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ABSTRACT

We define an involution on the elliptic space of tempered unipotent representations of
inner twists of a split simple p-adic group G and investigate its behaviour with respect
to restrictions to reductive quotients of maximal compact open subgroups. In partic-
ular, we formulate a precise conjecture about the relation with a version of Lusztig’s
nonabelian Fourier transform on the space of unipotent representations of the (possibly
disconnected) reductive quotients of maximal compact subgroups. We give evidence for
the conjecture, including proofs for SL,, and PGL,,.
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1. Introduction

The local Langlands correspondence (LLC) predicts that the depth-zero irreducible smooth rep-
resentations of a reductive p-adic group G are controlled by the geometry of the Langlands dual
group GV. This idea is most well developed for the class of unipotent representations (or rep-
resentations with unipotent reduction) of G defined by Lusztig in [Lus95], which contains, in
particular, all of the irreducible representations of G with vectors fixed under an Iwahori subgroup
[IM65, KL87]. A correspondence for unipotent representations has now been defined that satisfies
many of the desired properties of the LLC. These results have come from many years of devel-
opments, starting with the seminal papers of Kazhdan and Lusztig [KL87] for Iwahori-spherical
representations of split adjoint groups, Lusztig [Lus95, Lus02] for unipotent representations of
adjoint groups, Reeder [Ree02] for Iwahori-spherical representations of split groups of arbitrary
isogeny and, finally, the recent papers of Solleveld [Sol23a, Sol23b] (building on [AMS18, AMS17,
FOS20]) for all reductive p-adic groups. Yet not all desired properties of the LLC have been ver-
ified in full generality, and one of the main outstanding questions is to understand stability in
L-packets.

To be more precise, assume for simplicity that G is the group of F-points of an absolutely
simple, split connected reductive group over a non-Archimedean local field F' with finite residue
field. In the correspondence mentioned above, the irreducible representations of G' (and of its
inner forms) are partitioned into L-packets indexed by the conjugacy classes G -x for z €
GV. From the perspective of abstract harmonic analysis, to understand these L-packets, the
most basic case to consider is that of tempered L-packets, which correspond to the conjugacy
classes GV - x where the semisimple part of x is compact. Many representation-theoretic questions
can be reduced further to the case of elliptic tempered L-packets, as defined by Arthur: these
consist of tempered representations that are not irreducibly parabolically induced from proper
parabolic subgroups. As mentioned above, while most of the predicted properties of unipotent L-
packets have now been verified, it is not yet known which linear combinations of Harish-Chandra
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distribution characters of the representations in a given (elliptic) tempered L-packet are stable,
in the sense of being constant on geometric (compact) semisimple conjugacy classes.

To approach this question, a natural first step is to consider the restriction of unipotent
representations to maximal compact open subgroups, as in Moeglin—Waldspurger’s tour de force
[MWO03], which tackles the question of stability for elliptic tempered L-packets for the group
SO2,41. These maximal compact subgroups allow us to pass from representations of p-adic
groups to unipotent representations of certain finite reductive groups, which have a rich struc-
ture (see, e.g., [Luz84al). In particular, while the characters of irreducible representations of a
finite connected reductive group do not have good intrinsic stability properties, Lusztig’s almost
characters, certain class functions defined in terms of traces of character sheaves, do. The tran-
sition matrix between characters and almost characters is Lusztig’s famous nonabelian Fourier
transform [Luz84a, Lus18]. If we can lift this Fourier transform to the setting of p-adic groups, we
might be able to lift stability properties of combinations of almost characters of finite reductive
groups, as in [MWO03, Theorem 4.3].

With this idea in mind, in this paper, we formulate a conjecture that relates a nonabelian
Fourier transform for pure inner twists of a (possibly disconnected) finite reductive group and
an elliptic Fourier transform FTY, (cf. [CO17, Ciu20]) for pure inner twists of G. In addition to
Meeglin and Waldspurger’s work on the elliptic representations of the special orthogonal groups
[MW03, Wall8], our approach is also inspired by Lusztig’s articles proposing a theory of almost
characters for p-adic groups [Luslb, Lusl4]. We are also influenced by Reeder’s [Ree01] and
Waldspurger’s [Wal07] ideas relating the classification of elliptic tempered unipotent representa-
tions and the geometry of GV.

We need two main innovations to formulate a precise conjecture. To understand the first,
note that if we take a maximal compact open subgroup K of G with reductive quotient K, then
FTY; does not necessarily induce a well-defined linear map on the unipotent representation space
for K. Instead we must look at maximal compact open subgroups in all pure inner twists of G at
the same time, and so we form the space C(GQ)cpt,un defined below. The reductive quotients K are
not necessarily connected, and so the second innovation is to extend the definition of Lusztig’s
nonabelian Fourier transform to disconnected finite reductive groups. To do this, we must look
at all pure inner twists of a disconnected finite reductive group, and the Fourier transform will
mix the corresponding representation spaces. These two ideas are related: for every pure inner
twist H of K, there is a pure inner twist G’ of G and a maximal compact open subgroup K’ of
G’ such that the reductive quotient K is H.

1.1 Main results
We now describe our work in more detail. As above, let us assume that G is a simple, split
group over F' and G = G(F). Let InnT?(G) denote the set of equivalence classes of pure inner
twists of G. Then the LLC (see §4) states that the L-packets of irreducible tempered unipotent
representations of the groups G’ € InnT? (@) are in one-to-one correspondence with G-conjugacy
classes of elements x = su € GV (Jordan decomposition) such that s is compact. The elements
in the L-packet are parametrized by irreducible representations ¢ of the group of components
Agv () of the centralizer of z in GV. Hence, an L-packet is a collection {7 (su, ) | ¢ € A;(\su)}
Let ', denote the reductive part of the centralizer of v in GV. In [Wall8, Ciu20], one considered
the set Y(I',,) of pairs (s, h) € I'2 of commuting semisimple elements and the subset Y(I',)en of
elliptic pairs (see §8.3). These will play a role below in the Langlands parametrization.

Each group G’ € InnTP(G) has a finite collection of conjugacy classes of maximal compact
open subgroups max(G’). These are classified in terms of the theory of [BT72, IM65] (see § 7).
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A compact group K’ € max(G’) has a finite quotient K’ that is the group of k-points of a
(possibly disconnected) reductive group over a finite field k. Write Ryy (F/) for the C-vector space
spanned by the irreducible unipotent representations of K'. As mentioned above, for connected
finite reductive groups, Lusztig [Luz84a] defined the nonabelian Fourier transform, which is the
change-of-basis matrix between the basis of irreducible unipotent characters and the basis of
unipotent almost characters. This is recalled in §5. We need to define an extension of this map
to disconnected finite groups in the spirit of [Lus86] and [DM90, §5]. To fit with our picture,
we define a nonabelian Fourier transform for the representations of the pure inner twists of the
finite (possibly disconnected) reductive group K, where K € max(G). See § 6. The point is that
this transform gives an involution

FTcpt,un: C(G)Cpt,un - C(G)Cpt7unu (11)

on the space

C(G)Cpt,un - @ @ Run(F,)a

G'eInnT?(G) K'emax(G’)

which we can think of as the sum over K € max(G) of the unipotent representation spaces of
the pure inner twists of K. See (7.2) and Definition 7.1. It is important to note that, in general,
FTcpt,un mixes the pure inner twists of a given K.
Since parabolic induction of characters is generally well understood, of particular interest is
the space of elliptic (unipotent) tempered representations for all pure inner twists
Rﬁn,ell(G) = @ RUH(G/)

G’€InnTP(G)
(see §9.1). Generalizing [Ree01], we prove the following theorem.

THEOREM 1.1 (Theorem 11.1). Suppose that G is split and adjoint. The local Langlands
correspondence induces an isometric isomorphism

LLCPun : P CY(Tw)an]™ — RE, 1(G), (5,h) — TI(u, s, h), (1.2)
u

where the left-hand side has a natural elliptic inner product while the right-hand side is endowed

with the Euler—Poincaré product. The element u ranges over representatives of unipotent

conjugacy classes in GV and II(u, s, h) is defined in (9.9).

We remark that II(u,s, 1) is expected to be the stable combination of characters in the
L-packet, while in general II(u, s, h) are expected to satisfy the endoscopic identities.

The proof of Theorem 11.1 in § 11 applies in more generality, for example for Iwahori-spherical
representations of groups of arbitrary isogeny (see § 11.4). Since the left-hand side has an obvious
involution given by the flip (s, h) — (h, s), this defines an involution, the dual elliptic nonabelian
transform

FTY: R (G) = RP

un,ell un,ell

(G). (1.3)

We note that FT}), mixes representations of the pure inner twists of G. We expect that there is
a commutative diagram as follows.
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CONJECTURE 1.2 (Conjecture 9.7). Up to certain roots of unity (see Remark 9.8), the following
diagram commutes.

p FTZll P
Run,ell(G) Run,ell(G)
réScpt,un T'€Scpt,un
C(G)cpt,un C(G)cpt,un

cpt,un

Here the vertical arrows are defined by taking invariants by the pro-unipotent radicals of maximal
compact subgroups.

It is also natural to expect that the images of irreducible elliptic tempered characters under
FT}), are the ‘almost characters’ (on elliptic elements) defined in [Lusl5]: see, for comparison,
[Lus14, Conjecture 2.2(c)].

Conjecture 1.2 is a generalization of [Ciu20, Conjecture 1.3] with an important difference: we
remark that the role of maximal compact subgroups (rather than maximal parahoric subgroups)
and, hence, of a Fourier transform for pure inner twists of disconnected finite reductive groups
in the conjecture is essential for treating all pure inner twists of G. We verify the conjecture in
some examples. In particular, we have the following theorem.

THEOREM 1.3. If G = SL,, or PGL,,, Conjecture 1.2 holds.

See §§ 13 and 14. We also verify the conjecture for G = Sp, (§ 12). The results of Waldspurger
[Wall8] show that this conjecture holds when G = SOg;,41.

In future work, we will consider a generalization of Conjecture 1.2 to the space of
compact /rigid tempered representations defined in [CH17, CH21].

1.2 Structure of the paper

In §§2, 3, and 4, we review relevant background about inner twists of p-adic groups, the gen-
eralized Springer correspondence, and the LLC. In §5, we recall Lusztig’s parametrization of
unipotent representations of a connected reductive group over a finite field and the definition of
the nonabelian Fourier transform on the space spanned by these representations. We then extend
Lusztig’s parametrization: for the (possibly disconnected) groups K that arise as reductive quo-
tients of subgroups K € max(G) as defined above, we parametrize the union over all pure inner
twists K of K of the set of unipotent representations of fl, and we then define a nonabelian
Fourier transform on the space spanned by these representations (see §6).

In §7, we return to the setting of p-adic groups. We review the parametrization of maximal
compact open subgroups of G’ € InnT?(G), under the assumption G is F-split. We define the
space C(G)cpt,un in terms of these subgroups, and we use the Fourier transform of §6 to define
an involution FT¢pt un on C(G)ept,un- In §8, we review the definition of Y(I')en for a complex
reductive group I'. We also review the definition of the elliptic pairing on the Grothendieck group
of a finite group.

Section 9 contains the conjectures outlined above. We first review the Euler—Poincaré pairing
and state Conjecture 9.1, which predicts that the LLC induces an isometric isomorphism at
the level of elliptic spaces. We then define a restriction map resept,un Rﬁmen(G) — C(G)ept,un
and state Conjecture 9.7, which predicts that the elliptic nonabelian Fourier transform FTY, is
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compatible with FT¢pt un under rescps un. We give evidence for this conjecture in Proposition 9.10,
which considers linear combinations of twists of Steinberg representations.

In §10, we present an alternative definition of the elliptic nonabelian Fourier transform
motivated by Lusztig’s pairing [Lus14, §1.3].

In §11, we prove Conjecture 9.1 in the case when G is simple, split, and adjoint. In §11.4,
we indicate how the proof can be extended to the non-adjoint case. In the final three sections,
we verify the conjectures for explicit examples: in § 12, we consider the group Sp,(F); in § 13, we
consider SL,,(F); and in § 14, we consider PGL,,(F).

1.3 Notation and conventions
Given a complex Lie group G, we write Zg for the center of G. Given = € G, we write Zg(z) for
the centralizer of x in G. Similarly, if H is a subgroup of G, we write Zg(H) for the centralizer
of H in G, and if ¢ is a homomorphism with image in G, we write Zg(p) for Zg(im ¢). We write
G° for the identity component of G. If x € G, we write Ag(z) = Zg(z)/Zg(x)° for the component
group of Zg(x). If u € G is unipotent, we write I, for the reductive part of Zg(u). Given a torus
T, we write X*(7) for the character group of 7.

Given a finite group A, we write A for the set of irreducible characters of A, and we write R(A)
for the C-vector space with basis given by (isomorphism classes of) irreducible representations
of A. Given a finite set S, we write C[S] for the C-vector space of functions S — C.

2. Recollection on inner twists

2.1 Inner twists
Let I’ be a non-Archimedean local field with finite residue field kr = F,. We denote by or the
ring of integers of F'. Let F; be a fixed separable closure of F', and let I'r denote the Galois group
of Fy/F. Let Fy, C Fy be the maximal unramified extension of F. Let Frob be the geometric
Frobenius element of Gal(Fyy,/F') ~ Z, i.e. the topological generator that induces the inverse of
the automorphism = — x9 of kr. We denote by Frg the action of Frob on a connected reductive
F-group G. We now review definitions related to inner twists and pure inner twists of a p-adic
group. For details see, e.g., [Vog93, §2]|, [Kall6, §2] and [ABPS17b, §1.3]. (Note that [Vog93]
uses the term ‘pure rational form’ for what we call a pure inner twist.)

Let G = G(F'). Write Inn(G) for the group of inner automorphisms of G. Recall that given
an algebraic group H over F, an isomorphism «: H — G defined over F determines a 1-cocycle

FF — Aut(G)

Yo' o acalo L (2.1)

An inner twist of G consists of a pair (H,«), where H = H(F') for some connected reductive
F-group H, and a: H =5 G is an isomorphism of algebraic groups defined over Fj such that
im (7,) C Inn(G). Two inner twists (H, «), (H', /) of G are equivalent if there exists f € Inn(G)
such that

Yal0) = f 1w (o) ofo™ for all o € Tp. (2.2)
Denote the set of equivalence classes of inner twists of G by InnT(G).
An inner twist of GG is the same thing as an inner twist of the unique quasi-split inner form

G* = G*(F) of G. Thus the equivalence classes of inner twists of G are parametrized by the
Galois cohomology group H'(F,Inn(G*)):

InnT(G) «— H'(F,Inn(G")).
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Ezample 2.1. For G = SL,,(F), there is a one-to-one correspondence
InnT(SL,,(F)) «— Z/nZ. (2.3)

This is given as follows. Let r be an integer mod n and let m = ged(r,n). Then n = dm and
r/m is coprime to d. Therefore, there exists a division algebra Dy, /., central over F' and of
dimension dimpg Dy ;. 1, = d?. The corresponding inner twist is SLp, (D, Jm)-

A pure inner twist of G is a triple (H, o, z), where (H, ) is an inner twist and z € Z!(F, Q)
such that a~!o~v(a) = Ad(z(y)) for any v € I'r (see [Kall6, §2.3]). When G splits over an
unramified extension of F' such a cocycle is determined by the image u := z(Frob) € G. The
corresponding inner twist of G is then defined by the functorial image z,q € Z'(F,Inn(G*)) of
z. This pure inner twist is defined by the twisted Frobenius action Fr, on G given by Fr, =
Ad(u) o Frg.

In cohomological terms, the short exact sequence

1 —Zg- — G"— Imn(G*) — 1

induces a map in cohomology H!(F,Inn(G*)) — H?(F,Zg+). An inner twist of G* has a cor-
responding pure inner twist if and only if the corresponding element of H?(F,Zg~) is trivial
[Vog93, Lemma 2.10]. Denote by InnT?(G*) the set of equivalence classes of pure inner twists
of G*. We have [Vog93, Proposition 2.7]

InnT?(G*) — H(F, G*). (2.4)
Example 2.2. If G* is semisimple adjoint, every inner twist corresponds to a unique pure inner
twist: InnTP(G*) = InnT(G*). If G* is semisimple and simply connected, H!(F,Inn(G*)) =
H2(F,Zg+) and therefore there is only one class of pure inner twists, the quasi-split form,
InnT?(G*) = {G*}. When G =SL,(F), the only pure inner twist is G itself (see [Vog93,
Example 2.12]).

2.2 The L-group

Let GV denote the C-points of the dual group of G. It is endowed with an action of I'z. Let Wr

be the Weil group of F (relative to Fy/F) and let G := GV x W denote the L-group of G.
Kottwitz proved in [Kot84, Proposition 6.4] that there exists a natural isomorphism

kg: HY(F,G) = II‘I‘(?TO (ng)) (2.5)

Let Gy, denote the simply connected cover of the derived group Gy, of GY. We have Gy, =
(Gad)va and

ke, » HY(F, Inn(G*)) = Trr(Zgt). (2.6)

All the inner twists of a given group G share the same L-group, because the action of Wr on

GV is only uniquely defined up to inner automorphisms. This also works the other way around:
from the Langlands dual group “G one can recover the inner-form class of G.

Ezample 2.3. If G = Spy,(F), then we have G¥ = SO2,,41(C) and Gy, = Sping,, ,1(C), so Zgy =~
Z/27Z. An inner twist of G is determined by its Tits index [Tit65]. The group G* = G is split and
its nontrivial inner twist is the group SU(n, h;.), where h, is a nondegenerate Hermitian form of
index r = |n/2| over the quaternion algebra ) over F' (see for instance [Art13, §9]).

We will consider G as an inner twist of G*, so endowed with an isomorphism G — G* over Fj.
Via (2.6), G is labelled by a character (g of Zg/f . We choose an extension ¢ of (g to Zgy..
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3. Generalized Springer correspondence for disconnected groups

Let G be a possibly disconnected complex Lie group. We denote by G° the identity component
of G. Let u be a unipotent element in G°, and let Ago(u) denote the group of components of
Zgo (u)

Let ¢° be an irreducible representation of Age(u). The pair (u,¢°) is called cuspidal if it
determines a G°-equivariant cuspidal local system on the G°-conjugacy class of u as defined in
[Lus84b]. In particular, if (u, ¢°) is cuspidal, then u is a distinguished unipotent element in G°
(that is, u does not meet the unipotent variety of any proper Levi subgroup of G°), [Lus84b,
Proposition 2.8]. However, in general not every distinguished unipotent element supports a
cuspidal representation.

Ezample 3.1. For G := SL,(C), the unipotent classes in G are in bijection with the partitions
A= (A1, A2,...,A) of n: the corresponding G-conjugacy class O, consists of unipotent matrices
with Jordan blocks of sizes A1, A, ..., A.. We identify the center Zg with the group p,, of complex
nth roots of unity. For u € Oy, the natural homomorphism Zg — Ag(u) is surjective with kernel
P/ ged(n)> Where ged(A) = ged(A1, Ag, .. ., Ar). Hence the irreducible G-equivariant local systems
on O, all have rank one, and they are distinguished by their central characters, which range over
those x € [, such that ged(\) is a multiple of the order of y. We denote these local systems by
&xx- The unique distinguished unipotent class in G is the regular unipotent class O(;), consisting
of unipotent matrices with a single Jordan block. The cuspidal irreducible G-equivariant local
systems are supported on O,y and are of the form &), with x € fin, of order n (see [Lus84b,
(10.3.2)]).

The group Age(u) may be viewed as a subgroup of the group A, := Ag(u) of components of
Zg(u). Let ¢ be an irreducible representation of Ag(u). We say that (u, @) is a cuspidal pair if
the restriction of ¢ to Ago(u) is a direct sum of irreducible representations ¢° such that one (or,
equivalently, any) of the pairs (u, ¢°) is cuspidal. Let

19:={(U, €)|U unipotent conjugacy class in G, £ irreducible G-equivariant local system on U}.

This set can be identified with the set of G-orbits of pairs (u, ¢), where u € G is unipotent and ¢ €
A, If (¢, Vy) is an irreducible A,-representation, we can first regard it as an irreducible Zg(u)-
representation, and then the corresponding local system is &€ = (G Xz, ) Vg — G/Zg(u) = U).
We denote by I9 the subset of I9 of cuspidal pairs. We write I :=19" and I.. := 19",

Let J9 denote the set of G-orbits of triples j = (M, U, &) such that M° is a Levi subgroup

of G°,
M = Zg(Z5e), (3.1)

and (Ue, &) € IM°. We observe that M has identity component M° and that Z, = Z5.. We
set J := J9°. We note that M = M° whenever G = G°.

Let Zj °reg = {Z € Zj)\/lo | Zg(z) = MO} and }/J(g) = Umegx(z.c;\/lo,regUC)x_l' Let ?J(g) be
the closure of Y;(G) in G. We set Y; = Y;(G°) and Y; = Y;(G°). For example, if jo = (T, 1, triv)
is the trivial cuspidal pair on the maximal torus T" in G°, then Yj, is the variety of regular
semisimple elements in G°, hence ?jo = G°.

