O− are listed in the tables given by Waasmaier
and Kirfel (1995). The atomic form factors f (0)

Al1.5+
(d∗) and

f (0)
O2− (d∗), for intermediately ionized aluminum Al1.5+ and
hypothetical divalent oxygen O2– are derived by interpolation
and extrapolation about the values of f (0)

Al3+
(d∗), f (0)Al (d

∗),
f (0)O− (d∗), and f (0)O (d∗) in this study, that is,

f (0)
Al1.5+

(d∗) = 0.5f (0)
Al3+ (d

∗)+ 0.5f (0)Al (d
∗) , (11)

f (0)
O2− (d

∗) = 2f (0)O− (d∗)− f (0)O (d∗) . (12)

A common isotropic atomic displacement parameter Biso =
0.22 Å2 for Al and O is assumed. Atomic displacement
factor Tj(d∗) in Eq. (6) can then be rewritten as

Tj(d∗) = T(d∗) = exp −Bisod∗2

4

( )
. (13)

The three-dimensional voxel electron density {riaibic} of a
crystal is calculated by summation of the atomic electron

TABLE II. Index of significant reflection hkl, multiplicity mhkl, indices of
equivalent reflections {hikili}, declination angles of diffraction plane from
(001)-plane a(001)

hkl , and from (012)-plane a(012)
hiki li

for α-Al2O3.

hkl mhkl {hikili} a(001)
hkl (◦) a(012)

hiki li
(◦)

012 6 012, 1�12, �102 57.6 0, 86.0, 86.0
104 6 104, �114, 0�14 38.2 47.0, 47.0, 84.2
110 6 110, 2�10, �120 90 43.0, 90, 43.0
113 12 113, 2�13, �123, 1�23,

�1�113, �1�13
61.2 26.0, 75.0, 26.0, 67.5,

75.0, 67.5
024 6 024, 2�24, �204 57.6 0, 86.0, 86.0
116 12 116, 2�16, �126, 1�26,

�1�116, �1�16
42.3 27.3, 66.7, 27.3, 84.5,

66.7, 84.5
214 12 214, 3�14, �234, 1�34,

�1�224, �1�24
64.4 36.2, 67.9, 36.2, 60.8,

67.9, 60.8
300 6 300, �330, 0�30 90 65.0, 65.0, 32.4

Indices of Bijvoet (Friedel) counter parts �h�k�l are omitted in the lists for
equivalent reflections.

TABLE III. Index of reflection hkl, certified intensities of SRM676a and SRM1976c, simulated intensities optimized for SRM1976c at the values f = 4.00 and
r = 0.167 for (001)-preferred orientation, and simulated intensities optimized at the values f = 0.669 and r = 1.06 for (012)-preferred orientation.

hkl SRM676a certified

SRM1976c

Certified

(001)-preferred (012)-preferred

Optimized Residual Optimized Residual

012 57.1 23.6 25.7 −2.1 38.5 −14.9
104 88.4 100 100.2 −0.2 59.3 +40.7
110 37.8 10.3 25.1
113 100 37.2 40.3 −3.1 66.9 −29.7
024 47.3 20.7 21.3 −0.6 31.9 −11.2
116 95.8 87.8 84.7 +3.1 64.5 +23.3
214 37.7 14.0 25.1
300 57.5 12.4 15.6 −3.2 38.2 −25.8
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density ρX(r), as follows:

riaibic =
∑jmax

j=−jmax

∑hmax

h=−hmax

∑zmax

z=−zmax

∑m
j=1

rXj
(|riaibic − Rj − ljhz|),

(14)

riaibic =
iaa
na

+ ibb
nb

+ icc
nc

, (15)

Rj = xja+ yjb+ zjc, (16)
ljhz = ja+ hb+ zc, (17)

where ξmax = ηmax = ζmax = 1 (3 × 3 × 3 super-cell) in the
rhombohedral setting is practically sufficient for calculation
of electron density in the center unit cell in the super-cell.
Three-dimensional 60 × 60 × 60-mesh (na = nb = nc = 60)
voxel electron density maps in the rhombohedral setting of
R�3c, with the lattice constants of a = 5.1290 Å and
a = 55.286◦, have been created by applying Eq. (14) for the
neutral atom model Al02O

0
3, intermediately ionized model

Al1.5+2 O−
3 , and the fully ionized model Al3+2 O2−

3 . The constant
terms cAl = 0.140, cAl1.5+ = 0.080, cAl3+ = 0.019, cO = 0.027,
cO− = 0.046, and cO2− = 0.065 are separately added to the
voxel value riaibic nearest to the atomic position on the simu-
lation of electron density calculated from the atomic form
parameters {ai,X, bi,X}.

