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On Higher Moments of Fourier Coefficients
of Holomorphic Cusp Forms

Guangshi Lu

Abstract. Let Si(I") be the space of holomorphic cusp forms of even integral weight k for the full
modular group. Let A¢(n) and Ag(n) be the n-th normalized Fourier coefficients of two holomorphic
Hecke eigencuspforms f(z), g(z) € Si(I'), respectively. In this paper we are able to show the following
results about higher moments of Fourier coefficients of holomorphic cusp forms.

(i) Foranye > 0, we have

ZA?(H) <Lfe X1  and Z’\7f(") L e xae.
n<x n<x

(i) Ifsym’ 7, 2 sym’ 7, then for any & > 0, we have

SN WA <o x2S
n<x

If sym? ¢ 2 sym? 7g, then for any £ > 0, we have

Z )\‘}(n))\é(n) = cxlogx+c'x + Oy, (x%+5) ;
n<x

If sym? 7 2% sym?® mg and sym* 7y £ sym® g, then for any & > 0, we have

37 N mAE(n) = xP(logx) + Op. (x157)
n<x

where P(x) is a polynomial of degree 3.

1 Introduction and Main Results

Let Sx(I") be the space of holomorphic cusp forms of even integral weight k for the
full modular group I' = SL(2, Z). Suppose that f(z) and g(z) are two eigenfunctions
of all Hecke operators belonging to Sy(I'). Then Hecke eigencuspforms f(z) and
£(z) have the following Fourier expansions at the cusp oo :

f@ =) ame™™, gz) =) bnem,
n=1 n=1
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where we normalize f(z) and g(z) such that a(1) = b(1) = 1. Instead of a(n) and
b(n), one often considers the normalized Fourier coefficients

Aty = 22y = 2

n n:

The Fourier coefficients of cusp forms are interesting objects (see [2,16]). In 1974,
P. Deligne [2] proved the Ramanujan—Petersson conjecture

(1.1) |Ap(m)| < d(n),

where d(n) is the divisor function. As a corollary, he proved that for any € > 0,
S(x) =D Ap(n) e 237,
n<x
In 1989, Hafner and Ivic’ [6] were able to remove the factor x° in Deligne’s result, i.e.,
S(x) = Ap(n) <5 x7.
n<x

In this direction, the best known result is due to Rankin [17]

S(x) = Z)\f(n) < x7(logx) %,

n<x

where 0 < § < 0.06.
Rankin [16] and Selberg [19] invented the powerful Rankin—Selberg method, and
then successfully showed that

Z)\?(n) = cox + Of(x%).

n<x

Later, based on the works about symmetric power L-functions, Moreno and Shahidi
[15] were able to prove

ng(n) ~ ci1xlogx, X — 00,

n<x

where 19(n) = 7(n)/ n* is the normalized Ramanujan tau-function. Obviously
Moreno and Shahidi’s result also holds true if we replace 7(n) by the normalized
Fourier coefficient A¢(n). In 2001, Fomenko [3] improved Moreno and Shahidi’s
result by showing that

Z )\?(rz) = cxlogx + c3x + Of‘g(x%“) )

n<x

Furthermore, he proved the following results:
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(i) Foranye > 0, we have

Z )\}(n) Lfe xote,

n<x

(ii) For anye > 0, we have

DTN (n) g x5

n<x

(iii) Let F, be the Gelbart-Jacquet lift on GL(3) associated with f, and F, be the
Gelbart-Jacquet lift on GL(3) associated with g. If F; and F, are distinct, then
for any € > 0, we have

DTN MA(n) = cax + Op g o (x17°).

n<x

Recently, inspired by the beautiful paper of Friedlander and Iwaniec [4], I im-
proved Fomenko’s results [13]:

(i) Foranye > 0, we have

Z MN(n) = epxlogx + c3x + Ofi(x%%) .