Set W7 := Ngo(M?°)/M°. This is a Coxeter group due to the particular nature of the Levi
subgroups in G° that support cuspidal local systems (see [Lus84b, Theorem 9.2]).
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One constructs a G°-equivariant semisimple perverse sheaf K supported on Y that has a
W;-action and a decomposition [Lus84b, Theorem 6.5] and [AMS18, § 5]

Kj = EB Ve ® Aj,p"a
pOG/W]‘?
where (p°, Vjo) ranges over the (equivalence classes of) irreducible W7-representations and A; po
is an irreducible G°-equivariant perverse sheaf. The perverse sheaf A; 0 has the property that

there exists a (unique) pair (U, £°) € I such that its restriction to the variety G, of unipotent
elements in G° is

(Aj.p°)lgg, [ dim(Z30)] = IC(U, £°)[dim(U)]. (3.2)
In particular, the hypercohomology of Ajo ,o on U is concentrated in one degree, namely
HYW(Ajpo)lu = E°,  where ay = —dim(U) — dim(Zj ).
If we set J = J9° := {(j,p°):§ €39, p°c ﬁ/?}v the generalized Springer correspondence for G°
is the bijection
Vo197 S 39 (U,E) — (4, p°), (3.3)
where the relation between (j,p°) and (U,€) is given by (3.2). Let vZ: I —J denote the
composition of v° with the projection from J to J.
We will now explain how, following [AMS18, §4], one can extend the maps v° and v¢ to the
case of disconnected groups. Let j = (M, U, &) € J9. We set W; := Ng(j)/M°. There exists a

subgroup R; of W; such that W; = W7 x R; (see [AMS18, Lemma 4.2]). Suppose that §; is a
2-cocycle

X
ﬁj:iﬁjxfﬁja(@f.
We view fi; as a 2-cocycle on W that is trivial on W7. Then the #;-twisted group algebra of W,

denoted by Q,[W;, 4], is defined to be the Q,-vector space Q,[W, ;] with basis {fw tw € Wj}
and multiplication rules

fwfw/ = ﬁj(wvw/)fww’a w,w, (S Wj

One constructs a G-equivariant semisimple perverse sheaf K; supported on ?j that has a
Wj-action and a decomposition [Lus84b, Theorem 6.5]

K= @ Vod,
pelrr(@z [Wj7ﬁj])

where (p,V,) ranges over the (equivalence classes of) simple modules of Q,[W;,;], and A; , is
an irreducible G-equivariant perverse sheaf.

We set
3= {(j.p) 1 €3°, p € (@ [W;, 5])}- (3.4)
The generalized Springer correspondence for G is the bijection
v:19 — J9 (3.5)

defined in [AMS18, Theorem 5.5].

DEFINITION 3.2. Let v = ycg: 19 — J9 denote the composition of v with the projection from
JY to JY.
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Suppose (U, E) € 19, and suppose the G-class U splits into G°-classes Uy,...,U;, for some

£ > 1. If we regard £ as a G°-equivariant local system, then it restricts as E[ye = @f;l Ets
1 <1</, where VO(Uf7gf,t) = (5°, p;?,t)a with j° = Vg(Ufang) and P|WJ‘? = @i,t P?,t'

Ezample 3.3. Let G = O2,(C), so G° = SO2,(C) and G/G° = Z/2Z. The unipotent classes in G
are parametrized by partitions A = (A1,..., Ap) of 2n such that each even part appears with
even multiplicity. If U, is the corresponding unipotent class, then U) is a single G°-class unless
the partition A is ‘very even’ [SS70, CM93], i.e. all parts \; are even, in which case U}, splits into
two G°-classes, U;“ and U, .

Let j = jo correspond to the trivial cuspidal local system on the torus of G°. Then Wfo =
We =W(D,) and W; =W = W(B,,), hence W/W° = G/G° = 7Z/2Z. (Here W (D,,) denotes a
Weyl group of type D,, and similarly for W (B,,).) If A is not a very even partition and u € Uy,
then A, /Age(u) = Z/2Z; if (jo, p°) = v°(UY, ¢°), then there are two nonisomorphic ways ¢, ¢’ in
which one can extend ¢° to A,, and two nonisomorphic ways p, p’ to extend p° to W, which can
be chosen such that p corresponds to ¢ and p’ corresponds to ¢’ under the disconnected Springer
correspondence.

If, on the other hand, )\ is a very even partition, u = u™* is a representative of U ;f , and
u~ a representative of U, , then A, = Ago(ut) = Age(u™) = {1}. In this case, v°(U*,1) = p*
(W (D,,)-representations), where p is parametrized by a bipartition of n of the form X\ x X
(necessarily n is even). Then v(U,1) = p (W (By,)-representation), where ply (p,) = p* ® p~.

4. The Langlands parametrization

We use the notation of §2. In addition, we write Ir for the inertia subgroup of Wg, and we set
W} := Wr x SLz(C). We have natural projections from p;: Wy, — Wp and pa: LG - Wp.

4.1 Langlands parameters

A Langlands parameter (or L-parameter) for G is a continuous morphism ¢: Wy, — L@ such that
(w) is semisimple for each w € W (that is, r(p(w)) is semisimple for every finite-dimensional
representation 7 of @), the restriction of ¢ to SLy(C) is a morphism of complex algebraic groups,
and the following diagram commutes.

W i L
N .
Wg

Write ®(G) for the set of GV-conjugacy classes of Langlands parameters for G.
Let Zgv () denote the centralizer in G¥ of o(W}:). We have

Zav (@) N Zav = 74, (4.1)

and, hence,

Zav (9) )2 = T (@) Zav [ Zv -
The group Zgv (¢)Zav/Zav can be considered as a subgroup of GY; and we define ZésvC (p) to be
its inverse image under the canonical projection p: Gy, — GY. The group ZIGSVC () coincides with
the group introduced by Arthur in [Art06, (3.2)] (denoted there by g(p). As observed in [Art06],
it is an extension of ng(go)/ngf by Zgy . Let A}D denote the component group of Zng,C ().
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Remark 4.1. When Zg is F-split, the group A}a also coincides with the group considered by
Kaletha in [Kall8, §4.6] in the parametrization of the L-packet of ¢.

An enhancement of ¢ is an irreducible representation ¢ of A}O. We denote by gslo the set
of irreducible characters of A}a. The pairs (@, ¢) are called enhanced L-parameters. Let ¢ € gslo
Then ¢ determines a character (g4 of Zgy. An enhanced L-parameter (¢,¢) is said to be G-
relevant if ¢, = ¢, where ( is as defined in §2.2. The set ®¢(G) of GV-conjugacy classes of
G-relevant enhanced L-parameters is expected to parametrize the admissible dual of G.

The group H' (Wg, Zgv) acts on ®(G) by

(zo)(w,x) == 2 (w)p(w,z), ¢ ®(G), we Wp, z € SLy(C), (4.2)

where 2/: Wp — Zgv represents z € H' (Wp, Zgv). This extends to an action of HY(Wg, Zgv)
on ®.(G) that does nothing to the enhancements.

A character of G is called weakly unramified if it is trivial on the kernel of the Kottwitz
homomorphism. Let Xy (G) denote the group of weakly unramified characters of G. There is
a natural isomorphism

qur(G) =~ (ZéFv)Frob - Hl(WFv ZGV) (43)

(see [Hail4, §3.3.1]). Its identity component is the group Xyu,(G) of unramified characters of G.
Via (4.2) and (4.3), the group Xy (G) acts naturally on ®¢(G).

Let ¢: Wg x SLy(C) — LG be an L-parameter. We consider the (possibly disconnected)
complex reductive group

defined analogously to Zéy (¢). Denote by g, its identity component.
We define elements u,, s, € GV by

(up,1) = (1,(51)) and (s, Frob) = @(Frob, Idg . (c))- (4.5)

Then u, € Q;.

We recall that by the Jacobson-Morozov Theorem any unipotent element u of G/ determines
(up to conjugation by Zg(u)) a homomorphism of algebraic groups SLy(C) — G taking the
value u at ({1). Hence, any enhanced L-parameter (¢, ) is completely determined, up to G-
conjugacy, by ¢|w,, u, and ¢. More precisely, the map

(907¢) = (¢|WF’U¢7¢) (46)

provides a bijection between ®.(G) and the set of GV-conjugacy classes of triples (¢|w,, Uy, ¢).
We define an action of G, on GV by setting

h-g:=hgh'~! for he GY and g € GV, where p(h) = h'Z¢v.

It induces an action of GY, on “G and we denote by Zqv () the stabilizer in Gy, of ¢(W7},) for
this action.
On the other hand, the inclusion Zgy (¢) < Zgy (¢lwy) N Zgy (uy) induces a group iso-

morphism
AL = mo(Zay (elwi) N Zay, (uy))- (4.7)
As observed in [AMS18, (92)], another way to formulate (4.7) is
Aglo = Agw (uw) = Z% (U@)/Z% (ueo)o- (4.8)
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The L-parameter ¢ is called:

— discrete if there is no proper Wp-stable Levi subgroup LY C G such that (W) C LY x W;
— bounded if s, belongs to a bounded subgroup of GV.

We say that (p,¢) € ®e(G) is cuspidal if ¢ is discrete and (uy,¢) is a cuspidal pair for G,
(as defined in §3). The set of G-relevant cuspidal (respectively, discrete, bounded) enhanced
L-parameters is expected to correspond to the set of supercuspidal (respectively, essentially
square-integrable, tempered) irreducible smooth G-representations [AMS18, §6].

4.2 Inertial classes

For L a Levi subgroup of G and g € GV, the group gLYg~! is not necessarily Wg-stable, so
the group GV need not act on pairs of the form (L, (¢, ¢c)) with (e, ¢c) a cuspidal enhanced
L-parameter for L. In order to deal with this, as in [AMS18, Definition 7.1], we will have to
consider all the pairs (Zrg(7), (e, ¢c)) of the following form.

~ 7 is a torus of GV such that the projection Zry(7) — Wy is surjective;

— et Wp —Zrg(T) satisfies the requirements in  the  definition of an
L-parameter;

—let L=GYNZLe(T), and let Ly be the simply connected cover of the derived group of L.
Then ¢ is an irreducible representation of mo(Z}_(¢)) such that (uy,, @) is a cuspidal pair
for Z%SC(¢C’WF)) and ¢ is G-relevant as defined in [AMS18, Definition 7.2] (that is (, = ¢ on

Lec N Zg]f and ¢ = 1 on L. NZG , where L. denotes the preimage of £ under Gy, — GV).

Fix such a pair (Zrg(7), (¢c, ¢c)). The group

o

Xan(Zr6(T)) = (B utytugm), (49)

plays the role of unramified characters for Zr (7). It acts on the enhanced L-parameters (¢c, ¢c)
(see [AMS18, (110) and (111)]) and we denote by Xun(Zrz(7)) - (¢c, ¢c) the orbit of (g, de).
We denote by sV the GV-conjugacy class of (Zro(7), Xun(Ze(T)) - (¢c, ¢c)). We write

5" =5 = [Zoa(T). (¢, ¢o)lav,
and call 5V an inertial class for ®(G). We denote by B (G) the set of all such sV.

Note that there exists a Wg-stable Levi subgroup LY of GV such that Z.4(7) is GY-conjugate
to LV x Wpg and £ = GV NZLg(T) is GV-conjugate to LV. Conversely, every GV-conjugate of
this LY x W is of the form Z.4(7) for a torus 7 as above (see [AMS18, Lemma 6.2]).

We write

5\L/ = (ZLG(T)vXun(ZLG(T)) ) (‘Pc: ¢c)) (4'10)
We will consider the groups
Wev = Ngv(sy)/LY and Jy, := Zgv(pc(IF)). (4.11)

The group J,, is a complex (possibly disconnected) reductive group. Define R(Jg_,T) as the set
of a € X*(7) \ {0} that appear in the adjoint action of 7 on the Lie algebra of .Jg . It is a root
system (see [AMS17, Proposition 3.9]).

We set W, 1= Nye (7)/Zys_ (T), where W, is the Weyl group of R(Jg_, 7). Let R*(Jg.,T)
be the positive system defined by a parabolic subgroup P, C JZ_ with Levi factor (LZC)O. Two
such parabolic subgroups P/ are Jg -conjugate, so the choice is inessential.
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Since W, acts simply transitively on the collection of positive systems for R(J;C,T), we
obtain a semi-direct factorization

st =W x 5)5{5\/7

S
where Rgv = {w € Wyv |w - RY(J,T) = RY(J3,,T)}.
DEFINITION 4.2. Let v¢: ®.(G) — BY(G) be the map defined by

VC(Soa d)) = [ZLG(Zi\/lAP)v ()0|WF; Uc, ¢C]GV7

where (¢|w,,u, $)gv is the image of (¢, ¢)gv via the bijection (4.6), (uc,Pc) corresponds to
(U, &) € Iéw“" and (M, U, &) = ch“’ (U, €) is the image under the map ch“" from Definition 3.2
of the pair (U, &) € 19 associated with (u, ¢).

We have the following decomposition (see [AMS18, (115)]):

0(G)= || @(G), where B(G)° =w . (sY). (4.12)
sVeBY(G)

Let Irr(G) be the set of isomorphism classes of irreducible smooth G-representations. For L
a Levi subgroup of G, we denote by Irreusp(L) the set of isomorphism classes of supercuspidal
irreducible smooth L-representations.

Let 0 € Irreusp(L). We call (L,0) a supercuspidal pair, and we consider such pairs up to
inertial equivalence. This is the equivalence relation generated by:

— unramified twists, (L,0) ~ (L,0 ® x) for x € Xyn(L);
~ G-conjugation, (L,0) ~ (gLg~',g- o) for g € G.

We denote the set of all inertial equivalence classes for G by B(G) and a typical inertial
equivalence class by s := [L, 0]g.

In [Ber84], Bernstein attached to every s € B(G) a block R(G)® in the category R(G) of
smooth G-representations as follows. Denote by Ig the normalized parabolic induction functor,
where P is a parabolic subgroup of G with Levi subgroup L. If 7 € Irr(G) is a constituent of
I§ (1) for some o € Irr(L) such that [L, o]¢ = s, then s is called the inertial supercuspidal support
of m. We set

Irr(G)® := {7 € Irr(G) : 7 has inertial supercuspidal support s},
R(G)® .= {m € R(G) : every irreducible constituent of m belongs to Irr(G)*°}.

4.3 Unipotent representations
An irreducible smooth representation (w, V') of G is called unipotent if there exists a parahoric
subgroup K of G such that the subspace VE" of the vectors in V that are fixed by the pro-
unipotent radical K+ of K contains an irreducible unipotent representation of the finite reductive
group K := K/K™. We denote by Irr,, (G) the set of isomorphism classes of irreducible unipotent
G-representations.

For the rest of the section we will assume that the quasi-split inner form G* of G is F-split.

DEFINITION 4.3. An L-parameter ¢: W x SLy(C) — £G is called unipotent if p(w,1) = (1,w)
for any element w of the inertia subgroup Iz of Wg.

Denote by ®.,(*G) the set of GY-conjugacy classes of unipotent L-parameters ¢ and
by ®cun(G) the set of unipotent enhanced G-relevant parameters, i.e. the subset of the
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(p, @) € Po(G) such that ¢ is unipotent. We then set
Peun(PG) = GV\{(p, ®) | ¢ unipotent, ¢ € AL o}

Given ¢ € ®y,(“G), since G* is F-split, every ¢ € A}O is G'-relevant for some G’ € InnT(G). We
thus have

(I)e,un(LG) - |_| (I)e,un(G/)-
G’€InnT(G)

Given ¢ € ®,,(LG), let A, be the component group of Zgv (). We then set
@ . (“G) = G¥\{(,9) | ¢ unipotent, ¢ € A,}.

The set @ un(G) is known to parametrize Irryy(G): such a parametrization was defined by
Lusztig in [Lus95, Lus02] in the case when G is simple adjoint, and extended by Solleveld in
[Sol23a, Sol23b] to the case when G is arbitrary. In the case when G = GL,,(F') or SL,(F), it
also follows from [HS12, ABPS16]. This parametrization induces a bijection:

LLC: @ un("G) «— || Trran(@). (4.13)
G'eInnT(G)
This correspondence sends cuspidal (respectively, discrete, bounded) parameters to supercuspidal
(respectively, essentially square-integrable, tempered) irreducible unipotent representations.
Let # € GY with Jordan decomposition # = su. There is an unipotent L-parameter ¢ (unique
up to GY-conjugation) such that u = u, and s = s,. We set
Gs = Ziyy (@lwy)- (4.14)
Note that ¢|w, depends only on s, which explains the notation. By (4.8),
AL = Ag, (u).
We set
Deun (PG, 5) = G\{(¢', ¢) € Peun(FG) | ¢/ (Frob, 1) = (s/, Frob), s’ € G - s}.
Then

o —

Deun (PG, 5) = Zav (p|wy)-orbits in { (v, ¢) | v/ € G2 unipotent, ¢ € Ag, (u')}
= Gg-orbits in {(v/, ¢) | v’ € G7 unipotent, ¢ € Am)} (4.15)

The second equality follows from the fact that conjugation of unipotent elements is insensitive
to isogenies. This allows us to rephrase the unipotent LLC as follows. Let C(G), C(G)ss, C(G)un
denote the set of conjugacy classes, respectively semisimple, unipotent conjugacy classes in a
complex group G. Let Ry, (G’) be the C-span of Irry, (G’). Then (4.13) can be written as the

bijection
LLCyn : |_| |_| A/gs(\u) — |_| Irryn (GY),
SEC(GV)ss uEC(Gs)un G’€lnnT(G)

which induces a linear isomorphism

LLCun: R(@eum("@) = € B RMAg(w) — E Rul(d). (4.16)

S€C(GY)ss u€C(Gs)un G’elnnT(QG)

If we instead consider pure inner twists, then we need to replace the group G5 by the group

GY = Zov (plwy), (4.17)
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and the correspondence becomes

LLCE: R, (PG = @ @ RAgw) — P  Ruld). (4.18)

s€C(GY)ss ueC(G%)un G'€InnT?(G)
Given ¢ € R(Agr(u)), write 7(s,u, ¢) for the image of ¢ under LLCE,.

Remark 4.4. Note that the existing LL.C for unipotent representations is not entirely canonical
(see the discussion in [Sol23a, Introduction]) but for the rest of the paper, we fix a map LLCPE
as above satisfying the usual properties (described, for example, in [Sol23a, Theorem 1]).

Ezample 4.5. For G = SL,(F'), recall that there is a one-to-one correspondence between
InnT(SL,,(F)) and Z/nZ, where the inner twists are SLy,(Dg; /), m = ged(r,n), r € Z/nZ.
The dual Langlands group is GV = PGL,(C). The correspondence (4.13) takes the form:

| | Irtun(SLan(Dayym)) < PGLA(C\{(z, ) |« € PGL,(C), ¢ € AL}, (4.19)
reZ/nk

in particular,
Irrun (SLy (F)) «— PGL,(C)\{(z,¢) |z € PGLL(C), ¢ € A, }.

In this case, Gy = SL,(C) and Zgy = Cy. The irreducible central characters are therefore

Zm) ={( | r € Z/nZ}. A Langlands parameter (z, ¢) parametrizes an irreducible unipotent
representation of SLy,(Dg . /r,) if and only if (4 = (. In particular, the unipotent representations
of SL,,(F) correspond to central characters (p = 1.

Moreover, for x € PGL,(C), AL is the group of components of ZéLn(C) (x) ={g € SL,(C) |

grg~! =z},

Remark 4.6. Note the Langlands parameters we call unipotent here are also known as unramified
Langlands parameters (cf. [Vog93, Sol23al).

5. Lusztig’s nonabelian Fourier transform for finite groups
We recall the definition of the nonabelian Fourier transform [Luz84a]. For the background
material, we follow [Luz84a, GM20, DM90].

5.1 Fourier transforms
For a finite group I', define M(T") to be the set

{(z,0) |z €T, o€ Zr(z)}, (5.1)
modulo the equivalence relation given by conjugation by I': g-(z,0) = (grg~!,09), where
o9(y) = o(g lyg) forall g € T, y € Zr(grg—'). Define also

Y(I) =A{(y,2) eI xT |yz = zy}. (5.2)

Write T'\ (I") for the set of T-orbits on Y(T'). Let Sh'(T') be the category of I'-equivariant
coherent sheaves of I' (I acting on itself by conjugation). The irreducible objects in Sh™(I")
are parametrized by M(I'): for every pair (z,0) € M(T'), let V((x,0)) =T Xy, () o be the cor-
responding irreducible I'-equivariant sheaf. This means that there is a natural isomorphism
C[M(T)] = K(Sh"(I"))¢, where K ( )¢ is the complexification of the K-group. Moreover, there is
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an isomorphism
ki CIM(D)] = K(Sh'(D))c — CLA\ YD), Vi ((y,2) = tr(2,V]y)).
Lusztig [Luz84a] defined a pairing on M(T'):

_ 1 o —1 e 71x71
{(waa),(yﬁ)}——|Zr(x)|‘zr(y)| g; (gyg ")r(g 2 "g), (5.3)

zgyg~l=gyg~lx

which extends to a Hermitian pairing on C[M(I")]. He also defined a linear map, the Fourier
transform for T,

FTr: CIM(D)] — CIM(D)),  FTe(f)(,0) = > {(@,0), (5, 7)}f(y,7). (5:4)
(y,r)eM(T)

See Lemma 5.1 for the interpretation of FTr in terms of Y(T').

