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Abstract

We consider the community detection problem in sparse random hypergraphs under the non-uniform
hypergraph stochastic block model (HSBM), a general model of random networks with community struc-
ture and higher-order interactions. When the random hypergraph has bounded expected degrees, we
provide a spectral algorithm that outputs a partition with at least a y fraction of the vertices classified cor-
rectly, where y € (0.5, 1) depends on the signal-to-noise ratio (SNR) of the model. When the SNR grows
slowly as the number of vertices goes to infinity, our algorithm achieves weak consistency, which improves
the previous results in Ghoshdastidar and Dukkipati ((2017) Ann. Stat. 45(1) 289-315.) fornon-uniform
HSBMs.

Our spectral algorithm consists of three major steps: (1) Hyperedge selection: select hyperedges of certain
sizes to provide the maximal signal-to-noise ratio for the induced sub-hypergraph; (2) Spectral partition:
construct a regularised adjacency matrix and obtain an approximate partition based on singular vectors;
(3) Correction and merging: incorporate the hyperedge information from adjacency tensors to upgrade
the error rate guarantee. The theoretical analysis of our algorithm relies on the concentration and regular-
isation of the adjacency matrix for sparse non-uniform random hypergraphs, which can be of independent
interest.

Keywords: Hypergraph; community detection; stochastic block model
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1. Introduction

Clustering is one of the central problems in network analysis and machine learning [59, 60, 65].
Many clustering algorithms make use of graph models, which represent pairwise relationships
among data. A well-studied probabilistic model is the stochastic block model (SBM), which was
first introduced in [39] as a random graph model that generates community structure with given
ground truth for clusters so that one can study algorithm accuracy. The past decades have brought
many notable results in the analysis of different algorithms and fundamental limits for community
detection in SBMs in different settings [20, 37, 54, 70]. A major breakthrough was the proof of
phase transition behaviours of community detection algorithms in various connectivity regimes
(2,5, 12,52, 55,57, 58]. See the survey [1] for more references.

Hypergraphs can represent more complex relationships among data [10, 11], including recom-
mendation systems [13, 49], computer vision [34, 73], and biological networks [53, 68], and they
have been shown empirically to have advantages over graphs [79]. Besides community detection
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problems, sparse hypergraphs and their spectral theory have also found applications in data
science [38, 40, 80], combinatorics [26, 29, 66], and statistical physics [14, 64].

With the motivation from a broad set of applications, many efforts have been made in recent
years to study community detection on random hypergraphs. The hypergraph stochastic block
model (HSBM), as a generalisation of graph SBM, was first introduced and studied in [31]. In
this model, we observe a random uniform hypergraph where each hyperedge appears indepen-
dently with some given probability depending on the community structure of the vertices in the
hyperedge.

Succinctly put, the HSBM recovery problem is to find the ground truth clusters either approxi-
mately or exactly, given a sample hypergraph and estimates of model parameters. We may ask the
following questions about the quality of the solutions (see [1] for further details in the graph case).

1. Exact recovery (strong consistency): With high probability, find all clusters exactly (up to
permutation).

2. Almost exact recovery (weak consistency): With high probability, find a partition of the
vertex set such that at most o(n) vertices are misclassified.

3. Partial recovery: Given a fixed y € (0.5, 1), with high probability, find a partition of the
vertex set such that at least a fraction y of the vertices are clustered correctly.

4. Weakrecovery (detection): With high probability, find a partition correlated with the true
partition.

For exact recovery of uniform HSBMs, it was shown that the phase transition occurs in the
regime of logarithmic expected degrees in [16, 17, 50]. The thresholds are given for binary [30,
43] and multiple [77] community cases, by generalising the techniques in [2-4]. After our work
appeared on arXiv, thresholds for exact recovery on non-uniform HSBMs were given by [25, 71].
Strong consistency on the degree-corrected non-uniform HSBM was studied in [24]. Spectral
methods were considered in [6, 16, 21, 30, 75, 77], while semidefinite programming methods were
analysed in [8, 43, 46]. Weak consistency for HSBMs was studied in [16, 17, 32, 33, 42].

For detection of the HSBM, the authors of [9] proposed a conjecture that the phase transi-
tion occurs in the regime of constant expected degrees. The positive part of the conjecture for the
binary and multi-block case was solved in [62] and [67], respectively. Their algorithms can out-
put a partition better than a random guess when above the Kesten-Stigum threshold, but can not
guarantee the correctness ratio. [35, 36] proved that detection is impossible and the Kesten-Stigum
threshold is tight for m-uniform hypergraphs with binary communities when m = 3, 4, while KS
threshold is not tight when m > 7, and some regimes remain unknown.

1.1. Non-uniform hypergraph stochastic block model

The non-uniform HSBM was first studied in [32], which removed the uniform hypergraph
assumption in previous works, and it is a more realistic model to study higher-order interaction
on networks [51, 73]. It can be seen as a superposition of several uniform HSBMs with different
model parameters. We first define the uniform HSBM in our setting andextend it to non-uniform
hypergraphs.

Definition 1.1 (Uniform HSBM). Let V ={V}, ... Vi} be a partition of the set [n] into k blocks
of size 3 (assuming n is divisible by k). Let m € N be some fixed integer. For any set of m distinct
vertices i1, . . . im, a hyperedge {i1, . . . i} is generated with probability am/(m’il) ifvertices iy, . .. im
are in the same block; otherwise with probability bm/(m’il). We denote this distribution on the set
of m-uniform hypergraphs as

H,, ~ HSBM (ﬁ _Gm_ b_m) (1)
; PNE () (i) )
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Figure 1. An example of non-uniform HSBM sampled from model 1.2.

Definition 1.2 (Non-uniform HSBM). Let H=(V,E) be a non-uniform random hypergraph,
which can be considered as a collection of m-uniform hypergraphs, i.e., H= UM H,, with each
H,, sampled from (1).

Examples of 2-uniform and 3-uniform HSBM, and an exampleof non-uniform HSBM with
M ={2,3} and k =3 is displayed in Fig. 1a, b, ¢ respectively.

1.2. Main results

To illustrate our main results, we first introduce the concepts y -correctness and sigal-to-noise ratio
to measure the accuracy of the obtained partitions.

Definition 1.3 (y-correctness). Suppose we_have k disjoint blocks Vi,. .., Vi. A collection of
subsets Vi, . . Vk of Visy-correctif [V;N V| > y|Vil foralli e [k].

Definition 1.4. For model 1.2 under Assumption 1.5, we define the signal-to-noise ratio (SNR) as

[Sem om0 (o52) [
Smeaq (m—1) (225 4 by,)

SNR (k) := @)

Let Mumax denote the maximum element in the set M. The following constant Caq(k) is used to
characterise the accuracy of the clustering result,

[vaax_l _ (1 _ v)Mmax_l] 1
Cm(k) := 5 Mo — 12 < (k=2 + ]1{k>3}> (3)

Note that a non-uniform HSBM can be seen as a collection of noisy observations for the same
underlying community structure through several uniform HSBMs of different orders. A possi-
ble issue is that some uniform hypergraphs with small SNR might not be informative (if we
observe an m-uniform hypergraph with parameters a,, = b,,, including hyperedge information
from it ultimately increases the noise). To improve our error rate guarantees, we start by adding
a pre-processing step (Algorithm 3) for hyperedge selection according to SNR and then apply the
algorithm on the sub-hypergraph with maximal SNR.

We state the following assumption that will be used in our analysis of Algorithms 1 (k=2) and
2 (k=>3).
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Algorithm 1. Binary Partition

Require: The adjacency tensors A™, a,,, by, for m € (2,- - - , M}.
Ensure: The estimated sets V7, V5.
1: Run Algorithm 3 Pre-processing to obtain subset M which achieves maximal SNR.
2: Randomly colour all hyperedges red or blue with equal probability.
3: Run Algorithm 7 Spectral Partition on the red hypergraph and output V|, V.
4: Run Algorithm 8 Correction on the blue hypergraph and output V1, V5.
return The estimated sets /\71, /\72.

Assumption 1.5. For each m € M, assume an, b, are constants independent of n, and a,, > by,.
Let M pax denote the maximum element in the set M. Given v € (1/k, 1), assume that there exists
a universal constant C and some v-dependent constant C,, > 0, such that

d:= Z (m—1)a,, >C, (4a)
meM

_ | k
> (m—1)(am — by) = CyVd - KM (23 L gr=g) +,/log (m) : ]1{,@3}). (4b)
meM

One does not have to take too large a C for (4a); for example, C = (21/Mmax — 1)=1/3 should
suffice, but even smaller C may work. Both of the two inequalities above constant prevent the
hypergraph from being too sparse, while (4b) also requires that the difference between in-block
and across-blocks densities is large enough. The choices of C, C,, and their relationship will be
discussed in Remark 5.15.

1.2.1. The 2-block case

We start with Algorithm 1, which outputs a y-correct partition when the non-uniform HSBM H
is sampled from model 1.2 with only 2 communities. Inspired by the innovative graph algorithm
in [19], we generalise it to non-uniform hypergraphs while we provide a complete and detailed
analysis at the same time.

Theorem 1.6 (k=2). Let v € (0.5 1) and p=2exp(—Carq(2) - SNRA(2)) with SNRp(k),
Ca(k) defined in (2), (3), and let y = max{v, 1 — 2p}. Then under Assumption 1.5, Algorithm 1
outputs a y -correct partition for sufficiently large n with probability at least 1 — O(n™2).

1.2.2. The k-block case

For the multi-community case (k > 3), another algorithm with more subroutines is developed in
Algorithm 2, which outputs a y-correct partition with high probability. We state the result as
follows.

Theorem 1.7 (k> 3). Let v € (1/k, 1) and p = exp (—Caq(k) - SNRaq(k)) with SNR a4 (k), Caq (k)
defined in (2), (3), and let y = max{v, 1 — kp}. Then under Assumption 1.5, Algorithm 2 outputs a
y-correct partition for sufficiently large n with probability at least 1 — O(n™2).

The time complexities of Algorithms 1 and 2 are O(n?), with the bulk of time spent in Stage 1
by the spectral method.

https://doi.org/10.1017/50963548324000166 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548324000166

Combinatorics, Probability and Computing 5

Algorithm 2. General Partition

Require: The adjacency tensors Ay, k, am, by, for m € M.
Ensure: The estimated sets V7, - - - ,\7k.
1: Run Algorithm 3 Pre-processing to obtain subset M which achieves the maximal SNR.
2: Randomly colour all hyperedges red or blue with equal probability.
3: Randomly partition V into 2 disjoint subsets Y and Z by assigning +1 or —1 to each vertex
with equal probability.
4: Let B denote the adjacency matrix of the bipartite hypergraph between Y and Z consisting
only of the red hyperedges, with rows indexed by Z and columns indexed by Y.
5:Run Algorithm 4 Spectral Partition on the red hypergraph and output Uy, - - -, U}.

This step only uses the red hyperedges between vertices in Y and Z and outputs approximate
clusters for Uj:= V;NZ, withi=1,...,k

6: Run Algorithm 5 Correction on the red hypergraph and output U, U
7:Run Algorithm 6 Merging on the blue hypergraph and output Vi, Vi

This step only uses the blue hyperedges between vertices in Y and Z and assigns the vertices in Y
to an appropriate approximate cluster.

return The estimated sets /\71, R /\7;(.

To the best of our knowledge, Theorems 1.6 and 1.7 are the first results for partial recovery
of non-uniform HSBMs. When the number of blocks is 2, Algorithm 1 guarantees a better error
rate for partial recovery as in Theorem 1.6. This happens because Algorithm 1 does not need the
merging routine in Algorithm 2: if one of the communities is obtained, then the other one is also
obtained via the complement.

Remark 1.8. Taking M = {2}, Theorem 1.7 can be reduced to [19, Lemma 9] for the graph case.
The failure probability O(n™2) can be decreased to O(n~P) for any p > 0, as long as one is willing
to pay the price by increasing the constants C, C, in (4a), (4b).

Our Algorithms 1 and 2 can be summarised in 3 steps:

1. Hyperedge selection: select hyperedges of certain sizes to provide the maximal signal-to-
noise ratio (SNR) for the induced sub-hypergraph.

2. Spectral partition: construct a regularised adjacency matrix and obtain an approximate
partition based on singular vectors (first approximation).

3. Correction and merging: incorporate the hyperedge information from adjacency tensors
to upgrade the error rate guarantee (second, better approximation).

The algorithm requires the input of model parameters ay,, by, which can be estimated by
counting cycles in hypergraphs as shown in [55, 74]. Estimation of the number of blocks can
be done by counting the outliers in the spectrum of the non-backtracking operator, e.g., as shown
(for different regimes and different parameters) in [9, 44, 63, 67].

1.2.3. Weak consistency
Throughout the proofs for Theorems 1.6 and 1.7, we make only one assumption on the growth
or finiteness of d and SNR(k), and it happens in estimating the failure probability as noted
in Remark 1.10. Consequently, the corollary below follows, which covers the case when d and
SNR p4 (k) grow with n.
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Corollary 1.9 (Weak consistency). For fixed M and k, if SNR p¢ (k) defined in (2) goes to infinity as
n—> 0o and SNR v (k) = o(log n), then with probability 1 — O(n=2), Algorithms I and 2 output a
partition with only o(n) misclassified vertices.

The paper [32] also proves weak consistency for non-uniform HSBMs, but in a much denser
regime than we do here (d = Q( log2 (n)), instead of d = w(1), as in Corollary 1.9). In fact, we now
know that strong consistency should be achievable in this denser regime, as [25] shows. When
restricting to the uniform HSBM case, Corollary 1.9 achieves weak consistency under the same
sparsity condition as in [7].

Remark 1.10. To be precise, Algorithms 1 and 2 work optimally in the SNR o4 = o(log ) regime.
When SNR (k) = Q(log n), it implies that p = n= M) and one may have e7*” = Q(1) in (31),
which may not decrease to 0 as n — co. Therefore the theoretical guarantees of Algorithms 5
and 6 may not remain valid. This, however, should not matter: in the regime when SNR (k) =
2(log n), strong (rather than weak) consistency is expected, as per [25]. Therefore, the regime of
interest for weak consistency is SNR »4 = o(log n).

1.3. Comparison with existing results

Although many algorithms and theoretical results have been developed for hypergraph commu-
nity detection, most of them are restricted to uniform hypergraphs, and few results are known for
non-uniform ones. We will discuss the most relevant results.

