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Abstract In this article, using an Halpern extragradient method, we study a new iterative scheme for
finding a common element of the set of solutions of multiple set split equality equilibrium problems
consisting of pseudomonotone bifunctions and the set of fixed points for two finite families of Bregman
quasi-nonexpansive mappings in the framework of p-uniformly convex Banach spaces, which are also
uniformly smooth. For this purpose, we design an algorithm so that it does not depend on prior esti-
mates of the Lipschitz-type constants for the pseudomonotone bifunctions. Furthermore, we present an
application of our study for finding a common element of the set of solutions of multiple set split equality
variational inequality problems and fixed point sets for two finite families of Bregman quasi-nonexpansive
mappings. Finally, we conclude with two numerical experiments to support our proposed algorithm.
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1. Introduction

Let E; and E3 be two real Banach spaces with duals Ej and Ej3, respectively, and
let ' and @ be nonempty closed and convex subsets of E1 and Fs, respectively. Let
A: E; — E5 be a bounded linear operator. Censor and Elving [7] introduced the concept
of split feasibility problem (SFP), which is formulated as

find * € C' such that Az™ € Q. (1.1)

The SFP has been found useful in solving numerous real-life problems, including medi-
cal image reconstruction, phase retrieval, signal processing, radiation therapy treatment
planning, among others. See, for example [17, 18, 24] and the references therein.
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For solving the SFP (1.1) using Bregman projection, Schopfer et al. [40] proposed the
following method in the framework of p-uniformly convex real Banach spaces: for z; € E1,
set

Tar = Tody ! [T5, (@) = A" Th, (Az, = Po(Az,)], n>1, (1.2)

where IIc denotes the Bregman projection from E4 onto C' and J}, is the duality mapping.
Closely related to the SFP (1.1) is the following split variational inequality problem
(SVIP) introduced by Censor et al. [9] in the framework of real Hilbert spaces as follows:
find z* € C, which satisfies the inequality

(F(z*),z—2*) >0 Vzel, (1.3)
such that y* = Ax* € @Q solves the inequality

(GW)y—y) =20 Vyeq, (1.4)

where C' and @ are nonempty, closed and convex subsets of real Hilbert spaces H; and
H,, respectively, F': Hi — Hy and G : Hy — H, are two given operators, A : H; — Hs
is a bounded linear operator.

Recall that when problems (1.3) and (1.4) are viewed separately, then Equation (1.3) is
the classical variational inequality problem (VIP) in H; with its solution set VIP(C, F')
and Equation (1.4) is another VIP in Ho with its solution set VIP(Q, G). To solve the
SVIP (1.3) and (1.4), Censor et al. [9] put forward the following algorithm. Let z; € Hy,
the sequence {x,} is generated by

Zni1 = Po(I = NU)(2y + vA*(Po(I = AV) = ) Az,), n>1, (1.5)

where v € (0,1/L) and L is the spectral radius of the operator A*A. They proved
that the above Algorithm (1.5) converges weakly to a solution of the SVIP under the
assumption that U,V are aj,as-inverse strongly monotone operators and A € (0,2«)
(where a := min{ay, as}).

Let C be a nonempty, closed and convex subset of a real Banach space E with dual E*.
Let f: C x C — R be a bifunction. The equilibrium problem (EP) studied by Blum and
Oettli [5] is to locate a point z* € C such that

f(z*,2) >0, Vzel. (1.6)

We denote by EP(f) the set of solutions of Equation (1.6). The EP was formerly intro-
duced as the Ky Fan inequality [15]. This class of problem has been extensively studied by
numerous scholars because of its several applications. It is well known that many prob-
lems arising in economics, optimization and physics can be reduced to problem (1.6).
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Moreover, several iterative algorithms have been proposed to solve the EP (1.6) and
related optimization problems in both Hilbert and Banach spaces (see [1, 3, 5, 13, 16,
17, 28, 31, 36, 34, 39, 45] and other references contained therein). However, most of the
existing results on the EP are of the monotone type.

In 2011, Moudafi [30] extended the SVIP Equations (1.3) and (1.4) to split equilibrium
problem (shortly, SEP), which is defined as

find 2" € C such that fi(z*,y) >0, VyeC
and y* = Az* € Q such that fo(y*,2) >0, VzeQ, (1.7)

where C' and @) are nonempty, closed and convex subsets of real Hilbert spaces H; and
Hjy, respectively, f1 : C x C — R and f2 : @ x @ — R are bifunctions with a bounded
linear operator A : Hy — Ho.