Now consider the following generalization. Suppose I' = I x («), where « has order c. Set
I"=Ta CT. As in [Luz84a, §4.16], define two sets M = M(I'<AT) and M = M(I' <T) as
follows:

o —

M ={(z,0) | z € T such that Zx(z) NT' # 0, 0 € Zp(z) with o]z (y) irreducible}, 55)
— 5.9
M= {(z,5) |z e€l’, 6 € Zp(x)},

in each case modulo the equivalence relation given by conjugation by L.

In addition, the cyclic group («) acts on M by twists in the second entry of the pair (z, o).
Denote by ~ the corresponding equivalence relation.

The set M is a subset of M(I). Given (z,5) € M, we have that (z,0) € M(L) for any
extension o of & to Zp(x). Thus, the pairing { , } on M(T) induces a pairing

{, } MxM=C, {(z,0),(y,7)}:=c{(z,0), 1)} (5.6)
for any fixed extension o of & to Zx(w).

Let P =PI <T) and P = P(L <T) be the spaces of functions on M(I') with support in
M and M, respectively. The operator [Luz84a, (4.16.1)] (see also [GM20, §4.2.14])

FTp 5P =P, FT g f(w,0)= > {(@0), 7} (.7 (5.7)
(y,7)EM/~e

is an isomorphism with inverse FT;;ff(y, T) =D (wmemt(®,0), (y, 7))} f (@, 0).
5.2 Families of Weyl group representations

Let W be a finite Weyl group with the set of simple generators S. The partition of W into families
is defined in [Luz84a, §4.2] as follows. Let sgn denote the sign character of W. If W = {1}, there
is only one family consisting of the trivial representation. Otherwise, assume that the families
have been defined for all proper parabolic subgroups of W. Then u}g’ ew belong to the same
family of W if there exists a sequence p = g, fi1, . . -, b = ', i € W, such that for each ¢ there
exists a parabolic subgroup W; C W and p, p! € Wi in the same family of W; such that either

<,U,;,/J,7;_1>Wi 7é 07 a,u,; =CQu;_q, </‘L’/L/7ILLZ>W7, 7é 07 a,u,;.’ = Gy,
or

<M;7 Hi—1 @ Sgn>Wi 7é 07 ap,; = Qu,;_1®sgn> <,U,;/, i @ Sgn>Wi 7é 07 ap,;’ = Oy, ®sgn-
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Here a,, is the a-invariant of u defined in [Luz84a, §4.1]. It follows from the definition that if
F C Wis a family, then so is F ® sgn and the families for W; x Wy are F; X Fo, where F; is a
family for W;, i = 1, 2.

Suppose in addition that we have a Coxeter group automorphism o: W — W, ie. o €
Aut(W) such that o(S) = S. Such an automorphism is called ordinary if, on each irreducible
component of W, it s not the nontrivial graph automorphism of type Bs, G5 or Fy. The auto-
morphism o acts on W and it permutes the families . An important observation [Luz84a, §4.17]
is that if o is ordinary and F is o-stable, then every element of F is o-stable.

5.3 Families of unipotent representations

Let G be a connected reductive algebraic group over ﬁq with a Frobenius map Fr: G — G
such that there exists a maximal torus Ty with the property Fr(t) =%, for all ¢t € Ty. Let
W = Ng(To)/To be the Weyl group. Recall that an irreducible representation p € Irr G is
called unipotent if (p, RE(1))gr # 0 for some Fr-stable maximal torus T of G. Here RS is
Deligne-Lusztig induction [DL76, §7.8]. Let Irr,,G™ denote the set of irreducible unipotent
G -representations. By the results of Lusztig, the classification of Irr,, G'" is reduced to the case
when G is adjoint simple (see, for example, the exposition in [GM20, Remark 4.2.1]). More pre-
cisely, if m: G — Ggq is the surjective homomorphism with central kernel (G,q is the semisimple
adjoint group isogeneous to G/Zg), there exists a Frobenius map Fr,q such that Froqg om = wo Fr

such that the resulting group homomorphism 7: G — Gg(rfd induces a bijection

Irry, G IrrunGgffd )

Furthermore, write G,q = G1 X - -+ X G, for the decomposition into factors such that each G; is
semisimple adjoint, Fr,g-stable, and a direct product of simple algebraic groups that are cyclically
permuted by Fr,q. Let H; be one of the simple factors in G;: if h; is the number of copies of Hj,
then Frgé preserves H;. Denote by Fr; the restriction to H;. Then

,
Irrunchrfd = H Irruan\”.
i=1

The Frobenius map Fr induces a Coxeter group automorphism o of W. Define a graph with
vertices IrrBEGF " as follows: pi, po € IrryyG™ are joined by an edge if and only if there is o-
stable € W such that (p;, Rj)gr # 0 for i = 1,2 where Ry is the almost character associated
to a fixed extension fi of u to W =W x (5) as defined in [Luz84a, (3.7.1)]. Each connected
component of this graph is called a family in Irryn G, One can define an equivalence relation on
the set W7 of o-stable irreducible W-representations: ;1 and y’ are equivalent if R; and Ry have
unipotent constituents in the same family. By [Luz84a] (see also [GM20, Proposition 4.2.3]), the
equivalence classes are the same as the o-stable families in W, when o is ordinary.

To each family U C Irry, G corresponding to the o-stable family 7 C W, Lusztig [Luz84a,
§ 4] attached finite groups I'yy < Ty such that Ty, = Ty (o), a bijection

U M(Iy<Ty), p i, (5.8)
scalars A(z,) € {£1} (see [Luz84a, §6.7]), and an injection

F— My <Ty), pe (5.9)
such that, when o is ordinary, [Luz84a, Theorem 4.23] states that
(p, Ri)ore = A(@p){Tp, xu}- (5.10)
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Define the unipotent almost characters of G to be the set of orthonormal class functions
Ry =Y A@,){z,.2}p, =€ M(TydTy). (5.11)
peU
Hence, the unipotent nonabelian Fourier transform of G
FTgn = @  FTp g, (5.12)
UCTrry, GFr

gives the change of bases matrix, up to the signs A(Z,), between irreducible unipotent characters
and almost characters.

Assume G is Fr-split, so that o is trivial and a family U is parametrized by M(T'y). Let
x € I' = I'y, and define the virtual combinations of unipotent characters

Hu(l‘,y) = Z U(y_l)p(x,a)a where y € ZF(x)v (513)
O’GZ/—I‘(I\)

where p(, 5 is the representation in U parametrized by (z,0) € M(Ty). If T' is abelian (which
is often the case), we may also define

Iy (o, 1) = ZT(y)p(y,o), ifo,7 € T. (5.14)
yel

LEMMA 5.1 (Cf. [DM90]). With the notation of (5.13)-(5.14) and I =T,
FTF(HU($ay)) = HU(ya x)a FTF(HU(U7 T)) = HZ/{(T’ U)a
the latter when I' is abelian.

Proof. We verify the first formula. The second is analogous (or it follows by change of bases).
Denote by C,, the conjugacy class of y in Zp(z). Then,

FTr, (Hy(z,y))

=> oy Y _{@0). (2 1)}pem

(z7)

1
= ZU: oy (ZZT:) 1Ze(@)[[Z0(2)] Z U(ngfl)T(gflelg)P(z,f)

g€l gzg=1€Zr(z)

1 1 _ _ 1
Sl D, EE S e o

g€l gzg—1€Zr(z

1 1
— Z Cl 7] Z T(g_lx_lg)p(zT) (by character orthogonality)
Z b
g€l gzg-rec, VTR
1 1 . _
=1c S > gl g)p 1y (setting ¥ = gzgTh)
Vel rez(giyg)
1 _ _
=G > (g 'y'g, g 'ag) = Myly, ),
Yy y'€Cy
where we used column orthogonality of characters and that (y,z) is I'-conjugate to
(979,97 zg) when ¢/ € C,,. O
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6. Disconnected groups over finite fields

Suppose that G is a disconnected reductive group over Fp with Frobenius map Fr: G — G and
identity component G° such that A = G/G° is abelian. (In our applications, G/G° will almost
always be a cyclic group.) By definition, the irreducible unipotent G™-representations Irr, G
are the constituents of all induced representations Imdgir p, where p € Irry,G°F". See [GM20,
Proposition 4.8.19] for the compatibility with the definition in terms of the appropriate version
of R%(l). The parametrization of Irr,, G follows from that of Irr,,G°'" via Mackey induction
using the explicit results for simple groups, e.g. [GM20, Theorems 4.5.11 and 4.5.12].

We are interested in studying the irreducible unipotent representations for groups G that
are related via the structure theory of p-adic groups.

Let G be a reductive algebraic group over F, with identity component G° and such that
G/G° = A is a finite abelian group. Let Frg be a Frobenius map on G and assume that G
is split. Given a € A, conjugation by a defines an outer automorphism of G°, which induces
an isomorphism, call it o, of the based root datum of G°. For every a, define the Frobenius
automorphism Fr, = Frg o 0,. By analogy with § 2, we write

InnT?G = {G™* | a € A}

and call this the set of pure inner twists of G0, Just as in the p-adic case, this set is in one-to-one
correspondence with the first Galois cohomology group

InnT?G « H'(F,,G) = H'(F,,G/G°) = H'(F,, A) = A,

using the fact that H!(F,,G°) =0 by Lang’s Theorem (see, for example, [Ser02, IIL§2,
Corollary 3]), and the assumption that Fry acts trivially on A. N

By (5.8), every unipotent family U C Irry, (G°¥™) has an associated finite group Iy = Ty
(since G°F™0 is split). The group A acts on the set of families 2. For every orbit O4 = A-U
with representative U, let Z 4(U) be the corresponding isotropy group. Then Z 4 (i) permutes the
elements of U, hence the corresponding parameters M (I'y). If I'y; is abelian, which turns out to
be the case in all of the examples of interest to us when A # {1}, this automatically defines an
action of Z4(U) on I'y, hence a group

T/} =Ty x Za(U). (6.1)
See [DM90, §5] and [Lus86, §17] for more details.

ProprosITION 6.1 (Cf. [DM90, Proposition 5.2]). As above, assume G is Fro-split. The
parametrization (5.8) induces a bijection

| | I (GF) | ] M(TH),
acA UCA\Irryy, (GO FO)
where U in the right-hand side ranges over a set of representatives of the A-orbits of families in

Trryn (GoF0).

Proof. This can be viewed as a particular case of [DM90, Proposition 5.2]. There the right-hand
side of the bijection involves the groups M(I'/} C I'j} x (Fro)), but since we are assuming G is

Fro-split, M(T{} € T/ % (Fro)) = M(T{). O

Remark 6.2. The bijection in Proposition 6.1 is not unique. To account for this (and in order
to be able to carry out computations later on), we will work out explicit parametrizations in
Examples 6.3-6.8. These cases are relevant for the branching computations for the unipotent
representations of reductive p-adic groups in the inner class of the split group.
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Let Run(G'*) be the C-span of Irry, (G%«). The bijection of Proposition 6.1 induces a linear
isomorphism

PRuG™) -~ P CcMTH). (6.2)

acA uCA\II‘runGOFrO

The right-hand side of (6.2) has the involution given by (5.4). Define
FTg: ) Run(G™) — @) Run(G™), (6.3)

acA acA
to be the corresponding involution on the left-hand side. N B
In the examples below, when A is clear from the context, we may write I'y; in place of Fz‘j
for simplicity of notation.

Ezxample 6.3. Let H be a connected almost simple Fg-split group and G = (H x H) x Z/2Z,
where the nontrivial element ¢ of A = Z/2Z acts by flipping the two copies of H. There are two
pure inner twists:

InnTPG = {H(F,)? x Z/2Z,H(F ;) x Z/2Z},

the second for the Frobenius map Fri(hi,he) = (Fro(he),Fro(h1)), hi,he € H. A family of
G°(F,) = H(F,)? is Uy X Us, where Uy, Us are unipotent families of H. The A-orbits are either
{Ur RUs,Us R U, } for Uy # Us or {U KU}. Assume that all Iy, are abelian. Set

T o, = Toty % Dugy, Un # Uo, Ty = T3 0 Z)2Z,
with the flip action of 4. There are £(£ + 3)/2 conjugacy classes in fu&u, ¢ =|T'y/|, and they are
represented by:

) ~ @) i £ € T B ((0) = T
- (@), v ely, Ly ((z,2)) = 2 x Z/2Z;
— (z,1)d, x € Ty, qum((x, 1)8) = (T'g, (x,1)8), where T'§} is the diagonal copy of I'y.

When Uy # Us, if py € Uy, ps € Us, then p1 X po = Indggﬁ(‘%i)(m X p2) is parametrized by
(jpufpz) S M(FZA@UQ)‘

In the second case, let p, p’ € U. If p # p’, then p x p' = p’ x pis an irreducible representation
of G(Fy). If z, = (x,0), Ty = (2/,0') are the corresponding parameters of p, p’ in M(I'y), then
the parameter for p x p' in M(Tysy) is ((z,2)),0 Ro'), if z#£a', or ((z,z),0 x o), where
oxo = Ind?émzﬂz(a Xo'), if o # o',

If p=p/, then we can extend pX p in two different ways to G(FF,), denoted by (p x p
relative to the character of Z/2Z. The corresponding parameters in M (Iysy,) are ((z,z), (o X
o)¥), with the obvious notation.

For the second pure inner twist, the irreducible unipotent representations of H(qu) are given
by the same families ¢/ as for H(IF,) and ¢ fixes each unipotent representation p of H(F ). Let p

)j:

be an irreducible H([F 2 )-representation in ¢ parametrized by 7, = (z,0), v € I'y, 0 € fu. Then
it can be extended in two different ways p* to H(F2) x Z/2Z. The centralizer qum((:n, 1)6) =
(T4, (x,1)8) is isomorphic to the direct product C, := ((y,y) |y # x € I'y) x ((x,1)d), since
((az, 1)5)2 = (z,x). Regard o as a representation of the subgroup Fﬁ. There are two ways o+
to extend it to Cy, coming from the short exact sequence 1 — ((z,z)) — ((z,1)0) — Z/2Z — 1.

We attach ((z,1)8,0%) € M(Tyy) to p=. To fix a choice of +, we fix a choice of primitive /th
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root of unity (p for each ¢. Then, if o((z,z)) = C,z, for some j, where k is the order of z, then

o ((x,1)8) = (3. For our applications, H will be a classical group and therefore, I'yy a 2-group,
hence z will have order k < 2.

Ezample 6.4. Let G° = GL", G°0 = GL4(F,)™ and A = Z/mZ acting by cyclic permutations
on the factors of G°. Then

InT?G = {G°™" % Z/mZ = GL(F ym/a)* x Z/mZ | r € Z/mZ, d = ged(r,m)}.

Each unipotent family of GLk(]qu/d)d is a singleton {p; X --- X pg} where p; € S, 1<i < d.
Hence, we can ignore the difference between unipotent families and irreducible representations
of symmetric groups. The irreducible representations of S,‘j X Z/mZ are constructed by Mackey
theory.

Start with a unipotent representation p = py M- -- X p,, of GL;(Fq)™ x Z/mZ with stabilizer
Z/cZ, clm. This means that p; = pjjm/. for all i (viewed mod m) and that Z/(m/c)Z has no

fixed points under the cyclic action on py X ---& p,, /.. The corresponding unipotent family u
that we construct for InnTPG has

T/ — 7).

The irreducible representations p of G0 whose restriction to G°F contain p are in one-to-one
correspondence to the characters of Z/cZ, hence they are parametrized in M(fu) by the pairs
(0,0), 0 € Z//C\Z

For every r € Z/mZ such that m/c divides d = ged(r,m), consider the representation of
G°I'r given by p" = p1 K --- K py. The stabilizer of this representation in Z/mZ is also Z/cZ.
The irreducible representations 5" of GF'r whose restriction to G°¥™ contain p” are again in one-
to-one correspondence to the characters of Z/cZ, and we parametrize them in M(fu) by the
pairs (rc¢/m, o), o € Z//\CZ This completes the parametrization via M(f%/ mZ)
representations for InnT?G corresponding to the family U = {p} in G°™,

of the unipotent

Ezample 6.5. Let G = Og,,, G° = SOgy,, n > 2, A = 7Z/27 = (6). There are two pure inner twists
InnT?G = {03, (F,), O, (F,)}. In this case, we use the parametrizations of [Luz84a, §§ 4.6, 4.18].
Recall that a symbol for type D, is an array A = (ﬁ} ;/\é » ﬁ\bb/ ), b+b =2m, 0< \ < - <
Ay, 0 < pp < -+ <y, which is considered the same as the array where the rows are flipped.
A symbol where b=0 =m and A\ < 3 <Ao< <. e, Z)\%—i—/\u%:n—l—nﬂ—m is called
special.

Let Z be a special symbol. In the case when \; = u; for all 1 < i < m, one attaches to
Z two unipotent G -families, U’ = {p} and U" = {p'}, each consisting of a single unipotent
representation and with Iy = Iy» = {1}. In this case, the action of ¢ flips the two families.
Hence they give rise to a single family {p} for G, p|zor, = p @ p/, and I'yy = {1}.

Assume now that the two rows of the symbol Z are not identical, i.e. Z is nondegenerate in
the sense of [Luz84a]. Then Z defines one unipotent family for G and one for G°¥*1. Each
element of these families is stable under § so it can be lifted to two different G, respectively
G| representations.

The unipotent representations in the G°*-family i, corresponding to Z are indexed by the
set My of symbols A such that b — b =0 mod 4, b+ b = 2m. The unipotent representations
in the G°™-family U, corresponding to Z are indexed by the set M, of symbols A such that
b—b =2mod 4, b+ b = 2m. Let Z; be the set of elements that appear as entries of Z only
once. Let 2d = |Z;|. Define:
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— Vg, as the set of subsets X C Z; of even cardinality, with the structure of an Fa-vector space
with the sum given by the symmetric difference;

Vél as the set of subsets X C Z; with the structure of an Fo-vector space with the sum given
by the symmetric difference, modulo the line spanned by Z; itself;

— (Vé1)+ as the subspace of Vél where the elements are the subsets X of even cardinality;

- (Vél)* as the subspace of Vél where the elements are the subsets X of odd cardinality.

Note that (V)% is also the image of the projection of Vy, to Vy . The dimensions of V7 and
Vz, over [Fy are 2d — 1, while the dimension of (Vél) is 2d — 2. There is a nonsingular pairing

(,)1 Vzll X VZ1 — [Fo, (Xl,XQ) — |X1 N X2| mod 2. (64)

This pairing restricts to a nonsingular symplectic Fao-form of (Vél)+. If Vz, has the basis
e1,6€a,...,e24—1 as in [Luz84al, then (Vél)Jr is spanned by the images €1, és, ..., g1 modulo
the relation ey +é3+ -+ + €291 = 0. Let

I' = subspace of (Vél)Jr spanned by é1,€3,...,8E27_1,

I" = subspace of (Vél)Jr spanned by &g, €4, ..., E2q_9;
they are maximal isotropic subspaces of (Vz )* and (V)" =I' @ I”. Then

Ty, =I" = (2/22)% .
As shown in [Luz84a, §4.6], there is a natural bijection
Mz = M(Ty,) = (V)" =T'e "
(where I’ is identified with the group of characters of Iy, ). Denote
Ty, ={v €V | (v,e) =0, 1 <i<d—1} = (2/22)". (6.5)

Clearly, I'y, < fuz- As shown in [Luz84a, §4.18], there is a natural bijection

My = M(Ty, 9Ty,) = (V4,)™ = (Tu, \Tu,) x T',

Let Uy be the set (family) of irreducible representations in Irry, G U Irr,,G™ whose
restrictions to G°M™0 (respectively, G°™™1) are in Uy (respectively, U, ). Since each unipotent
representation in Uy and U, extends in two different ways to the corresponding disconnected
group, the parametrization above implies easily that there is natural bijection

Uy — M(Ty,). (6.6)

Explicitly, let {f1, f2,..., f4} be the spanningNset of V; subject to Z?il fi =0, such that &; =
fi+ fit1, 1 <i < 2d — 1. Then an Fo-basis of 'y, is given by {fi, €2, €4, ...,€24}. An irreducible
character of I'y, = (€2, €4, ...,€24) can be extended in two different ways to Iy, by setting the

character value on f; to 1 or —1. The value 1 corresponds to the representations of the identity
components of G, G extended by letting & act trivially, while the —1 value corresponds to

those where § acts by —1.

Ezample 6.6. Let G° be of type Ax_1, k > 3 or Eg, and A = Z /27 = (0) acting by the nontrivial
automorphism of the Dynkin diagram. The nonsplit pure inner twist has Gt of type 24;_; or
2F, respectively. By [Luz84a, §4.19], every unipotent family U of G° is fixed pointwise by A.
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Hence,

T2PE — Ty x ZJ2Z,  for all U,

Each irreducible representation p of the split form G°™ can be extended to G in two different
ways pT corresponding to the two characters of Z/2Z. If the parameter for p is T, = (v,0) €
M(Ty), then the parameters for p* are ((z,1),0%) with the obvious notation.