In [42], the authors studied the degree-corrected HSBM with general connection probability
parameters by using a tensor power iteration algorithm and Tucker decomposition. Their algo-
rithm achieves weak consistency for uniform hypergraphs when the average degree is w( log? 1),
which is the regime complementary to the regime we studied here. They discussed a way to gen-
eralise the algorithm to non-uniform hypergraphs, but the theoretical analysis remains open.
The recent paper [78] analysed non-uniform hypergraph community detection by using hyper-
graph embedding and optimisation algorithms and obtained weak consistency when the expected
degrees are of w(logn), again a complementary regime to ours. Results on spectral norm con-
centration of sparse random tensors were obtained in [23, 40, 47, 61, 80], but no provable tensor
algorithm in the bounded expected degree case is known. Testing for the community structure for
non-uniform hypergraphs was studied in [41, 74], which is a problem different from community
detection.

In our approach, we relied on knowing the tensors for each uniform hypergraph. However, in
computations, we only ran the spectral algorithm on the adjacency matrix of the entire hyper-
graph since the stability of tensor algorithms does not yet come with guarantees due to the lack
of concentration, and for non-uniform hypergraphs, M — 1 adjacency tensors would be needed.
This approach presented the challenge that, unlike for graphs, the adjacency matrix of a random
non-uniform hypergraph has dependent entries, and the concentration properties of such a ran-
dom matrix were previously unknown. We overcame this issue and proved concentration bounds
from scratch down to the bounded degree regime. Similar to [28, 45], we provided here a regu-
larisation analysis by removing rows in the adjacency matrix with large row sums (suggestive of
large degree vertices) and proving a concentration result for the regularised matrix down to the
bounded expected degree regime (see Theorem 3.3).

In terms of partial recovery for hypergraphs, our results are new, even in the uniform case.
In [7, Theorem 1], for uniform hypergraphs, the authors showed detection (not partial recovery)
is possible when the average degree is €2(1); in addition, the error rate is not exponential in the
model parameters, but only polynomial. Here, we mention two more results for the graph case.
In the arbitrarily slowly growing degrees regime, it was shown in [27, 76] that the error rate in (2)
is optimal up to a constant in the exponent. In the bounded expected degrees regime, the authors
in [18, 56] provided algorithms that can asymptotically recover the optimal fraction of vertices,
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when the signal-to-noise ratio is large enough. It’s an open problem to extend their analysis to
obtain a minimax error rate for hypergraphs.

In [32], the authors considered weak consistency in a non-uniform HSBM model with a spec-
tral algorithm based on the hypergraph Laplacian matrix, and showed that weak consistency is
achievable if the expected degree is of ©2(log? n) with high probability [31, Theorem 4.2]. Their
algorithm can’t be applied to sparse regimes straightforwardly since the normalised Laplacian is
not well-defined due to the existence of isolated vertices in the bounded degree case. In addition,
our weak consistency results obtained here are valid as long as the expected degree is w(1) and
o( log n), which is the entire set of problems on which weak consistency is expected. By contrast,
in [32], weak consistency is shown only when the minimum expected degree is 2( log2 (n)), which
is a regime complementary to ours and where exact recovery should (in principle) be possible: for
example, this is known to be an exact recovery regime in the uniform case [17, 43, 46, 77].

In subsequent works [25, 71] we proposed algorithms to achieve weak consistency. However,
their methods can not cover the regime when the expected degree is €2(1) due to the lack of con-
centration. Additionally, [72] proposed Projected Tensor Power Method as the refinement stage to
achieve strong consistency, as long as the first stage partition is partially correct, as ours.

1.4. Organization of the paper

In Section 2, we include the definitions of adjacency matrices of hypergraphs. The concentration
results for the adjacency matrices are provided in Section 3. The algorithms for partial recovery
are presented in Section 4. The proof for the correctness of our algorithms for Theorem 1.7 and
Corollary 1.9 are given in Section 5. The proof of Theorem 1.6, as well as the proofs of many
auxiliary lemmas and useful lemmas in the literature, are provided in the supplemental materials.

2. Preliminaries

Definition 2.1 (Adjacency tensor). Given an m-uniform hypergraph H,, = ([n], Ep,), we can asso-

ciate to it an order-m adjacency tensor A™. For any m-hyperedge e = {iy, . . ., ip,}, let A" denote
the corresponding entry .A%Zl) i, > Such that
.Agm) = AEIH:)%] = 1{ecE,,) - (5)

Definition 2.2 (Adjacency matrix). For the non-uniform hypergraph H sampled from model 1.2,
let A" be the order-m adjacency tensor corresponding to the underlying m-uniform hypergraph
for each m € M. The adjacency matrix A := [Ajjluxn of the non-uniform hypergraph H is defined

by
Ajj = Liz) - Z Z A (6)
meM  e€Ey
{ijiCe

We compute the expectation of A first. In each m-uniform hypergraph H,,, two distinct vertices
i,j € V with i #j are picked arbitrarily since our model does not allow for loops. Assume for a
moment 7 € N, then the expected number of m-hyperedge containing i and j can be computed as

follows.

« If i and j are from the same block, the m-hyperedge is sampled with probability a,/(,," ;)
when the other m — 2 vertices are from the same block as i, j, otherwise with probability
bm/(m'il). Then

== (1 3) 2y [ - (D) gy
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o If i and j are not from the same block, we sample the m-hyperedge with probability

bM/(mril)’ and
n—2\ by
== () Fy

m—1

By assumption a,, > by,, then a,, > B, for each m € M. Summing over m, the expected
adjacency matrix under the k-block non-uniform HSBM can be written as

Iy
Blr  aJn - BJn

FA=| © | -, )
I E ) FEE ) E

where I% € R¥*% denotes the all-one matrix and

o= Zam, B = Z B - (8)

meM meM
Lemma 2.3. The eigenvalues of EA are given below:

x1<EA)=£(a+(k—1>ﬁ)—a,

ki(EA)=£(a—ﬂ)—a, 2<i<k,

MEA) = —«a, k+1<i<n.

Lemma 2.3 can be verified via direct computation. Lemma 2.4 is used for approximately equi-
partitions, meaning that eigenvalues of EA can be approximated by eigenvalues of EA when 7 is

sufficiently large.
Lemma 2.4. For any partition (V1, ..., Vi) of V where n; := | V|, consider the following matrix
a]nl ﬂ]nlxnz T ﬁ]nlxnk,l ﬂ]nlxnk
ﬁ]nzxnl a]nz T ﬁ]nzxnk_l IB]nzxnk
FA=| : : A 1 o
ﬁ]nk,lxnl lglnk,lxnz T a]nk,l ﬂ]nk,lxnk
L ﬁ]nkxnl ﬁ]nkxnz T ﬁ]nkxnk_l a]nk

Assume that n; = % + O(y/nlogn) for all i € [k]. Then, forall1 <i<k,

IMi(EA) — 1i(EA)|
|Li(EA)|

= O(n_% log% (n)) .
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Note that both ( EA + al,) and (EA + al,,) are rank k matrices, then X,(I@A) =A/(EA) = —«
for all (k+ 1) <i < n. At the same time, SNR in (2) is related to the following quantity

Am—bm 2
[22(EA)]? __ [n=Ka— npl® _ [ZmGM (m—1) ( k1 >] (14 o(1))
MEA) k=K +nk-—1D s (m—1) (“}Lﬂ"‘ +bm> :

When M = {2} and k is fixed, SNR in (2) is equal to k[a(-i(_Th—)zl)b]’ which corresponds to the SNR
for the undirected graph in [19], see also [1, Section 6].

3. Spectral norm concentration

The correctness of Algorithms 2 and 1 relies on the concentration of the adjacency matrix of H.
The following two concentration results for general random hypergraphs are included, which are
independent of HSBM model. The proofs are deferred to Section A.

Theorem 3.1. Let H = UZY\”/IZZ H,,, where Hy, = ([n], E,,) is an Erdds-Rényi inhomogeneous hyper-
graph of order m for each m € {2, - - - , M}. Let T denote the probability tensor such that T =

.....

c>0,

M
d::Z(m—l)-dmzclogn. (9)

m=2
Then for any K > 0, there exists a constant C = 512M(M — 1)(K 4 6) [2 + (M — 1)(1 + K)/c] such
that with probability at least 1 — 2n~X — 2", the adjacency matrix A of H satisfies
IA —EA| <CVd. (10)

The inequality (10) can be reduced to the result for graph case obtained in [28, 48] by taking
M = {2}. The result for a uniform hypergraph is obtained in [46]. Note that d is a fixed constant
in our community detection problem, thus the Assumption 3.1 does not hold and the inequality
(9) cannot be directly applied. However, we can still prove a concentration bound for a regularised
version of A, following the same strategy of the proof for Theorem 3.1.

Definition 3.2 (Regularized matrix). Given any n x n matrix A and an index set Z, let A7 be the
n X n matrix obtained from A by zeroing out the rows and columns not indexed by 7. Namely,

(A7)ij = Nyijezy - Ajj - (11)

Since every hyperedge of size m containing i is counted (m — 1) times in the i-th row sum of A,
the i-th row sum of A is given by

row(i) := ZA,j = Z]l{i#f} Z Z Aﬁm) = Z (m—1) Z Afzm).
J j meM {ie'}Eé"e meM ecE,,: ice
5]

Theorem 3.3 is the concentration result for the regularised Az, by zeroing out rows and
columns corresponding to vertices with high row sums.

Theorem 3.3. Following all the notations in Theorem 3.1, for any constant T > 1, define

I={ie [n]:row(i) < td}.
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Let A7 be the regularised version of A, as in Definition 3.2. Then for any K > 0, there exists
a constant C; =2((5M + 1)(M — 1) + ap+/7) with apg=16+ %(1 +e2) + 128M(M — 1)(K +

4) (1 + e%), such that |(A — EA)7|| < C.v/d with probability at least 1 — 2(e/2)™" — n~K,

4. Algorithms blocks

In this section, we are going to present the algorithmic blocks constructing our main
partition method (Algorithm 2): pre-processing (Algorithm 3), initial result by spectral
method (Algorithm 4), correction of blemishes via majority rule (Algorithm 5), and merging
(Algorithm 6).

Algorithm 3. Pre-processing

1: Foreachsubset SC {2, - , M}, let Hs = J,,,c 5 Hnm denote the restriction of the
non-uniform hypergraph H on S. Compute SNR of Hg, denoted by

[Cacstn- (325
ZmeS (m—1) (a;(y.n;ﬁm + bm) .

SNRg:=

2: Among all the S, find the subset M such that

M = ar max SNRg,
& Sc{2,+ ,M} S

with M pax denoting its maximal element.
return M.

Algorithm 4. Spectral Partition

1: Randomly label vertices in Y with +1 and —1 sign with equal probability, and partition Y into
2 disjoint subsets Y; and Y.

2: Let B; (resp. By) denote the adjacency matrices with all vertices in Z U Y7, with rows indexed
by Z and columns indexed by Y; (resp. Y3). Pad By, B, with zeros to obtain the n x n
matrices A; and A,.

3: Letd:= ), . (m—1)ay. Zero out all the rows and columns of A; corresponding to
vertices whose row sum is bigger than 20 M paxd, to obtain the matrix (A;)z,.

Find the space U, spanned by the first k left singular vectors of (A;)z,.

5: Randomly sample s = 2k log? n vertices from Y without replacement. Denote the

corresponding columns in A, by a;, . . ., a;.. For each i € {i1, - - - , is}, project a; —a onto U,
where the elements in vector @ € R" is defined by a(j) = 1jez - (@ + B)/2, with @, B defined in
(17).

6: For each projected vector Py(a; — a), identify the top n/(2k) coordinates in value as a set U;.
Discard half of the s sets Uj, those with the lowest blue hyperedge density in them.

7: Sort the remaining sets according to blue hyperedge density and identify first k distinct
subsets Uj, - - - , U such that |U; N Uj’l < [@] if i #j.
return U}, - - -, Up.
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Algorithm 5. Correction

1: For each u € Z, add u to Uj if the number of red hyperedges, which contains u with the
remaining vertices located in vertex set U, is at least yuc in (29). Break ties arbitrarily.

return f]l, cee ,f]k.

Algorithm 6. Merging

1: ForallueY,add uto V;if the number of blue hyperedges, which contains u with the
remaining vertices located in vertex set Uj, is at least ) in (36). Label the conflicts arbitrarily.

return The estimated sets Vl, e ,/\7;(.

4.1. Three or more blocks (k > 3)
The proof of Theorem 1.7 is structured as follows.

Lemma 4.1. Under the assumptions of Theorem 1.7, Algorithm 4 outputs a v-correct partition
Ul -+, U of Z=(ZN V1) U- - - U(Z N V) with probability at least 1 — o(n™2).

Lines 4 and 6 contribute most complexity in Algorithm 4, requiring O(n?) and O(n? log2 (n))
each (technically, one should be able to get away with O(n? log (1/¢)) in line 4, for some desired
accuracy ¢ to get the singular vectors). We will conservatively estimate the time complexity of
Algorithm 4 as on3).

Lemma 4.2. Under the assumptions of Theorem 1.7, for any v-correct partition Uj,--- , Uy
of Z=(ZNV)U---U(ZNVy) and the red hypergraph over Z, Algorithm 5 computes a yc-
correct partition U, f]k with probability 1 — O(e™"?), while yc = max{v, 1 — kp} with p :=
k exp(—Caq(k) - SNR4(k)) where M is obtained from Algorithm 3, and SNR (k) and Cpq(k)
are defined in (2), (3).

Lemma 4.3. Given any v-correct partition f]l, . ,ﬁk of Z=(ZNVy)U---U(ZN V) and the
blue hypergraph between Y and Z, with probability 1 — O(e™"?), Algorithm 6 outputs a y-correct
partition Vi, -+, Vi of ViU Vo U- .- U Vy, while y = max{v, 1 — kp}.

The time complexities of Algorithms 5 and 6 are O(n), since each vertex is adjacent to only
constant many hyperedges.

4.2. The binary case (k=2)
The spectral partition step is given in Algorithm 7, and the correction step is given in Algorithm 8.

Lemma 4.4. Under the conditions of Theorem 1.6, the Algorithm 7 outputs a v-correct partition
Vi, V5 of V.= V1 U V; with probability at least 1 — O(n™?2).

Lemma 4.5. Given any v-correct partition Vi,V of V.=V U Va, with probability at least 1 —
O(e™"P), the Algorithm 8 computes a y-correct partition V1, Vo with y ={v, 1 —2p} and p =
2 exp (—Cpq(2) - SNR(2)), where SNR o((2) and Caq(2) are defined in (2), (3).
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Algorithm 7. Spectral Partition

1: Zero out all the rows and the columns of A corresponding to vertices with row sums greater
than 20M paxd, to obtain the regularised matrix Az.