The crystal structure factor Fhkl is also calculated from the
voxel electron density {riaibic} by the following formulas to
test the validity of applying 60 × 60 × 60 voxel density maps
and the assumption of the common isotropic atomic displace-
ment Biso = 0.22 Å2. The same assumptions will be applied on
calculation of X-ray diffraction intensities from electron den-
sity data obtained by DFT calculation.

Fhkl = F(0)
hkl +

∑m
j=1

[ f ′Xj
(l)+ i f ′′Xj

(l)] exp [2pi(hxj + kyj + lzj)]

⎧⎨
⎩

⎫⎬
⎭

T(d∗hkl),
(18)

where F(0)
hkl is the three-dimensional Fourier transform of elec-

tron density expressed by

F(0)
hkl =

Vcell

nanbnc

∑na−1

ia=0

∑nb−1

ib=0

∑nc−1

ic=0

riaibic exp 2pi
hia
na

+ kib
nb

+ lic
nc

( )[ ]
.

(19)

It should be noted that it would be difficult to derive the
formula for evaluation of XRD intensities from electron den-
sity, if the common atomic displacement factor T(d∗hkl) cannot
be assumed. The effects of atomic displacement may be sim-
ulated by molecular dynamics (MD) calculation based on
DFT, but the use of a large super-cell will be required for
MD calculation.

C. DFT calculation

Electron density of α-Al2O3 is calculated by a DFT
method (Hohenberg and Kohn, 1964) with Quantum

ESPRESSO 7.1 (Giannozzi et al., 2009, 2017) Projector aug-
mented wave (PAW; Kresse and Joubert, 1999) is used as the
pseudopotential (PP). Local density approximation (LDA;
Perdew and Zunger, 1981) and a kind of generalized gradient
approximations (GGA), Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional (Perdew et al., 1996, 1997)
are tested. Scalar correction, which neglects spin-orbit interac-
tion, is applied for relativistic correction. Electron density val-
ues are stored as 60 × 60 × 60 mesh (na = nb = nc = 60) voxel
data for the unit cell in the rhombohedral setting, which
includes four Al and six O atoms.

The total number of electrons in the rhombohedral unit
cell should be Ncell = 100 for α-Al2O3. The number of elec-
trons Ncell is checked for voxel data {riaibic} by the following
equation:

Ncell = Vcell

nanbnc

∑na−1

ia=0

∑nb−1

ib=0

∑nc−1

ic=0

riaibic . (20)

The values are estimated at Ncell = 96.5 for the neutral atom
model Al02O

0
3, Ncell = 96.5 for the fully ionized model

Al3+2 O2−
3 , Ncell = 96.0 for the PAW-LDA model, and Ncell =

96.9 for the PAW-PBE model. Conventional and DFT elec-
tron density calculations similarly miss 3–4% electrons per
atom, when 60 × 60 × 60-mesh is applied.

Projections of the electron density isosurfaces at the level
of 0.3 e Å−3≈ 0.044 e Bohr−3 for the neutral atom model
Al02O

0
3, fully ionized model Al3+2 O2−

3 , DFT calculations with
PAW-LDA and PAW-PBE models are shown in Figure 2.
The isosurface between Al and O atoms is more constricted
in the fully ionized model Al3+2 O2−

3 than in the neutral
model Al02O

0
3, and the results of PP-DFT calculations show

intermediate constriction.
Table IV lists the index of reflection hkl, intensities certi-

fied for NIST SRM676a, intensities expected for the neutral
atom model Al02 O

0
3, intermediately ionized model

Al1.5+2 O–
3 , and fully ionized model Al3+2 O2−

3 , and the results
based on PP-DFT calculations (PAW-LDA and PAW-PBE).
The intensities for the fully ionized model Al3+2 O2−

3 are calcu-
lated by two methods: method (1): a conventional method,
where the structure factor is given by Eq. (6), and method
(2): calculation through the Fourier transform of 60 × 60 ×
60 voxel electron density obtained by the inverse Fourier
transform based on the atomic scattering parameters. The dif-
ference in the results calculated by the two methods (1) and (2)
for Al3+2 O2−

3 , certainly show that the coarseness of the electron
density maps slightly affect the calculated diffraction inten-
sity, but the difference is not large enough to justify the poorer
coincidence of the results of PP-DFT calculations with NIST
SRM676a data than the fully ionized model Al3+2 O2−

3 . The
results of PP-DFT calculations still expect that 113-reflection
is the strongest, 116-reflection is the second strongest, and
104-reflection is the third strongest.