Similarly, an irreducible representation p’ of the nonsplit pure inner twist G°'™ can be
extended to G in two different ways p/~. If the parameter for p is z, = (2',0") € M(Ty),
then the parameters for o/~ are ((2/,6), 0’ ).

Ezample 6.7. Let H be of type Dy, k > 2 and G° = H x H. Let A = (1) x (d2) 2 Z/27Z x 727,
where 01 acts by the nontrivial outer automorphism of the Dynkin diagram of type Dy, and
0o flips the H-factors. This case is therefore a combination of Examples 6.5 and 6.3 and the
parametrization of families for the pure inner twists of G follows from these examples, i.e. the
same parametrizations as in Example 6.3 but constructed from the orthogonal families Uy from
Example 6.5.

Now for the same H and G°, suppose A = (§) = Z/4Z. If s, s} are the two commuting
extremal reflections of the first H = Dy, and s, s} are the similar reflections for the second
H = D, then 0 acts by the cyclic permutation:

/ / 1 14 /
d: 8] > Sy > 8] > Sy > 8.

On all the other simple reflections of the two components of type Dy, d acts by the obvious
diagram flip (of order 2). To describe the pure inner twists, let Fr denote the Frobenius map of
H whose fixed points is the nonsplit group of type 2Dj. Then

Fri: Hx H—HxH, Fri(h,hs) = (Fr(ha), hi)

is a Frobenius automorphism and Fr, = Fr}, r € Z/4Z (see, e.g., [GM20, Example 1.4.23]). The
identity components of the pure inner twists are the finite reductive groups of types:

GOFrO : Dk X Dk, GOFrl : 2Dk, GOFr2 : ZDk X 2Dk, GOFrB . QDk.
If p1, p2 are two unipotent representations of Dy, the action of § is

p2,  if the symbol of ps is nondegenerate,

d(p1, p2) = (P, p1), where ph = { - .
py, otherwise,

where p, is unipotent representation parametrized by the other degenerate symbol with the
same rows. See Example 6.5.

We start with a family U; x Us of G0 = Dy, x Dy,. If Us consists of a degenerate symbol,
then the stabilizer in A is always 1, regardless of what U is. (Similarly if I/ is degenerate.) In
this case,

(Recall that Ty, = 1 necessarily.) Since the stabilizer in Z/47 of each representation p; X po,
p1 € Uy, pa € Uy is also trivial in this case, it follows that there is a one-to-one correspondence
between the representations Indgfrp(io (p1 W p2) and p; € Uy, hence a parametrization by M (I, )
as expected.

For the rest of the example, assume that all families correspond to nondegenerate symbols.
Let Z1, Z> be two nondegenerate symbols of type Dy. Let Ui, Uy be the corresponding families
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for Dy, and U, U, the families for 2Dy.. Suppose first that Z; # Z,. Then the stabilizer in A is
7./27 = (%), hence the group for the pure inner twists is

~7./4Z

e = Ty x Ty x /2.

If p1 € Uy and py € Uy, the stabilizer in A of p; X py is also Z/27 = (62). By Mackey theory, we
get two irreducible representations of G0 by inducing p; X py twisted by the trivial or the sign
character of Z/27. If z,, = (x4,0;) € M(I'y,), i = 1,2, then the two induced representations are
parametrized by ((z1,x2,1),01 Koo K1) € M(Tyyy x Ty, X Z/27Z), where 7 is the trivial or the
sign character of Z/27Z.

If py €Uy and p € Uy, the analysis is analogous. The difference is that z, = (27,07) €
M(Ty, < fui), i =1,2, where 2} € fuz- \Ty,, oi € fui- Write z; =y, 1 = 1,2, y; € T'y,, where
« is the nontrivial automorphism of the Dy diagram. Then the two unipotent representations of
G™2 whose restriction to G°¥™ contain p, K p}, are parametrized by ((y1,y2,6%), 01 Koy K1) €
My, x Ty, x Z/27), where 7 is the trivial or the sign character of Z/27Z.

Finally, if Z; = Zy = Z with the families & of Dy and U~ of 2Dy, then the stabilizer of U XU/
is A =Z/4Z. In this case, set

TIEE — (Ty x Ty) x Z/AZ. (6.7)

~7./A7.

All four pure inner twists G'™ contribute in this case. Each conjugacy class in I /sy, 18 Tepre-
sented by an element (z,y,r) with x,y € Ty, and r € Z/47Z. 1t will correspond to a unipotent
representation of G| for the same 7.

If r = 0 then the conjugacy classes are given by (z,2z',0) ~ (2/,2,0) and its stabilizer in
FLZ{% is T?, x (62) if x # 2/, or all of FZ/4Z if x =2a'. If p,p’ € U with parameters z, = (z,0),
Ty = (2,0 ), it is clear that there is a perfect matching between the induced representation
coming from the Mackey construction and the parameters ((x,2’,0),0) € M(T}, [y 4Z) where 7 €
Zgzyaz (2, 27,0)).

UuRu

If r = 2, the conjugacy classes are given by (z,2’,82) ~ (2,2, %) and its stabilizer in ff/ég
is T x (6%) if z # 2/ or all FZ/4Z if v =a’. If p,p" € U™ with parameters 7, = (za,0), T, =
(2’a, o), again there is a perfect matching between the induced representations coming from the

—

Mackey construction and the parameters ((z, 2',6%),5) € M(T Z/42) where o € Z~Z/4z ((z,2',2)).

If r =1 or 3, the conjugacy classes are given by (z,1,9"), cf. Example 6.3. The stablhzer in
this case is <I‘Z§, 62,(x,1,6)). Let p be a representation in the unipotent family 2/~ with parameter
z, = (v, 0), 0 € fz,{. It can be extended in four different ways to 2Dy x Z/47Z corresponding to
the characters of Z/4Z. Since x has order 2, the cyclic group

(x,1,0)) = ((1,1,1), (2,1,0), (z, z,0%), (1,z,6%)) = Z/4Z.
Note that there is a short exact sequence (that does not split)
1—TH — Zezyiz((2,1,0")) — Z/AZ — 1,
L{IE
where the quotient Z/4Z is generated by the image of (z, 1, ). This means that o € fu, viewed

as a representation of I'4} can be lifted in four different ways to Zgz/az ((x,1,67)): the first can lift
uxu

o in two different ways to o, representations of Fﬁ x (§2) corresponding to the trivial and the

sign character of (§2). Then, fixing a square roots ¢ of o (x,z,8?), one constructs lifts o of
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o, 0 <1< 3, by setting
7((2,1,0)) =¢T, a((x,1,8)) = ¢, 7((z,1,8)=¢", 7 ((z,1,0)) = —C".
Note that {#(¢*} is the set of fourth roots of 1, and this gives the desired parametrization.

Ezample 6.8. Let G° be of type Dy and A = Z/3Z = (§) acting on the Dynkin diagram by cycli-
cally permuting the extremal nodes. The Weyl group W (Dy) has 13 irreducible representations
which we denote by bipartitions of 4, a X # up to swapping « and 3, except where a = 3, there
are two nonisomorphic representations a x a®. There is one cuspidal unipotent representation
pe, and in total 14 unipotent representations of G°F,

All families are singletons with associated finite group I'yy = {1}, except the family

{(12) x (1), (22) x 0, (11) x (2), pc}
for which the finite group is I'yy = Z/27Z. This family and the following four singleton families:

{(4) >0}, {(111) <0}, {B3)x M}, {(111) x (1)}

are A-stable and, in fact, each element in the four-element family is A-stable. The remaining six
unipotent (singleton) families form two A-orbits:

{(13) x 0,(2) x (2)7,(2) x (2)7} and {(112) x 0, (11) x (11)*, (11) x (11)"}.
According to our recipe, the groups fLZ/ 2 are:

— 7./37Z corresponding to each of the four A-stable singleton families U;
— Z/27 x Z/3Z for the unique family with four elements;
— {1} for each one of the two nontrivial A-orbits.

Hence, the right-hand side of Proposition 6.1 is M(Z/3Z)* U M(Z/2Z x Z./3Z) L M({1})? which
has 32 x 4 4+ 62 4+ 12 x 2 = 74 elements.

The irreducible unipotent representations of the disconnected group D4 x Z/37Z are
parametrized, via Mackey theory, by the elements (z,0) € M(ff/ SZ), where x € 'y and U ranges
over a set of representatives of the A-orbits of families of D4. There are 26 such irreducible
representations.

The other two A-forms corresponding to § and 6~' are both isomorphic to the finite group
of type 3D,. There are eight irreducible unipotent representations of D4 each coming from
one of y-stable irreducible unipotent representations of Dy. By induction, there are 8 x 3 =24
irreducible unipotent representations of 3Dy x Z/3Z. The irreducible representations of the 3Dy
corresponding to § are parametrized by (xd,0) € M(fg/ 3Z), where © € I'yy and U ranges over
the set of A-stable families. Similarly for 6—1.

7. Maximal compact subgroups

We return to the setting of §2, so G is a connected reductive group over F' and G = G(F). In
this section, we assume in addition that G is simple and F-split with maximal F-split torus
S. Let Il be a set of simple roots for G with respect to S, and extend Ilg to a set of simple
affine roots II¢, = Il U {ag}. Let I C G(or) be the corresponding Iwahori subgroup of G, with

S(op) =S(F)N 1. Let Wg = Ng(S(F'))/S(or) be the Iwahori-Weyl group. We have
G= || riI,

”LUGVNVG
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where 1 denotes a choice of a lift in Ng(S(F)) of w € We. The finite Weyl group is We =
Na(S(F))/S(F). Let W& be the affine Weyl group generated by the simple reflections {s; | i €
I1%}. Then

WG:Wé X Qg,

where )¢ is a finite abelian group, the stabilizer in WG of 1.

Let max(G) denote the set of conjugacy classes of maximal compact open subgroups in G.
To parametrize max(G), we define Spax(G) to be the set of Qg-orbits of pairs (A, O), where A
is a subgroup of Qg and O is an A-orbit in II#, satisfying

StabQG (0) = A.

By [IM65, BT72], max(G) is parametrized by Smax(G). Explicitly, given (A, O) € Smax(G), we
construct an element Ko € max(G) as follows: let Wp be the finite subgroup of W generated
by A and {s;, i € II&, \ O}. Set

Ko = |_| Twl.

U)GWO

The map (A,O0) — Ko defines a bijection between Spax(G) and max(G). (Note that a pair
(A, O) € Smax(G) is completely determined by O, so the notation K¢ is unambiguous.) In this
notation, the maximal hyperspecial subgroup G(or) is K {ao}» Where ap, as defined above, is the
unique simple affine root in II \ .

Given (A4,0) € Spax(G), let W(g be the normal subgroup of Wo generated by {si, 1 € IIE\
O}. Then K§ := Uwew(% Iwl is a parahoric subgroup of G, and we denote by Kg its pro-
unipotent radical. There is a short exact sequence

1 —Kp —Kp—A—1.

Set Ko = K5/KQ and Ko = Ko/KJ. Then Ko = Mo(kr), Ko = Mg(kr), for a reductive
kp-split group Mo with identity component M@ and Mo /M@ =2 A. Let InnT? K < A be the
collection of pure inner twists of Mp.

Now we consider pure inner twists of G. By §2, InnTPG = H'(F, G). If G is the simply
connected cover of G and identifying Q¢ with the kernel of the surjection Gg. — G, then by
[Kne65, Satz 2], H'(F, G) = H3(F,Q¢) = Qg, with the last equivalence because G is F-split.
Given = € Qg¢, let G, € InnTPG be the corresponding pure inner twist. If we denote the set
of conjugacy classes of maximal compact open subgroups of G, by max(G,), then there is a
one-to-one correspondence

{(A,0) € Smax(G) | 7 € A} — max(G,), (7.1)

which we write as (4, Q) — K, 0. More precisely, we can realize K, ¢ in the following way. We
realize G, as the subgroup of G(F,y) fixed under the Gal(Fy,/F')-action corresponding to x.
Then since x € A, the parahoric of G(F,y,) corresponding to (A, Q) as above is Gal(Fyn/F)-
stable. Let K; », C G, be the Galois-fixed subgroup. By [BT72, 3.3.4 Proposition| (applied using
[BT84, 5.2.12 Proposition]), the normalizer K, o := Ng, (Kg‘jo) is a maximal compact subgroup
of G,.
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Note that K, 0 € InnTPKp is the pure inner twist given by x € A= H!(kpr, Mp) <
InnTPK o (see §6). For fixed (A, O) € Spax(G), we have

InnT’Kp = {K,0 | v € A}. (7.2)

—/

Given G’ € InnT?(G), for every maximal compact open subgroup K’ € max(G’), define Ry, (K ')
to be the C-span of Irrunfl, and let

C(Geprn = P P RuE). (7.3)

G'€elnnTPG K'emax(G’)

By the discussion above, we have

C(G)cpt,un = @ @ Run(Fx,O) (74)

2€Q (A,0)ES max(G)
with x€A

& P Run(K=0). (7.5)

(A,0)ESmax(G) €A

Note that for each (A4, O) € Smax(G), by (7.2), @, 4 Run(Kz,0) has the involution FT%, given
by (6.3). Putting together these involutions for all choices of (A, Q) gives the following definition.

DEFINITION 7.1. Let FTcpiun = @(A,O)esmax(G) FTFO be the involution on C(G)cpt,un defined
by using (6.3) and (7.2).

Note that FTcpun always preserves the space Run(G(or)), since G(op) corresponds to the
pair (4, {ao}) with A trivial. In the case when G is simply connected, we have (¢ =1 and
Ko = K§ for all O, so FTepun preserves the space Run(Kp) for all Kp € max(G). But, in

general, it does not preserve Ryn(K, o) for every maximal compact open subgroup K, o, which
can be seen even in the case when G = PGL;y (see Example 14.3).

Example 7.2. We list the type of groups Ko in the case when G is adjoint. Since we are only
interested in unipotent representations, only the Lie type of K (()9 is important.

(i) If G is also simply connected, which is the case for types Go, Fy and Eg, the set max(G) is
in one-to-one correspondence with the maximal subsets of II, (equivalently, O is a single
vertex in II%).

(ii) If G = PGL,, Q¢ = Z/nZ acting by cyclically permuting I1%, then for every divisor m of
n, we have an orbit Oy, in II{, with stabilizer A = Z/mZ and

Ko, = P(GL™, ) x Z/mZ,

where the semidirect product is given by the permutation action. This case corresponds
to Example 6.4.

(iii) IfG = SOQn+1, Qq = Z/QZ, then fo is either SOQn_H (A = 1) or SOQm+1 X OZ(nfm) (A =
ZJ2Z), for 0 < m < n. This case corresponds to Example 6.5.

(iv) If G = PSpy,, Q = Z/2Z, then K is of type:
- CprxCp(A=1)for0< k<l k+{l=n;
— (Cx x Cx) XZ)27 (A=17/27), if n = 2k; or
— (Ci x Cy x Ap_1-9i)) X ZJ2 (A=7/27), for 0 < i < n/2.
Here 7Z/27 acts by flipping the two type C factors and by the nontrivial diagram
automorphism on the type A factor. These cases are covered by Examples 6.3 and 6.6.
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(v) If G = PSOyp, m =2, Qg = (01) x (62) 2 Z/27 x Z/2Z, then 6; acts by flipping I, hor-
1zontally and do by the vertical flip. For each subgroup A < g, we give the possible
Ko.

(a) f A=Q, Fz is of type Dy, X Dy, X Aop_op—1, 2 < k <m, Dy, X D,, or Ag,,_3, where
A acts on Dy x Dy as in Example 6.7, while on Ag,,,_or_1 01 acts trivially and Jo by
the nontrivial diagram automorphism.

(b) If A= (d1), F?Q is of type Dg X Doy, 2 < k < m or Dg,,_1, where 61 acts by the
nontrivial automorphism of type Dy. These cases are covered by Example 6.5.

(c) If A = (65) or A = (810,), K, is of type Agp,—1 with the diagram automorphism action
as in Example 6.6.

(d) If A =1, then ??9 is the hyperspecial subgroup of type Doy, _1.

(vi) If G = PSOusr2, m > 2, then Q¢ = (0) = Z/47Z, and we have the following.

(a) If A=0Qgq, K?Q is of type Dy X Dy X Aoyy_op, 2 < k< m or Agy_o, where § acts
on Dy x Dy as in Example 6.7, while on A, o, 0 acts by the nontrivial diagram
automorphism.

(b) If A = (§?), FZ} is of type Doy, or Dy X Doyy_pi1, 2 < k < m, where §2 acts on each
factor by the nontrivial automorphism of type Dy, as in Example 6.5.

(¢) If A =1, then F?Q is the hyperspecial subgroup of type Day,.

(vii) Let G be of type Eg with Qg = (§) = Z/3Z.

(a) If A=1, then KO is either of type Fg or A5 x Aj.

(b) If A= Qg, then KO is of type: A3 with § acting by permutation, as in Example 6.4;
A3 x Ay, where § permutes the first three factors and it fixes the last one; or Dy, where
0 acts as in Example 6.8.

(viii) Let G be of type E; with Qg = () = Z/27Z.

(a) If A=1, then fzg is of type E7, Dg x A1 or A5 x As.

(b) If A=Qg, then Fz is of type: Fg with ¢ acting by the nontrivial diagram automor-
phism as in Example 6.6; Dy X A% with § acting by an order-2 diagram automorphism
of Dy (Example 6.5) and by flipping the two Aj; A3 x As, flipping the first Ay and
acting trivially on the third As; A3 x A, with the flip on A3 and trivial action on Ay;
or A7 with the nontrivial diagram automorphism (see Examples 6.3 and 6.6).

8. Elliptic pairs

8.1 Finite groups
Suppose H is a finite group. Given a finite-dimensional H-representation (¢, Vs) over C and
functions f, f': H — C, define

(f, 1120 = i Zdetva () F (R 1) f/ (). (8.1)

heH
For p,p' € R(H), set
(0P = (Xps Xy
where x,, x,» denote the corresponding characters. The basic facts about (, )9 % can be found in

[Ree01, §2]. An element h € H is called (9-)elliptic if V(S( ) = 0. The set Hgy of elliptic elements
of H is obviously closed under conjugation by H. Let H\ H,y denote the set of elliptic conjugacy
classes. Fix (6, Vs), and let R(H) be the quotient of R(H) by the radical of the form (,)%;. As
in [Ree01, §2], there is a natural identification of R(H) with the space of class functions of H
supported on Hgj.
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For every h € H, let 1j denote the characteristic function of the conjugacy class of h. Clearly,
{1, | h € H\He} is an orthogonal basis of R(H) with respect to the elliptic pairing ()%,

Suppose that, in addition, we are given an automorphism 6: H — H . Let (f) denote
the cyclic group generated by 6 and H' = H x (). Given a finite-dimensional complex
H'-representation (4, Vy) and functions f, f' : H — C, define

(s f)oen = ‘Zdem 5(6h))f((6R)~1) f'(0R). (8.2)

heH
For p,p' € R(H’), set
5 5
(s Pl)e—eu = (Xps Xp' ) el

where X,, X, denote the corresponding characters. Note that if the representation ¢ is
understood, we may write (, ) for (', )%, and similarly for (, I .

8.2 Complex reductive groups
Let G be a possibly disconnected complex reductive group with identity component G°. If z € G
is given, fix a Borel subgroup B, of Zg(z)° and a maximal torus 7, in B,. Let t, be the Lie
algebra of T,. As in [Wal07, §2] (see also [Ree01, §3.2]), we define a complex representation
(03, tz) of Ag(x) as follows. Every z € Zg(x) acts on Zg(z)° by the adjoint action, denote by a
the resulting automorphism of Zg(z)°. There exists y € Zg(z)° such that o, o Ad(y) preserves B
and T,. This means that o, o Ad(y) defines an automorphism of the cocharacter lattice X, (7})
in Zg(z)°, and therefore a linear isomorphism of t,, denoted §,.(2). If Z € Ag(x), let z € Zg(x) be
a representative and set 0,(Z) := d(z). This construction gives a representation of Ag(x). We
consider the elliptic theory of the finite group Ag(x) with respect to the representation 4.

An element g € G is called elliptic if the centralizer Zg(g) contains no nontrivial torus.

8.3 Definitions
Suppose I' is a (possibly disconnected) complex reductive group with identity component I'°.

Extending the definition in § 5.1, we define the sets (cf. [Ciu20, Definition 1.1])
Y(T) ={(s,h) €T xT'| s, h semisimple, sh = hs}, (8:3)
Y(@)en = {(s,h) € ' x I' | s, h semisimple, sh = hs, Zr(s,h) is finite}. '

Here Zr(s,h) = Zr(s) N Zr(h) and the finiteness condition is equivalent to saying that no non-
trivial torus in I' centralizes both s and h. We refer to elements of Y(I')ey as elliptic pairs. Note
that the condition in Y(I')e is equivalent to saying that h is elliptic in Zp(s) or equivalently s
is elliptic in Zp(h).

The sets Y(T'), Y(I')en have I'-actions via conjugation: ¢ - (s, h) = (gsg~!, ghg™!). They also
have a natural I'-equivariant involution given by the flip

(s,h) — (h,s).