In addition, for solving the SEP (1.7), the author in [20] put forward a proximal technique
without product space formulation as follows:

2* e C; {pn} C(0,00); p>0
1
fl(ynay)+?<y_yn»yn_$n>20 VyEC,

1
fo(tn,v) + —(v = Up,up — Ayn) >0 Vv €Q,

n

Tn+1 = PC(yn + MA*<un - Ayn))a Vn > 0,

where A* is the adjoint of A. The author in [20] obtained a weak convergence result
when the bifunctions f; and fy are monotone on C and @, respectively. Since then,
several iterative schemes have been proposed when the bifunctions are either monotone
or pseudomonotone, see for example [4, 14, 21-23, 25] and check also the references
therein.

In Section 6.1 of Censor et al. [9], the authors proposed an improvement of the SVIP
(1.3) and (1.4), which they called multiple set SVIP (MSSVIP), which is formulated as

follows:
N
findz* e C: = m C; such that (F;(z*),y —2*) >0, Vye€C;,
i=1
i=1,2,....N

M
and such that y* = Az" € Q : = ﬂ Q; solves (G;(y*),z—y") >0, VzeQ,

j=1
i=1,2,...,M,

where A : Hy — H, is a bounded linear operator, F; : Hy — Hy, i = 1,2,...,N
and G; : Hy — Hy, j = 1,2,..., M are given operators and C;, i = 1,2,..., N and
Qj, 3 =1,2,..., M are nonempty, closed and convex subsets of real Hilbert spaces H;
and H,, respectively. They proposed an algorithm for solving the problem and proved
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that the sequence generated by the proposed iterative scheme converges weakly to the
solution set of MSSVIP when F;, ¢ = 1,2,...,N and G;, 7 = 1,2,..., M are inverse
strongly monotone operators.

Moudafi [31] proposed a new SFP, which he called split equality problem (SE,P). Let
H,, Hy and H3 be real Hilbert spaces. A: Hy — H3 and B : Hy — H3 be two bounded
linear operators, and C' C H; and ) C Hs be two nonempty, closed and convex sets. The
SE,P is formulated as follows:

find z* € C, y* € @ such that Az = By™. (1.8)

Let T : E — E be a mapping. We denote the fixed point set of T by F(T); that
is F(T) :== {&# € E : Tx = z}. The Fized Point Problem has application in various
fields, such as optimization theory, economics, game theory, as well as in establishing
the existence of solutions of several physical problems arising in differential and integral
equations [19, 32, 34, 42].

If C := F(S) and Q := F(T) in Equation (1.8), where S : H; — Hy and T : Hy — Hj are
two nonlinear mappings, then the SE,P becomes the split equality fixed point problem.
Motivated and inspired by the above mentioned results, we introduce and study in
the framework of p-uniformly convex Banach space an extension of the MSSVIP to
multiple set split equality equilibrium and common fixed points problem of Bregman
quasi-nonexpansive mappings. Using Bregman distance, we make use of the Halpern
extragradient technique for solving the pseudomonotone EP, which guarantees strong
convergence. We design our algorithm in such a way that it does not depend on the prior
estimates of the Lipschitz-like constants.

We organize the rest of this article as follows: Section 2 presents preliminaries and some
existing results, §3 is the design of our iterative method, whereas §4 focuses on the
convergence analysis of the proposed algorithm. In §5, we apply our result to solve a
certain class of variational inequality problems. We present some numerical experiments
in §6 and conclude with some final remarks in §7.

2. Preliminaries

In this section, we call up some important definitions and existing results, which will be
needed in the proof of our main result. We denote strong and weak convergence of the
sequence {z,} to a point z by ‘=’ and ‘—’, respectively.

Let F be a real Banach space and 1 < ¢ < 2 < p < oo with % + % = 1. The modulus of
smoothness of F is the function pg : RT := [0,00) — R defined by

potr) =sup (IR IE =0y gl

The space E is called uniformly smooth if and only if p%m —0as7—0.Let ¢g>1, F
is said to be g-uniformly smooth if there exists kg > 0 such that pg(r) < ko7 for all
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7> 0. The modulus of convexity of E is defined as

=+l

e =int {1~ L2 o gl =1 e a1}

The Banach space E is called uniformly convex if and only if Sg(€) > 0 for every € € (0, 2].
Now, suppose p > 1, then E is called p-uniformly convex if there exists a constant Cp, > 0
such that Bg(e) > CpeP for all € € (0, 2].