2: Find the subspace U, which is spanned by the eigenvectors corresponding to the largest two
eigenvalues of A7.

3: Compute Pyly, the projection of all-ones vector onto U.
4: Let v be the unit vector in U perpendicular to Pyl,,.

5: Sort the vertices according to their values in v. Let V] C V be the corresponding top /2
vertices, and V), C V be the remaining n/2 vertices.

return V], V).

Algorithm 8. Correction

1: Forany v € V7, label v “bad” if the number of blue hyperedges, which contains v with the
remaining vertices in V7 is at least uc, otherwise “good”.

2: Do the same for v € V.
3: Ifve V] is good, assign it to Vi, otherwise V3_;.
return Vl, /\72.

5. Algorithm’s correctness

We are going to present the correctness of Algorithm 2 in this section. The correctness of
Algorithm 1 is deferred to Section C. We first introduce some definitions.

Vertex set splitting and adjacency matrix.

In Algorithm 2, we first randomly partition the vertex set V into two disjoint subsets Z and Y by
assigning +1 and —1 to each vertex independently with equal probability. Let B € R?/*!¥! denote
the submatrix of A, while A was defined in (6), where rows and columns of B correspond to
vertices in Z and Y respectively. Let n; denote the number of vertices in Z N V;, where V; denotes
the true partition with |V;| = % for all i € [k], then n; can be written as a sum of independent
Bernoulli random variables, i.e.,

n=Z0Vil=Y Tpez (12)
veV;
and |YNV;|=|Vi| = |ZNV;| =2 — n; for each i € [k].

Definition 5.1. The splitting V=ZUY is perfect if |ZNV;|=|Y N V;|=n/(2k) for all i € [k].
And the splitting Y = Y, U Yy is perfect if |Y1 N Vi| =|Y, N V| =n/(4k) for all i € [k].

However, the splitting is imperfect in most cases since the size of Z and Y would not be
exactly the same under the independence assumption. The random matrix B is parameterised by
{(AMY g and {n,-}i-‘zl. If we take expectation over {4}, v given the block iize information
{ni}le, then it gives rise to the expectation of the imperfect splitting, denoted by B,
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Ol]nlx(%fnl) ﬂ]nlx(%*nz) N ﬂlnlx(%*nk)
~ ﬂ]flzx(%—l’ll) a]nzx(%_nz) e ﬂlnzx(%—nk)
B:= ,
_ﬂ]nkx(%—m) ﬂ]nkx(%_nz) a]”kx(%_nk)_

where &, B are defined in (8). In the perfect splitting case, the dimension of each block is n/(2k) x
n/(2k) since En; = n/(2k) for all i € [k], and the expectation matrix B can be written as

oz BJr ... Blx
5. Blz  a)r Bl
(Al Bz ... oJn

In Algorithm 4, Y; is a random subset of Y obtained by selecting each element with probability
1/2 independently, and Y, =Y \ Y. Let #] denote the number of vertices in Y; N V;, then #; can
be written as a sum of independent Bernoulli random variables,

m=Y10Vil=) lyey,, (13)

veVi

and |[Y, N Vil =|Vi| = 1ZN V| = Y1 N V| =n/k —n; — n} forall i € [k].

Induced sub-hypergraph.

Definition 5.2 (Induced Sub-hypergraph). Let H=(V, E) be a non-uniform random hypergraph
and S C V be any subset of the vertices of H. Then the induced sub-hypergraph H|[S] is the hyper-
graph whose vertex set is S and whose hyperedge set E[S] consists of all of the edges in E that have all
endpoints located in S.

Let H[Y; U Z](resp. H[Y> U Z]) denote the induced sub-hypergraph on vertex set Y7 U Z (resp.
Y, UZ), and B; € RI4xMl (resp. B € RIZXI721y denote the adjacency matrices corresponding to
the sub-hypergraphs, where rows and columns of B; (resp. B,) are corresponding to elements in
Z and Y] (resp., Z and Y3). Therefore, B; and B, are parameterised by (AMY, g, {ni}f.‘:1 and
{n;}le, and the entries in B; are independent of the entries in B,, due to the independence of
hyperedges. If we take expectation over {AM™} conditioningi on {n,-}f.‘:1 and {n;}i.‘:l, then it
gives rise to the expectation of the imperfect splitting, denoted by By,

80 PV 173
Bo=| -, (14)
) P 9%
where
Gi= Y {(” ; ; N 2) “fg_; l;m n (Zf‘_l (;:z +2”E) - 2) (b;") } , (15a)
meM m—1 m—1
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~ _ n +7’l -2 bm . Lo
Bi= Y (Zz 1_2 )('i) i) ijelkl. (15b)
meM m—1

The expectation of the perfect splitting, denoted by By, can be written as

g Plaxg PY g
B, ﬁ]%xﬁ AJryn oo Bloyn ’ "
| Alaxz Bloxz ... oJz.z |
where
3 _oN\ay, —b _o\ b _ _2\ b
@:= ok >—m ’”+<4 )—m} B = (4 >—m- (17)
,EM{(m—z o )T 2 )i

The matrices ﬁz,ﬁz can_be de_ﬁned similarly, since dimensions of |Y; N V| are also determined
by n; and n;. Obviously, B, = By since En; = E(n/k — n; — n;) = n/(4k) for all i € [k].

Fixing Dimensions.

The dimensions of ﬁl and ﬁz, as well as blocks they consist of, are not deterministic - since #; and
1, defined in (12) and (13) respectively, are sums of independent random variables. As such, we
cannot directly compare them. In order to overcome this difficulty, we embed B; and B, into the
following n x »n matrices:

01z)xz| B, 01z %1, 0z1x1z1  01zix|1y] B,
A= , Ap:i= . (18)
Oiyixizi  Oyixivil Opyix|vy Oiyixizi  Oyixivil Oyix|vy

Note that A; and A; have the same size. Also by definition, the entries in A; are independent of the
entries in A,. If we take expectation over {.A(m)}me M conditioning on {#; }k , and {#] J 1> then
we obtain the expectation matrices of the imperfect splitting, denoted by Aj(resp. A,), written as

~ 012)xz| B, 012 %7, ~ 0z1x1z1  01zx|1y] B,
A= , Ap:i= . (19)
Oiyixizi  Oyixivil Opyixvy Oiyixizi  Oyixivil Opyix|vy

The expectation matrix of the perfect splitting, denoted by A (resp. A,), can be written as
— 0 X E1 0 X n n

A1 = 5 A2 = : :

0 0 0

n B,
* . (20)
0

IS
IS
ENE
(=}
[N
X

[T

X X X

n n n
2X1 2%X1

NI
[N
R

n
2

Obviously, K,- and ﬁi(resp. A, and B;) have the same non-zero singular values for i =1, 2. In the
remaining of this section, we will deal with A; and A; instead of B; and B;fori=1,2.
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5.1. Spectral partition: Proof of Lemma 4.1

5.1.1. Proof outline

Recall that A; is defined as the adjacency matrix of the induced sub-hypergraph H[Y; U Z] in
equation (5.2). Consequently, the index set should contain information only from H[Y; U Z].
Define the index sets

I= {i € [n] :row(i) < ZOMmaxd} , I1= {i € [n] : row(i)

S ZOMmaxd} >

YUz

where d=3", .\ (m—1)ay, and row(i)}YlUZ
row(i)|Y1UZ =0ifi¢ Y UZ, and for vertexie Y, U Z,

e, =YY Y A=Y men Y A

j=1 meM e€E,[YUZ] meM e€E,,[Y1UZ]
{ij}Ce {ijlCe

is the row sum of i on H[Y; UZ]. We say

As a result, the matrix (Aj)z, is obtained by restricting A; on index set Z;. The next 4 steps
guarantee that Algorithm 4 outputs a v-correct partition.

(i) Find the singular subspace U spanned by the first k left singular vectors of (A;)z,.

(ii) Randomly pick s = 2klog? n vertices from Y, and denote the corresponding columns in
A; by aj,, ..., a;. Project each vector a; — @ onto the singular subspace U, with @ € R"
defined by a(j) = Ljez - (& + B)/2, where @, B were defined in (17).

(iii) For each projected vector Py(a; — @), identify the top n/(2k) coordinates in value and place
the corresponding vertices into a set U.. Discard half of the obtained s subsets, those with
the lowest blue edge densities.

(iv) Sort the remaining sets according to blue hyperedge density and identify k distinct subsets
Up,- -, Up such that |U; N Uj’| < [(1 —v)n/k]ifi#j.

Based on the 4 steps above in Algorithm 4, the proof of Lemma 4.1 is structured in 4 parts.

(i) Let U denote the subspace spanned by first k left singular vectors of A1 defined in (19).
Subsection 5.1.2 shows that the subspace angle between U and U is smaller than any ¢ €
(0, 1) as long as ay,, by, satisfy certain conditions depending on c.

(ii) The vector gl, defined in (22), reflects the underlying true partition Z N Vy; for each i € [s],
where k(i) denotes the membership of vertex i. Subsection 5.1.3 shows that 8, an approx-
imation of 8 defined in (23), can be recovered by the projected vector Py(a; — a), since
projection error || Py(a; — a) — 8ill2 < cll8il2 for any c € (0, 1) if a, by, satisty the desired
property in part (i).

(iii) Subsection 5.1.4 indicates that the coincidence ratio between the remaining sets and the

true partition is at least v, after discarding half of the sets with the lowest blue edge
densities.

(iv) Lemma 5.13 proves that we can find k distinct subsets U/ within k log® n trials with high
probability.

5.1.2. Bounding the angle between U and U
The angle between subspaces U and U is defined as

sin Z(U, U) := ||Py — Pgl.
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A natural idea is to apply Wedin’s sin ® Theorem (Lemma D.7). Lemma 5.3 indicates that the
difference of 0;(A;) and o;(A;) is relatively small, compared to o;(Ay).

Lemma 5.3. Let Ji(KJ )(resp. a,»(Kl )) denote the singular values ofX1 (resp. Kl)for alli € [k], where
the matrices A and A, are defined in (20) and (19) respectively. Then

— _n[@+Gk-1B] n A2\ am — by AN
UI(AI)— Zﬁk _Zﬁk Z |:<mk_2> ( n ) +k<m_2>( n ):| >

meM m—1 m—1

o~ _n(&—ﬁ)_ n @—Z)am—bm <k
oi(A) ==~ _2f2kmeZM( Sy Rsisk

O’,‘(X]):O,k-i-lfl'fn.

witha, B defined in (17). Moreover, with probability at least 1 — 2k exp (—k log2 (n)),
l0i(A1) — oi(Ay))|
oi(A1)

Therefore, with Lemma 5.3, we can write Gi(Kl) =0;(A1)(1 + 0(1)). Define E; := A} — Kl and
its restriction on Z; as

=0 (n_% log% (n)) .

(E1)z, = (A1 — A1)z, = (AD)z, — AD)z, » (21)
aswellas A := (K])II - Kl. Then (A1), — Kl is decomposed as

(A7, — A =[(A)7, — A)7, ]+ [(ADz, — Al = ()7, + A, .

Lemma 5.4. Let d=)_, 1 (m —1)ay, where M is obtained from Algorithm 3. There exists
a constant C; > (2V/Mmax — 1)=1/3 sych that if d>C,, then with probability at least 1—
exp(—d’zn//\/lmax), no more than d—3n vertices have row sums greater than 20 M maxd.

Lemma 5.4 shows that the number of high-degree vertices is relatively small. Consequently,
Corollary 5.5 indicates || A || < +/d with high probability.

Corollary 5.5. Assume d > max{C, ﬁ}, where Cy is the constant in Lemma 5.4, then ||A{|| < Vd
with probability at least 1 — exp(—d 21/ Mmax).

Proof of Corollary 5.5. Note that n—|Z| <d~>n and ZCZ;, then n— |Z;| <d3n. From
Lemma 5.4, there are at most d3n vertices with row sum greater than 20 Mpaxd in the adja-
cency matrix A, then the matrix A; = (A1)z, — A; has at most 2d731? non-zero entries. Every
entry of Xl in (19) is bounded by «, then,

1AL < [ALlE = l(A)z, — Aylle

<V2d 2 a=v2dn Y |:(E_2>am;bm+<l’l—2> b ]
meM

m—2 (m—l) m—2 (m’il)
<vV2d3 ) (m—Day <v2d1 <Vd.
meM O

Moreover, taking T = 20M nax, K = 3 in Theorem 3.3, with probability at least 1 — n—2

I(E1)z, || < C3v/d, (22)
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where constant C; depends on M,y Together with upper bounds for |(E1)z, || and [|Aq],
Lemma 5.6 shows that the angle between U and U is relatively small with high probability.

Lemma 5.6. For any c € (0, 1), there exists some constant Cy such that, if

Y (m—1)apn —by) = kM1,
meM

then sin Z(U, U) < ¢ with probability 1 — n~2. Here /(U, U) is the angle between U and U.
Proof of Lemma 5.6. From (22) and Corollary 5.5, with probability at least 1 — n~2,

A1)z, — Arll < Dz, |+ [ AL]] < (G5 + DV,

Since akH(Kl) =0, using Lemma 5.3 to approximate ok(A1), we obtain

or(A1) — o1 (A1) = 0k(A1) = (1 + o(1)ok(A}) > %ak(Kl)

n 3n_2\ am—by 1 3\"2
e S () 2 () e

m—1 me

Minax—2
1 1 max C2\/—
> = (ﬁ) D (m=Dlan—bp) = sr—.

meM

Then for any ¢ € (0, 1), we can find C; = [2Mmaxt2(Cy 4 1)/c] such that [|(A1)z, — Kl I <(1—
1/+/2)0k(A1). By Wedin’s Theorem (Lemma D.7), the angle Z(U, U) is bounded by

V2|(A1)zg, — A - V2(Cs +1)Vd «/_ ¢

sin Z(U, U) := |Pu — Pgll < ~
v ox(Ar) Cov/d/2Mmactl B O

5.1.3. Bound the projection error

Randomly pick s=2klog? n vertices from Y,. Let ai,,..., @i, @i>. .., @i, @iy»..., a8, and
e, ...,e be the corresponding columns of Aj, Kz, A and By := A, — Kz respectively, where
Ay, Kz and A, were defined in (18), (19) and (20). Let k(i) denote the membership of vertex i.
Note that entries of vector @; are oj;, Bij or 0, according to the membership of vertices in Z, where

Uiis ,E,'j were defined in (15a), (15b). Then the corresponding vector gi € R" with the entries given

by
Qi ifjezZn Vi (aj; — Ej)/z >0, ifjeZN Vi
aG)=1Bj ifjeZ\Viy > 8i(j) = (Bij —@i)/2 <0, ifjeZ\ Vi (23)
0, ifjeY 0, ifjeY

can be used to recover the vertex set Z N Vj(; based on the sign of elements in 3. However, it is

hard to handle with 6 due to the randomness of oj;, ,BZJ originated from n; and ;. Note that n;
and n} concentrate around n/(2k) and n/(4k) respectively as shown in Lemma 5. 3 Thus a good

approximation of E,-, which rules out randomness of n; and #;, was given by §;:= a; — a, with
entries given by a(j) := Ljez - (@ + B)/2, where @ and B were defined in (17), and
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o, ifjezZn Vi (o — B)/Z >0, ifjezn Vi)
a;(j) = B, ifjeZ\ Vs Sz(]) ={(B - @)/2<0, ifjeZ\ Vs - (24)
0, ifjeY 0, ifjey

By construction, &; identifies vertex set ZN Vi(; in the case of perfect splitting for any ie
{it, -+ ,is} N Y2 N Vi). However, the access to §; is limited in practice, thus the projection

Py(a; — a) is used instead as an approximation of §;. Lemma 5.7 proves that at least half of the
projected vectors have small projection errors.