Let T\Y(T"), I"\Y(I')enn be the sets of I'-orbits, and given (s,h) € Y(T'), write [(s,h)] for the
corresponding orbit in T\Y(T"). Then we get an involution

flip: T\V(I') — T\X(I), flip([(s, A)]) = [(h, )],
which preserves T'\V(I')ep-
LEMMA 8.1. The set T\Y(T')en is finite.
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Proof. Suppose (s,h) € Y(I')en. The cyclic group (s) is in Zp(s,h), hence s has finite order.
Moreover, s must be isolated in I' in the sense that Zp(s) does not contain a nontrivial central
torus. The classification of isolated semisimple automorphisms of T" is well-known [Ste68, DM18],
in particular, there are finitely many automorphisms up to inner conjugation. ]

In the next lemma, we relate elliptic pairs in Zp(s) to elements of Ap(s) that are elliptic with
respect to the action described in §8.2.

LEMMA 8.2. Fix s € ' semisimple. The projection map Zr(s) — Ar(s), h s h, induces a
bijection between Zr(s)-orbits of elliptic pairs (s, h) and the elliptic conjugacy classes in Ar(s).

Proof. We need a result from the theory of semisimple automorphisms of reductive groups,
e.g. [Som98, Proposition 9]: if z,y are semisimple elements in a reductive group G such that
their images in the group of components G/G° are in the same conjugacy class, and S is a
maximal torus in Zg(z), then there exist g € G and s € S such that gyg~! = ws.

We apply this to G = Zp(s) (a reductive group). Suppose h, h’ are semisimple elements such
that (s, h) and (s, h’) are elliptic pairs. The elliptic condition implies that the maximal torus in
Zg(h) is trivial, hence s = 1 in the relation above, and h and h’ are G-conjugate. This implies
that if h = B/, then [(s, h)] = [(s, h')].

It remains to show that (s, h) is an elliptic pair if and only if h is elliptic in Ap(s). This is
just a matter of checking the definitions in the case G = Zp(s). Given the semisimple element
h € G, choose a maximal torus Ty in G that is normalized by h. Then h is not elliptic if and only
if there exists a nontrivial torus S C T that centralizes h, equivalently if and only if Js(h) fixes
a nonzero element of t, i.e. if h is not elliptic in Ar(s). O

For every (s,h) € Y(I"), define
Z ¢(h)¢ € R(Ar(s)), (8.4)
¢€Ap(s)

and let TI(s, h) denote the image in R(Ar(s)). Here ¢(h) is interpreted as ¢(h) where h is the
image of h in Ar(s). Let C[Y(I')en]t denote the -invariant functions on Y(T')ep; this space can
be identified with C[I"\V(I")en]. Let 1 ) denote the characteristic function of the I'-orbit of
(s,h).

PROPOSITION 8.3. The correspondence 1 py — TI(s, h) induces an isomorphism
CYM@al" = 5 R(Ar(s)).
SGC(F)SS

Proof. In light of Lemma 8.2, the only thing left is to remark that the elements II(s, ) form a
basis of R(Ar(s)) as h ranges over a set of representatives of Zr(s)-conjugacy classes such that
(s,h) is an elliptic pair. It is elementary that in R(Ar(s)),

ﬁ(sa h) = |ZAF(8) (E)| 1E717
and the claim follows. O

We say that I'y; C T is a Levi subgroup if there exists a torus S C I'° such that I'y; = Zp(S).
If a pair (s, h) is in Y (I'5), denote by II''™ (s, h) the combination defined analogously to (8.4).

LEMMA 8.4. Suppose s € I'y is semisimple.

(i) The inclusion Zr,,(s) — Zr(s) induces an inclusion Ar,,(s) — Ar(s).
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(ii) For every (s,h) € Y(T'ar), Ind{""*) | IT (s, h) = TI(s, h).
M

Proof. (i) This is a well-known argument. We need to show that Zr,,(s) N Zr(s)° is connected
and, hence, in Zr,(s)°. But Zr, (s) NZr(s)° =Ty NZr(s)° = Zr(S) N Zr(s)° = Zz(s)o (S),

which is connected since the centralizer of any torus in a connected reductive group is connected.

(ii) This is elementary using that ¢(h) = ZwEAF/\(S)<¢7w>AF]\/I (s)¢(h) for every ¢ € A/FG,
by restriction of characters. Y O

LEMMA 8.5. Let (s,h) € Y(I') be given and suppose S is a maximal torus in Zr(s,h)°. Set
Ly = Zr(S). Then Zr,, (s, h)° =7y, i-e. (s,h) is an elliptic pair in Ty /7y

Care

Proof. Let Sy be a torus in Zr,, (s, h)°. Then S; C Zr(s, h)° and since it commutes with S which
is maximal in Zp(s, h)°, it follows that Sy C S C Zp . O

Remark 8.6. Our main application will be to consider I' = I, the reductive part of the centralizer
of a unipotent element u in the Langlands dual group GV, while I'j; will be the centralizer of u
in a Levi subgroup M.

8.4 Elliptic pairs in I'°

In applications, we will often encounter the situation where the group I' is connected. For this
reason, it is useful to have a precise description of the elliptic pairs in I'°. Suppose s € I'° a
semisimple element. Let T" be a maximal torus of I' containing s and let ® be the system of
roots of T in I'° and W(I'°) the Weyl group of T in I'°. If o € ®, let X,, be the corresponding
one-parameter unipotent subgroup in I'°. For each w € W (I'°), we fix a representative w of w in
Nro(T'). Recall [Car93, Theorem 3.5.3]

Zro(s)° = (T, Xa | a(s) = 1, a € B),
Zro(s) = (T, Xe,w | a(s) =1, a € ®, wsw™ =5, we W(I°)).

We say that w € W(I'°) is elliptic if T* is finite, equivalently if t* = 0, where t is the Lie
algebra of T'.

(8.5)

ProrosiTION 8.7. With the notation as above,
AYT)en — W(I)\{(s,w) | s € T is regular, w € W(I'°) is elliptic, s € T"}.

Proof. Since we are considering I'°-orbits of pairs (s, h) € Y(I'°)en1, we may assume that s € T (in
a fixed W (I'°)-orbit in T") and h is in a semisimple conjugacy class of Zro(s). If h € Zpo(s)°, since
Zro(s)° is reductive [Car93, Theorem 3.5.4], h is contained in a maximal torus of Zro(s)°, hence
(s,h) is not an elliptic pair. This means that h must be in Zro(s) \ Zro(s)°. By (8.5), we can
assume that h = w for some w € W(I'°) such that s € T*. It is clear that Zro(s,w) D T", which
means that w is necessarily elliptic if (s, w) is an elliptic pair. Suppose s is not regular. Then there
exists a € ® such that a(s) = 1. Let O, = {a, w(a),w?(a),...,w" }(a)}, where n is the order
of w. Then in the Lie algebra of T", there exists an appropriate sum of root vectors e = Be0., €8
that is invariant under Ad(w) and, therefore, Zo(s,w) contains the one-parameter subgroup for
e and it is infinite.

Conversely, suppose (s,w) is such that s is regular and w is elliptic. By (8.5), Zpro(s) =
W (T°)T, where W(T°), = {w; € W(I'°) | wysw; ' = s}. Then Zpo(s,) is finite if and only if
Ad(w) has no nonzero fixed points on the Lie algebra 3ro(s). But jro(s) = t, so this is equivalent
to w being elliptic. O
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Remark 8.8. If T is connected and simply connected, then Y(I")oy = (. This is because in that
case, for every regular semisimple s € T', Zr(s) = Zr(s)° = T, a maximal torus.

9. The dual nonabelian Fourier transform

Let G be a connected semisimple algebraic F-group and G = G(F'). Let Ry,(G) denote the
category of smooth unipotent representations of G. If V, V' € Irry,(G), let
EPq(V,V') = (~1)"dim Ext'(V, V"), (9.1)
>0
where Ext’(V, V') are calculated in the category J(G) of all smooth G-representations [SS97]
or, equivalently since Ry, (G) is a direct summand of R(G), in the category Run(G). We remark
that this is a finite sum by Bernstein’s result on the finiteness of the cohomological dimension
of G. Extend, as we may, EPg(,) as a Hermitian pairing on Ry, (G) (as defined in §4.3). Let
Run(G) denote the quotient of Ry, (G) by the radical of EPg.
Let RIa™ (@) be the subspace spanned by the irreducible unipotent tempered representations
and let R P(G) be the image of RIS™(G) in Run(G). As is well-known [SS97, Ree02], as a

consequence of the (parabolic induction) Langlands classification:
R (@) = Run(G). (9.2)

Let Bun (G) denote the unipotent Bernstein center so that Run(G) = @eewm,,, (o) B(G)*, where
R(G)?® is the C-span of irreducible objects in the subcategory R(G)*® (defined in §4.2). Since
there are no nontrivial extensions between objects in different Bernstein components, we have
an EP-orthogonal decomposition:

S€EBun (G)
With the same notation for a pure inner twist G’ of G, we get
b rRuG)= P P Er@) (9.3)
G’'€lnnT?(G) G'€InnT?(G) s€Bun (G)

Recall the unipotent Langlands correspondence in the form (4.18). Given a semisimple ele-
ment s € GV and a unipotent element u € G%, apply the definitions of §8.2 to u € G to obtaln a
representation d;, of Agr(u) on the Cartan subalgebra t; in the Lie algebra of Zgr(u). Let (, ) o
be the elliptic inner product on R(Agr(u)) and let R(Age(u)) be the elliptic quotient by the
radical of the form. One expects the following correspondence to hold.

CONJECTURE 9.1. The unipotent Langlands correspondence (4.18) induces an isometric

isomorphism
LLCpun : @ @ AgP — @ Run(G,); (94)
SEC(GY)ss ueC(GE)un G'€InnTP(G)

where the spaces on the left are endowed with the elliptic inner products (, )2{8‘1, while the spaces
on the right have the Euler—Poincaré pairings EP .

Here C(GY)ss and C(Gs)un refer to conjugacy classes of semisimple and unipotent elements,
as defined in §4.3.

Remark 9.2. In [Ree02], Reeder proves that this elliptic correspondence holds in the case of irre-
ducible representations with Iwahori-fixed vectors of a split adjoint group. In § 11, Theorem 11.1,
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we prove Conjecture 9.1 in the form (9.4) for a semisimple adjoint F-split group G. In §11.4,
we explain how this result could be extended to arbitrary isogenies and, in particular, in
Corollary 11.13 we prove it in the Iwahori-fixed case for an arbitrary F-split group G. As
a concrete example, in Proposition 13.6, we also illustrate the result with a direct proof for
G =SL,.

Remark 9.3. Given s € GV as above and u € s, it also makes sense to define a representation of
Ag, (u) similarly to 5. It would be natural to expect that the LLC for inner twists as described
in (4.16) also induces an isometric isometry

[Cw: P P RUw)— P Rul@), (9.5)

$€C(GV)ss UEC(Gs)un G’€lnT(G)

though we will not consider a conjecture of this form in this paper.

Remark 9.4. One can formulate Conjecture 9.1 without restricting to the unipotent case. In
general, the expected Langlands correspondence should induce an isometric isomorphism

LLC: PRA,) — P RG), (9.6)
%2}

G'elnnT?(G)

where ¢ ranges over the G¥-conjugacy classes of L-parameters ¢ : W — LG (equivalently, tem-
pered L-parameters), and A, = mo(Zgv(p)) (cf. §4.3). The elliptic theory of the finite group A,
is taken with respect to the action on a Cartan subalgebra of Zgv () as before. This formula-
tion is, of course, related to Arthur’s ideas on elliptic representations: in [Art93, Corollary 6.3],
Arthur proved the equality of Kazhdan’s elliptic pairing between irreducible tempered represen-
tations with the elliptic pairing of the corresponding irreducible characters of the Knapp—Stein
R-groups. Later, Opdam and Solleveld [OS13, Theorems 6.5 and 7.3] extended this work to
all admissible representations using the homological Euler—Poincaré pairing. Moreover, Arthur
[Art89, § 7] expected an identification between the R-groups and the geometric A-groups and, in
fact, Reeder [Ree02, § 8], as part of his proof of the elliptic correspondence, proved this matching
in the Iwahori case.

9.1 The elliptic Fourier transform: the split case
Suppose G is the split F-form. In order to apply the ideas in §8.3, we rephrase the left-hand
side of (9.4). Since Frob acts trivially on GV, in this situation we have Gf = Zsv (s) and, hence,

D D Mai- @ D Aot
SEC(GV)SS UEC(gs)un SEC(GV)SS UEC(ZGv(S))un

which can be written as

&y P Rar.6)= P C@al™,

UEC(GY )un SEC(Ty)ss u€C(GY )un
via Proposition 8.3, where I, is the reductive part of Zgv (u), as before. For simplicity, we define
Rﬁn,ell(G) = @ Eun(Gl)a (97)
G'eInnT?(G)

endowed with the Euler-Poincaré pairing EP = @ EPgs. Hence, the elliptic unipotent LLC
for pure inner twists of a split group can be viewed as the isomorphism

LCPw: P CYTwal™ — RY, 0(G). (9-8)
UEC(GV)UU
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For every class of elliptic pairs [(s, k)] € T',\V(I'y)en, define the virtual combination (cf. [Wall8,
Ciu20]):

(u, s, h) Z o(h) (s, u, @). (9.9)
¢€Ar, ()
Regard II(u, s, h) (or rather its image) as an element in Run 1(G). As before ¢(h) = ¢(h), where
h is the image of h in Ar,(s).
LEMMA 9.5. With notation as above and setting Ay = Agv(x), we have:
(i) EP(I(u, s, h),II(u/,s',h')) =0 if x = su and ¥’ = s'u’ are not G -conjugate;
(i)
EP(H(’U,, S’ h)’H(u’ 87 h/)) = (|ZA ( )|1h 1, ’ZA (h,)|1 )ell

~ J1Za,(h)|dety, (1 —h™Y), if h, k' are conjugate,

B 0, otherwise.
Hence, the combinations {II(u, s, h)} define an orthogonal basis of Run a(G).

Proof. This is a straightforward consequence of Theorem 11.1 (and an elementary calculation
for the last equality in part (ii)). O

DEFINITION 9.6 (Cf. [Ciu20, Wall8]). The (dual) elliptic nonabelian Fourier transform is the
involutive linear map FTy: R (G) — RY (G), defined by

un,ell un,ell

FTY,(I(u, s,h)) = (u,h,s), (s,h) € T,\Y(Tw)en, v € G¥ unipotent.
Note that FTY; is the just the image under LLCP,;, of the canonical involution of € s R(Asy)
[u, 5, h] = [u, b, 5], where [u,s,h] == Y ()¢,
PEAsy
For every G' € InnT?(G), and K{, € max(G’) consider the restriction map
resg, : Ity G’ — Run(Ko), V — VKo (9.10)

We define a linear map rescpt,un: @G, €InnT?(G) Ru(G") —C (G)cpt,un by setting

reseptun(V) = Z resg; (V)
K{,cmax(G’)

for all G' € InnT?(G) and V' € Irry, (G'). With notation as in §7, for each (A4, 0) € Smax(G),
we let projo be the projection map C(G)eptun — @Pyes Run(Kz0) with respect to the
decomposition (7.5), and let resp = projy o resept,un. We have

TreScpt,un = @ reso . (9.11)
(A,0)ESmax(G)

We can now formulate the conjecture for elliptic representations.
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CONJECTURE 9.7. Let G be a simple F-split group. Consider the following diagram.

) o
Run,ell(G) un,ell(G)
T€Scpt,un T'€Scpt,un
C(G)cpt,un C(G)cpt,un

cpt,un

For every unipotent element u € GV, elliptic pair (s,h) € Y(I'y)en and maximal compact open
subgroup Ko of G, there exists a root of unity ¢ = ((u, s, h,O) such that

reso(II(u, h, s)) = ¢ - (FTept,un 0 reso) (I (u, s, h)).

Remark 9.8. If Ko is the maximal hyperspecial compact subgroup of G, so that in particular
resp = resg,,, we expect that the only roots of unity ¢ that appear are the well-known A(z,) €
{£1} (see [Luz84a, §6.7]) for certain families of unipotent representations of the finite groups
of types E7 and FEg. But for other maximal compact subgroups, Proposition 13.9 shows that in
SL,, for example, new roots of unity can appear.

We remark that extra roots of unity already appear in relation with the nonabelian Fourier
transform for finite reductive groups, although we do not know if this is a related issue. In that
setting there are three bases of the Grothendieck group of unipotent characters:

(1) the irreducible characters;

(2) the ‘almost characters’ which, by definition, are the image of the basis of irreducible
characters under Lusztig’s nonabelian Fourier transform; and

(3) the traces of the Frobenius on unipotent character sheaves.

Lusztig’s conjecture states that each element of the basis (2) equals an element of the basis (3)
times a root of unity. Determining these roots of unity is a difficult question, see Shoji [Sho95]
for classical groups, also Hetz’s recent thesis [He23] for progress on the exceptional groups.

Remark 9.9. Note that the definition of the linear combinations II(u,s,h) and, thus, the
definition of FT}};, depends on the (in general, non-canonical) map LLCP . It is an interest-
ing question to understand how Conjecture 9.7 depends on LLCY and, more specifically, what
choices one must make in constructing LLCE for the conjecture to be true. In the cases of the
conjecture proved below, these subtleties do not arise.

9.2 Regular unipotent elements
In § 13, we will verify this conjecture completely when G = SL,, and PGL,,, but here we illustrate
it in the case when w is a regular unipotent element.

PROPOSITION 9.10. Let u, € GV be a regular unipotent element. Then
rescpt,un(l_—[(urv h7 3)) = FTcpt,un © rescpt,un(H(ura S, h))
for all (s,h) € Y(I'y, ). In particular, Conjecture 9.7 holds with trivial roots of unity.

Proof. In this case Iy, = Zgv and every pair (s,h) in Y(Zgv) is elliptic. Write the natural
identification

Qg = Zev
as  + ¢,. Then for (s,h) € Y(I'y,), we have I(u,,s,h) =D o dz(h)7(s,ur, ¢.). Note that
(1, ur, ¢5) is the Steinberg representation Stg, of G, so 7(s, ur, ¢z) ~ Stg, ® xs, where ys is
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the weakly unramified character corresponding to s under (4.3). This follows from the fact that
LLCyy is equivariant for the action of weakly unramified characters, cf. [Sol23a, Theorem 1(b)].

For the rest of the proof, we fix (A, O) € Spax(G). Then given s € Zgv, the character yj is
trivial on the parahoric K;,O so defines a character, call it o, of Km’o/KQ‘;@ = FI,@/F;@. We
have

0, ifzd¢ A,

reso (s, u =
o m(s;tr, ¢z) {StKoomas, if x € A,

where Stf; o is the Steinberg character of the finite group F%x Note that for every x € A,

¢(h) = op(z) forall h € Zgv.
Thus,

reso I(uy, s, h) Zah St— X 0. (9.12)
€A

With notation as in §5, let Up sy = {StKo} be the Steinberg family in Irry,(Kp), and let

L?o,St C Usea Irryn (K 2,0) be the family parametrized by Fu o5 = = A under the bijection of
Proposition 6.1. Then by (9.12), resp I1(u,, s, h) corresponds to H~O o (05, 04) defined as in (5.13).
The claim then follows from Lemma 5.1. ’ O

10. A definition of the elliptic Fourier transform a la Lusztig

We present an alternative definition of the elliptic nonabelian Fourier transform (cf.
Definition 9.6) along the lines of Lusztig’s pairing defined in [Lusl4, §1]. Retain the notation
from §8. In particular, I" is a complex reductive group, not necessarily connected, and Y(I")¢y is
the set of elliptic semisimple pairs in I'. Let 3 be the set of semisimple elements of I'. Extending
the definition in §5.1, we let

—

M) ={(z,0) |z €X, o€ Ar(x)},

modulo the equivalence relation given by conjugation by I
For any two semisimple elements x,y € I, define the set

Apy=1{2€T | zez7t € Zr(y)} (10.1)

with an action of Zp(x)° x Zr(y)°® by (v,7') - 2 = v'2y~ 1. Let A, ,, denote the set of orbits. By
[Lus14, Lemma 1.2, this is a finite set. It is clear that Ay, = A} .
Consider the subset

Ay ={z €T | (2227 y) € Y(D)a}, (10.2)

and let OAil}y be the corresponding finite set of Zp(x)° x Zr(y)°-orbits. Following [Lus14, §1.3],
we suppose K : X X % — R is a nonnegative function satisfying

k(@) = k(Y 2), w(ya'y LAY (Y)Y =k Y), k(L Y) = k@Y,

for all 2,y € X,v,7" € T, {,(’ € Zp. The following definition is an elliptic analogue of [Lusl4,
§1.3 (a)].
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DEFINITION 10.1. For (x,0), (y,7) € M(I"), set
{(z,0), (y, ) }en = K(z,y) Z 7(zz 7tz He (2 y2).

ZEoAgl}y

It is immediate that {(z,0), (y,7)}en = {(y,7), (x,0)} for all (z,0), (y,7) € M(T'). Moreover,
if z € 3 is such that x does not belong to any elliptic pair, then it is clear that (z,0) is in the
radical of {, }¢p for all o.