Remark 2.1. It is well known that every p-uniformly convex space is also strictly
convex and reflexive. In addition, if a Banach space F is p-uniformly convex and uniformly
smooth, then its dual space E* is g-uniformly smooth and uniformly convex (see [11]).

Definition 2.2. see [12] Let p> 1 be a real number, the generalized duality mapping
Jb B — 2F" is defined by

Jp() = {2* € B* : (w,2") = ||z||", |l="|| = [l«"~"},

where (.,.) denotes the duality pairing between elements of E and E*. In particular,
Jt = J% is called the normalized duality mapping. If E is p-uniformly convexr and uni-
formly smooth, then E* is g-uniformly smooth and uniformly convex. In this case, the
generalized duality mapping J¥%, is one-to-one, single-valued and satisfies Jp, = (J]%*)_l,
where J]qa* is the generalized duality mapping of E*. Furthermore, if E is uniformly
smooth, then the duality mapping J%, is norm-to-norm uniformly continuous on bounded

subsets of E, and E is smooth if and only if J% is single valued.

Let f : E — (—00,+00] be a proper, lower semicontinuous and convex function, then the
Fenchel conjugate of f denoted as f* : E* — (—o0,+00] is defined as

[ (x*) =sup{(z*,z) — f(x):x € E, z* € E*}.

See [41] for more information about Fenchel conjugate.
Let the domain of f be denoted by (dom f) = {z € E : f(z) < +o0}; hence, for any
x € int(dom f) and y € E, we define the right-hand derivative of f at z in the direction

y by

The function f is said to be Gateaux differentiable at z if lim, + w exists
for any y. In this case, f°(x,y) coincides with 7 f(z) (the value of the gradient 7 f of f
at z). The function f is said to be Gateaux differentiable if it is Gateaux differentiable for
any z € int(dom f). The function f is said to be Fréchet differentiable at z if its limit is
attained uniformly in ||y|| = 1. Moreover, f is said to be uniformly Fréchet differentiable
on a subset C of E if the above limit is attained uniformly for z € C and ||y|| = 1.

A function f is said to be Legendre if it satisfies the following conditions:
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(1) The interior of the domain of f, int(dom f) is nonempty, f is Gateaux differentiable
on int(dom f) and dom v/ f = int(dom f).

(2) The interior of the domain of f*, int(dom f*) is nonempty, f* is Gateaux
differentiable on int(dom f*) and dom 57 f* = int(dom f).

Definition 2.3 [6] Let f : E — (—00,400] be a conver and Gateaux differentiable
function. The function Ay : E x E — [0,4+00) defined by

Ap(z,y) == fly) — flz) = (Vf(2),y —z)
1s called the Bregman distance with respect to f.

We highlight the following interesting properties of Bregman distance (see [6, 37]):

(i) Af(z,z) =0, but A¢(z,y) = 0 does not necessarily imply that z =y,
(ii) for x € dom f and y, z € int(dom f), we have

Ap(w,y) + Af(y, 2) — A, 2) = (Vg(2) = vg(y), z — y), (2.1)

(iii) for each z € E, {x;}¥, C E and {a,,}¥; C (0,1) with Z a; =1, we have

i=1

<z Vg (Zang x>><§: r(z,@i).

It is well-known that in general the Bregman distance Ay is not a metric because it fails
to satisfy the symmetric and triangle inequality properties. Moreover, it is well known
that the duality mapping J% is the sub-differential of the functional f,(.) = %H.Hp for
p>1, see [10]. Then, the Bregman distance A, is defined with respect to f, as follows:

1 1
Az, y) = =|lyl|P — =||z||P — (Jox,y — x
plav) = ol = el = (7% )
= Ljapp — (2 + Ll
q p

1 1
= a\lxﬂp - gHyllp — (g = Jpy:y). (2.2)

Definition 2.4. Let C be a nonempty, closed and convex subset of a real Banach space
E and let T : C — C be a nonlinear map. The mapping I— T is said to be demiclosed
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at zero if for any sequence {x,} C C, the following implication holds: x, — xz and
(I-Tx,—0 = zeF(T).