The root mean square difference values of diffraction
intensities from NIST SRM676a data are 5.2% for the neutral
model Al02 O

0
3, 3.9% for the intermediately ionized model

Al1.5+2 O–
3 , 2.6% (method 1) and 2.5% (method 2) for the

fully ionized model Al3+2 O2−
3 , 5.6% for PAW-LDA, and

4.4% for PAW-PBE models. Since the changes of the intensi-
ties calculated for Al02 O

0
3, Al

1.5+
2 O–

3 , and Al
3+
2 O2−

3 are almost
monotonous, it is not expected that a partially ionized model
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Al3d+2 O2d−
3 might give better coincidence with NIST

SRM676a data than the fully ionized model Al3+2 O2−
3 .

III. EXPERIMENTAL

A. Specimen

Two types of commercial α-Al2O3 powder #1 (High
Purity Chemicals 99.99%, nominal particle size: 2–3 μm)
and #2 (High Purity Chemicals, 99.99+%, nominal particle
size: ca 0.3 μm) were used as samples for X-ray diffraction
measurements. The SEM photographs of the powder #1 and
#2 are shown in Figure 3.

As can be seen in Figure 3, typical sizes of the primary
particles are about 1 μm for powder #1 and about 0.1 μm for
powder #2. The primary particles appear to be strongly
adhered to other particles, forming secondary agglomerates,

both in the powder #1 and #2. No significant rod-like or
platy morphology of primary particles or agglomerates is
detected.

Powder specimens for XRD measurements were prepared
by filling powder #1 and #2 into glass sample holders. Powder
#1 was used as obtained. Since it was difficult to prepare a
homogeneously filled specimen of powder #2, sample powder
#2 was wet-ground in agate mortar and pestle with ethanol for
about 5 min, air-dried, and dry-ground for about 5 min, before
loading the powder into a sample holder. It was expected that
the secondary agglomerates of powder #2 would become
somewhat granular after grinding process.

The average thickness of specimen #1 was t = 0.607 mm,
bulk density ρbulk = 0.934 g cm−3, filling factor ρbulk/ρcalc =
0.234, and the penetration depth for Cu Kα X-ray was esti-
mated at μ−1 = 0.337 mm. The values of thickness, bulk den-
sity, filling factor, and penetration depth for specimen #2 were

Figure 2. Projection along the [11�2] direction in rhombohedral setting of the electron-density isosurface (painted with yellowish color) of α-Al2O3 at the level of
0.3 e Å−3≈ 0.044 e Bohr−3and color-scaled electron density (blue: low; red: high) on the faces of the rhombohedral unit cell, drawn with VESTA3 (Momma and
Izumi, 2011). The locations of oxygen atoms are represented by small red spheres, and the locations of aluminum atoms are represented by spheres with larger
diameters, connected by sticks with oxygen atoms.

TABLE IV. LAUE index hkl, powder diffraction intensities certified for NIST SRM676a, values for Al02 O
0
3, values for Al

3+
2 O2−

3 (1) calculated by a conventional
method and (2) calculated through 60 × 60 × 60 voxel electron density data, and values based on DFT calculations.