Let V = CIM(T")] denote the C-span of M(I"), and given (z,0) € M(T"), write [(z,0)] for
its image in V. Then {, }o extends to a Hermitian pairing on V. Similarly to (5.13), for every
pair of commuting elements z,y € ¥, denote

M(z,y) = Y oy Hlx,0)]eV. (10.3)

oem

Let § denote the image of y in Ar(z). Let Cz,)(y) denote the conjugacy class of y in Zp(x),
and Cy(,)(y) the conjugacy class of § in Ar(z). Since x and y commute, we have that A, ,
contains the set Zr(y)Zr(x), and the action of Zp(x)° x Zr(y)° on A, , restricts to an action on
Zr(y)Zr (). Let %B,,, denote a set of orbit representatives for this restricted action.

LEMMA 10.2. For every (t,7) € M(T),

5@ 1 Zaie) D] Do, 722127, it =y and (2,) € YD),
0, otherwise.

{H(‘Ta y)? (ta T)}GH = {

Proof. This is similar to the calculation for the nonabelian Fourier transform in the case of finite
reductive groups. We compute

{H(Z’, y), (tv 7—)}611 = Z U(y_l){(x7 J)v <t7 T)}ell

—

O’EAF (.’L’)

= k(z,t) Y T(lezl)< > a(yl)a(zltz)>.

—

ZEOAZI,I:: oc€Ar(z)

Fix z € OAgl}t. By the orthogonality relations for characters, Zae ) oy Ho(z71tz) = 0 unless

the image of 27!tz in Ar(z) is conjugate to ¥, in which case it equals Z A()(¥)|- In addition,
(z,271t2) € Y(I')en, which implies by Lemma 8.2 that the image of 2!tz in Ap(x) is in an elliptic
class, so g is elliptic in Ap(z), and so again by Lemma 8.2, (x,y) € Y(I')en. Moreover, by the same
result, the image of 2=tz in Ar(z) is conjugate to ¢ if and only if 2~ '¢z is conjugate to y in Zp(z).
In particular, this means that ¢ is conjugate to y in I'. This proves that {II(z,y), (¢,7)}en =0
unless t = y and (z,y) € Y(I')en- (Since M(I") consists of T-orbits, we may identify ¢ = y.)

To complete the proof, assume (x,y) € Y(I")en. We have

{H(x,y),(y77—)}ell = li(l',y)|ZA($)(g)| Z T(Z'r_lz_l)'
zEOA‘j‘EHy
27 yz2€Cx(4) (y)

We analyze the index of summation. Note that z~lyz € Cy(2)(y) is equivalent to z € Zr(y)Zr(z).
Since (z,y) is an elliptic pair, it is also automatic that (zzz~1, %) is for any z € Zr(y)Zr(z), hence
z ranges over representatives of Zr(z)° x Zr(y)°-orbits in Zp(y)Zr(z). O
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PROPOSITION 10.3. For (z,y) € Y(I")en:

(@) > AT y), (v, )Yenl(y, 7] = K(@,9)|Zaga) (@) Bey| - My, z) in V;
reA/p@

(b) > {I(z,y), 1y, h)}enll(y, h) = w2, )| Ar(®) | Zae) DI Bay| - 1y, 2).
heAr(y)

o —

Proof. (a) Denote by 77 ' € Ap(y) the twist of 7 by 27!, so 7 ' (a) = 7(zaz~1). Applying the
previous lemma, we get

\n(x,mule(x)(y)r 2 (1), b )kally, )]

TEAF(y)
=1, 1, _ _ 21
= > > 7 @hHlynl= Y Y T @l ynr )]
2€%B, 4 TEA/I‘—(y\) 2€%B,., TEA/r—(y\)
= > 7@z ) = Y Mz lyz,2) = Byl Uy, 2),
2€%Bay r1e Ap(z-Lyz) 269844

since z~lyz is conjugate to y in Zr(z).
(b) This is immediate from part (a) using > 4.y (Y7 (h) = |Ar(y)|6rr, 7,7 € Ar(y).
O
Consider the set
By = {|Cag(R)[V*11(y, ) | (y,h) € D\V(T)en}- (10.4)

By Lemma 10.2, By spans Ve := V/ker{, }o1, where ker{, }.y denotes the radical of the
pairing. Define

al: V=V, Fo(v) = Z {v, b}b. (10.5)
beBvy

Clearly, F,;, descends to a linear map on V.

COROLLARY 10.4. For every (z,y) € Y(I')en,

Fan((z,y)) = sz, 9)|Ar ()| Z () (@) Bay - My, z).
Proof. From Lemma 10.2, we have F(I(x,y)) = >, [Cag) (h){I(x,y), L(y, h) }en[I(y, h)],

where the sum is over a set of representatives h of the conjugacy classes of elliptic semisimple
elements in Zp(y), equivalently, elliptic conjugacy classes in Ap(y). Thus, we may rewrite

féll(H(xa Z/)) = Z {H(:C, y)? H(y7 h)}ellH(y7 h) = Z {H(.%', y)? H(ya h)}ellH(y7 h),
he€AT (Y)en heAr(y)

using Lemma 10.2 again. Then the claim follows from Proposition 10.3. (|

In other words, F,; acts, up to a scalar multiple, by the flip on each II(z,y). If we set

() = 1C gy @)[V2Ca gy (2)]1/2
’ |Ar (2)||Ar(9)|| Byl

(10.6)

then
Fl =1d. (10.7)
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Remark 10.5. When we specialize to I' =1', for a unipotent element u € I', we see from
Lemma 9.5 that By is in fact an orthogonal basis of V¢ with respect to the Euler—Poincaré
pairing.

11. Elliptic unipotent representations
The main result of this section is as follows.

THEOREM 11.1. Suppose G is a semisimple split F-group of adjoint type. Then Conjecture 9.1
holds for all pure inner twists of G.

Remark 11.2. In §11.4, we explain how Theorem 11.1 can be extended to other isogenies. See,
in particular, Corollary 11.13.

The strategy of the proof is as follows. As explained in §4, the set of unipotent enhanced
Langlands parameters @, .,(G’), where G’ is an inner twist of G, decomposes into a disjoint
union Peun(G’) = vemy (o) ®.(G")¢". Consequently, there is a decomposition

R(®ew(G) = P  R(@:(G)),
sVeBY, (G
where R(®e un(G')) and ®.(G’)¢" are defined analogously to R(®e un(“G)) (see (4.16)). In [Lus95]
(for adjoint simple groups) and later in [AMS17] (for arbitrary groups), an affine Hecke algebra
with possibly unequal parameters H(s") is constructed such that there is a bijection

Irr H(s") — ®(G")*, (11.1)
which induces a linear isomorphism

R(H(s")) = R((G')*).
We need to study the elliptic space R(H(s")). The important fact for the elliptic theory is
that H(s") is a deformation of an extended affine Weyl group Wy = Wev x X*(Tsv), where
Tov = ®o(L )SZ’ for L' a Levi subgroup of G’ that corresponds to V. This allows us to use

the results of [0S09] to further reduce to R(H(s")) = R(W,v). Moreover, the latter space is
equivalent to a direct sum of elliptic spaces for certain finite groups

RWo)= P R@Zw,(s)).

seW, v\T,v

We then use results of [Wal07] and the generalized Springer correspondence to relate the spaces

R(Zw,, )(s) to the relevant spaces of Langlands parameters (for the various unipotent elements)
in e un (G

Finally, by [Lus95, Sol23a] for each sV € B (G'), there exists s € B,,(G’) that is sent to sV
by the LLC, and then the Hecke algebra H(s) for s is isomorphic to H(s"). The fact that the
elliptic space for the representations in the block JR(G’)® is naturally isomorphic to R(H(s)) is
immediate by the exactness of the equivalence of categories between R(G’)* and H(s)-modules.

11.1 Euler—Poincaré pairings for affine Hecke algebras

We begin by recalling several known facts about elliptic theory for affine Weyl groups and affine
Hecke algebras. The main reference is [OS09] (see also [CO15]). The notation in this section is
self contained and independent of the previous sections. For applications, the root datum in this
section will be specialized to the root datum of the Langlands dual group GV, as well as to the
root data for the affine Hecke algebras H(s") that occur on the dual side of the LLC.

o1
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Let R = (X, R, XV, RY,1I) be a based root datum. Here X, X" are lattices in perfect duality
(,): XxXVY—Z, RCcX\{0} and RV C XV \ {0} are the finite sets of roots and coroots,
respectively, and II C R is a basis of simple roots. Let W be the finite Weyl group with set
of generators S = {so : a € II}. Set W = W x X, the (dual) extended affine Weyl group, and
We =W x @, the (dual) affine Weyl group, where @ is the root lattice of R. Then W is normal
in W and Q := W/ We = X/@Q is an abelian group. We assume that R is semisimple, which
means that €2 is a finite group. s

The set R* = RV x Z C XV X Z is the set of affine roots. (Note that I is the extended affine
Weyl group of a split p-adic group G with root datum dual to R, and R* is the set of affine roots
for G.) A basis of simple affine roots is given by I1* = (IIV x {0}) U {(v",1) : v € RY minimal}.
For every affine root a = (a¥,n), let s5: X — X denote the reflection s, (z) = z — ((z, ") + n)a.
The affine Weyl group W has a set of generators S* = {s, | a € [I1*}. Given J C S, let W be
the subgroup of W% generated by {sa | a € J}. Let [: W — Z be the length function.

Set F' = X ®z C, so the discussion regarding the elliptic theory of W and E from the previous
sections applies. We denote_a typical element of W by wt;, where w € W and z € X. The
extended affine Weyl group W acts on F via (wt;)-v=w-v+z,v € E.

An element wt, € W is called elliptic if w € W is elliptic (with respect to the action on E).
For basic facts about elliptic theory for /I/I\?, see [0S09, §§3.1, 3.2]. There are finitely many elliptic
conjugacy classes in 1% (and in W®). The following fact is well-known (see for example [CO15,
Lemma 5.4]).

LEMMA 11.3. Suppose C is an elliptic conjugacy class in W®. Then there exists one and only
one maximal J C S® such that C N Wy # (), and in this case C N W, forms a single elliptic
W j-conjugacy class.

Let R(W) be the Grothendieck group of W-mod (the category of finite-dimensional modules).
Define the Euler—Poincaré pairing of W by

Vi, Vo)l = 3 (~1)! dimExti. (V1,V3), V4, V5 finite-dimensional W-modules.  (11.2)

i>0

Set R(W) = R(W)/rad( , )Bo. By [0S09, Theorem 3.3], the Euler-Poincaré pairing for W can
also be expressed as an elliptic integral. More precisely, define the conjugation-invariant ellip-
tic measure pe; on W by setting pen = 0 on nonelliptic conjugacy classes, and for an elliptic
conjugacy class C such that v € E is an isolated fixed point for some element of C', set

| Z(v) N C
pen(C) = —
¢ | Z (v)]
here Z;;(v) is the isotropy group of v in W. Then

(‘/17 ‘6)%{3 = (XVl?XVQ)X{/lv = /,l XV1X7VQ dlu’ell) ‘/17 V2 S /-W/_m()d? (113)
w

where xv,, X, are the characters of V; and V5.

Set T'= Homgz(X,C*). Then W acts on T'. For every s € T, set Wy ={w e W :w-s=s}.
One considers the elliptic theory of the finite group W acting on the cotangent space t} of T at
s. By Clifford theory, the induction map

Ind,: Wy-mod — W-mod, Inds(V7) = Ind%s wx (V1 ®s)
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maps irreducible modules to irreducible modules. By [OS09, Theorem 3.2], the map

P md.: @ R(Wie — R(W)c (11.4)

seWN\T seW\T

is an isomorphism of metric spaces, in particular,
(IndsV1, IndsVa)ip = (V4, Vo)le, VA, Va € Wi-mod. (11.5)

A space R(Wy)c in the left-hand side of (11.4) is nonzero if and only if s is an isolated element
of T', more precisely s € Tigo, Where

Tiso = {s €TV : w- s = s for some elliptic w € W}.

Ezample 11.4. Let R be the root datum of PGL, (C). We may take T to be the maximal diag-
onal torus of PGL,(C), with X = X*(T') the group of characters and XV = X, (T') the group of
cocharacters. In this case, @ = X and

W=Ww*=(s;, 0<i<n—1](sis;)™) =1, 0<4,j5<n—1),

where m(i,i) =1, m(i,j) =2 if 1 <|i—j|<n—1, and m(i,j) =3 if i —j|=1or |i—j| =
n — 1, when n > 3. This is the extended affine Weyl group associated to the p-adic group SL,.
If n =2, then W = W= (s0,81 | 83 =57 =1).

With this notation, the finite Weyl group is W = (s1,...,s,—1) C W% For every 0 < i <
n—1,let Wi = (S0,81,..,8i—1,Si41s---5Sn—1) C W% These are the maximal (finite) parabolic
subgroups of W. In particular, Wy = W and W; = S,, for all i. The space E = t* =2 C"! and
each W; acts on E by the reflection representation. Therefore, there exists a unique elliptic
W;-conjugacy class represented by the Coxeter element w; = s¢81 - - $j—18i41 - - Sp—1. Thus, by
Lemma 11.3, there are exactly n elliptic conjugacy classes in W* each determined by the condition
that it meets W; in the conjugacy class of w;, 0 < i < n — 1. In particular, dim R(W)¢c = n in
this case.

On the other hand, by (11.4), we need to consider W-orbits in Tis,. Since there is only one
elliptic conjugacy class in W, every W-orbit in Ti, is represented by an element of

TSIS2‘.'S"_1 = {An(z> ’ z e /’Ln}a An(z) = dia'g(:l?Z? '227 M '7Zn71) e T7 /’Ln = {Z ‘ Zn = 1}7

as noted previously. Two elements A, (z) and A, (z") of T515275n-1 are W-conjugate if and only
if z and 2’ have the same order. Fix a primitive nth root ¢ of 1. This means that (11.4) becomes,
in this case,

@ E(WAn(Cn/d))C = E(W)(C
din

If z=({™, where n = dm, then A,,(z) is W-conjugate to diag(1,...,1,2,...,2,...,2 ", ..., 2
—_—— ——

m m m

iZ:;ai = 0}. (11.6)

The action is the natural permutation action. There are p(d) elliptic conjugacy classes, repre-
sented by (wm,1,...,1) - 24, where w,, is a fixed m-cycle (Coxeter element) of S,, and x4 is one
of the ¢(d) generators of Cy (see Lemma 13.5). Again }_;,, ¢(d) = n.

Hence, one calculates

WAn(Z) = Sgl X Cd and t*An(z) = {(al, Ce ,an)

Let d = {q(s) | s € S} be a set of invertible, commuting indeterminates such that q(s) =
q(s’) whenever s, s’ are W9conjugate. Let A = C[q(s),q(s)"! | s € S9].
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The generic affine Hecke algebra H(R,q) associated to the root datum R and the set
of indeterminates ¢ is the unique associative, unital A-algebra with basis {7}, : w € W} and

relations:
(i) TwTyw = Tww, for all w,w’ € W such that l[(ww') = l(w) + I(w');
(i) (Ts —q(s)?)(Ts + 1) = 0 for all s € 59,

Fix a real number ¢ > 1. Given a W%-invariant function m: S* — R, we may define a homo-
morphism A\,,: A — C, q(s) = ¢") . Let C A, be the one-dimensional complex module on which
A acts by A,,. Consider the specialized affine Hecke C-algebra

H(R,q,m) =H(R,q) @5 C,,,. (11.7)
Ezample 11.5. Let R be the root datum of PGL, (C). If n = 2, the generic affine Hecke algebra
has two indeterminates q(sp) and q(s1) and it is generated by Ty = T, 11 = Ts, subject only
to the quadratic relations

(T; —a(si)*)(T; +1) =0, i=0,1.
If n > 3, all the simple reflections are W%-conjugate. There is only one indeterminate q such that
the affine Hecke algebra is generated by {T; = Ts,,0 < i < n — 1} subject to the relations:
(i) T, =TT, 1 < i — j| <n—1;

(i) TiTinTi = TiTiTip, 0<i <n—1; TyTh—1To = Th—1ToTn—1;
(i) (7; — o*)(T; +1) =0.

Let H = H(R, g, m) for simplicity of notation. If V}, V5 are two finite-dimensional H-modules,
define the Euler—Poincaré pairing [0S09, §3.4]:

EPy(Vi,V2) = Y (—1) dim Ext};(V3,V2). (11.8)

i>0
This is a finite sum since H has finite cohomological dimension [OS09, Proposition 2.4]. The pair-
ing EPy; is symmetric and positive semidefinite. It extends to a Hermitian positive-semidefinite
pairing on the complexified Grothendieck group R(H)c of finite-dimensional H-modules. We

wish to compare the Euler—Poincaré pairings for H(R, ¢, m) and H(R, ¢, m), where € € [0, 1].
Suppose we have a family of maps

oe: H(R,q,m)-mod — H(R,q,m)-mod, o(m, V)= (m,V), (11.9)
such that:

(a) for every w € W and every (m, V), the assignment € — 7(€)(T) is a continuous map [0, 1] —
End(V).

Then [0S09, Theorem 3.5] shows that
EPyy(r.gm) (Vi, V2) = EPyr ge ) (0c(V1), 0c(V2)),  for all € € [0,1].

In particular, note that H(R,¢°, m) = C[W], meaning that

EP3(R,q.m) (V1 V2) = (90(V1), 00(V2)) p- (11.10)

Using [0S09, Theorem 1.7] or alternatively, for the affine Hecke algebras that occur for unipotent
representations of p-adic groups, via the geometric constructions of [KL87, Lus95, Lus02], we
know that scaling maps o, as above exist and in addition, they also behave well with respect to
harmonic analysis:
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(b) for every e € [0,1], V' is unitary (respectively, tempered) if and only if o.(V) is unitary
(respectively, tempered);
(c) for every e € (0,1], V' is discrete series if and only if o.(V) is discrete series.

Denoting by R(H)c the quotient of R(H)c by the radical of EPy;, it follows [0S09,
Proposition 3.9] that the scaling map oo induces an injective isometric map

0o: R(H)c — R(W)c = € R(W.)c. (11.11)
seT/W

In fact, this map is also an isomorphism, for example via [CH17, Theorem 8.1].

11.2 Elliptic inner products for Weyl groups (after Waldspurger [Wal07])
Let G = G° be a complex connected reductive group and #: G — G a quasi-semisimple automor-
phism of G of finite order.

As in §3, we let I be the set of pairs (U, &) where U is a unipotent conjugacy class in G
and & is an irreducible G-equivariant local system on U. The automorphism 6 acts on I via
(U, &) — (0(U), (671)*(E)). Let 1% denote the fixed points of this action and suppose (U, &) € 1.
If we fix u € U, there exists € G such that Ad(x) o 6(u) = u, hence Ad(x) o 0 preserves Zg(u)
and, hence, it defines an automorphism of A,, denoted 6,. As explained in [Wal07, p. 612],
if ¢ € A, corresponds to the local system &, the fact that (071)*(£) = & is equivalent to the
condition that ¢ extends to a representation ¢ of A, x (6,,).

Fix a Borel subgroup B, of Zg(u)° and a maximal torus T;, in B,,. Let t, be the complex
Lie algebra of T,,. Define a complex representation (d,,t,) of A, % (6,), extending the previous
definition for the action of A,. Similarly to § 8.2, since Zg(u) acts on Zg(u)° by conjugation and 6,,
acts on Zg(u)® as above, every element z € Zg(u) x (0,) acts on Zg(u)° via an automorphism ..
There exists y € Zg(u)° such that o, o Ad(y) preserves B, and T,,. This means that a, o Ad(y)
defines an automorphism of the cocharacter lattice X, (T;,) that also preserves the sublattice
X.(Zg), and therefore a linear isomorphism §,(z) of t,. If Z € Ay x (0y), set 04(2) := du(2),
where z is a lift of Z in Zg(u) x (6,). This defines a representation of A, x (6,,).

Suppose (U,€) and (U’,€') are two elements of I represented by (u,#) and (u',¢’),
respectively. Define

T TNG : /

Py _ (¢a ¢/)9u,e]17 itU=0U )

(0,8 )o—cn {0’ U £
This is the f-elliptic pairing on @, R(Ay, x (0u)).

The relation between this elliptic pairing and the generalized Springer correspondence

[Lus84b]| is explained in [Wal07, §3]. The automorphism @ acts naturally on all of the objects

involved in the definition of the Springer correspondence. As discussed in [Wal07, § 3|, this leads
to an action of W; x () on 3, the Lie algebra of Z 4 (notation as in § 3), and to a §-generalized

(11.12)

Springer correspondence v: I¢ — JY. For every (j,p) € 39, let p denote the extension of p to a
representation of W; x (6) as in [Wal07, § 3].

Let i = (U,&), i = (U, &) be two elements of I?, and v(i) = (4, p), v(i') = (5', p'). For every
m € Z, the constructible sheaf H?*™ %’ (A )|y decomposes as a direct sum of G-equivariant
local systems on U. As in [Wal07], setting

H[ = Hom(E, H*" 0" (Ajs )|u),

7

the automorphism ¢ defines a linear map 07, : H", — H",. In particular,

H: =0 ifm#0 and dimH;, =1.
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We may arrange the construction so that 67, is the identity map. Moreover, it is clear that
H!™, # 0 for some m only if U C U’. (Recall that the restriction of A;s , to the set of unipotent

elements of G is supported on U’.)
Define the virtual representation of W; x (6)

= Z ppp, where P}, y = Ztr (11.13)

In this virtual combination, P;,, =1, and P}, s # 0 implies that U C U’ if (U,&) = v~(j, p)
and (U, €') = v (j, ).