Definition 2.5. [8, 29] Let T : C' — int(domf) be a mapping. Then,
(i) a point p € C is called an asymptotic fixed point of T if C contains a sequence
{n}, which converges weakly to p such that lim,_,c [|TT, — 25| = 0. We denote
by F‘(T) the set of asymptotic fixed points of T;
(i) T is called Bregman firmly nonexpansive if
(Ap(Tx) = Ap(Ty), Tz = Ty) < (Af(x) = Ap(y), Tz = Ty), Vo,yeC.
(iii) T is called Bregman strongly nonexpansive if F(T) # 0 and
As(p,Tz) < Ay(p,x), Vpe F(T) and € C.
(iv) T is said to be Bregman quasi-nonexpansive if
F(T)#0 and A¢(p,Tx) < Ag(p,xz), VxeC, pe F(T).

Recall that the metric projection P¢ from E onto C satisfies the following property:

|z — Pox| < inf ||z —y|, VzeE.
yeC

It is well known that P is the unique minimizer of the norm distance. Moreover, P¢ is
characterized by the following property:

(Joxw — Jo(Pox),y — Pex) <0, VyeC. (2.3)
The Bregman projection from E onto C' denoted by Ilo also satisfies the property

Ap(z, e(x)) = yirelgAp(x,y), Vo e E. (2.4)

Also, if C is a nonempty, closed and convex subset of a p-uniformly convex and uniformly
smooth Banach space E and z € E, then the following assertions hold (see [11]):

(i) z =Il¢z if and only if

(Jp(x) = Jp(2),y —2) <0, VyeC; (2.5)

A;D(chvy) + Ap(.’E,HCiE) < Ap(xvy)v Vy eC. (26>
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Lemma 2.6. [43] Let C be a nonempty convex subset of a Banach space E. Let g :
C — R be a convex, subdifferentiable function on C. Then g attains its minimum at
xz € C if and only if 0 € dg(x) + Nc(z), where No(x) is the normal cone of C at z, that
18

Ne(z) ={2 e E": {x —p,2) >0, VYpel}.

Lemma 2.7. [10] Let E be a Banach space and z,y € E. If E is q-uniformly smooth,
then there exists Cy > 0 such that

2 —yl|* < [lz]| — q(JF (x),y) + Cqllyll*.

Lemma 2.8. [12] Let f and g be two convex functions on E, such that xo € dom f N
domg, where fis continuous, then

o(f +9)(x)=0f(x) + 9g(x), VYxeE.

Lemma 2.9. [27] Let E be a real p-uniformly convex and uniformly smooth Banach
space. Let z,xp, € E(k=1,2,...,N) and oy, € (0,1) with Zivzl ay = 1. Then, we have

N N
A, (Jf (Z %Jf(sck)> ) <D anlp(an, 2) — aiaggr (17 (2:) = I (@)l
k=1 k=1

for alli,j € {1,2,...,N} and gf : R™ — R* being a strictly increasing function such
that g(0) = 0.

Lemma 2.10. [40] Let E be a real p-uniformly convex and uniformly smooth Banach
space. Let V, : E* x E — [0,+00) be defined by

1 1
V(e 2") = Zllell” = {w,2®) & o™ |*, - Vo € B, 2% € BT

Then the following assertions hold:
(i) V, is nonnegative and convex in the first variable.

(i) A, <:C,Jf* (ac*)) =V,(x,2*), VrekE, z*¥ecE*.
(iii) Vy(z,z*) + (JE (%) — 2,y*) < Vp(z,2* +y*), Vo€ B, a*,y* € E*
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Lemma 2.11. [11] Let E be a real p-uniformly convex and uniformly smooth Banach
space. Suppose that {x,} and {y,} are bounded sequences in E. Then the following
assertions are equivalent:

(i) Nimy, o0 [[@n — ynl| = 0.

Lemma 2.12. [/6] Let ¢ > 1 and r> 0 be two fized real numbers. Then, a Banach
space E is uniformly convex if and only if there exists a continuous, strictly increasing
and convex function g : RT — R*, g(0) = 0 such that for all z,y € B, and 0 < o < 1,

loz + (1 = a)y[|* < aflz[[? + (1 = ) [y[|* = Wela)g((lz = yl),
where Wy(a) :=a?(l —a)+a(l —a)? and B, :={z € E : ||z|| < r}.

Lemma 2.13. [38] Let E be a real Banach space and let f : E — R be a Gateauz
differentiable and totally convex function. If xo € E and the sequence {Af(x,,xo)} is
bounded, then the sequence {x,} is also bounded.