Lemma 5.7. For any c € (0, 1), there exist constants C; and C, such that if d > C; and

> (= 1)@y = by) > CkMmd/d,
meM

then among all projected vectors Py(a; —a) for i€ {iy,- - - ,is} N Yo, with probability 1 — o(n=h,
at least half of them satisfy

|Py(a; — @) — §ill2 < ¢ ||8ill2- (25)

Proof Lemma 5.7. Note that §; = Pg8;, where U is spanned by the first k left singular vectors of
A, with rank(A;) =k, and A}, A, preserve the same eigen-subspace. The approximation error
between Py(a; — a) and §; can be decomposed as

Py(a; —a) — 8; =Py[(a;i — @) + @ — a;) + (@ — @)| — Pgd;

= Pye; + Py(a; — a;) + (Py — Pﬁ)si .
Then by triangle inequality,

|Py(a; — @) — &2 < || Pueill2 + |Pu(@ — @:)|l2 + |Pu — Pgll - 182 -

Note that ||8;]| = O(n_%) and 7} concentrates around n/(4k) for each i € [k] with deviation at most
/nlog (n), then by definitions of @ and Bin (17),

I1PuGi —@)l> < 1@ — @il = O [kv/log (W@ — B)]* ) = Ol log? (m)] = o(I8il).

Meanwhile, by an argument similar to Lemma 5.6, it can be proved that sin Z(U, U) < ¢/2 for any
c € (0, 1), if constants Cy, C; are chosen properly, hence ||Py — Pgll - 1812 < §||§,»||2. Lemma 5.8
shows that at least half of the indices from {i},--- , i} N Y, satisfy ||Pye;l2 < §||§i||2, which
completes the proof. U
Lemma 5.8. Let d = ZmeMmax (m — 1)ay,. For any c € (0, 1), with probability 1 — O(n—klogny gt
least 5 of the vectors e;, . . . , e, satisfy

C —
| Pue;illz < 2/ kd(Mmax +2)/n < 5”51'“2; i€fip, - ,is)CYs.

Definition 5.9. The vector a; satisfying (25) is referred as good vector. The index of the good vector
is hence referred to as a good vertex.

To avoid introducing extra notations, let a;,. .., aj denote good vectors with iy, - -, i

denoting good indices. Lemma 5.8 indicates that the number of good vectors is at least s > 5 =

klog?® n.

https://doi.org/10.1017/50963548324000166 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548324000166

Combinatorics, Probability and Computing 19

5.1.4. Accuracy

We are going to prove the accuracy of the initial partition obtained from Algorithm 4. Lemmas
5.10, 5.11 and 5.13 are crucial in proving our results. We present the proof logic first and defer the
Lemma statements later.

For each projected vector Py(a; — @), let U; denote the set of its largest ﬁ coordinates, where
ieli;, - ,is}and s= 2klog2 n. Note that vector 3,-]. in (23) only identifies blocks Vk(ij) and V' \
Vii;)» which can be regarded as clustering two blocks with different sizes. By Lemma 5.7, good
vectors satisfy || Py(a; — @) — Sij l2<c IISij |2 for any ¢ € (0, 1). Then by Lemma 5.10 (after proper

normalisation), for a good index i, the number of vertices in Ui’j clustered correctly is at least

1- ‘—;kcz)%. By choosing ¢ = 1/3(1 — v)/(8k), the condition |U{j NV >(1+ v)/2|Ulfj| in part (ii)
of Lemma 5.11 is satisfied. In Lemma 5.6, we choose

Cy = 2Mmot2(Cy 4 1) e = 2Mmet2(C3 4 1)/8k/(3 = 3v) (26)

where Cs defined in (22). Hence, with high probability, all good vectors have at least p1 blue
hyperedges (we call this “high blue hyperedge density”). From Lemma 5.8, at least half of the
selected vectors are good. Then, in Algorithm 4, throwing out half of the obtained sets U; (those
with the lowest blue hyperedge density) guarantees that the remaining sets are good. .
Recall that, by choosing constant appropriately, we can make the subspace angle sin Z(U, U) <
¢ for any c € (0, 1) (U is spanned by the first k left singular vectors of A;). Then for each vector
Sil, ceey gik with each i; selected from different vertex set Vj, there is a vector Py(aj;—a)inU
arbitrarily close to gij, which was proved by Lemma 5.7. From (i) of Lemma 5.11, so obtained
U{j must satisfy |U{j NV >v| szj | for each j € [k]. The remaining thing is to select k different szj

with each of them concentrating around distinct V; for each j € [k]. This problem is equivalent to

finding k vertices in Y3, each from a different partition class, which can be done with klog? (1)
samplings as shown in Lemma 5.13.

To summarise, this section is a more precise and quantitative version of the following
argument: with high probability,

1+vn
{ij :Jis.t. |U1{j NV > TE} C {ij: Ul-’j has > pr blue hyperedges}
n
c {ijzais.t.|U;jmv,-|zuz} .

Lemma 5.10 (Adapted from Lemma 23 in [19]). Suppose n, k are such that % eN. Let v,veR"
be two unit vectors, and let v be such that 1 of its entries are equal to %ﬁ and the rest are equal to

—\/Lﬁ. If sin Z(v,v) < ¢ <0.5, then v contains at least (1 — %kcz)% positive entries v; such that v; is

also positive.

Lemma 5.11. Suppose that we are given a set X C Z with size |X| = n/(2k). Define
1 v NN gy — by (2N b
e 1S - {[()+( 7 ) +() ,
2 mg,/\:/l m m (mril) m (mn—l)

1% ! Z m(m — 1) {|:((IZ;<))”) + (k 1)<l£liaci)f))j| am — by + (%) bm }
2= - - n n >
2 meM m m (m—l) m (m—l)

and pr:= (11 + n2)/2 € (i1, n2l. There is a constant ¢ > 0 depending on k, an, v such that for
sufficiently large n,
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() If IXNVi| <v|X]| for each i€ [k], then with probability 1 —e™", the number of blue
hyperedges in the hypergraph induced by X is at most [ut.

(ii)) Conversely, if | X N V| > HT”|X|for somei€{l,...,k}, then with probability 1 — e~", the
number of blue hyperedges in the hypergraph induced by X is at least jir.

Remark 5.12. Lemma 5.11 is reduced to [19, Lemma 31] when M = {2}.

Lemma 5.13. Through random sampling without replacement in Step 6 of Algorithm 4, we can find
at least k indices iy, . . ., iy in Y, among klog® n samples such that with probability 1 — n~S2108"),

|Ui’jm |<(1—v , foranyj,le [k] withj#l

5.2. Local correction: Proof of Lemma 4.2

For notation convenience, let U; := Z N V; denote the intersection of Z and true partition V; for
all i € [k]. In Algorithm 2, we first colour the hyperedges with red and blue with equal probability.

By running Algorithm 4 on the red hypergraph, we obtain a v-correct partition Uy, ..., U}, i.e.,
UAUI <U=v)- U]l =(1=v)- o, Vielk]. 27)
In the rest of this subsection, we condition on the event that (27) holds true.
Consider a hyperedge e={i1,- - - , s} in the underlying m-uniform hypergraph. If vertices
i1, -+ ,im are from the same block, then e is a red hyperedge with probability a,,/ 2(m"_1); if ver-
tices iy, - - - , iy are not from the same block, then e is a red hyperedge with probability b,/ Z(mril).

The presence of those two types of hyperedges can be denoted by

a
—" 1, Téb’”) ~ Bernoulli | — 22— | ,
n n

respectively. For any finite set S, let [S]' denote the family of I-subsets of S, i.e., [S]'={Z|Z C
S, |Z] =1}. Consider a vertex u € Uy := Z N V. The weighted number of red hyperedges, which
contains u € U; with the remaining vertices in Uj/, can be written as

Té“’”) ~ Bernoulli

Siw:= Y (m—=1-3 > T+ Y 1Pt weu, (28)
meM ee £ ecglm
where E(u.'”) = E,((Ui]% [Ui N Uf 1"~1) denotes the set of m-hyperedges with one vertex from
[U1]' and the other m—1 from [UyNU]]""!, while S(h’") = Em<[U1] [U" I\ [U1 N
Uj’]m 1) denotes the set of m-hyperedges with one vertex in [U;]! while the remaining m — 1

vertices in [Uj/]m_1 \[U1N Uf 1" L(not all m vertices are from Vi) with their cardinalities

U, ﬂU/ U/ u,nu
ail=(50)- e [(2)- (529
m — m —

We multiply (m — 1) in (28) as weight since the rest m — 1 vertices are all located in U, which
can be regarded as u’s neighbours in UJ/ According to the fact |U; N Uj| = (vn/2k) in (27) and
|Uj’| =n/(2k) for j € [k],
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vn (1— v)n
= (,0) 1= (%) %

m —

21

To simplify the calculation, we take the lower and upper bound of |5(”’”)| and |5(”’”) G#1)
respectively. By taking expectation with respect to T8 and T, then for any u € Uy, we have

= Y o] (B )b (%) b
Esu(”)—m; (m —1) |:( —1> 2(,,01) +(m_1)2(mril):| ’
(1—v)n n
/ _ _ . 2k a—m_bm 2k bm .
ESlj(u)_m;:A(m 1) [(m_l) 207) +<m_1> } J#EL

m—1 2'(mn—l)
By assumptions in Theorem 1.7, ES/, (1) — IES’1 j(u) = Q(1). Define

“C'_zmeMm RIACES m—1) 20" " \m=1)2(") [

In Algorithm 5, vertex u is assigned to U; if it has the maximal number of neighbours in U.. If
u € Uj is mislabelled, then one of the following events must happen

+ 8}, (u) < puc, meaning that u was mislabelled by Algorithm 5
o §).(u) > pc for some j # 1, meaning that u survived Algorithm 5 without being corrected

Lemma 5.14 shows that the probabilities of those two events can be bounded in terms of the
SNR.

Lemma 5.14. For sufficiently large n and any u € Uy = Z N Vi, we have

=P (S =uc) <, pf=P (S =znc)<p, Gi#D)

(30)
where p := exp(—Caq - SNR ) with SNR Ay and Cpq defined in (2)

As a result, the probability that either of those events happened is bounded by p. The number
of mislabelled vertices in U; after Algorithm 5 is at most

!
1 K 1UiNUjl

R1=Zrt+z Z At,
t=1 j=2 =1

where I'; (resp. A;) are i.i.d indicator random variables with mean p| (resp Pj> J #1). Then

k
(I—-v)n o n np
ER <— <—-kp=—.
1= ,0 ; =7k P 2

Let t; := np/2, where v denotes the correctness after Algorithm 4, then by Chernoff bound
(Lemma D.1),

P(Ry = np)=P Ry —np/2>t;) <P (Ry —ER; > 1)) <e™ " =0(e™). (31)
Then with probability 1 — O(e™""), the fraction of mislabelled vertices in U; is smaller than kp,

i.e., the correctness of U1 is at least yc := max{v, 1 — kp}. Therefore, Algorithm 5 outputs a yc-
correct partition U1, Uk with probability 1 — O(e™"").
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5.3. Merging: Proof of Lemma 4.3

By running Algorithm 5 on the red hypergraph, we obtain a yc-correct partition Uy, - - - , Ug
where yc := max{v,1—kp}>v,ie,
-~ ~ vn ,
NGl =v-101=22. Ve lkl. (32)

In the rest of this subsection, we shall condition on this event and abbreviate Y N V; by W;:=
Y N V. The failure probability of Algorithm 6 is estimated by the presence of hyperedges between
vertex sets Y and Z.

Consider a hyperedge e ={i, - - , is} in the underlying m-uniform hypergraph. If vertices
i1, ,im are all from the same cluster V), then the probability that e is an existing blue edge
conditioning on the event that e is not a red edge is

am

n
2<m71) aAm

Ymi=P [e is a blue edge |e is not a red edge ] = = (1+o0(1)), (33)

oy 20

and the presence of e can be represented by an indicator random variable §(“"’) ~ Bernoulli (1,).
Similarly, if vertices i, - - - , i,, are not all from the same cluster V, the probability that e is an
existing blue edge conditioning on the event that e is not red

b
n
m—1

2 b,
=P [e is a blue edge |e is not a red edge ] = ) = (1+0(1)), (34)

ey Y

and the presence of e can be represented by an indicator variable ée(b'") ~ Bernoulli (¢;,).