Ezample 11.6. When 6 is the trivial automorphism of G and j = jo (the case of the classical
Springer Correspondence),Aﬁ can be identified with the reducible W-representation on the ¢-
isotypic component (¢ € A, corresponding to &) of the total cohomology of the Springer fiber
of u.

Consider the f-elliptic pairing (, )Kjen on Pcz0 R(W; x (0)), defined on each summand via
the action of W; x (#) on 3r¢ and extended orthogonally to the direct sum.

THEOREM 11.7 ([Wal07, Théoréme p. 616]). Let i = (U,£), i’ = (U',E’) be two elements of 17,
and v(i) = (4,p), v(i') = (j',p'). Let (u,¢), (v',¢'), ¢ € A, and ¢' € A,y be representatives for
4/, respectively. Then

(6, o—eni = (5. B) -

The equality in the theorem does not depend on the choices involved in the construction.

11.3 The proof of Theorem 11.1: the case of adjoint groups

In this subsection, suppose that G is a simple F-split group of adjoint type. This means that GV
is simply connected, hence, for every s € TV, Zgv (s) is connected. We may apply Theorem 11.7
to

G =Zgv(s) and @ the trivial automorphism.

Let I8 = T%cv(9) s = J%av (%) and Js = JZav (5) | so that the generalized Springer correspondence
for Zgv (s) is the map

ve: P =I5, (U,€) — (§,p),
and

= Prpyrd where Py = 3 dim Hom(E, M2 (A7)
p’G/Wj mEZ

For convenience, let us also define
v 1P T, (U,E) — (5, p). (11.14)
Recall that for every semisimple element s € G¥, G¥ = Zgv (s).

PROPOSITION 11.8. Suppose G is simple F-split group of adjoint type. The maps Vs from (11.14)
induce an isometric isomorphism

D D Ragw)= D DRW). (6.8 = 70). 7))l
SEC(GV)SS uEC(gs) SGC(GV)SS jeJs
Proof. This is immediate from Theorem 11.7 applied to each G%. U
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11.4 Extending Theorem 11.1
In order to extend the results to the case when G is simple F-split but not adjoint, we first need
some results about Mackey induction. We follow a construction from [CH16, §4.2]. Suppose H’
is a finite group, H a normal subgroup of H’', and H'/H = R is abelian. The groups H', R act
on H. For every H-character y, and v € R, denote by 7y the H-character "x(h) = x(v~'hy) (it
does not depend on the choice of coset representative 7).

IfocH , let R, and H! denote the corresponding isotropy groups of o. For each v € R,,
fix an isomorphism ¢, : Yo — o and define the twisted trace as try(o)(h) = tr(o(h) o ¢), h € H.
The choices of ¢, (each unique up to scalar) define a factor set, or a 2-cocyle, 35 : Ro x Ry — C*.

Remark 11.9. We assume that the action of R can be normalized so that (G, is trivial. This is
the case, for example, when R is cyclic.

If 7 is a (virtual) R,-representation, we may form the Mackey induced (virtual) H’-

representation
ox7=1Indd (0 7).

If 7 is an irreducible JR,-representation, then o x 7 is an irreducible H’-representation. In fact,
H ={oxt|oceR\H, 7eR,}.

Given v € R, if v € R,, define 7, to be the virtual R,-representation whose character is
the delta function on . Then {0 x 7,, |0 € R\H, v € R} is a basis of R(H'). As in [CH16,

Lemma 4.2.2],
0, if h & Hy
Xosirg (B) = y L (11.15)
S eoym, (b (0)) (hyY), i h € Hy,
Note that
H'/H! = R/R,

indexes the PR-orbit (equivalently, the H'-orbit) of o € H. Suppose H' is endowed with a
representation ¢ and we define the corresponding elliptic pairing (,)g{ =(, )gn.

From now on, assume that H' = H x R, so that each v € R acts on H by automorphisms
of H. (If H is abelian, which is often the case for component groups, this assumption is not
necessary.) Then we may define the twisted elliptic pairing (,)f_ell (for each v € R).

The existence of the intertwiner ¢, (v € R,) is equivalent to the existence of an extension of
o to a representation of H x (v), by setting o(hy) = o(h) o ¢, so try(o)(h) = tro(hy), h € H.
This is implicit in the following lemma.

LEmMA 11.10. For every v1,7v2 € R and every 01,09 € ﬁ, the H'-elliptic pairing is given by

1 ! " H .
(01 XN To1,y1,02 X Tog )1_111/ = @ 27’69{/9{0177"69%/9%2 (701’7 02)71*611’ 1f71 =72
1,71 2,72 /e
0, if y1 # 2.

Proof. The orthogonality of the two characters when v # 5 follows at once since the first is
supported on v; H and the second on 2 H. The first formula follows from (11.15) by the definition
of the elliptic pairing. O

Lemma 11.10 allows us to extend the proof of Theorem 11.7 to the case when G’ is
disconnected as long as the following holds.

(x) The cocycles #; that occur in the disconnected Springer correspondence (3.5) can be
trivialized.

o7

https://doi.org/10.1112/S0010437X24007401 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007401

A.-M. AUBERT, D. CIUBOTARU AND B. ROMANO

With the notation from § 3, set
Au(j) = ijgo (u)/Zg(u)o

This is a normal subgroup of A, containing Ago(u).

In our case G is not an arbitrary disconnected reductive group, but rather G = Zgv (s), for
some semisimple element s € TV. Let WV be the Weyl group of TV in GV. If we fix B(s) a Borel
subgroup of G° with TV C B(s), and denote by ®*(G°) the positive roots of TV in G°, then
A = G/G° can be identified with

A={weWY |w®(G°)=o"(G°)}, (11.16)

see, for example, [Bon05, §1]. With this identification, A acts on TV and ®*(G°), hence by
automorphisms of the root datum of G°. We will use this ‘global’ action on G° in the proof of
the next result in order to construct the extensions to the appropriate semidirect products and
apply Waldspurger’s result to 8-elliptic pairings.

PrROPOSITION 11.11. Retain the notation from § 3 and suppose that (%) holds. Let v : 19 — J9
be the generalized Springer correspondence (3.5). Let i = (U,£), i' = (U',£’) be two elements

ofIg, and v(i) = (j, p), v(i') = (., p). Let (u,¢), (u/,¢'), ¢ € Ay, ¢’ € Ay be representatives for
,1', respectively. Then:

( ) ifU # U/ (d) ¢I)e1f =0= (p, pﬂzeu ;
(i) ifU=U", (6,8 = (p. o).

Proof. Suppose j = j', otherwise the claim is true by definition. Let pg, p5 € ﬁf? and suppose
that they have unipotent supports Uy, Us, respectively, in the connected generalized Springer
correspondence such that G - U7 # G - U3. Let p7, i = 1,2 be the corresponding reducible Springer
representations, as in § 11.2. We assume that they all have appropriate twisted extensions as in
§11.2 and drop™ from the notation. Using Lemma 11.10 applied to H = W° H =W;, R =R;,
for every v € (R;) 0 N (Ry) 3,

o o
(P1 X Tpg s P2 X Tpo ) ell m | E : Pl’ P2 - eH =0,

by Theorem 11.7. We used implicitly here that the stabilizers in R; of p7 and p; are the same.
In conjunction with the second claim in Lemma 11.10, this implies that (p] x 71, p§ x TQ)ZKj =

0 for all 7; € (%j)pq, i =1,2. Hence, (pl,pQ)Zﬁj =0 whenever p1, py have distinct unipotent

(disconnected) Springer support, which proves the first part of the claim.
Now assume that v =" and ¢, ¢’ € A,. Suppose p{ occurs in the restriction of p; to w2

and that ¢F € Ago (u) (which necessarily occurs in the restriction of ¢;) corresponds to p; in the
connected generalized Springer correspondence. We observe that there is a natural injection

R; = W;/W7 ~Ng(j)/Ngo(M°) — G/G° = A. (11.17)
Hence, every v € R, can be regarded as an automorphism of G° via (11.16) and, in particular,

Theorem 11.7 can be applied with 7 in place of #. We wish to compare (pJ > Tp9 710 P2 X Tpgm)z;j
and (45 X Tpo 4y, 3 X Tgg.4,) - By [AMS1S, Lemma 4.4],

(Rj)pe = (Wj)po /Wi = (Au)ge [Age(u), i=1,2,
which implies that there is an identification between ~;, ¢ = 1,2 for the p; and for the ¢; in the
setting of Lemma 11.10. Hence, if 71 # 2, both elliptic products are zero.
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Suppose 71 =72 =7 € (Ry)p5 N (%j)pg = ((Au)ge N (Au)gg)/Age(u). To simplify the formu-
las, set n; = [(Ry)pe| = [(Au)ge /Age (u)], 1 =1,2. Then, first by Lemma 11.10 and second by
Theorem 11.7,

o ° W o A o Wwe
mna|R;1(p] X T 00 P5 X Tz )l = D (TP PE), e
¥ ER;
o Ago
- > > (e
uoeﬁjg°-u/g° ’Y’,’Y”Efﬁj

G°-("u0)=G°("""u0)=G° ug
The first sum is over the representatives of the G°-orbits that are conjugate to G° - u via R;.
Since the corresponding summand for two different G°-orbits ug, vy € G - u are equal (as they are
related by an outer automorphism of G°), it follows that
9]
Ny

o o W; o A 0(
(PT X Tp2 oy, P2 X Ty )t = Z (%bh7 ¢2)7 genu ’ (11.18)

SV ER,
G- ("u)=G°-(""u)=G°u
where N, is the number of G°-conjugacy classes in R;G° - u. It is easy to see (using orbit-stabilizer
counting) that [R;[/N, = [Zs,ge (v)/Zge (u)|. Moreover, an element «y € R; has the property that
G° - (W) = G°-wif and only if v € Zg(u) mod G°. Hence, (11.18) becomes
Ago (U)

W. / 1"
ning|Zor,go (u) /Zge (W)|(PY X Tpo vs P3 X Ty y)er) = Z (Mot ¢3)7—e11 :
V' €L go (u)/Zgo (u)

ninz

(11.19)
On the other hand, applying Lemma 11.10 to A,(j), we get
. o o Au(g Ago
ninal Au(§)/Age (W)|(65 % 5., 63 % 751 = > (" @)fen . (11.20)
"€ Au(g)/Age (u)
Note that
Au(9)/Age (u) = Zg;go (u) [ Zge (u) — G/G°.
The claim follows by comparing (11.19) and (11.20). O

Remark 11.12. (i) In our case, G = Z¢gv (s) for a semisimple element s, and hence all of the groups
W? that occur in our setting are finite Weyl groups. This means that (x) holds by [ABPS17a,
Proposition 4.3].

(ii) If Zo,go (u)/Zge (u) = Zg(u)/Zge(u), it follows from Proposition 11.11(ii) that, in fact,

(¢, ¢’ )Sf =(p,p )ZK For example, when j = jy is the cuspidal datum associated to the triv-
ial local system on the maximal torus of G°, the R, = G/G°, hence this condition holds
automatically.

COROLLARY 11.13. Let G is a semisimple split F-group. Then Conjecture 9.1 holds for all
Iwahori-spherical representations of the pure inner twists of G, in the sense of (9.4).

Proof. By Proposition 11.11 and Remark 11.12(ii), the claim follows just as for adjoint groups.
]

12. Sp,(F)

As a useful example, we present the case G = Sp,(F'). First, there are six unipotent representa-
tions of the finite group Sp,(F,): five in bijection with irreducible representations of the finite
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Weyl group of type Cs and one cuspidal representation §. Using Lusztig’s notation for the irre-
ducible representations of the Weyl group of type B/C, there are three families F of unipotent
representations with associated finite groups I' as follows:

- I={1}, F={2x 0}
- I'={1}, F={0x 11};
~-T'=7Z/22Z, F={1x1,11x 0,0 x 2,0} with associated parameters, in order, M(T) =
{(17 1)7 (_17 1)7 (17 6)7 (_17 6)}
For the Z/27Z-family, the stable combinations are
o(1,1)=1x1+0x2, o(-1,1)=11x0+6,

(12.1)
o(1,-1)=1x1-0x2, o(-1,-1)=11x0—6,

and Lusztig’s Fourier transform acts by the flip o(z,y) — o(y, z). For the singleton families, the
Fourier transform is the identity.

Next, we consider the p-adic group Sp,(F'): the unipotent representations are parameterized
by data in the dual group GV = SO5(C). In particular, the list of unipotent classes u and their
attached groups I'y, is as follows.

u Fu

(5) 1
(311) 5(01 X 02) = 02
(221) Spy

(1°) SOs

The interesting case is u = (311). Write
T,=(26]2€C*, 6 =1, 6261 =271).

Then Zp,(+£d) = Ap,(+0) = {£1,£5} = Cy x Cy and Ap,(+1) ={1,0} =2 Cy. There are six
conjugacy classes of elliptic pairs:

[(£1,8)], [(6,£1)], [(6,£6)], (12.2)
and the flip acts as
flip([(£1,6)]) = [(6, £1)],  flip([(d, £6)]) = [(6, +0)]. (12.3)

There are three conjugacy classes of isolated semisimple elements in TV = {(a,b) | a,b € C*}
in SO5(C). In this notation, the Weyl group W (By) acts on T by flips and inverses. The
representatives of the three classes are:

— S0 = (1, 1), ZG\/(So) = SO57
- 81 = (—1, 1), ZGV(Sl) = 5(02 X 03);
— s9=(—1,-1), Zgv(s2) = S(O1 x O4) = Oy.

All three sg, s1, s2 occur in I, = Oy and in the notation above for Os = (z, ), they are
80<—>1€OQ, 81<—>—1602, S9 < 0 € Os.

Consequently, there are eight elliptic tempered representations of the form 7 (s;, u, ¢), i =0, 1,2,
u = (311): six are Iwahori-spherical and two are supercuspidal. Out of these, four are discrete
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TABLE 1. Elliptic Spy(F')-representations attached to u = (311) € SOs.

m(u, s, P) Ko — Spy(F,) K1 — Spy(Fy)? Ky — Spy(Fq)
(s0,1) Ix1+0x11 1XKe+eX1+ele I1x1+0x11
(s0,€) 02 eXe 0 x2
(s1,1) hx240x11 1Xe+eXe 1x1
(s1,€) 1x1 eX1+eXe Dx24+0x11

(52,1 X 1) 0 x11 1Xe 11 x 0

(s2,eX 1) Ok, 0 0

(s2,1Xe) 0 0 Ok,

(s2,eXe) 11 x 0 eX1 0 x11

TABLE 2. Elliptic Spy(F') stable combinations attached to u = (311) € SOs.

(57h) KO Kl K2

(1,6) (I1x1-=0x2)+0x11 1Ke+eX1 (I1x1-0x2)+0x11
(6,1) (11 X 04 0g,y) +0 x 11 1Ke+eX1 (11 X0+ 0g,) +0 x 11
(—1,6) (-1x1+0x2)+0x11 1Xe—eX1 (Ix1-0x2)—0x11
(6,-1) (=11 x 0 —Og,) +0 x 11 1Ke—eX1 (11 X0+ 0g,) — 0 x 11
(6,0) (=11 x 0+ 0k,)+0 x 11 1Xe—eX1 (11 x 0 —0g,) — 0 x 11
(6,—0) (11 x0—0k,)+0x11 1Xe+eX1 (11x0—0k,)+0x11

series representations, all those for so = d. The parahoric restrictions are given in Table 1. We
computed them using the same method as in [Ree00, (6.2)], but since in our case G is not
simply connected, we also need to involve the Mackey induction for graded affine Hecke algebras

attached to disconnected groups.
The corresponding stable combinations are

IT(w, 1,5) = m(u, sp,1) — m(u, sp, €),

M(u, —1,0) = m(u, s1,1) — w(u, s1,€),

(u 0,1) = m(
I(u,0,—1) = w(u, 52,1 K1) + 7(u,s2,1 X e

(u 0,0) = 7(u, 82,1 X 1) — w(u,s2, 1 Xe€)+ m(u,s2,e X1
IM(u,d, —06) = w(u, s2, 1 ¥ 1) — 7(

m(u, s9, 1 Xe€) — m(u,s2,e ¥1) +

)+ 7( )+ 7( )

) — m(u, s2,e X 1) — w(u, s2,e Xe),

)+ 7( ) —7( )
m(

u, S2, 1 X 1) + w(u, s2, 1 Xe€) + m(u, s9,e ¥ 1) + 7(u, s2,e Xe),

m(u, so, e X e),

m(u, s9,€ X e).

The corresponding parahoric restrictions are in Table 2. Here the column labelled K; contains

resg, (I1(u, s, h)).

One can easily verify by inspection using Table 2 that the conjecture holds in this case.

13. SL,(F)

13.1 Elliptic pairs for G¥ = PGL,(C)

Consider the case GY = PGL,(C). Let Z denote the centre of GL,(C). In the Weyl group
of type 4,1 (W =1S5,), denote by w, the permutation matrix corresponding to the

n-cycle (1,2,3,...,
A, (z) = diag(1, z, 2
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LEMMA 13.1. Suppose I' = PGL,,(C). Then
YDa= || T (snuf).

ke(Z/nZ)*

In particular, there are ¢(n) I'-orbits in Y(I')en. The flip (s, h) — (h,s) induces the following
map on I'-orbits in Y(I')ep:

flip: ([(sn, wp)]) = (50,0, ")), K € (Z/nZ)".

Proof. Let T be the diagonal torus in I'. By Proposition 8.7, the only possible elliptic pairs
are conjugate to (s,w) where w is elliptic and s is regular such that s € T%. If the group is
semisimple of type A,_1, then the only elliptic elements of the Weyl group are the n-cycles. We
may assume that w = w,. It is easy to see that

T = {A,(2) | 2" = 1}.

Since s € T%" needs to be regular, it follows that the corresponding z must be a primitive root
of 1.

Now fix s = s,,. Every other A(¢") with ¢’ a primitive nth root is conjugate in T to s,. The
centralizer is Zp(s) = (T, wF | k € Z/nZ) = T x Z/nZ. This means that !, is conjugate to iy,
in Zr(s) if and only if i = j. On the other hand, w? is elliptic if and only if k& € (Z/nZ)*, hence
the claim follows.

For the claim about the Fourier transform, let 2z € GL,,(C) be such that "My = s, where
x is the matrix corresponding to a basis of eigenvectors of w,,. Then a calculation shows that

Vs, =, in PGL,(C).
From this,

flip([(sn, wp)]) = [(wy, s0)] = [(@spa ™, sn)] = [(s5, 2™ sn2)] = [(s57, 07 ).

Finally, let p be a permutation matrix such that p~1s¥p = s,, (this exists since k is coprime to n).

This has the effect p~ i,p = wF, hence [(sE, w7 1)] = [(sn, w;%)]. O

Now let u be a unipotent element in PGL,,(C). Via the Jordan canonical form, u is parame-
terized by a partition A of n, where we write A = (1,...,1,2,...,2,...,¢,....¢). As is well-known
—— —— ——

T1 T2 Te

(see, for example, [CM93, Theorem 6.1.3])

I, = (}jcu&@ﬁ) /Z, (13.1)

where HiA means H embedded diagonally into the product of i copies of H. In particular, I,
is connected. Let T} denote the diagonal torus in GL,, Z, the center of GL,, T, =T, /Z, and
W, 2 S, the Weyl group. A maximal torus in T, is T, = [[_,(7},)’/Z and the Weyl group is
’ .
Wy = Hz‘:l(Wm)ZA' )
Let w = Hle(wi)z e Wy, w; € W, be given. We need T}’ to be finite. The morphism

)4
m: Ty — H(Tn)iAv (t;); mod Z +— (t; mod Z;)
i=1

is surjective and Wi-equivariant. Since (1,...,1, (T}*)y,1,...,1) C T for each i, it follows that
wj is elliptic for PGL,,, hence, each w; is an r-cycle.
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PROPOSITION 13.2. For u € PGL,(C), Y(T'y)en # 0 if and only if the partition A corresponding
to u is rectangular, i.e. X\ = (i,...,4) for some i. In this case,
——

T, = GL,,(C)4/Z = PGL,,(C),
so Y(I'y)en is as in Lemma 13.1.