Lemma 2.14. [26] Let {a,} C Ry, {e,} C (0,1) be a sequence such that Y .- &, =
oo and {b,} C R. Assume that

ant1 < (1 —ep)an +epbp, Yn>0.

If limsupb,, < 0 for every subsequence {an,} of {an} satisfying the condition
k—o0

liminf(ank+1 — ank) >0, then lim a, = 0.

k—o0 k—o0

To solve the EP (1.6), the following assumptions are needed:
Assumption A:

(C1) f is pseudomonotone, that is, for all z,y € C, f(z,y) > 0 = f(y,z) < 0 and
f(z,z) =0, for all x € C.

(C2) f satisfies the Bregman—Lipschitz type condition on C, that is, there exists two
positive constants ¢y and ¢ such that

f(xay) + f(yaz) 2 f(l',Z) - ClAp(y,l") - C2Ap(y7z>7 vxayaz S C,

where p : E — (—o0,+0o0] is a Legendre function. The constants ¢; and ¢y are
called Bregman—Lipschitz coefficients with respect to p.
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(C3) f(z,.) is convex, lower semicontinuous and subdifferentiable on C for all z € C.

(C4) f is jointly weakly continuous on C' x C' in the sense that if z,y € C and {z,}
and {y,} converges weakly to z and y, respectively, then f(z,,y,) — f(z,y) as
n — 0o.

3. Proposed method

In this section, we present our method and discuss some of its features. We begin with
the following assumptions under which our strong convergence result is obtained.

Assumption 3.1. We assume that the following conditions hold:

(1) (a) E;, Eg and E3 are three p-uniformly convex and uniformly smooth real Banach
spaces.

(b) C; and @Q; are nonempty closed and convex subsets of E; and Es,
respectively, fori=1,2,...,N and j =1,2,..., M.

(¢c) A: Ey — E5 and B : E5 — E3 are bounded linear operators.

(d) fi : CixCy = R and g; : Q; x Q; — R are bifunctions satisfying conditions
C1 — C4 of Assumption A.

(e) Ds : Ey — Ey and Gy : E5 — E5 are Bregman quasi-nonexpansive mappings
such that I — D and I — Gy are demiclosed at zero for each s = 1,2,...,1 and
t=1,2,...,m.

(f) Assume that the solution set

T = {7 €N, F(D,) NN, EP(Ci, fi), § €M F(G) NN EP(Q;, 9;) -

Az = By} #0.
(2) {Bu}q, {anst_o, {nni}io are positive sequences satisfying the following
conditions:
(a){B.} C (0,1), nhHH;O Br=0, > Bn=00, T0>0, Ao >0, k€ (0,1), e€
(0,1).
(b) {an,s} C (0,1), lezo ap,s = 1 and liminf o, gov, s > 0.

n—oo

(c) {nm+} C(0,1), Z:io Mt =1 and linni)igfnmonmt > 0.

We now present the proposed method of this paper.

Algorithm 3.2. For fixed p € Ey and 9 € Es, choose an initial guess (xo,yy) €
E; x Ey. Suppose that the nth iterate (x,,yn) C E1 X Fo has been constructed; then we
compute the (n + 1)th iterate (41, Ynt1) via the iteration
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Sy = J%T (ng (Tn) — pnA*J]’;3 (Az, — Byn)) ,

al, = arg min {fi(sn,a) + #Ap(o, Sp): o€ C’i} ,
2! = arg min {fi(aﬁl,a) +2-Ay(0,80): o€ C’i} :
Obtain the farthest element of 2! from s, i.e.,

in € argmax{Ap(sp,25) i =1,...,N}.

Set zin = z,

tn = J 1 (ano By (2a) + T4y ans Th (Ds20)
T = The (BT, () + (1= Ba) T, ()

tn = T (75, (wn) + puB* T (A, = Bya) ) |

b, = argmin { g(tn, ©) + £ Ap(ptn) : 9 € Qs
B, = argmin {g; (b, 9) + 5= Ay (0,ta) s 9 € Qs )
Obtain the farthest element of hl, from t,, i.e.,

jn € argmax {Ay(ty, hi): j=1,...,M}.