For any vertex w € Wj:= Y N V; with fixed ] € [k], we want to compute the number of hyper-
edges containing w with all remaining vertices located in vertex set U; for some fixed j € [k].
Following a similar argument given in Subsection 5.2, this number can be written as

Siw):= Y (m=1)-1 Y g+ Y gL, wew, (35)
meM ee’g;?m) ee’g}?m
where E(am) = E,,((W)1% [UN U]]’” 1) denotes the set of m-hyperedges with 1 vertex from

[W;]! and the other m — 1 vertices from [U; N Uj]’" l,whlle?(b'”) = E,((W]}, [Uj]m I\ [un

’Uj]’”_l) denotes the set of m-hyperedges with 1 vertex in (Wit whlle the remaining m — 1 vertices
arein [Uj]™~1\ [U;N U]~ 1, with their cardinalities

Gra uingjl G T\ _ (1Nl
m—1 )’ m—1 m—1 '

S1m1lar1y, we multiply (m — 1) in (35) as weight since the rest m — 1 vertices can be regarded as
w’s neighbours in U] By accuracy of Algorithm 5 in (32), |U] N Uj| = vn/(2k), then

vn (1-v)n
A(m) Sk A(m) r .
g |><m251), Bl < (mZﬁl),J;éz.
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Taking expectation with respect to ¢, @n) and Se(b’"), for any w € W), we have

IE"Sll Z (m—-1)- [( 1)(1//m_¢m)+< 2% >¢m:|,

meM

[ v)n n
ESjn= Y (m—1)- [( 5 )=+ (% )asm]j#l-

meM

By assumptions in Theorem 1.7, ETS\”(W) - E’S\lj(w) = Q(1). We define

1 vn (1—v)n
pw= o ) (m—1)- H(mzf 1)+(m251)}(wm—¢m)+2< * )abm} . (36)

meM

After Algorithm 6, if a vertex w € W, is mislabelled, one of the following events must happen

« Sy(w) < u, which implies that u was mislabelled by Algorithm 6.
. §U(w) > uMm for some j#I, which implies that u survived Algorithm 6 without being
corrected.

By an argument similar to Lemma 5.14, we can prove that for any w € W),
pri=PEuw) <) <p,  fj=PSw) = pum) < p, (G#D,

where p := exp(—Caq - SNRq). The misclassified probability for w € W is upper bounded by
Z —1 0j < kp. The number of mislabelled vertices in W is at most R; = Z‘ i Iy, where I'; are

ii. d indicator random variables with mean kp and ER; < n/(2k) - kp =np/2. Let t1:= np/2, by
Chernoff bound (Lemma D.1),

PR >np)=P R —np/2>1t) <P R —ER>1t) <e “1=0(e").

Hence with probability 1 — O(e™"?), the fraction of mislabelled vertices in W; is smaller than kp,
i.e., the correctness in W is at least yy := max{v, 1 — kp}.

5.4. Proof of Theorem 1.7

Now we are ready to prove Theorem 1.7. The correctness of Algorithms 5 and 6 are denoted by y¢
and yym respectively, then with probability at least 1 — O(e™"?), the correctness y of Algorithm 2
is y := min{yc, ym} = max{v, 1 — kp}. We will have y =1 — kp if v <1 — kp, equivalently,

1
SNRi(k) 2 -~ log ( ) , (37)

1—v
otherwise y = v. The inequality (37) holds since
2
[ S tm =) ()|
e (m = 1) (552 4 by )

SNR (k) =

[ Zme/\/{ (am — bm)]z (Cv)z k 1 k
| — 1 .
= M2 (Mor — 1~ Mo —1 08 <1 — v> NIV ( )
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where the first two inequalities hold since d := ), . 1 (m — 1)a,, and Condition (4b), while the
last inequality holds by taking C, > max{\/(/\/lmax —1)/Cpm, C3} with C; defined in (26).

Remark 5.15. The lower bound C in (4a) comes from the requirement in Lemma 5.4 that only
a few high-degree vertices be deleted. The constant C, in (4b) comes from the requirement in
Lemma 5.6 that the subspace angle is small. When C is not so large (or the hypergraph is too
sparse), one could still achieve good accuracy y if C, is large enough (the difference between a,,
and by, is large enough).

Remark 5.16. Condition (37) indicates that the improvement of accuracy from local refinement
(Algorithms 5 and 6) will be guaranteed when SNR (k) is large enough. If SNR p4 (k) is small, we
use correctness of Algorithm 4 instead, i.e., ¥ = v, to represent the correctness of Algorithm 2.

5.5. Proof of Corollary 1.9
For any fixed v € (1/k, 1), SNR p(k) — oo implies p — 0 and

d= Z (m — 1a,, — oc.
meM
Since
Zme/\/( (m—1)(am — bm)* - Zme,/\/[ (m —1)(am — bm)*
Y omerm (m—1ay, T Y mem (m—=1Dkm(a,, + km1by,)
Condition (4b) is satisfied. Applying Theorem 1.7, we find y =1 — o(1), which implies weak

consistency. The constraint of SNRa(k) = o(logn) is used in the proof of Lemma 4.2, see
Remark 1.10.

= SNR (k)
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Appendix A. Proof of Theorems 3.1 and 3.3

A.1. Discretization
To prove Theorem 3.1, we start with a standard e-net argument.

Lemma A.1 (Lemma 4.4.1 in [69]). Let W be any Hermitian n x n matrix and let N be an ¢-net
on the unit sphere S"~1 with ¢ € (0, 1), then ||[W|| < ﬁ supyen, [(Wx, x)|.

By [69, Corollary 4.2.13], the size of N; is bounded by |N;| < (14 2/¢)". We would have

log V] < nlog (5) when N is taken as an (1/2)-net of S”. Define W:= A — EA, then W;; =0
for each i € [n] by the definition of adjacency matrix in equation (7), and we obtain

A —EA[ = W[l <2 sup [(Wx, x)|. (A1)

xeN

For any fixed x € S"~1, consider the light and heavy pairs as follows.

d d
E(x) = (l>]) : |xixj| = % > H(x) = (la]) : |xixj| > % > (AZ)

where d = Zi\n/[:z (m — 1)d,,. Thus by the triangle inequality,

W) < | Y Wi +| > Wixix|,
(ij)eL(x) (i)eH (%)
and by equation (A.1),
|A—EA| <2sup Z Wiixixj| + 2 sup Z Wiixix;| . (A.3)
* N (ij)eLx) N (i)t (x)
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A.2. Contribution from light pairs

For each m-hyperedge e € E,,;, we define W .= A —EA™. Then for any fixed x € S"!
the contribution from light couples can be written as

>

M
SIRERES S Dol SR B
(i,j)eL(x) (ij)eL(x) \ m=2 e€Ep
{ijiCe

M M
Pl IDVIPMIES 9p SR 9
m=2 eckEy, (i,)eL(x) m=2 ecEy,
i#j, {ijiCe

where the constraint i 7 j comes from the fact W;; = 0 and we denote

YW [ Y
(ij)eL(x)
i, {ij}Ce
Note that EJ\™ = 0, and by the definition of light pair equation (A.2),
V| < m(m — )Vd/n< MM —1)Vd/n, Vme{2,---,M}.
Moreover, equation (A.4) is a sum of independent, mean-zero random variables, and

M
> RO

m=2 ecE,,

%Z E[(W£m>>21( > x,»xj>2}

m=2 ecE,, L (i,j)eL(x)
i#j:{ij}Ce
M _
< [t mon-n( 5 )]
m=2 ecE,, L (i,f)eL(x)
i#j{ijiCe
M
dm-mm—1)( n 2.2
<> T \m-2 >
m=2 m—1 (ij)e[n]?
M M
dpm(m — 1)? L2 2d(M —1)?
< m <2 —1)pP <=7
- mzz n—m-+2 n mz (1 n

when n>2m—2, where dy=maxd];, ;, and d= ZAm/Izz (m —1)d,,. Then Bernstein’s
inequality (Lemma D.3) implies that for any « > 0,

P( Z W,jxixj > o d)ZIP(

(i,)eL(x)
%azd

o’n
<2exp|— <2exp|— — '
( 2Fd(M —1)2+ %(M - I)M‘/Taa\/ﬁ) ( 4M —1)2 + 2a(M3 DM

S Y ot

m=2 e€Ey,

> ot\/H)
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Therefore by taking a union bound,

(sup Z Wijxix; >a d)
xeN

(i)eL(x)

2

a‘n

<2exp| log(5)-n— <2e ", (A.5)
( 8 AM — 1)2 4 2V-DM

Z W,jxixj

(i)eL(x)

>af)<|N] IP(

where we choose @« = 5M(M — 1) in the last line.

A.3. Contribution from heavy pairs
Note that for any i # j,

M
n—2\ duy m—-1d,, d
EAj; < < =- A6
’J—Z<m_2>(")—z n n ( )
m=2 m—1 m=2
and
Z ]EAijxixj = Z EA,} s (A.7)
(ij)eH (x) (if)eH(x) =
d
VY e v
(i) eH (%) nlxixl (i) eH (x)

Therefore it suffices to show that, with high probability,
Z Aijxixj = O(\/E) (A.8)
(if)eH (x)

Here we use the discrepancy analysis from [22, 28]. We consider the weighted graph associated
with the adjacency matrix A.

Definition A.2 (Uniform upper tail property, UUTP). Let M be an n x n random symmetric
matrix with non-negative entries and Q be an n x n symmetric matrix with entries Q; € [0, a] for
alli,j € [n]. Define

n
=Y QEMy, &%= Z QEM;;.

ij=1 ij=1

We say that M satisfies the uniform upper tail property UUTP(cy, yo) with ¢o > 0, yo > 0, if for any

a,t>0,
~2
P(fQ<M) > (1+ yo) + t) <exp <—coZ—2h(;—§)).

where function fo(M) : R"*" - R is defined by fq(M) := szzl Q;M;; for M € R"™™", and func-
tion h(x) := (1 + x)log(1 + x) — x for all x > —1.

Lemma A.3. Let A be the adjacency matrix of non-uniform hypergraph H = U%I:z H,,, then A
satisfies UUTP(co, yo) with co = [M(M — 1)] 7}, 9 = 0.
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Proof of Lemma A.3. Note that

fo(A) — =" Q;(A; —EAy) =) Q;Wy

ij=1 ij=1
M M
“Yo(r ¥ owr)-x Twr( ¥ o)y va,
i,j=1 z#eE{En}qu m=2 ecEy {ij}Ce, i#j m=2 ecE,
> 1]

where ng) = ng)( T JiCeisi Q,-j) are independent centred random variables upper bounded

by |12 < Z{i’j}@, i Qij <M(M —1)a for each m e {2,..., M} since Q; € [0, a]. Moreover,
the variance of the sum can be written as

>y uai-3 Yo ¥ QZJ)

m=2 e€Ey, m=2 e€kEy {ij}Ce, i#j

M
<> Y EIAM]-mm-1) Y Q<MM-1) ZQZEA,]_M M —1)62.
m=2

e€Ey {ij}Cei#j i,j=1

where the last inequality holds since by definition EA;; = Zm 5 D ecE, E E[A™]. Then by
{ijiCe
Bennett’s inequality Lemma D.4, we obtain

<)
P(fQ(A) — u>t) <exp (‘W}l(;—i))

where the inequality holds since the function x - h(1/x) = (1 4+ x) log (1 + 1/x) — 1 is decreasing
with respect to x. U
Definition A 4 (Discrepancy property, DP). Let M be an n x n matrix with non-negative entries.
For S, T C [n], define em(S, T) = ZieS,jeT M;j. We say M has the discrepancy property with param-
eter § > 0, k1 > 1, k2 > 0, denoted by DP(6, k1, k2), if for all non-empty S, T C [n], at least one of
the following hold:

(1) em(S, T) < k18|S||T};
2) em(S, T)-log (gllﬂs(fﬁl)) <k2(IS V| T]) - log (—‘Sﬁ'ﬁn)-

Lemma A.5 shows that if a symmetric random matrix A satisfies the upper tail property
UUTP(co, yp) with parameter cp > 0, yp > 0, then the discrepancy property holds with high
probability.

Lemma A.5 (Lemma 6.4 in [22]). Let M be an n x n symmetric random matrix with non-negative
entries. Assume that for some § > 0, § > 0, EM;; <6 for all i, j € [n] and M has UUTP(cy, o) with
parameter ¢y, yo > 0. Then for any K > 0, the discrepancy property DP(8, k1, k2) holds for M with

probability at least 1 — nX k; = (1 + y0)%, k2 = —( + y0)(K + 4).

When the discrepancy property holds, then deterministically the contribution from heavy pairs
is O(+/d), as shown in the following lemma.
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Lemma A.6 (Lemma 6.6 in [22]). Let M be a non-negative symmetric n X n matrix with all row
sums bounded by d. Suppose M has M has DP(6, k1, k2) with 8§ = Cd/n for some C > 0, k1 > 1,
i3 > 0. Then for any x € S"™1,

Z M,jxixj fOl()\/a,

(i) eH(x)

where ag = 16 4 32C(1 + k1) + 64k2(1 + —2—).

k1 log k1
Lemma A.7 proves that A has bounded row and column sums with high probability.

Lemma A.7. For any K >0, there is a constant oy >0 such that with probability at least

1—nK
n
max Aj<aid (A.9)
1<i<n =1
witho) =4+ w and d > clogn.
Proof. For a fixed i € [n],
n M n M
YoA=>" > m—DAM, Y (A;-EA)=)_ Y (m-1w,
j=1 m=2 ecE,,:ice j=1 m=2 ecE,,:ice
- M n m—1)d
Sea=d (" 1)%251,
j=1 m=2 m—1
M M
Y m—17 > EOMYI<) (m-1? Y E[AM]<(M-1)d.
m=2 ecEy:ice m=2 ecE,:ice

Then for oy =4+ 2(M+)C(1+K), by Bernstein’s inequality, with the assumption that d > clog #,

IP’(ZAU > a1d> E]I”(ZA,'j —EA; > (o1 — 1)d>

J=1 j=1
Lo — 1)242 12
=exp|— zln — 1)7d < n_m <p 17K
(M —1d+ 1M —1)(a1 — 1)d
(A.10)
Taking a union bound over i € [#n], then equation (A.9) holds with probability 1 — n K, O

Now we are ready to obtain equation (A.8).