n<x

(ii) For anye > 0, we have

PIRHORIEE

n<x

(iii) For any e > 0, we have

DTN m)A(n) < pe 11

n<x

(iv) If f and g are distinct, then for any € > 0, we have

DN mAn) = cix+ Opg o (x77°) .

n<x

More recently, in [14], I established the asymptotic formulae for the sixth and
eighth moments of Fourier coefficients of cusp forms, i.e.,

(i) Foranye > 0, we have

Z Ao(n) = xP;(logx) + Of,g(x%*g) ,

n<x

where P (x) is a polynomial of degree 4.
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(ii) For anye > 0, we have

Z \¥(n) = xP,(logx) + Of,g(x%ﬁ) ,
n<x
where P,(x) is a polynomial of degree 13.

In this paper we will prove higher moments of Fourier coefficients of cusp forms
of the following types. To introduce our results, for j = 1,2, 3,4, let sym/7/ be the
automorphic cuspidal self-dual representation of GLj;(Aq) whose local L-factors
agree with the local L-factors of the jth symmetric power L-function associated with

f.

Theorem 1.1 Foranye > 0, we have

Z )\?:(n) Lfe x1ete,

n<x

Theorem 1.2 For anye > 0, we have

DA g xi

n<x

Theorem 1.3 Ifsym’my % sym’mg, then for any e > 0, we have

D ONMAN) K pge X7

n<x

Theorem 1.4 If sym*m; % sym?mg, then for any € > 0, we have

Z /\Afi(n))\é(n) = cxlogx+c'x+ Op g (x%ﬂ) )

n<x

Theorem 1.5 Ifsym’r; 2 sym’m,, and sym*r; 2 sym‘r,, then for any ¢ > 0, we
have -
Z A (m)Xg(n) = xP(logx) + O g o (x757)

n<x

where P(x) is a polynomial of degree 3.

Remark 1.6 By using the same arguments, our Theorems also hold true for
the holomorphic cusp forms with respect to the congruence group of level N.

Remark 1.7 In his report, the referee introduced me to another article on the same
theme by J. Wu [25]. The main difference between our works is that I insert the
Rankin—Selberg L-function associated with the symmetric powers into the corre-
sponding generating L-functions in Lemmas 2.TH2.5 and hence the generating L-
functions are analytic in a much wider domain (Res > 1/2). This enables me to
establish the asymptotic formulae with smaller error terms.

https://doi.org/10.4153/CJM-2011-010-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-010-5

638 G.Lu

2 Some Lemmas

Let f(z),g(z) € Si(I') be Hecke eigencuspforms of even integral weight k for the
full modular group, and As(n) and A(1) denote their n-th normalized Fourier co-
efficients respectively. For j = 1,2,3,4, let L(sym/’f,s) and L(sym’g, s) be the j-th
symmetric power L-functions associated with f and g respectively, and L(sym'f x
sym/g, s) the Rankin—Selberg L-function associated with sym’ f and sym/g.

Then we have the following results.

Lemma 2.1 Define

e} /\5( )
L= "5
n=1

for Res > 1. Then we have that for Res > 1,
Li(s) = L4(f7 s)LS(symsf7 s)L(symzf X sym3f7 U (s),

where U (s) is a Dirichlet series, which converges uniformly and absolutely in the half
planeRes > 1/2 + ¢ for any e > 0.

Proof According to Deligne [2], for any prime number p there are a.¢(p) and B¢(p)
such that

(2.1) Ar(p) = afp(p) + Br(p), and |af(p)| = ap(p)Bs(p) = 1.