Set hin =0,

0n = T (0078 On) + X7y T (i) )

pnir = s (BuTB, (0 + (1= ) T3 2(0))

where

1

ql| Az, — By, P -t

n € ) _ ,
g C((Jq||A*J§3<AacnBymnq+Qq||B>'<J§3<AacnBynnq C)

n € )

(3.2)

for small enough ¢; C, and Q4 are constants of smoothness of E; and Ej, respectively.

Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q = {n :
Az, — By, # 0}.

. . N(Ap(a%,sn)JrA.p(z%,a%))‘ . ) iy p i
mln{Tn’lgzl'glN{fi(sn%%)—fi(sma%)—fi(a%»zﬁ) U filny 2n) = ilon, an)

Tntl = _fi(aiuzib) > 07

T, otherwise.

(3.3)
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and
. (Ap (b tn) +Ap(h b)) o 0N — gt b
min {3, min {- —Legthmaghily. S ) = 0y )
Ant1 = —g; (b, 1) > 0
An, otherwise.
(3.4)
Remark 3.3.

(a) Algorithm 3.2 solves split equality EP consisting of two strongly convex opti-

mization problems in parallel for ¢ = 1,2,..., N, as well as another two strongly
convex optimization problems in parallel for 7 = 1,2,..., M under bounded linear
operators.

(b) The step size {p,} given by Equation (3.2) is generated at each iteration by some
simple computations. Thus, {p,} is easily implemented without the prior knowl-
edge of the operator norms ||A| and ||B||. Similarly, the step size {7,} given by
Equation (3.3) and step size {\,} given by Equation (3.4) do not depend on the
prior estimates of the Lipschitz-like constants of the pseudomonotone bifunctions
fi, i=1,2,...,N, and g;, j = 1,2,..., M, unlike the step sizes used in [14, 22],
which require finding the prior estimates of the Lipschitz-like constants of the
pseudomonotone bifunctions, which is known to be computationally expensive.

(¢) Moreover, our result in this paper extends the results in [22, 25] from the framework
of Hilbert spaces to Banach spaces.

4. Convergence analysis

Lemma 4.1. The sequences {7,} and {\,} of step sizes generated by Algorithm 3.2 are
well defined and bounded.

Proof. Clearly, from Equations (3.3) and (3.4), we have 7,41 < 7, Vn € N and
Ant1 < Ay Vn € N. This implies that {7,} and {\,} are monotonically decreasing
sequences. Moreover, it follows from condition Cs of Assumption A that

fi(sny 25) = fi(snyal) — fi(al, 22) < kyiAp(al, sn) + ko iAp(2h al), Vi=1,2,...,N.
Hence, we obtain for all t =1,2,..., N

k(Ap(al, sn) + Ap(2h,al)) - K (Ap(al, sn) + Ap(28, b))
fi(sn,23,) = fi(snsa) — filah, 25,) — k1iDp(ay,, sn) + k2,iAp (2], az)
H(AP( ,8n) + 4, (Zn5 n))
— max{ky, k2, }(Ap(al,, sn) + Ap(2],al,))

K

> — .
- max{klyi, kQ)»L'}
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Similarly, we obtain

€ (Ap(bl,tn) + Ap(hi, b)) - €
9j(tn, hh) — gj(tn, b)) — g;(bh, hE) — max{erj, ca;}

Vj=1,2...,M.

max {:1 k2 i}} >0 and {An}

Hence, we conclude that {7,,} has lower bound min { 79,
1<i<N

has lower bound

min ¢ Ag, i

1<5

A>0. l

——~———~ % > 0. It then follows that lim 7, = 7 > 0 and lim )\, =
{Cl ,7°€2, ]} n—o00 n— 00

Lemma 4.2. Let C;, i =1,2,...,N and Q;,j5 =1,2,..., M be nonempty, closed and
convex subsets of E; and Eg, respectively. Suppose that f; : C; x C; =R, i=1,2,...,N
and g; : Q; x Q; = R, 7 =1,2,...,M are bifunctions satisfying conditions C; — Cy.
Then, for all (Z,y) € Y, we have

A,,(x,z;g)gAp(x,sn)—(l—n n )(Ap( sn) + Ap(2h,al)), Vi=1,2,...,N

Tn+1

and

An
/\n+1

) (Ap(b‘gwtn)—f—Ap(h%{,b%)), v]:1a2aaM
(4.2)

m@wﬁsAmww—Q—e

Proof. Since 2!, = argmin {fi(a;, o)+ %AP(U, Sp):0 € C’i} , then from Lemma 2.6,
we get

0 € Oa(my filal, 2) + Ap(zh, sn)) + Ne, (21).