Lemma A.8. For any K > 0, there is a constant  depending on K, ¢, M such that with probability
atleast 1 — 2n~K,

< pV/d. (A.11)

Z Aijx,-xj

(ij)eH(x)

Proof. By Lemma A.3, A satisfies UUTP(m, 0). From equation (A.6) and Lemma A.5, the
property DP(8, k1, k2) holds for A with probability at least 1 — n~K with

§=—, Kki=¢, Kky=2MM —1)(K+4).
n
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Let &1 be the event that DP(6, 1, k2) holds for A. Let £, be the event that all row sums of A are
bounded by a1d. Then P(E1 N &) >1— 2n~K, On the event & N &,, by Lemma A.6, equation
(A.11) holds with 8 = aga1, where

2AM—1)(1+K
oo =16+ 32(1+¢*) + 128M(M — DK +4)(1 +e7%), a1 =4+ %
C
0

A.4. Proof of Theorem 3.1

Proof. From equation (A.5), with probability at least 1 — 2e™", the contribution from light pairs

in equation (A.3) is bounded by 2a+/d with @ = 5M(M — 1). From equations (A.7) and (A.11),
with probability at least 1 — 2n~X, the contribution from heavy pairs in equation (A.3) is bounded

by 2+/d + 28+/d. Therefore with probability at least 1 — 2¢~" — 21X,
|A~EA| < Cuvd,

where Cjpr is a constant depending only on ¢, K,M such that Cyy=2(x¢+148). In
particular, we can take o =5M(M —1), B=512M(M —1)(K+5) <2 + W), and

Cy =512M(M — 1)(K + 6) (2 + w> . This finishes the proof of Theorem 3.1. O

A.5. Proof of Theorem 3.3
Let S C [n] be any given subset. From equation (A.5), with probability at least 1 — 2e™",

Z (AS — EAs) XiXj
ij

(i)eL(x)

sup <5M(M — 1)\/3. (A.12)

xeN

Since there are at most 2 many choices for S, by taking a union bound, with probability at least
1 —2(e/2)™", we have for all S C [n], equation (A.12) holds. In particular, by taking S=Z={i
[n] : row(i) < td}, with probability at least 1 — 2(e/2)™", we have

> (A —EA)zlx| < 5M(M — 1)Vd. (A.13)

(i)eL(x)

sup
xeN

Similar to equation (A.7), deterministically,

<M —1)Vd. (A.14)

> (EA)Llyxix;
(i) eH(x)

Next we show the contribution from heavy pairs for A7 is bounded.

Lemma A.9. For any K >0, there is a constant B, depending on K,c,M,t such that with

probability at least 1 — n=K,

Z [(A)z]jxixj| < o/d. (A.15)

(iLj)eH(x)
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Proof. Note that A satisfies UUTP (W—D’ 0) from Lemma A.3. According to Lemma A.5, with
probability at least 1 — n=X, DP(8, k1, k2) holds for A with
§==, Kki=¢, ky=2MM—1)(K+4).

The DP(3, k1, k2) property holds for A7 as well, since A7 is obtained from A by restricting to Z.
Note that all row sums in A7 are bounded by td. By Lemma A.6,

> [Aglyxixg| <aoVTd, (A.16)
(i,j)eH(x)
where we can take ag = 16 + 22(1 4 €%) + 128M(M — 1)(K + 4) (1 + fz) . O

We can then take B; = a4/ in equation (A.15). Therefore, combining equations (A.13),
(A.14), (A.16), with probability at least 1 — 2(e/2)™" — n~K, there exists a constant C;, depend-

ing only on 7, M, K such that ||(A — EA)z|| < C,«/a, where C; = 2((5M + 1)(M — 1) + agA/7).
This finishes the proof of Theorem 3.3.

Appendix B. Technical Lemmas

B.1. Proof of Lemma 2.4

Proof. By Weyl’s inequality (Lemma D.5), the difference between eigenvalues of [EA and EA can
be upper bounded by

IL(EA) — (EA)| < ||EA — EA||, < ||EA — EA|l
. n . . 3/4 1/2 B
< [zk p Vnlog(n) - (a — B) ] ( log™/= (n)(« ﬂ))
The lemma follows, as A;(EA) = Q (n(e — B)) forall1 <i<k. O

B.2. Proof of Lemma 5.3

Proof. We first compute the singular values of B;. From equation (16), the rank of matrix By is k,
and the least non-trivial singular value of By is
oxB1)= ——(@—B)=

n Z <Z—Z—2>am—bm
n bl
22k w2k S \m=2) ()
where M is obtained frgrn Algorithm 3. By the definition of A, in equation (20), the least non-
trivial singular value of A; is

3n
-\ = n — n —k—Z am_bm
AA) =B =@ P= s 3 (;—2>—(m’11)

Recall that n;, defined in equation (12), denotes the number of vertices in Z N V;, which can be
written as n; = Zvev,- 1{yez). By Hoeffding’s Lemma D.2,

“
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Similarly, n/, defined in equation (13), satisfies

“

As defined in equations (14) and (16), both El and B, are deterministic block matrices. Then with
probability at least 1 — 2k exp(—klog2 (n)), the dimensions of each block inside B, and B; are
approximately the same, with deviations up to /nlog (n). Consequently, the matrix A1, which
was defined in equation (19), can be treated as a perturbed version of A;. By Weyl’s inequality
(Lemma D.5), for any i € [k],

> /nlog (n)) <2 exp(—klog2 (n)) .

=
"4k

j0i(B1) — 0i(B1)| = loy(A1) — 0i(A)| < A1 — Arll2 < | A1 — Ay [le
_ 11/2 _
< [2k- % - Jnlog(n)- (@— /3)2] =0 (n¥*1og% (n) - (@ — B)) .
As a result, with probability at least 1 — 2k exp (—k log2 (n)), we have

lovAn) — okAD| _ [0xB) —okBOI _ ;178100172 )
or(A1) ox(B1) O

B.3. Proof of Lemma 5.4

Proof. Without loss of generality, we can assume M = {2, ..., M}.If M isasubsetof {2,..., M},
we can take a,, = b, = 0 for m ¢ M. Note that in fact, if the best SNR is obtained when M is a
strict subset, we can substitute M.x for M.

Let X C V be a subset of vertices in hypergraph H = (V, E) with size | X| = cn for some ¢ € (0, 1)
to be decided later. Suppose X is a set of vertices with high degrees that we want to zero out. We
first count the m-uniform hyperedges on X separately, then weight them by (m — 1), and finally
sum over m to compute the row sums in A corresponding to each vertex in X. Let E,,(X) denote
the set of m-uniform hyperedges with all vertices located in X, and E,,(X°) denote the set of m-
uniform hyperedges with all vertices in X =V \ X, respectively. Let E,,(X, X) denote the set
of m-uniform hyperedges with at least 1 endpoint in X and 1 endpoint in X¢. The relationship
between total row sums and the number of non-uniform hyperedges in the vertex set X can be
expressed as

M
> row() = Y (m— 1)(mIEn(X)| + (m — 1DIEn (X, X1 (B.1)

veX m=2

If the row sum of each vertex v € X is at least 20Md, where d = an/lzz (m — 1)a,,, it follows

M
3 (m - 1)<m|Em(X)| + (m = 1)|En(X, XC)|) > cn- (20Md) . (B.2)
m=2
Then either
M M
> m(m—1)|En(X)| = 4Mcnd, or Y (m—1)*|En(X, X)| > 16Mcnd.
m=2 m=2

B.3.1. Concentration ofzgzz m(m — 1)|E,(X)].
Recall that {Em (X)| denotes the number of m-uniform hyperedges with all vertices located in X,

which can be viewed as the sum of independent Bernoulli random variables Téa"’) and Téb”’) given
by
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b
m ,  Tm) ~ Bernoulli e
n n
( m—1 ) ( m—1 )

Let {V1, ..., Vi} be the true partition of V. Suppose that there are n;cn vertices in block V; N X for
each i € [k] with restriction Zle n; = 1, then |Em (X)| can be written as

EnX)|= > T+ Y1,

ecEn(X,am) e€E(X,by)

T(@m) ~ Bernoulli

(B.3)

where E;, (X, ap) := UleEm(Vi N X) denotes the union for sets of hyperedges with all vertices in
the same block V; N X for some i € [k], and

En(X, bn) = En(0\ En(X, a) = En(O\ (UF En(Vi N X))

denotes the set of hyperedges with vertices crossing different V;NX. We can compute the
expectation of ’Em (X)‘ as

E|E,(X)| =Z("’C"> (m 1b) +(CrZ) (:;”) (B.4)

Then
im(m—l)-ﬂﬂlf (X)|=§:m(m [Z(”"”)MJr(C”) b } (B.5)
m=2 " m=2 i=1 (m—l) m (mn_l) ‘ '

As Z ni = 1, it follows that | ("<") < (%) by induction, thus
i=1

(_3 () (l’Tm)(m) (20 (b—> () -2 (%))

i=1 m—1 i=1 m—1 i=1

where both terms on the right are positive numbers. Using this and taking b,, = a,,, we obtain the
following upper bound for all #,

M M M
Z m(m — 1)E|E,(X)| < Z m(m — 1)(?:) (a,T) <cn Z (m—1)a,, =cnd.
m=2 m=2 m—1 m=2

Note that 2%22 m(m — 1)|E;,(X)| is a weighted sum of independent Bernoulli random variables
(corresponding to hyperedges), each upper bounded by M. Also, its variance is bounded by

M M
= Var (Z m(m — 1)|Em(x>|> =) m*(m—1)*Var (|Ex(X)))

m=2
M
< Z m?(m — 1)*E|En(X)| < MPcnd.

m=2
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We can apply Bernstein’s Lemma D.3 and obtain

M
P (Z m(m — 1)|En(X)| > 4Mcnd>

m=2

M
<P (Z m(m — 1)(|Em(X)| — E|En(X)]) > 3Mcnd)
m=2

(3Mcnd)?
. B.
= exp< Mzcnd+Mzcnd/3) exp (—6cnd) (8.6)

B.3.2. Concentration on,A;',:2 (m = 1)%|E (X, X)|.

For any finite set S, let [S} denote the family of j-subsets of S, i.e., [S} = {Z|Z C S, |Z| =j}. Let
En([YV, [Z]™ ) denote the set of m-hyperedges, where j vertices are from Y and m — j vertices
are from Z within each m-hyperedge. We want to count the number of m-hyperedges between X
and X¢, according to the number of vertices located in X¢ within each m-hyperedge. Suppose that
there are j vertices from X° within each m-hyperedge for some 1 <j<m — 1.

(1) Assume that all those j vertices are in the same [V; \ XV. If the remaining m — j vertices
are from [V; N X]™7/, then this m-hyperedge is connected with probability a,,/ (mn_l),

otherwise by, / (mril). The number of this type m-hyperedges can be written as

k

S| Y 1 3|

i=1 eeéf,uim) eegﬁm
where &%) = Ey([Vi N XY, [Vi 1X]"), and
&b = By (IViN XY, X1\ [V n X))

denotes the set m-hyperedges with j vertices in [V; N X¢Y and the remaining m — j vertices
n [XP\ [ViNnX}]. We compute all possible choices and upper bound the cardinality of
ng’”) and S(f;"‘) by

=), () ()

(ii) Ifthosejverticesin [V \ X J are not in the same [V; N X}) (which only happens j > 2), then
the number of this type hyperedges can be written as Zee £lom) T where
i

& i= En(IVAXV\ (UL, Vi XY), [x17),

k 1
£lom) ((1 — c)n) 3 ((§ — n,-c)n) ( cn ) '
| / E J ; j m—j

Therefore, |E,; (X, X¢)| can be written as a sum of independent Bernoulli random variables,

m—1

k -1
En(X,X) =D 3| D 1+ Y T +mz > oTi. (B.7)

i=1 i=1 (am) (bm) j=2 (bm)
J ee&] ee&j; e€&;
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X
Vil S3as sl s i | KW
Vo| fiis iilesdsiiin| X0
Vel st | XNV,

Figure B.1. Comparison of f. and g..

Then the expectation can be rewritten as

E (|En(X, X)])
m—1

(1—c)n)_ £ (G —nion ( cn ) bm B.8

(" Z( j m=i) 1) e
m—1 k 1 m—1

_ (z—nic)n>(n,~cn>am—bm v <(1—C)Vl>( cn ) b
i1 ;( ] m_j (mn_l) ; ] m_j (mril)

=1

1[(5)—0:;")—((i1:1”")]%+[<;>—<:>—<‘1;’”)]<b:),

m—1 m—1

where we used the fact ((l_lc)") =Yk k_l'“c)”) in the first equality and Vandermonde’s
identity (") =31 (”.1) ( n:’ij) in last equality. Note that

n cn (1—-o0o)n
= (0= ()= (457
m m m
counts the number of subsets of V with m elements such that at least one element belongs to X
and at least one element belongs to X¢. On the other hand,

w2 [(5)-Can=(0)]

=

counts the number of subsets of V with m elements such that all elements belong to a single V;,
and given such an i, that at least one element belongs to X N V; and at least one belongs to X° N V;.

As Fig. B.1 shows, g only counts the blue pairs while f, counts red pairs in addition. By virtue
of the fact that there are fewer conditions imposed on the sets included in the count for f;, we must
have f. > g.. Thus, rewriting equation (B.8), we obtain

bm

E(|Em(X, X)) =ge " + (£ — o)

(1)
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Since both terms in the above sum are positive, we can upper bound by taking a,, = b, to obtain

stmann s ()= (D-(5) |

m—1

By summing over m, the expectation of Zjn\;[:Z (m — 1)?|E,;p(X, X°)| satisfies

Sz = S (-~ (7) |25

m=2 m—1

M
<2n Z 1="=10=c)"(m—1a,, <8Mcnd,

m=2
where the last upper inequality holds when c¢ € (0, 21/ — 1], since

(A=) +c]"=""—1Q=0)"

= <T>(1 —om e+ (T)(l —O)" 24+ <m7i 1>(1 —o)leml
§(m>c+(m>cz+...+< " )cm_1§(1+c)m—1§2mc, (B.9)
1 2 m—1

where the last inequality holds by the following Claim.

Claim B.1. Let m > 2 be some finite integer. Then for 0 < ¢ <=2/ — 1, it follows that (1 4 ¢)"™ —
1 <2mc.

Proof of the Claim We finish the proof by induction. First, the argument (1 + ¢} — 1 < 2jc holds
true for the base cases j = 1, 2. Suppose that the argument holds for the case j > 2. For the case
j+ 1 <m, it follows that

A4+cyT —1=0+ Y +c(l+cf —1=2jc+c(1+c) <2(+ 1),

where the last inequality holds true if c(1 4 ¢} < 2¢, and it holds since ¢ < 21/™ — 1 <217 — 1 for
allj < m. O

Similarly, we apply Bernstein Lemma D.3 again with K = M?, 62 < 8M>cnd and obtain
M
P <Z (m — 1)*|Ep(X, X)| > 16Mcnd)
m=2

M
<P <Z (m — 1D)2(|Ep(X, X)| — E|E.(X, X)) > 8Mcnd> <exp (—6cnd/M). (B.10)

m=2

By the binomial coefficient upper bound (Z) < (%")k for 1 < k < n, there are at most

c

n e\
( ) < (Z) =exp (—c(logc— 1)n) (B.11)
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many subsets X of size |X| = cn. Let d be sufficiently large so that d > < ¢o. Substituting c = d—>
in equation (B.11), we have

(d:n) < exp[3d_3 log (d)n] .