The L-function attached to f € Si(I") is defined by

S

P\
220  Lf9=) fn(") =10 —ag(pp™) 7' = Bs(p)p™) ™"
P

n=1

for Res > 1. The j-th symmetric power L-function attached to f € Si(I") is defined
by

(23)  Lisym/f,s) =] ll[ (L—ap(p)"Be(p)"p~*) " i=[] Lp(sym’f,s)
P

p m=0

for Res > 1. The product over primes gives a Dirichlet series representation for
L(sym’f,s): for Res > 1,

. A
Lsymif,9 = 3 2oms )
n=1

where Agpi¢(1) is a multiplicative function. Then we have that for Res > 1,

v (K
(2.4) L(Symjf75):H(1+)‘SY“"f(p)+...+/\WW1]@+...>.
P P p*
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From (2.3) and (2.4)), we have
j
(2.5) Agmig(p) = ap(p) ™" Br(p)".
m=0
From (2.1), we have
(2.6) ‘)\symlf(n)| < dj+1(n)>

where di(n) is the n-th coefficient of the Dirichlet series C¥(s).

639

The Rankin—Selberg L-function associated with sym’ f and sym/ f is defined by

(2.7)  L(sym'f x sym/f,s) :=

i . .
[T IT TTC = ar(p) " Br(p)" s (p) ~"Br(p)"p )"

p m=0u=0

for Res > 1. The product over primes also gives a Dirichlet series representation for

L(sym' f x sym/f,s): for Res > 1,

Asymi]"><symlf(n)
n

L(sym' f x sym’f,s) = Z

n=1

)

where g £oymi (1) is @ multiplicative function. Then we have that for Res > 1,

(2.8) L(sym'f x sym/f,s) =

, p pks
From (2.7) and (2.8]), we have
i
(2.9) Agmiesymi f(P) = > o (p) " By(p) "oy (p) By (p)"
m=0 u=0
= Asymif(p))‘symff(p)~
From (2.1), we have
(2.10) |/\sym"f><symff(n)‘ S d(,’+1)(j+1)(1’1).

H(l + )‘sym’fxszrmif(P) . /\symifXSYmif(Pk) +

For Res > 1, we can write L*(f,s)L*>(sym® f, s)L(sym? f x sym?’ f,s) as an Euler

product
(2.11)  L*(f,s)L*(sym’ f, s)L(sym*f x sym’ f,s) :=

H<1+

P

pS
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From (22), (Z4), and (Z:8), we have
b(p) = 4Xr(P) + 3Aqme (D) + Agym? fcsym? £ (P)-
From (2.)), (Z.3), and (2.9), it is easy to check that
(212)  b(p) = 4lagp(p) + Br(p)) + 3(as(p)* + as(p) + Br(p) + Br(p)*)

+ (ar(p)® + 1+ Br(p))as(p)® + ar(p) + Br(p) + Br(p)*)
= (ap(p) + Br(p))° = N(p).

On the other hand, from (I.1]) we learn that

)

Lis) =)~
n=1

is absolutely convergent in the half plane Res > 1. On noting that )\ff(n) is a multi-
plicative function, we have that for Res > 1

A\ 23 A3 2 % k
(2.13) Ll(s):Z f(sn):H<1+f(sp)+f(2’i)+...+ f(;:)jL...)'
n=1 n p p p p

Therefore from (2.11)), (2.12)), and (2.13)), we have that for Res > 1

Li(s) = L4(f7 s)L3(sym3f7 s)L(symzf X sym3f, s)

T (1 NP - b(p?) | )
p p

== L*(f,s)L’(sym’ f, s)L(sym? f x sym’ f, s)U,(s).

From (L.I), (2.6), and (2.10), it is obvious that U, (s) converges uniformly and ab-

solutely in the half plane Res > % + ¢ for any € > 0. This completes the proof of
Lemma[2.1] ]

The key point in the proof of Lemmal[ZTlis the following. Let t; = as(p) + B¢ (p).