hkl NIST SRM676a
Al02 O

0
3 Al1.5+2 O–

3

Al3+2 O2−
3 DFT

Method (1) Method (1) Method (1) Method (2) PAW-LDA PAW-PBE

012 57.1 61.0 (+3.9) 59.3 (+2.2) 57.1 (+0.0) 58.1 (+1.0) 54.1 (−3.0) 57.3 (+0.2)
104 88.4 97.5 (+8.9) 94.5 (+6.1) 90.8 (+2.4) 90.9 (+2.5) 79.8 (−8.6) 84.3 (−4.1)
110 37.8 45.6 (+7.7) 43.3 (+5.5) 40.8 (+3.0) 40.9 (+3.1) 32.5 (−5.3) 34.0 (−3.4)
113 100 98.0 (−2.0) 99.4 (−0.6) 100 100 100 100
024 47.3 50.5 (+3.2) 50.8 (+3.5) 50.7 (+3.4) 50.5 (+3.2) 43.0 (−4.3) 42.7 (−4.6)
116 95.8 100 (+4.2) 100 (+4.2) 99.3 (+3.5) 99.3 (+3.5) 86.7 (−8.9) 88.2 (−7.6)
214 37.7 40.5 (+2.8) 40.6 (+2.9) 40.5 (+2.8) 40.1 (+2.4) 33.3 (−4.4) 33.1 (−4.6)
300 57.5 61.9 (+4.4) 61.5 (+4.0) 60.6 (+3.1) 59.9 (+2.4) 53.0 (−4.5) 52.7 (−4.8)
δRMS 5.2% 3.9% 2.6% 2.5% 5.6% 4.4%

Differences from NIST SRM676a intensities are shown in parentheses. δRMS, the root mean square difference from NIST SRM676a intensities are listed in the last
row.
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t = 0.621 mm, ρbulk = 1.581 g cm−3, ρbulk/ρcalc = 0.397, and
μ−1 = 0.190 mm. The specimen width along the equatorial
direction was W = 20 mm.

B. Powder diffraction measurement

Powder diffraction data were collected with a Bragg–
Brentano-type powder diffraction measurement system
(Rigaku, MiniFlex 600-C) equipped with a silicon strip (1D)
X-ray detector (Rigaku, D/teX Ultra-2). A copper-target
X-ray tube (Canon Electronic Devices, A-21 Cu) was operated
at 40 kV and 15 mA. The nominal focal width of the X-ray
source was wX = 0.1 mm. A divergence slit (DS) with the
open angle of ΦDS = 1.25° was used. A nickel foil with the
nominal thickness of 0.023 mm was inserted into the dif-
fracted X-ray beam path as a Cu Kβ attenuation filter. The
radius of the goniometer was R = 150 mm. The open angle
of the Soller slits (SS), defined by the arctangent of the dis-
tance to the length of the metal foils in the slits, was nominally
ΦSS = 1.25°.

The interval of the silicon detector strip was wD = 0.1 mm,
and the number of the detector strips was 128. The view angle
of the detector was estimated at 2Ψ = 4.89°.

Continuous-scan integration data were collected for the
goniometer angles ranging from 2Θ = 5° to 140° at the scan
rate of 10°/min and the sampling interval of 0.01°. The
room temperature was kept at 23◦C+ 0.5◦C during the
X-ray diffraction measurements.

IV. DECONVOLUTIONAL TREATMENT AND
INDIVIDUAL PEAK PROFILE FITTING

The observed powder diffraction data are deconvolution-
ally treated (DCT) by a method proposed by the author
(Ida, 2021a, 2022). A quartet model for Cu Kα, quintet
model for the attenuated Cu Kβ X-ray (Deutsch et al.,
2004), and a truncated exponential profile model for Ni
K-absorption edge structure in the background region of
the diffraction data are deconvolved, and hypothetical
singlet Cu Kα1 Lorentzian peak profile and hyperbolic
secant function for compensation of removing Ni K-edge
structure are convolved. Peak shift and asymmetric deforma-
tion caused by axial-divergence, equatorial, and sample

transparency aberrations are corrected by deconvolutional
methods, applying the instrumental and specimen parameters:
goniometer radius R, divergence slit open angle ΦDS,
Soller-slits angle ΦSS, view angle of 1D detector 2Ψ,
specimen width and thickness, W and t, and penetration
depth μ−1.

Figure 4 shows the diffraction intensity data in the 2Θ
range from 10° to 90° observed for the specimen #1 and the
DCT intensity data.

Diffraction peak profiles of 012, 104, 110, 113, 024, 116,
214, and 300-reflection peaks are extracted from the DCT
data, and individual peak profile fitting (IPPF) by
Levenberg-Marquardt algorithm (Marquardt, 1963) is applied.
A symmetric peak profile model function, defined as the con-
volution of the Lorentzian function with the half width at half
maximum (HWHM) w = 0.0005 tanθ, and symmetrized
instrumental model function determined by the standard devi-
ation σ and kurtosis (Ida, 2021b), is applied on the IPPF pro-
cess. The values of w are treated as fixed parameters. Constant
background, integrated intensity, peak location, and two
parameters for the symmetrized instrumental function (stan-
dard deviation σ and kurtosis), are treated as adjustable
parameters.