Taking ¢ = d~ in equations (B.6) and (B.10), we obtain

M
P (Z (m — 1)(m|En(X)| + (m — 1)|E,(X, X9)|) > 20Md_2n) <2exp(—2d2n/M).

m=2

Taking a union bound over all possible X with |X| = d~3n, we obtain with probability at least
1 —2exp (3d—>logdn —2d=2n/M) < 1 — 2 exp (—d~2n/M), no more than d—>n many vertices
have total row sum greater than 20Md. Note that we have imposed the condition that c=d ™3 €
(0,2 — 1] in (B.9), thus d > 2Y/M — 1)~1/3, producing the lower bound in Assumption 1.5.

O

B.4. Proof of Lemma 5.8

Proof. Note that U is spanned by first k singular vectors of (A;)z,. Let {u,-}f.‘:1 be an orthonormal
basis of the U, then the projection Py := Z;(:I (uy, - Yuy. Let k(7) index the membership of vertex i.
For each fixed i € Vi;) N Y2 N {iy, - -+, i),

k k

Pyei= Y (upe)u, ||Pueil3= ) (upe)’.

=1 =1

As a consequence of independence between entries in A; and entries in A;, defined in equation
(18), it is known that {ul}é‘:1 and e; are independent of each other, since e; are columns of E; :=

A, — Kz. If the expectation is taken over {AM} conditioning on {ul};‘zl, then

E qmy ., [(ul, ei)‘{ul}le] = 2": u(j) - E ([(Az)ji - (EAz)ﬁ]) =0,

j=1
k

B a0y 1P|}, ] = 2B gy, [t e[ty ]
=1

where M is obtained from Algorithm 3. Expand each (uj, e;)? and rewrite it into 2 parts,

k

(upe)® =Y wineim2)ei(n)

j1=1jp=1
k
= Y [Pl + Y wiei)mei),  VIelk]. (B.12)
j=1 152
(@) (b)

Part (a) is the contribution from graph, i.e., 2-uniform hypergraph, while part (b) is the contri-
bution from m-uniform hypergraph with m > 3, which only occurs in hypergraph clustering. The
expectation of part (a) in is upper bounded by « as defined in equation (8), since
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k n
Eaene | Do PGP [ty | =D () - Var((A2);)
j=1 j=1
2—2\a,—b n b
< () (BAj <o = (" ) - ’”+( )—’”]
Z : 2] mZM|: m—=2) (,")) m—2)(,",)
n am _ 2d
< m% (m—2>m m% (m—Dap=—, Vi€ K
where |3 = Zj":l (;(j)]? = 1. For part (b),
E gy, | 2 wiDei)ma)ei) [{ml),
j1752
= > wlinm(2)E [ (A2 — EA) (M) — (EA) |

152

SILRE S SRS oER VRS ol i )]

J1#j2 meM  ecEp[Y,UZ] meM ecEp[Y,UZ]
{iji}cCe {ija}Ce

According to Definition 2.1 of the adjacency tensor, A&T) and .Afg;") are independent if hyperedge
e1 7 ey, then only the terms with hyperedge e D {3, j1, jo} have non-zero contribution. Then the
expectation of part (b) can be rewritten as

Eqomy o | 2 mDeiim)ei) | (),
j1702
=Y wGuG Y. Y EAM -EAM)?
J1#h meM  ecEn[YLUZ]
{ij1,j21Ce
< > wGomG) Y. Y EAM
J1%52 meM  ecEp[Y,UZ]
{ij1,j21Ce
. . a
=Y wiomG) Y. D> . (B.13)
J1#)2 meM ecE,[YoUZ] ( )
{ij1.2}Ce

Note that |Y; U Z| < n, then the number of possible hyperedges e, while e € E,;,[Y, U Z] and e D
{i,j1,j2}, is at most (" 3). Thus equation (B.13) is upper bounded by

3 wiu) Z <m’i3)(aTm)

J1#i2 m—1
(m (m 2) de X . .
< w(inwGa) am = =35 ) (i)
%52 meM J1#52
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< Minax 3 ([u,(jl)]z-i-[uz(iz)]z) dea"(" (Z[uz(h) +Z [141(j2)] )

2n2 -
h#i2 j1=1 ja=1

>

_ AMimax

T n
where [lll2 =1,d=)_,, .\ (m — 1)a,,. With the upper bounds for part (a) and (b) in equation
(B.12), the conditional expectation of ||PUei||§ is bounded by

k
oo, [1Poetd] ] = B o, [t 0t ] = Mo 420,
I=1

Let X; be the Bernoulli random variable defined by
Xi=1{l|Pueill2 > 2vkd(Mmax +2)/m)}, i€ (it ,id).
By Markov’s inequality,

Eqqyone [1Poeil3| ;]

EX; =P (| Pye; 2Vkd(Munax +2)/n) < * T4
(|| veill, > (Mimax + V”) = 4kd(Mmax + 2)/n =1

— 1 where s = 2k log® (n). By Hoeffding Lemma D.2,

(ZXZJ > —) =P< 3 (x, —EX,)= 8 ile)@)
j=1 j=1

282( Y5 EX;)’ 1
_—]_1 IJ — JE—
= exp( s =0 pklog(n) |

Therefore, with probability 1 — O(n_k10g (”)), at least s/2 of the vectors e;,, . . . , e;, satisfy

Pueill2 < 2y kd(Mumax + 2) /1.
Meanwhile, for any c¢e(0,2), there exists some large enough constant C;>

Mot [(Momax +2)/k/c such that if Y, g (M — 1)(am — by) > CokMma=1{/d, then

f( - B) IZ( Z)arg—l;m
-2 e

1+ 1) k
u Z (= 4k) m = Dm —bn) = o 7 Z (m = 1)(am — b,

Cszmax\/a 2Mmax+lmk/\4max\/—
~ QoMo c(2k)Mmax—1/kn

2 kd(M 2 2
>=2y/ K Momax +2) > —||Pueil|2.
c n c O

B.5. Proof of Lemma 5.10

Proof. Split [#] into V] and V) such that V] = {i|v(i) > 0} and V), = {i|v(i) < 0}. Without loss of
generality, assume that the first ; entries of ¥ are positive. We can write v in terms of its orthogonal
projection onto v as

Let§ = s
etd >3 EX,

1812 =
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_ c1 c1 c1 a1’
v=c1v+e=[el+—,--~,eg+ ] , (B.14)

E— €ﬂ — =5, e —_——
Jn NS SN " n
where v 1 & with |l€]l < cand ¢; > +/1 — c%. The number of entries of € smaller than ——V}[;Cz

2 - .
is at most lin Note that c; > /1 — ¢2, so at least % — —_n indices i with »; = -L will have

—c? 1—c2 Jn
v; > 0, thus the ratio we are seeking is at least
n C2

E—m”_l kc? 4k

n

% 1—C2 3 0

B.6. Proof of Lemma 5.11

Proof. We start with the following simple claim: for any m > 2 and any v € [1/2, 1),
1 m
v’"+(1—u)"1<< g”) . (B.15)

Indeed, one quick way to see this is by induction on m; we will induct from m to m + 2. Assume
the inequality is true for m; then

V2 (1 =)™ = 2" (1 — )21 — )"
="+ (1 =20+ V)1 =)™ < VI 421 = )"
="+ 1 —v)") < VX + A=)+ 1 —v)")

1+v\2 /1+v m_ 14+v\"?
2 2 2 ’

where we have used the induction hypothesis together with 1 —2v <0 and (1 — v)? > 0. After
easily checking that the inequality works for m =2, 3, the induction is complete. We shall now
check that the quantities defined in Lemma 5.11 obey the relationship p, > 1 and pup — 1 =
Q(n), for n large enough. First, note that the only thing we need to check is that, for sufficiently

large n,
vn (1—v)n (1+v)n (1—v)n
<2k)+< 2k )S( 4k )+(k_1)<4k(k—l));
m m m m

in fact, we will show the stronger statement that for any m > 2 and » large enough,

vn (1=v)n (14v)n
(2k>+< 7 )<< it ) (B.16)
m m m

and this will suffice to see that the second part of the assertion, u, — p; = Q(n), is also true.

A

—V)n m v)n Lv
Asymptotically, () ~ % (£)" (") ~ 059 (23" ana (“5%) ~ L2 (217 Notethen

that equation (B.16) follows from equation (B.15).

Let {V1,..., Vi} be the true partition of V. Recall that hyperedges in H=U,,c p(Hy, are
coloured red and blue with equal probability in Algorithm 2. Let E,,(X) denote the set of blue
m-uniform hyperedges with all vertices located in the vertex set X. Assume |X N V;| = n;|X]|
with Zle n; = 1. For each m € M, the presence of hyperedge e € E,,(X) can be represented by
independent Bernoulli random variables

. am bm) . bm
Téam) ~ Bernoulli ( ) , Té m) ~ Bernoulli (—) )
z(m’il) Z(mril)
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depending on whether e is a hyperedge with all vertices in the same block. Denote by
En(X, ap) := U5 E(V; N X)
the union of all m-uniform sets of hyperedges with all vertices in the same V; N X for some i € [k],
and by
En(X, b) = En(X) \ En(X, an) = En O\ (U En(ViNX0)

the set of m-uniform hyperedges with vertices across different blocks V; N X. Then the cardinality
|E;(X)| can be written as the

EnX)|= Y 1@+ Y 1,
ecE,,(X,am) e€Ep(X,bim)

and by summing over m, the weighted cardinality |E(X)| is written as

EQ):= Y mm—DE,X)|= Y mm—1)] > T4 N 1l

meM meM ecE,(X,am) e€E,(X,by)

with its expectation

Z i Thlk am — by o b
E|E(X)| = m(m — 1) ( 2 )— + (2k>— , (B.17)
oy? Z\m)/2(L)  \m/2(,0)
since
k k ik n k il
Em(X, am)| =) [En(Vin X)| =) ( ’njk> s Em(X, )| = (;’;) -3 ( ;;k) ,
i=1 i=1 i=1
Next, we prove the two Statements in Lemma 5.11 separately. First, assume that | X N V;| < v|X]
(i.e., n; <v)foreachie [k]. Then

sz 5o [ (2 (F)] 525 (O] -
~2 B T ny\ 7 =il .
e m) T\ JGE) T G

k n
To justify the above inequality, note that since Y n; = 1, the sum ZLI ("’mﬁ) is maximised when
i=1
all but 2 of the n; are 0, and since all n; < v, this means that

k n vn (1—v)n
Z Tk < (2K )4 (2 ).
=\ m T \m m

Note that m(m — 1)(T — BTy and mm — 1)1 — BT are independent mean-
zero random variables bounded by M(M — 1) for all m e M, and Var(JE(X)|) < M*(M —
1)’E|E(X)| = Q(n). Recall that pur:= (1 + p2)/2. Define t = 1 — E|E(X)|, then 0 < (u; —
H1)/2 <t < pr, hence t = Q(n). By Bernstein’s Lemma D.3, we have

2
P(IECOI 2 pr) = P(IECO| — BIECO! = 1) < exp(— vaayiaammris ) = 0.

where ¢ > 0 is some constant. On the other hand, if | X N V;| > HT" |X| for some i € [k], then

EEXOI>2 3 mim 1){[<(lﬁ;¥)">+(k 1)(—4&1(;&’{3)} G = b +(2—k> b } }
=2 - - Ty [ = M2
2 m m (m—l) m (m—l)

meM
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The above can be justified by noting that at least one | XN V;| > 1JFT”|X |, and that the rest of
the vertices will yield a minimal binomial sum when they are evenly split between the remain-
ing V. Similarly, define t = ur — E[E(X)], then 0 < (12 — u1)/2 < —t = Q(n), and Bernstein’s
Lemma D.3 gives

P(IEQO| < i) = P(IECO| - BIECO| < —t)
< exp(— £/2 ) = O(e_c/n)
- Var(|E(X)|) + M(M — 1)(—1)/3 ’

where ¢ > 0 is some other constant. O

B.7. Proof of Lemma 5.13

Proof. If vertex i is uniformly chosen from Y5, the probability that i ¢ V; for some [ € [k] is

Pli¢gVpieY) . [VinY| k—m—m

P(i¢ Vijie Ys) = : = =1- :
HEE 22 P(i € Y,) Y| n—YF (n+n)

le[k],

where n; and n}, defined in equations (12) and (13), denote the cardinality of ZN V; and Y; N V;
respectively. As proved in Appendix B.2, with probability at least 1 — 2 exp (—k log? (1)), we have

Iny —n/(2k)| < «/nlog (n) and |n; — n/(4k)| < /nlog (n),

thenP(i¢ Vilie Y,)=1— %(1 + 0(1)) . After k log2 n samples from Y3, the probability that there

exists at least one node which belongs to V; is at least

klog?
. (1 B 1+o(1)) ®r | — = (Fo()klog (57 log m
p .

The proof is completed by a union bound over I € [k]. U

B.8. Proof of Lemma 5.14

Proof. We calculate P(S},(u) < uc) first. Define tic:= uc —ES|,(u), then by Bernstein’s
inequality (Lemma D.3) and taking K = Mpax — 1,

P (Siy(w) < puc) =P (S, (u) — ES}y () < t1c)

2 2 —
o - Be/2 e 2t/ Muax =1
Var[slll(u)] + Mmax — 1) -t1ic/3 ) — 6(Mimax — 1) - Eslu(u) + 2t

IA

[(U)Mmax—l —-(1- U)Mmax—l]z [ZmeM (m—1) (%)]2

< exp

>

Jm—1
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where M is obtained from Algorithm 3 with M, denoting the maximum value in M, and the
last two inequalities hold since Var([S], (1)] < (Mpax — I)ZIES’H(u), and for sufficiently large n,

Z 5 552\ | am — by
tic= puc —ES);(u) = (m—1)- ( ) - ( )
2 &~ m—1 m—1)1 2(,",)

1w ()1 — (1= pym!
-3 o =12 b o)
meM
Mmax—1 _ (1 _ 1, \Mmax—1
< - ) 2M$x+2‘)) Z (m—1)- a
meM

6(Mmax — I)Eslll(u) +2tic =2uc + (6Mmax — S)ES/H(“)

vn (I—v)n a —b
=) (m-1 (6Mmax—7)( * )+( * ) Ty
iy m—1 m—1 2(m—1)

n by,
+6(Mmax — 1)(m2f 1) m}
m—1

(6Mmax —7) - (V)m71 +(1 - V)m71 am — bm (6Mmax — 6)b

= m%; (m — 1)[ T T T i|(1+0(1))
max — : m-1 - m-1 hm
<y Mm=?) (Vz)m U=V e (—km 1 +bm> (1+0(1))
meM
max — b
SMZ( _1)( P, +b)
meM

Similarly, for P(S] (u) > pc), define tjc := uc — ES’lj(u) for j # 1, by Bernstein’s Lemma D.3,

P (8300 = e ) =P (81) — ES}(w) = tic)
tj2C/2 3tj2(j/(Mmax -1)
< exp| — v <exp| — -
am—b, 2
[(U)Mmaxfl _ (1 _ U)Mmaxfl]z . I:ZmEM (m — 1) ( Zm71m>]

—1)2.22Mpmax+3 —
(Manax =% 2 S = 1) (5t + b

< exp| —

The last two inequalities holds since Var[S/lj(u)] < (Mmax — I)ZES/lj(u), and for sufficiently

large n,
Z vn (1-v)n A — bm
fic —MC_Esl (m—1)- < 2k )—( 2k )
: meM -1 m—1 2(m111)

- (V)Mmax_l — (1 — V)Mmax_l

— by
Minax+2 Z (m _1 km Tm—-1
2 meM
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6]ES/1](M) + 2tjC = ZMC + (6Mmax - S)ES,IJ(M)

vn (1—v)n
_ 2k . x Am — bm
S]] () e ) |55

n b,,
+6(Mpax — 1)<m2i 1) 2( n ) }
m—1

(U)m_l + (6Mmax - 7) : (1 - V)m_l Am — bm (6Mmax - 6) 3 bm

= Z (m—1) < om T m—1 2mjm—1 ) (1+o(1))

meM

m=1 6Mpax —7) - (1 — m! m__Zm

<Y W™+ (6M = )-d—v) .(m_l)(akm_1 +bm> (1+o0(1))

meM

3(Mmax_ 1) am _bm
Ezm;(m—l)( pro= +bm>. 0

Appendix C. Algorithm correctness for the binary case

We will show the correctness of Algorithm 1 and prove Theorem 1.6 in this section. The analysis
will mainly follow from the analysis in Section 5. We only detail the differences.