The polynomials S;(f) for the trace of j-th symmetric power associated with f are
defined by

So(f) =1 Si(f) = as(p) + Bs(p) = tg;

$:(f) = ag(p)* + 1+ Br(p)* =17 — 1;

S3(f) = ap(p)* + as(p) + By(p) + Br(p)’ =t} — 2t53

Sa(f) = ay(p)* +ap(p)® + 1+ Br(p)* + Br(p)* =t} — 3t7 + 1;
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Ss(f) = ar(p)’ + ap(p)’ + ap(p) + 1+ Br(p) + Br(p)’ + Br(p)’ =t} — 4t} + 353
Se(f) = ar(p)® +ap(p) + ap(p)* + 1+ B5(p)* + Br(p)* + Br(p)°
=1} —5t;+617— 1
S:(f) = ap(p) +ap(p)® +as(p)’ +as(p) +1
+Br(p) + Br(p)* + Br(p)* + Br(p)
=t} — 6t7 + 101} — 4t

Then tj} =5851(f) +4S5(f) + Ss(f). On the other hand, we have

(2.14) $2:(f)S5(f) = Si(f) + S5(f) + Ss5(f)-

Therefore, tjsf = 481(f) + 3S5(f) + S2(f)S5(f). This identity determines Lemma[2.1]
In addition, we have t; = 148,(f) + 14S5(f) + 6S5(f) + S7(f). On noting (2.14)
and S;3(f)S4(f) = Si(f) + S5(f) + Ss(f) + S7(f), we have

(2.15) t; =851(f) +8S3(f) +55:(f)Ss(f) + S5(f)Sa(f).

If we use the similar notations t, = a,(p) + B,(p), Sj(g) for g, then we can prove
the following identities:

(2.16) 17ty = 481()81(8) +285())Si(g) +281(f)S3(8) + S3(£)S3(9),

(2.17)  tt] =2+ 38,(f) +28,(8) + Sa(f) +352(£)S:(g) + Su(£)S2(9),

and

(2.18)  tjt; = 4+ 65,(f) +65,(g) + 284(f) +284(8) +9S52(f)S2(g)
+35,()S4(g) + 354(f)S2(8) + Sa(£)Sa(g)-

These identities (2.13)), (2.16), (2.17)), and (2.18) determine Lemmas[2.2} 2.3} 2.4}
and 205 below respectively.

Lemma 2.2 Define

Nj(m)

L —
2(s) ; .
for Res > 1. Then we have that for Res > 1,
Ly(s) = Ls(f, s)LS(sym3f, s)LS(symzf X sym3f, s)L(sym3f X sym4f, $)U,(s),

where U, (s) is a Dirichlet series, which converges uniformly and absolutely in the half
planeRes > 1/2 + ¢ forany e > 0.
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Lemma 2.3 Define
XA Hm) A (n)

Lys) =) ——

n=1

for Res > 1. Then we have that for Res > 1,
Ls;(s) = L4(f X g, s)Lz(syme X g, 5)L2(f X sym3g, s)L(sym3f X sym3g, s5)Us(s)

where Us(s) is a Dirichlet series, which converges uniformly and absolutely in the half
planeRes > 1/2 + ¢ forany e > 0.

Lemma 2.4 Define
O AN (n)
Z f 4
L = —_—_—
4(5) s ’

n=1

for Res > 1. Then we have that for Res > 1,

Ly(s) = CZ(S)L3(sym2f, s)Lz(syng, s)L(sym4f, s)
x L*(sym? f x syng7 s)L(sym* f x syng, $)U4(s),

where Uy(s) is a Dirichlet series, which converges uniformly and absolutely in the half
planeRes > 1/2 + ¢ forany e > 0.

Lemma 2.5 Define
e X}(n))é(n)

Ls(s) =D ——

n=1

for Res > 1. Then we have that for Res > 1,

Ls(s) = (4(5)L6(sym2f, s)L6(sym2g, s)Lz(sym4f, s)Lz(sym4g, s)
x L’(sym? f x sym?g,s)L>(sym? f x sym®g, s)L’(sym* f x sym?g, s)
X L(sym4f X sym4g, s)Us(s),

where Us(s) is a Dirichlet series, which converges uniformly and absolutely in the half
planeRes > 1/2 + ¢ forany e > 0.