Then, there exists & € daf;(al,, 2},), £ € N¢;(2},), such that

T 5 (2h) — T, (sn) + €= 0. (4.3)

Also, by the definition of ds f;(a’ we obtain

n? n)

f( ) fz( Qs n) e <O'_Z:z’§>’ VUECZ"

If we replace o with Z in the inequality above, we have

filan, @) = filay, ,) 2 (T - 2,,6), VT ET. (4.4)
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Using the definition of N¢;(z),) together with Equation (4.3), we have

(o0 — 21, ng (z) — ng (80)) > Tp{2l —0,€), Vo e . (4.5)
Again, if we let 0 = Z in Equation (4.5), we get
(@ — 2, I, (2) = T, (s0)) 2 Tal2y, — 3,€), Ve, (4.6)
The combination of Equations (4.4) and (4.6) gives
(= 2 T (28) = T (50) = Talfila 28) — fila,, ) (47)
> mnfilag, 2,

because f;(Z,a’) > 0 and f; is pseudomonotone on C;, Vi = 1,2,..., N. Similarly, since
al, = argmin{ fi(sn, o) + %HA,,(U, sp) : 0 € C;}, we obtain

(an = 20, IB, (a3) = T, (50)) = 7o [filsn, 23) = filsn,ap)] - (4.8)
Using Equations (4.7) and (4.8) together, we get

(& — 2, TB (24) = T, (30)) + {al, — 24, J5, (k) = TB, (s.))

2 Tn [fz(snv Z;) - fi(3n7 a;) + fl(a:q,?Z:z)] .
Applying Bregman three-point identity Equation (2.1), we obtain
Ap(i‘7 Z’:L) < AP(‘%’ STL) - Ap(a'iw S'fb) - AP(Z;;L’ a;z) + Tn{f’i(s'fw Z:z) - fi(sna a:z) - f(aju Z;)}

Furthermore, by the definition of 7,,, we obtain

Ap(z,2;,) < Ap(,50) — Dplay,, sn) — Dy(zy,ap,)

n»-'n

Tn i i i
+ Tn+1{fi(8n’zn) _fi(snaan) _fi(anvzn)}
Tn+1
< Ap(fy Sn) — Ap(a;, Sn) — Ap(sz aiz) + - "k (Ap(aiu Sn) + Ap(zfma;))
n+1

_ Tn ; o

=A,(Z,8,) — (1 - H> (Ap(ail, sn) + Ap(zy, a%)). (4.9)

Tn+1
Following similar procedure, we obtain
A1) < 00~ (17 652 ) (A0ta) + A1) (410)
n+1
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Observe that since lim (1 - TT—",‘{) =1— Kk > 0, then there exists K € N such that

n—o00 n+1

<1 n n) >0, Vn>K.
Tn+1

Hence, from Equation (4.9), we get

Ay (Z,20) < Ap(F,8,), Vi=1,2...,N, n> K. (4.11)

Similarly, from Equation (4.10), we obtain

Ap(F, 1) < Ap(F,tn), ¥n>LeN. (4.12)

Lemma 4.3. Suppose {z,} and {y,} are iterative sequences generated by
Algorithm 3.2 under Assumption 3.1. Then, the sequences {x,} and {yn} are bounded.

Proof. Let (Z,7) € Y. Since D; is Bregman quasi-nonexpansive for each s = 1,2,...,1,
we obtain from Equation (3.1) that

« l
A(Z,un) = A, <£, J <an70J§1 (Zn) + Z s I (Dszn)>>
s=1
l

S Oén,OAp(fEa zn) + Z an,sAp(:Ea Dszn)

s=1

l
S an,OAp(ja En) + Z an,sAp(fE; En)

s=1

= Ap(T, Zn). (4.13)

Similarly, we obtain

AP(?L UTL) S Ap(ga én) (414)

Furthermore, from Equation (3.1), Lemma 2.7 and Lemma 2.10, we obtain
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Ay(Z,8,) = A, (53, JZJT (ng (Tn) — pnA*Jgg (Azx,, — Byn)>)
=V, (2,8, (20) = pu A" I (Avo — Byn))

1 = = *
= };Hfll” — (@, Jg, (wn)) + pn(@, A" T, (Azy, — Byn))