Without loss of generality, we assume # is even to guarantee the existence of a binary partition
of size n/2. The method to deal with the odd n case was discussed in Lemma 2.4. Then, let the
index set be Z = {i € [n] : row(i) <20M paxd}, as shown in equation (11). Let u; (resp. #;) denote
the eigenvector associated to A;(A7) (resp. *i(A)) for i =1, 2. Define two linear subspaces U:=
Span{u;, uy} and U:= Span{it, i}, then the angle between U and U is defined as sin Z/(U, U) :=
[Py — Pgll, where Py and Pg are the orthogonal projections onto U and U, respectively.

C.1. Proof of Lemma 4.4
The strategy to bound the angle is similar to Subsection 5.1.2, except that we apply Davis-Kahan
Theorem (Lemma D.6) here.
Define E:= A — A and its restriction on Z, namely Ez:= (A — A)7=A7— Az, aswellas A :=
A7 — A. Then the deviation A7 — A is decomposed as
A7—A=(A7—A7)+(A7—A)=E7+A.

Theorem 3.3 indicates ||Ez|| < C3v/d with probability at least 1 —n~2 when taking 7 =
20M max, K = 3, where C3 is a constant depending only on Mp,,x. Moreover, Lemma 5.4 shows
that the number of vertices with high degrees is relatively small. Consequently, an argument sim-

ilar to Corollary 5.5 leads to the conclusion [|A]| < Vd w.h.p. Together with upper bounds for
|Ez|l and ||A||, Lemma C.1 shows that the angle between U and U is relatively small with high
probability.

Lemma C.1. For any c € (0, 1), there exists a constant C, depending on Mmax and c such that if

Z (m - 1)(am - bm) > C2 . 2Mmax+2\/3,
meM

then sin Z (U, U) < ¢ with probability 1 — n™2.
Proof. First, with probability 1 — n~2, we have
Az = All < [zl + Al < (G + DV,
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According to the definitions in equation (8), « > 8 and o = O(1/n), B = O(1/n). Meanwhile,
Lemma 2.3 shows that |A,(A)| = [—a + (o — B)n/2] and |A3(A)| = . The

A= a@i= 5 - -2z 3 Se—p =2 3 (2770w
R2A) = A3l =S (@ =) ~2az 4 -5 (a ﬂ)—sm%;l(rn—2> ()
1 (m — 1)(am — by)

sz%:\/[ =2 >2Mmax m;/l(m_l)(am—b )>4C2ﬁ

Then for some large enough C,, the following condition for Davis-Kahan Theorem (Lemma D.6)
is satisfied

IAZ — Al < (1 —1/v/2) (122(A)] — [23(A)]) .

Then for any ¢ € (0, 1), we can choose C; = (C3 + 1)/c such that

21A7 — Al _2AC+ DVd ¢
[Py — Pgll < ——= — < —
[A2(A)] — |>»3(A)| 4CyW/d T2

<c.
O
Now, we focus on the accuracy of Algorithm 7, once the conditions in Lemma C.1 are satisfied.

Lemma C.2 (Lemma 23 in [19]). If sin Z(U,U) <c < % 4, there exists a unit vector v € U such that
the angle between u, and v satisfies sin Z (3, v) < 2,/c.

The desired vector v, as constructed in Algorithm 7, is the unit vector perpendicular to Pyl,,
where Pyl is the projection of all-ones vector onto U. Lemmas C.1 and C.2 together give the
following corollary.

Corollary C.3. For any c € (0, 1), there exists a unit vector v € U such that the angle between u;,
and v satisfies sin Z (42, v) < ¢ < 1 with probability 1 — O(e™").

Proof. For any ¢ € (0, 1), we could choose constants C;, Cs in Lemma C.1 such that sin /Z(0,0) <
% < 1. Then by Lemma C.2, we construct v such that sin Z(u, v) <c. g

Lemma C.4 (Lemma 23 in [19]). Ifsin Z(u3, v) < ¢ < 0.5, then we can identify at least (1 — 8¢%/3)n
vertices from each block correctly.

va—‘

The proof of Lemma 4.4 is completed when choosing C;, C3 in Lemma C.1 s.t. ¢

C.2 Proofof Lemma 4.5

The proof strategy is similar to Subsections 5.2 and 5.3. In Algorithm 1, we first colour the hyper-
edges with red and blue with equal probability. By running Algorithm 8 on the red graph, we
obtain a v-correct partition Vi, V, of V.=V U Vy, i, |V;N V]| > vn/2 for [=1,2. In the rest
of the proof, we condition on this event and the event that the maximum red degree of a vertex
is at most log® (1) with probability at least 1 — o(1). This can be proved by Bernstein’s inequality
(Lemma D.3).

Similarly, we consider the probability of a hyperedge e = {i, - - - , i} being blue conditioning
on the event that e is not a red hyperedge in each underlying m-uniform hypergraph separately.
If vertices iy, - - - , iy are all from the same true cluster, then the probability is v, otherwise ¢y,
where v, and ¢y, are defined in equations (29) and (30), and the presence of those hyperedges

are represented by random variables ¢, (@n) . Bernoulli (YUm), &e (bm) . Bernoulli (¢m) respectively.

https://doi.org/10.1017/50963548324000166 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548324000166

48 1. Dumitriu et al.

Following a similar argument in Subsection 5.2, the row sum of u can be written as

Sw= Y m—-1-4 3 gl 3 gt uev,

meM ec S(ﬂm) eeg(hm)
1, j
where S;?”‘) = E (VL [Vin Vj’]m_l) denotes the set of m-hyperedges with 1 vertex from

[V;]! and the other m — 1 vertices from [V; N Vj’]m_l, while é’;?’") = Em<[Vl]1, [Vj/]’”_1 \[Vin

Vj’]m’l> denotes the set of m-hyperedges with 1 vertex in [V;]! while the remaining m — 1 vertices
in [Vj/]m_1 \[ViN Vj’]m_l, with their cardinalities

o (VIOVIN s TV (IViNV]
|g§;>|5(m_lf <[ (1Y) - (TN

According to the fact |V; N V]| > vn/2, |V)| =n/2, |V]| =n/2 for | =1, 2, we have

dawi s (7 - (ST
|l,l | > m—1)’ |gl,j | < m—1 s j#EIL.

To simplify the calculation, we take the lower and upper bound of |€§‘;’”)| and |5§?"‘)|(]' #1)

respectively. Taking expectation with respect to (e(“"’) and Se(h"‘), for any u € Vj, we have

ESEZ(”) = Z (m—-1)- |:<m7_ 1)(1/fm — ) + (mz— 1>¢mi| >

meM
(1-v)n n
B =3 (m—1)- [(mz_l)(wm—¢m)+(m2_1)¢m], AL
meM

By assumptions in Theorem 1.7, ES}, (1) — IES;j(u) = Q(1). We define

1 vn (1=v)n n
e [ G o]

After Algorithm 6, if a vertex u € V; is mislabelled, one of the following events must happen

o S;l(u) S /"LC>
. S;j(u) > uc, for some j # L.

By an argument similar to Lemma 5.14, we can prove that
=P (S =pc)=p, p=P (S =nc)=<p,
where p = exp(—Caq(2) - SNR4(2)) and

e e ) N [Seas on =1 (52|

Cm(2):=
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As a result, the probability that either of those events happened is bounded by p. The number of
mislabelled vertices in V after Algorithm 5 is at most

VAVl vinvj|

R = Z I + Z A,
i=1 i=1

where I'; (resp. A;) are i.i.d indicator random variables with mean p (resp. p5). Then

(1—-v)n
2

where v is the correctness after Algorithm 4. Let t;:= (1 4 v/2)np, then by Chernoff Lemma D.1,

n
ER < 2 p1 + py=(1—v/2)np.

PR =np) =P[R —(1—v/2np>t)] <P R —ER > 1)) <e “"=0(e"),

which means that with probability 1 — O(e™"”), the fraction of mislabelled vertices in V; is smaller
than 2p, i.e., the correctness of V; is at least y := max{v, 1 — 2p}.

Appendix D. Useful Lemmas

Lemma D.1 (Chernoff’s inequality, Theorem 2.3.6 in [69]). Let X; be independent Bernoulli ran-

dom variables with parameters p;. Consider their sum Sy = Zil X; and denote its mean by
u =ESN. Then for any § € (0, 1],

P(ISy — pl > 8u) <2 exp (—c8%pu).

Lemma D.2 (Hoeffding’s inequality, Theorem 2.2.6 in [69]). Let Xi,...,XN be independent
random variables with X; € [a;, b;] for each i € {1, ..., N}. Then for any, t > 0, we have

al 212
Xi—EX))|=>t]) <2 —_ .
zE—1 ( = t) < eXP< SN —a,-)z)

(2

Lemma D.3 (Bernstein’s inequality, Theorem 2.8.4 in [69]). Let X1, . . . , X be independent mean-
zero random variables such that | X;) < K for alli. Let 0 = Zf\i L EX2. Then for every t > 0, we have

N £2/2

Lemma D.4 (Bennett’s inequality, Theorem 2.9.2 in [69]). Let X, . . . , Xy be independent random
variables. Assume that |X; — EX;| < K almost surely for every i. Then for any t > 0, we have

N 2
P(Z X; — EX;) > t) < exp (—% h<§>) ,
i=1

where 02 = Zfil Var(X;), and h(u) := (14 u) log (1 + u) — u.

Lemma D.5 (Weyl’s inequality). Let A,E€R™" be two real m x n matrices, then |o/(A +
E) — 0i(A)| < ||E|| for every 1 <i<min{m,n}. Furthermore, if m =n and A,E € R™" are real
symmetric, then [A;j(A +E) — X;(A)| < ||E| forall1 <i<n.
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Lemma D.6 (Davis-Kahan’s sin ® Theorem, Theorem 2.2.1 in [15]). Let M and M=M+E
be two real symmetric n X n matrices, n X n matrices, with eigenvalue decompositions given

respectively by
— =T
L S A 0 U
M=y ra@ =0 || || 4|
i=1 0 A ||U,
" A o ||UT
M= ZkiuiuiT: [U UJ_:I
i=1 0 A UI

Here, {Xi}? ((resp. (A} ) stand for the eigenvalues ofﬁ(resp. M), and u;(resp. u;) denotes the

eigenvector associated Aj(resp. A;). Additionally, for some fixed integer r € [n], we denote

A= diag{xl, - ,X,}, XL = diag{XH_l, .. ,Xn},

U= [a1,.... 8] R, Ul = [Ug1,... 0, € RO,
The matrices A, A, U, U] are defined analogously. Assume that

eigenvalues(X) Cla,B], eigenvalues(A ) C (—oo0, a0 —AJU[B+ A,00), «,BeR,A>0,

and the projection matrices are given by Py:= UUT, Pg:= ﬁﬁT, then one has ||Py — Pyl <
QI[Ell/A). In particular, suppose that |hi| > |Aa| >+ = [Ar] = [App1] =+ [An] (resp. |Ai] >
s> A IFIIE < (1 — 1/7/2)(Al; — |Aly41), then one has

2|E||
|)\r| - |)\r+l|

Lemma D.7 (Wedin’s sin ® Theorem, Theorem 2.3.1 in [15]). Let M and M =M + E be two
ny X ny real matrices and ny real matrices and ny > ny, with SVDs given respectively by

[Py — Pgll <

T o o[V

m
M=) G = [ﬁ U L] .
i=1 0 X, O vV,

m X o0 off|vT
M= Zaiuiv;rz [U UJ_]
i=1 0o X, O VI_

Here, 01> --->0y, (resp. o1 >---> 0y, ) stand for the singular values of M(resp. M), u;(resp.
u;) denotes the left singular vector associated with the singular value o i(resp. o;), and v(resp. v;)
denotes the right singular vector associated with the singular value o (resp. 0;). In addition, for any
fixed integer r € [n], we denote
Y .= diag{oy,...,07}, X := diag{or41,...,00}
U:i=[uy,...,u,] eR"™, U= [tys1,...,uy] € RMXm=n)

Vi=[v,..., %] eR?* V] i= [vey1,..., V] e RmXx(m=n),
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The matrices X, X1, V, V| are defined analogously. IfE=M — M — M satisfies ||E|| <&, - with
the projection matrices Py := UU', one has
V2 max {|E'U], |[EV]]}

or—0ry1 — |E|l

max {||Py — Pgll, [Py — Py} <

In particular, if |E|| < (1 — 1//2)(@, — O r41), then one has

V2IIE|

max { ||Pu — Pgll, [|Pv — Pyl | < —— .
{IPy — Pgll, IPy — Pyll} % %1

Cite this article: Dumitriu I, Wang H-X, and Zhu Y (2025). Partial recovery and weak consistency in the non-
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