As a part of the far-reaching Langlands program, the analytic properties of sym-
metric power L-functions L(sym/ f, s) are important topics in contemporary mathe-
matics and have a significant impact on modern number theory. The analytic con-
tinuation of the symmetric power L-functions L(sym/ f,s) with j = 2,3, 4 over the
whole complex plane and the predicted functional equations have been established
by Gelbart and Jacquet [5], Kim and Shahidi [11,12], and Kim [10] respectively.
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Lemma 2.6 Let f(z) € Si(I') be a Hecke eigencuspform of even integral weight k.
The jth symmetric power L-function L(sym!/ f, s) is defined in (Z3).

For j = 1,2, 3,4, there exists an automorphic cuspidal self-dual representation, de-
noted by

/

syijf = symjﬂf_v of GLj41(Aq)

whose local L-factors L(sym/n ¢, s) agree with the local L-factors L,(sym/ f s) in (Z3).
Therefore for j = 1,2,3,4, L(sym/ f, s) have analytic continuations to the whole com-
plex plane C, and satisfy certain functional equations.

More precisely, for j = 1,2, 3,4 the archimedean local factor of L(sym/ f, s) is

[Ty Tels+ (v+ 3)(k— 1)), ifji=2n+1,

j =
Loo(sym’f,5) {FR(H S [To_ De(s +v(k— 1)), if j = 2n,

where Ty = n—%/?T'(s/2), T'c = 2(2m)~T(s), and

5o 1, if2¢tn,
A = 0, otherwise.

For 1 < j < 4, it is known that the complete L-function
A(sym/ f,s) = Loo(sym’ f, s)L(sym’ f, 5)
is an entire function on the whole complex plane C, and satisfies the functional equation
A(symjf, s) = esymij(symjf, 1—35),
where €gymip = E1.

Proof This lemma follows from Gelbart and Jacquet [5] for k = 2 and from the
recent works of Kim and Shahidi [11, 12] and Kim [10] when k = 3, 4. The current
explicit version of this lemma can be found in [17]. [ |

From the famous works of Gelbart and Jacquet [5], Kim and Shahidi [11, 12],
and Kim [10], we learn that for 1 < j < 4 the j-th symmetric power L-function
L(sym/ f, 5) agrees with the L-function associated with an automorphic cuspidal self-
dual representation sym/7 7 0of GLj11(Aqg). Then from the works of Jacquet and Sha-
lika [8, 9], Shahidi [20-24], and the reformulation of Rudnick and Sarnak [18], we
know the analytic properties for the Rankin-Selberg L-functions L(sym’ f x sym/g, s)
with i, j = 1,2, 3, 4. Therefore, corresponding to Lemmas 2.IH2.5 we have the fol-
lowing results.

Lemma 2.7 Let f € Si(I') be a Hecke eigencuspform of even integral weight k. Then

0o )\5( )
L= "
n=1

can be extended to be an entire function in the half plane Res > 1/2.
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Lemma 2.8 Let f € Si(I') be a Hecke eigencuspform of even integral weight k. Then

La(s) = Z i

can be extended to be an entire function in the half plane Res > 1/2.

Lemma 2.9 Let f,g € Si(I') be Hecke eigencuspforms of even integral weight k such
that sym’m; 2 sym’my. Then

> )3 (n))\3(n)

Ly(s) = Z !

can be extended to be an entire function in the half plane Res > 1/2.
Lemma 2.10 Let f,g € Si(I') be Hecke eigencuspforms of even integral weight k such
that sym*m; % sym?m,. Then

< A (m)A2(n)

L) = Y

n=1

can be extended to be a meromorphic function in the half plane Res > 1/2 with only a
pole s =1 of order 2.

Lemma 2.11 Let f,g € Si(I') be Hecke eigencuspforms of even integral weight k such
that sym?m; 2 sym*my and sym*m; % sym*my. Then

e’} )\4 )\4
Ls(s) = Z W’

n=1

can be extended to be a meromorphic function in the half plane Res > 1/2 with only a
pole s = 1 of order 4.