Proof. Let w € W, be elliptic as above. We pass to the Lie algebra t, = s((t,)%); here s
denotes the traceless matrices. Since t;’ = C - Id,,, we see that

1
(s Ziai:O}.

fw == {(alldm 5 CLQIer, CLQIdTQ, e ,CLl'Idn., e ,CLZ'Idn., e )
i=1

~~
7

The element w is elliptic if and only if t}/ = 0. From the condition Zle ia; = 0, we that this can
only happen if there exists a unique ¢ such that r; # 0. O

COROLLARY 13.3. The number of orbits of elliptic pairs for PGL,(C) is

Z |Fu\y(ru)ell| =n.

w unipotent class

Proof. From Proposition 13.2, the only unipotent classes that contribute are the rectangular
ones, which are in one-to-one correspondence with divisors d of n. For the unipotent class u =
(n/d,...,n/d), Lemma 13.1 states that there are ¢(d) orbits of elliptic pairs. Hence, the total
—————

d
number is 3, ¢(d) = n. O

13.2 Elliptic unipotent representations of SL,,(F')
It is instructive to make explicit the elliptic correspondence (Conjecture 9.1) for G = SL,,(F). Let
Ko =SL,(oF) and let I C Ky be an Iwahori subgroup. Let H(G,I) = {f € C°(G) | f(i1giz) =
f(g), for all 1,4y € I} be the Iwahori-Hecke algebra (under convolution with respect to a fixed
Haar measure). The algebra H(G, I) is naturally isomorphic to the affine Hecke algebra H =
H(R,\/q,1), where q is the order of the residue field of F' and R is the root datum for PGL,(C).
Every irreducible unipotent G-representation has nonzero fixed vectors under I, in other
words, Run(G) = R (G), where R (G) is the category of smooth representations generated by
their I-fixed vectors. The functor

mr: Run(G) = R1(G) — H(G, I)-mod, V — VI

is an equivalence of categories. The Langlands parameterization in this case can be read off the
Kazhdan—Lusztig classification of irreducible modules for H(G, I) extended to this setting in
[Ree02]:

IrtunSLn (F) < Irr H(G, I) < PGL,(C)\{(z, ) | # € PGL,(C), ¢ € A,}. (13.2)
The exact functor mj induces an isomorphism
Ext(V, V') = Extly g (V! V'), for all 4,

and therefore EPg(V, V') = EPyy . (V!, V') for all V, V' € Irr R;(G). Since EP¢ and EPyy ¢ )
are additive, they extend to pairings on the Grothendieck groups of finite-length representations.
Let R;(G)c be the C-span of Irr R;(G) and R;(G)c the quotient by the radical of EP¢. Define

R(H(G,I))c similarly. Thus, we have the following.
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LEmMMA 13.4. The equivalence of categories mj gives an isomorphism my: Ri(G)¢c —
R(H(G, I))c which is isometric with respect to EPg and EPy g 1)

The elliptic theory of affine Hecke algebras is well understood [OS09], and we reviewed the
basic facts in §11.1. In particular, via (11.10) and (11.4)), we get that

Ri(G)c=RW)c= P RW.c, (13.3)
sEWN\TY

iso

where V[N/:Wa, W, TV, Wy are as in Example 11.4. If n=dm, we consider Sgyx,, :=
diag(1,...,1,¢qy- -, Cay- - -, d Lo, j_l), where (4 is a primitive dth root of 1. This is
\W—’\W—’ %/—’

m

Sp-conjugate to An(Cd). In that case,
Zav (Saxm) = P(GL,(C)Y) x Z/dZ,

which has component group Agv(Sgxm) = Z/dZ. The Lie algebra of the maximal (diagonal)
torus in Zgv (Sgxm) 18
_ 0}

acts in the standard way: break (z1,... ,xn) into m-tuples

v
thm:{f— Tly. .,

on which W,

Sdxm

Y. = (T-1)mt1> T(—Dymt2s - - - Tim), 1 <@ < d.

Zg
Then the ith S, acts by the natural permutation action on Y, whereas Z/dZ permutes cyclically
(gl, . d) We consider the elliptic theory of W, = on th with respect to this action.

LEMMA 13.5. There are ¢(d) elliptic conjugacy classes of Wy, acting on ty. with represen-
tatives ge = (wm,1,1,...,1)§, where { ranges over the elements of order d in Z/dZ, and wy, is
a fixed m-cycle in S,,.

Proof. We first show that each such element is elliptic. Without loss of generality, suppose
that £ acts as the standard cycle (1,2,...,d) and w,, = (1,2,...,m). Then g - z = x implies
T1 = T(4—1)m+1 = T(d—2)m+1 = *** = Tm41 Which then is equal to z,, (because of the effect of
W), then With Zgm = T(4_1)m = -+ = Tam, Which then is equal to z,,_1, etc. It follows that all
coordinates x; are the same and since the sum of the coordinates is 0, we get that there are no
nonzero fixed points.

Second, no two g¢ are conjugate. This is clear because if £, &’ are distinct in Z/dZ, then €
and z'¢’ are in different conjugacy classes for all z, 2’ in SZ.

It remains to show that these are all the elliptic conjugacy classes. Let x£ be an element with
= (01,...,04) € S% and & € Z/dZ. If ¢ does not have order d, then there exists points z =
(yl, e ,yd) €ty (here, as above, each Yy, isanm- -tuple) fixed under the action of £ such that not
all y; are equal. This means, in particular, "that there exists j such that Yy, = = (T(G—Dymt1> - Tjm)

is arbitrary and ZJ 0
(j—1)m—+1
example taking all of the entries of Y, to be equal, and therefore z¢£ is not elliptic.

x; # 0. But then every o; € S,, has a nonzero fixed point Yo for

This means that necessarily £ has order d. We claim that the conjugacy classes of x¢ are in
one-to-one correspondence with conjugacy classes of .S, via the correspondence

we Sy — (w,1,...,1)¢ € S xZ/dZ.

Without loss of generality, suppose & acts by shifting the indices ¢ — ¢ + 1 mod d. We show that
every element z&, x = (01,...,04), is conjugate to an element of the form (w,1,...,1)¢. This is
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equivalent to the existence of permutations z1,...,z4 € S,, such that

o1 = zlwzg_l, o9 = 2223_1, ey Od—1 = zd,lzgl, g = zdzl_l.
This can be solved easily, by taking z; = 1, then zy = 04, 241 = 04_104,..., 22 = 0903 ...04
and w = 0103...04.

A similar calculation shows that (w,1,...,1)§ and (w',1,...,1)¢ are conjugate if and only if
w,w’ are conjugate in S,,. (If w’ = zwz~!, then (w',1,...,1)¢ and (w,1,...,1)¢ are conjugate
via (z,2,...,2).)

Finally, if an element (w, 1,...,1)&, £ of order d, is elliptic, then w is elliptic in S,,, otherwise

if y is a fixed point of w, (y,...,y) is a fixed point of (w, 1,...,1)¢. This concludes the proof. [

On the other hand, we have unipotent classes u in P(GL,,(C)?) and we need to look at the
elliptic theory of Agv(saxmu) on the Lie algebra of the maximal torus in Zp gL, (c)4)xz/az()-
Let u = ugxm,m be the unipotent element given by the principal Jordan normal form on each of
the GL,,-blocks. Then the reductive part of the centralizer is

Ze (SaxmUdxm)® = P(ZgL,, (c)1) ¥ Z/dZ,
hence Agv (SgxmUdxm) = Z/dZ and this acts on the Cartan subalgebra

tV(Sdeude) = {(ZIIdM7 sy ZdIdm) ’ Z Z; = 0}

In particular, R(As,,, u,.,,)c has dimension ¢(d) and can be identified with the class functions
on the elements of order d in Z/dZ. Thus, in the case of SL,, (F), the elliptic correspondence for
unipotent representations takes the following very concrete form.

PROPOSITION 13.6. Let G =SL,(F). The local Langlands correspondence for unipotent
representations induces an isometric isomorphism

LLCpun: @R(Adem) — Run(SLn(F))a gb = 7'[-(-’Ede, d))?
dln
where Tgxm = SixmUdxm € PGL,(C) is as above and A, , = Z/dZ.

The connection with the elliptic pairs for GV = PGL,,(C) from Proposition 13.2 is
P CYTw)a]™ = @ CY(Tu,y,en] “om = @D R(As,,,,)
wEC(PGLn(C))un dln din

Remark 13.7. Note that by taking dimensions in Proposition 13.6, we recover the well-known
formula din ©(d) = n, where, as above, ¢ denotes the Euler phi function.

13.3 The elliptic Fourier transform for SL,,(F)
The results so far imply that we have an equivalence

Run(SLp(F))c & R(H)e = R(W)¢ B TNYTWa

uEC(PGLn ((C))un

The spaces involved are all n-dimensional and we describe the basis of Ry, (G)c given by the
virtual characters II(u, s, h).

First, consider the two extremes. At one extreme, we have the regular unipotent class tyeg.
Then T'y,,, = {1} and 7 (treg, 1, 1) = St. At the other, end, u = 1, I'; = PGL,,(C), and there are
¢(n) orbits of elliptic pairs (sp,wkF), k € (Z/nZ)*, as in Lemma 13.1. The component group is
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A, = (Wn) = Z/nZ. Let w(1,sy,) denote the tempered unramified principal series of G with
Satake parameter s, € W\TV. Since Wy, = As, = Z/nZ, the theory of (analytic) R-groups
provides a well-known decomposition

(1, 8,) = @ (1, sn, @),

PE€As,

where each (1, s, @) is an irreducible tempered G-representation. Identifying Z/nZ with Z/nZ
(via a choice ¢, of primitive nth root of unity), we get

(1, sn, ) = Y CF (1 sn,00), k€ (Z/nZ)", (13.4)

0€L/NT.

where ¢¢((,) = C4. Moreover, as an H-module, 7(1, s, #¢)! is the (unique) irreducible tempered
‘H-module with central character W - s,, such that

oo(m(1, sp, gbg) )= Ind%;Z);X(qﬁg ® Sn)-

Now, more generally, by Proposition 13.2, Y(T'y)en # 0 if and only if w = ugyx., is labelled by
a rectangular partition (m,...,m) of n. In this case I';, = PGL4(C). Recall sgx,, and xgxm =
——

d
SdxmUdxm. Consider the parabolically induced tempered G-representation
7 (Udscms Saxm) = Indp" " (St © C1) B (St © Cg,) B+~ K (St @ Cpar));

where Pyy,, is the block-upper-triangular parabolic subgroup with Levi subgroup Mg, =
S(GLy, (F)%), Sty is the Steinberg representation of GL,,(F), and C, is the unramified character
of GL,,(F) corresponding to the semisimple element zId,, in the dual complex group GL,,(C).
The R-group in this case is Z/dZ which coincides with A We have a decomposition into
irreducible tempered G-representations:

Tr(ude)Sde) = @ 7T(udxmv5d><ma¢))~

deA

Tdxm*

Tdxm

Taking I-fixed vectors and the deformation oy, we have

o0((Taxm» Sdxm ¢Z)I) = Ind%;:j( D(X(Sgndegﬁf ® Sdxm)s
m

where recall that W,

suxm =S4 X Z/dZ and sgng,,, is the sign character of SY,.
Define

H(udXTI’L,Sdeadem - Z Cd udevstmvd)f) kE(Z/dZ)X (135)
(eZ,)dZ.

The elliptic Fourier transform in this case is

F T (U Sdsems W) = Tt Sasxams Wgt,), & € (Z/dZ)*. (13.6)

The maximal compact open subgroups of SL,(F') are maximal parahoric subgroups K;, one
for each vertex ¢ of the affine Dynkin diagram. With this notation, Ky = SL,, (o). Moreover,
InnTPK; = {K;}. All K; are isomorphic to Ky (conjugate in GL,,(F)), hence for all i, the non-
abelian Fourier transform of K; is the identity. Let W; = S,, denote the finite parahoric subgroup
of W corresponding to Kj;, so that Wy = W. The isomorphism W; =2 W is given by the map
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8j 7 8(j—i) mod n- By Mackey induction/restriction

Ind%;:f X (88N g5 @t @ Sdxm)|w; = IndYVi

)i(sgndegbg ® Sdxm) (13.7)

Sdxm

where (W, )i = (Ws,,,, x X) N W;. Let v = €1 — €, be the highest root of type A,,_1, in the

standard coordinates, so that sy = s4t,, denoting by ¢, € X C W* the corresponding translation.

Then one can see that W, = (W,  );is given by sending
S5, ifj#1 )
sjr— <7 . ] 7 o 1I<j<n
Site;—eiyqs 1fJ =1,

LEMMA 13.8. For every 0 < i <n,
W ~ Sy,
Ind(Wdem)i (Sgnde¢f ® Sde) = IndWdem (Sgnde(ﬁng li/m] )

Proof. In light of the observation before the statement of the lemma, we only need to trace how
the inducing character changes on the generator corresponding to i. Denote by (S¢,); the image
of 84 inside (W, , )i, and similarly for (Z/dZ);. If s; is a generator of (S%,);, then the value of
the character Sgxm on te—c,,, is 1. On the other hand, if s; is not a generator of (S%);, then
there is also no change. This means that the inducing character on the (S%); is still sgn,,.
The generator £ of Z/dZ is, in cycle notation, a product of the disjoint cycles (I,m +
L,2m+1,...,(d—1)m +1), where [ ranges from 0 to m — 1 (when [ =0, we mean the cycle
(m,2m,...,dm)). Then the simple reflection i contributes to the cycle [ for i = jm +1, j =
li/m]. In (Z/dZ);, we then get a 0,_,,,, which we need to move to the end of the product of
cycles, and we get that the image (£); in (Z/dZ); is ()i = {le,—e(y_y)my,- The character sqxm acts

O be;—e(y_ 1) by Cg, which means that ¢ysgxm, acts on (€); by C§+j, which proves the claim. [
PROPOSITION 13.9. Conjecture 9.7 holds for G = SL,,(F'). More precisely, for each 0 < i < n,

. 2k|1 .
Tesg, OFT(\e/ll(H(udea Sdxm ngm)) = Cd Li/m] FTCpt,un OTresg; (H(udxma Sdxm» wsxm))-

Proof. To verify Conjecture 9.7, given (13.6), it is sufficient to compare the restrictions to W; of
oo(resg, (I(Uaxm, Saxm, ngm)f)) and oo (resk; (I(Ugxm, Sdxm. w;ka)l) as virtual W;-characters.
For this, we apply (13.7) and Lemma 13.8 with j = |i/m] and get

oo(ves, (W(Udsm, Saxm, Warm)')) = D Ci'Indyg  (580gxmders)
¢eZ/d

—kj Sh
=M Z CgelndWdem (S8 Pr)-
4

On the other hand,

1%

ao(res, (N (Ugxm, Saxms Wapm) ) =Y g‘d_kﬁlnd%mm(sgndxmgbﬁj)

tez/d
= Y ¢imdyy e (581G D)
tez)d
T 1Sn
=Y & Indy: (s80axm®e—)
tez)d

kj ke Sh
Y Sy (senpond).
J4

67

https://doi.org/10.1112/S0010437X24007401 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007401

A.-M. AUBERT, D. CIUBOTARU AND B. ROMANO
Here we have used that
Sy, ~ T 150
IndWSde (sgndeng/) = IndWSde (Sgnde¢—f’)7

because ¢_y is the Z/dZ-representation contragredient to ¢ . This implies that the two sides are
contragredient to each other, but all irreducible S,,-representations are self-contragredient. [

14. PGL,(F)
Now suppose G = PGL,,. The dual group GV is SL,(C). Each unipotent element u € GV
corresponds to a partition A, of n, and if A\, = A= (1,...,1,2,...,2,...,¢,..., (), then
—— —— ——
T1 T2 Te

)4 14
T, ~ {(:pl, ) € [T 6L (©)] [ det(z:)' = 1}. (14.1)
=1 =1

LEMMA 14.1. The group I',, contains elliptic pairs if and only if u is regular unipotent. In this
case Y(I'y) = Y(Tw)en = {(s,h) | s, h € ZSLn((C)}-

Proof. The proof is very similar to that of Proposition 13.2. Note that if u is not rectangular,
then I';, has infinite center: for example, with notation as in (14.1), given ¢ € C*, the element
(t1d,,, tId,,, . .. ,tIdw_l,t”_”/gId”) € Zr,,- Thus, if I';, contains an elliptic pair, then A, is of the
form (k,k,..., k) for some k dividing n, and T'y ~ {x € GL,,/4(C) | det(x)* = 1}. Explicitly, we
can think of I';, as a split extension

1 —SLyk(C) = Tw — i — 1,

where the first inclusion is the natural one, and the map to py is given by the determinant.
Now, given semisimple elements s, h € T';, such that sh = hs, there exists g € SL,,;,(C) such that
gsg~', ghg™! are both diagonal in GL,,/#(C). Thus, a maximal torus of SL,,/,(C) centralizes both
s and h, and if (s, h) is an elliptic pair, we must have k = n. O

We can now easily prove Conjecture 9.7 in this case.

THEOREM 14.2. Conjecture 9.7 holds when G = PGL,,. More precisely, when G = PGL,,, we
have

I'€Scpt,un OFTE\;/H = FTcpt,un O I'€Scpt,un -
Proof. Using Lemma 14.1, the proof of the theorem reduces to Proposition 9.10. O

To illustrate the theorem, we explicitly describe the case when G = PGL,. Note that even this
low-rank example shows that certain choices were necessary in our setup: to relate FTY, to a finite
Fourier transform for the non-split inner twist of G, first, we must consider maximal compact
subgroups instead of just parahorics (otherwise the restrictions of II(u,1,1) and II(u,—1,1)
would be the same, though FTY), fixes the first but not the second); second, FTept,un must mix
subspaces corresponding to distinct inner twists to give a well-defined linear map.

Ezxample 14.3. Now let G = PGLy. Then G has a unique non-split inner twist G’, which we can
describe explicitly as follows: let

=167

where F{o) is the degree-two unramified extension of F. Then D is a four-dimensional division
algebra over F, and we can take G' := D* /F*.

(Z,b € F(Q)},
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Let xo be the unramified character of F'* given by w — —1. Then the nontrivial weakly
unramified character of G (respectively, G') is given by x := xo o det (respectively, x’ := xo o
det). Let St denote the Steinberg representation of G' (and similarly for St¢r, which is the trivial
representation of G’), and let u € SLy(C) be regular unipotent. Then the virtual representations
corresponding to our four elliptic pairs are

(u,1,1) = Ste + Ster,

I(u,1,—1) = Stg — Ster,

I(u, —1,1) = (Stg ® x) + (Ster ® X),
H(u,—1,-1) = (Stg ® x) — (Ster ® X').

The involution FTY, switches II(u, 1, —1) and II(u, —1,1), and fixes the other two sums.
Let I be the Iwahori subgroup of G given by

a wb
{7
With notation as in §7, we have Qg ~ Z/27Z. The set Spnax(G) contains two elements (A, O):
one corresponding to A = Q¢ and one corresponding to A trivial. Thus, the group G has two
conjugacy classes of maximal compact open subgroups: the maximal parahoric subgroup Kg :=
PGL2(or) (which corresponds to A trivial) and K := Ng(I) (which corresponds to A = Q¢).
Note that K contains I with index 2: it is generated by I and o := ((1) Zg) The reductive
quotients are given by Ko~ PGL2(F,) and K1 ~ F x Z/2Z. Note that x is trivial on Ky and
on I, but (o) = —1, so x induces the sign character on the component group of K.
In the notation of § 7, we have G’ = G, where z is the nontrivial element of Q. Thus, G’ has
a unique conjugacy class of maximal compact subgroups, corresponding to the element (A, Q)
of Shax(G) with A = Q. Explicitly, G’ itself is compact. The only parahoric subgroup of G’ is
I' := 0} /0%, where op is the ring of integers of D, and this parahoric is normal in G’. The group
G’ is generated by I’ and o (defined as above), which again has order 2 in G’. The reductive
quotient G7 ~ (IE‘;2 JF5) x Z/2Z. Note that as above X’ is trivial on I’ but takes the value —1 on

o, so X' factors through the sign character of the component group of G'.
The space C(G)cpt,un is given by

C(G)cpt,un = Run(f(]) @ Run(Fl) ©® Run(@)a

and the map rescptun is defined on the virtual representations above by

a,d€op,bce oF}.

(u, 1, 1) — StKO + Sty + Sty
II(u,1,—1) — Stg, + St; — Stp,
II(u, —1,1) — Stg, + (St; ® sgn) + (St @ sgn),
II(u, =1, —1) = Stg, + (St; ® sgn) — (St @ sgn),
where, as in the proof of Proposition 9.10, Sty denotes the Steinberg representation of K, and
sgn denotes the sign representation of the relevant component group.
If (A, 0) € Smax(G) with A trivial, then reso(Il(u, s, h)) = Stg, for all elliptic pairs (s, h).
In this case, FTcps,un restricts to the identity map on Ryn(Ko).
Now suppose (A,O) € Spax(G) with A = Qg. Then resp is given by projection onto

Run(K1) ® Run(G'). In the notation of §6, and with &/ the (one-element) family consisting
of the Steinberg representation of K7, we have Fu = A, so M(Fu) consists of four elements:
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(1, triv), (1,sign), (, triv), (z,sgn) (where, as above, x is the nontrivial element of {¢). These
correspond to the following elements of Ryn(K1) ® Run(G'):

(1,triv) «— Sty,
(1,sgn) «— St; ® sgn,
(z, triv) «— Sty,
(z,sgn) «— Sty ® sgn.

With notation as in (5.13), we have

reso (11 ( 1,1)) = IL;(triv, triv),
reso (I(u, 1, —1)) = I (triv, sgn),
reso (II( 1, 1)) = I (sgn, triv),
reso(H( —1)) = II;(sgn, sgn),

where U is the family indexed by Fﬁ. Thus the proof of Proposition 9.10, and Conjecture 9.7,
may be easily verified.
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