The DCT and IPPF processes for 104 and 113-reflections
of specimens #1 and #2 are demonstrated in Figures 5 and 6.
The square roots of DCT intensities are temporarily treated as
the statistical errors of intensities on IPPF process, even
though it might not be fully justified in the view of statistical
theories (Ida and Toraya, 2002).

Smooth appearance of the observed intensity curves
shown in Figures 5 and 6 supports that the continuous-scan
integration of SSXD (CSI–SSXD) effectively improves the
statistical property of powder diffraction data. No significant
difference between the integrated intensities of the DCT pro-
file and fit curve is detected in the difference plots. The
peak positions of the specimens #1 and #2 obtained by the
DCT-IPPF processes coincide with the values listed in PDF
00-046-1212 within the allowable mechanical error 0.01° of
the instrument.

The additional broadening of peak profile of specimen #2
from specimen #1 is estimated at 0.08° and 0.09° in the stan-
dard deviations σ for 104 and 113-reflections, respectively. If
the broadening is caused by a crystallite size effect, the size of

Figure 3. SEM photographs of α-Al2O3, (a) powder #1 and (b) powder #2.
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Figure 4. (a) Diffraction intensity data in the 2Θ range from 10° to 90°, observed for specimen #1, and (b) DCT data. The vertical lines indicate the peak locations
listed in PDF 00-046-1212.

Figure 5. Observed (raw), DCT, and fit curve peak
profiles of (a) 104-reflection and (b) 113-reflection of
specimen #1. The vertical lines indicate the peak
locations listed in PDF 00-046-1212.
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crystallites of specimen #2 will roughly be estimated at about
0.1 μm, which is consistent with the typical primary particle
size in SEM images shown in Figure 3.

The relative intensities extracted by the individual peak
profile fitting are listed in Table V. The root mean square dif-
ferences of diffraction intensities from the NIST SRM676a
data are 1.4% for the specimen #1, and 2.3% for the specimen
#2. The experimental results for specimens #1 and #2 also
support that the 113-reflection is the strongest, 116-reflection
is the second strongest, and 104-reflection is the third strongest
peak for randomly oriented powder of α-Al2O3.

V. CONCLUSION

It is suggested that 104-reflection in the hexagonal setting
of rhombohedral α-Al2O3 tends to be emphasized as com-
pared with 113-reflection, by the effect of preferred orientation
along (001)-direction, in powder X-ray diffraction data.

DFT calculations based on PAW pseudopotential support
that 113-reflection is the strongest diffraction peak for ran-
domly oriented crystalline powder of α-Al2O3, even though
the coincidence with NIST SRM676a intensities is not better
than a conventional fully ionized model Al3+2 O2−

3 .
Perdew-Burke-Ernzerhof (PBE) exchange-correlation model
gives slightly better coincidence than LDA.

XRD data of two types of relatively fine (nominally 2–
3 μm and ca 0.3 μm) powder of α-Al2O3 have been collected
and DCT. Integrated intensities are extracted from the DCT
data by individual peak profile fitting with a symmetric
model function. The results also support that the
113-reflection is the strongest, 116-reflection is the second
strongest, and 104-reflection is the third strongest peak for ran-
domly oriented powder of α-Al2O3.
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Figure 6. Observed (raw), DCT, and fitting peak
profile of (a) 104-reflection and (b) 113-reflection of
specimen #2. The vertical lines indicate the peak
locations listed in PDF 00-046-1212.

TABLE V. Laue index hkl, diffraction intensities certified for NIST
SRM676a, and observed intensities for specimens #1 and #2.

hkl NIST SRM676a

Observed

Specimen #1 Specimen #2

102 57.1 56.8 (−0.3) 56.7 (−0.4)
104 88.4 87.3 (−1.1) 90.0 (+1.6)
110 37.8 37.2 (−0.6) 36.0 (−1.8)
113 100 100 100
204 47.3 46.3 (−1.0) 45.7 (−1.6)
116 95.8 92.6 (−3.2) 95.2 (−0.6)
214 37.7 36.1 (−1.6) 34.9 (−2.8)
300 57.5 56.4 (−1.1) 52.3 (−5.2)

Differences from SRM676a intensities are shown as values in parentheses.
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