To prove our results, we also need the following two folklore results about the
convexity bound and mean square value for nice L-functions.

Lemma 2.12 Let j =1,2,3,4. Then foranye > 0and0 < o < 1, we have

L(sym’ f, o + it) Lge (14 |t|)j+71(1_‘7)+8

and
DD (1 _g)4e

L(sym f % symjg,a-i—zt) Lfge 1+]t])

Lemma 2.13 Let L(f,s) be a Dirichlet series with Euler product of degree m > 2,
which means

%S m ] o
L(f,9 =S A mn— = IT 11 <1_0‘f(pIZa])) |
n=1

p<oo j=1
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where a(p,j),j = 1,...,m are the local parameters of L(f,s) at prime p and
Ap(n) < n°. Assume that this series and its Euler product are absolutely convergent
for Res > 1. Assume also that it is entire except possibly for simple poles at s = 0, 1 and
satisfies a functional equation of Riemann type. Then we have that for T > 1

2T
/ IL(f,1/2+ e +it)] dr < T5.
T

3 Proofs of Theorems

In this section we give the proof of Theorem [T} The proofs of Theorems[T.2HI.5are
similar to that of Theorem [I.Il In order to avoid repetition, we omit the proofs of
Theorems

Recall that we have defined

= Ni(n)

(3.1) Lo =3 L
n

n=1

for Res > 1. From Lemmal[2.7} we learn that
Li(s) = L*(f,s)L*(sym® f, s)L(sym® f x sym’ f, s)U;(s)

can be analytically continued to be an entire function in the half plane Res > 1/2.
By (BI) and Perron’s formula (see [7, Proposition 5.54]), we have

b+iT 1+e
3 Xo(m) = /b Ll(s)§d5+0<xT ),

n<x —iT

whereb = 1+eand 1 < T < xis a parameter to be chosen later. Here we have used
(TID.

Then we move the integration to the parallel segment with Res = % +e¢e. By
Cauchy’s theorem, we have

I

s+e+iT b+iT %Jrs—iT X
B2 D Nm= / / / Ly(s)=ds
o 2mi Lie LyeiT  Jo—iT $
x1+5
O
()

1+e
ZII+]2+]3+O(xT )

To go further, we recall that L*(f, s)L*(sym’ f, s)L(sym? f X sym’f,s) is a Rie-
mann-type nice L-function with Euler product of degree m = 32.
For J;, from Lemmal[Z.T]we have

T
L < x%ﬁ/ H{L*(f,s)L*(sym’ f, s)L(sym® f x sym’f, s)}\5:1/2+5+,»t|t*1dt Fx2te
1
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Then by Cauchy’s inequality, we have

(3.3)

1

2
n<T | T}

1 T
Ji < xM/**log Tmax ¢ — <// |{L4(f75)L3(sym3fys)}|5_1/2+5+1-t|2dt>
T,/2

T,
X (/ |L(sym2f x sym’ f, 1/2+€+it)‘2dt> +x2%°
/2

Lte 7+
L x27°TTE

where we have used Lemma[2.13]in the following forms

Ty
2 ~
/ / |{L4(f, S)LS(SYHPfa 5)} |s:1/2+5+it| at < T10+Ca
T1/2
and

Ty
/ |L(sym® f x sym3f,1/2+€+it)’2dt < TO.
T,/2
For the integral over the horizontal segments, we use Lemmal[2.12]to bound

b
(34) h+ <k / x7 |L4(f, s)L*(sym’ f, s)L(sym? f x sym’ f, s)}|5:0+iT| T 'do

1
1+e

_ _ X \?
< max xT0"ETT = max (—) Tt
1+e<o<b 3+e<o<b

1+e

X 1
<+ x§+5T7+E-
T
From (3.2)), (3.3), and (3.4), we have

Z)‘f(n) << o +x2+6T7+E

n<x
On taking T = X7 in (3.6), we have

Z)\ (n) < x1tE

n<x

This completes the proof of Theorem[L.1]
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