1 *
+ ;IIJg1 (#n) = pn A" Jg, (Azn — Byn) |

1 _ _
< Sl = (@ TR, (@) + pulAR, T, (Az, ~ Byy))

1 C .
+ §||J§1 (@n)|? = pulJg, (Azn — Byn), Axn) + fﬂ%llx‘l Ty (Azn — Bya)||?

1, _ 1 _
= Nl = (@ T, (@) 1T (@)Y~ pal TR, (A — Bya), Av,, — A7)

4 %pz||A*Jf3 (Az, — By
= Ay(Z, ) — pn<J§3 (Az,, — Byyn), Az, — AT)

C
+ AT (A = By (4.15)

Similarly, we have

_ _ _ Q .
Ap(yvtn) < Ap(yayn) - pn<‘]£‘3 (Az,, — Byyn), By — Byn) + ?qp%”B Jgg (Az, — Byn)||*.
(4.16)
Combining Equations (4.15) and (4.16) and noting that AZ = By, we have
_ P!
Ap50) + 8001 00) < By(020) + 8y 50) = o 1A, = B |7 = P
x (Call A" T, (Awn = Bya) | + Qqll B* Ty (Aw, — Byn)|)] . (4.17)
Hence,
Ap(Z; 5n) + Ap(F: tn) < Ap(Z,20) + Ap(F: yn)- (4.18)
Also, from Equation (3.1) and applying Equation (4.11), we obtain
Bp(@ @ns1) = Ay (2, T (BB, (1) + (1= BT, (ua) ) )
< 6nAp('fa H) + (1 - Bn)Ap(jaun)
g ﬁnAp(i'u :u) + (1 - ﬁn)AP({Eagn)
< Bnlp(Z, 1) + (1 = Bn)Ap(Z, 51). (4.19)
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In like manner, we have

Ap(ga yn-‘rl) S ﬂnAp(ga 19) + (1 - ﬂn)AP(ga tn)- (420)

It follows from Equations (4.18), (4.19) and (4.20) that

Ap(jv anrl) + Ap(ga yn+1) < Bn (Ap
< Bn (B

S maX{AP(fwu’) + Ap(gvﬁ)a Ap(i.vxﬁ) + Ap(gvy]v)}v
N =max{K, L}. (4.21)

Therefore, {A,(Z,2,) + Ap(Y,yn)} is bounded, and consequently {A,(Z,z,)} and
{A,(9,yn)} are bounded. Hence, by Lemma 2.13, the sequences {z,} and {y,} are

bounded. Therefore, {s,}, {ai}, {zi}, {un}, {tn}, {02}, {hi} and {v,} are all
bounded. O

Lemma 4.4. Assume that v = sup{||Jg, (z,)ll, |Jp, (DsZn)|} and let (z,9) € T.
Then, the following inequality holds:

Ap(f>xn+1) + Ap(f/v?Jn—i—l) < Bn [Ap(ia N) + Ap(gj,ﬁ)] + (1 - 6n)[Ap(jvxn) + Ap(?ja yn)]

- =) (Tl (1, ) - 73, (D221

0L (1, 0, - g, () ) (122)

where %(ams) = (n(fn’o)q Zi:l s + an,O(Zi=1 ans)? and Wo(nn:) =
(nn,O)q Zt:1 Nn,t + nn,O(thl nn,t)q'
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Proof. Let (Z,y) € T. Then, from Equation (3.1), Lemma 2.10 and Lemma 2.12, we
obtain

1
Ap(Tyuy) = A, (x, Jgf (amngl (Zp) + Zamngl (Dszn)>>

s=1

l
= VP <5_C, O‘n,O']g1 (Zn) + Z O‘n,sjgl (Dszn)>

s=1

1
= ];lel\p — an,o{Z, I, (Zn)) Zans %, J%, (DsZn))

s=1
1
+ Sllano T, () + Zans (Dsz,)]?

l
1
< — [P = ano(®, Jh, (20)) = > n,s(Z, T (DsZn))
s=1

’B

1
+ gan,ollJﬁﬂ (Zn)[I” + q Zan s||JE1(D z)”
s=1

Wq(an,S) P (3 14 >
- =l (175, (50) = T, (D221

l l
1 1
;O‘n OHpr—l—Zan 85”33”19_0‘71 o(Z, JEl Zn)) Zans z, JE1<D Zn))

s=1 s=1

1
= omoll T, (Za)lI” + anm||JE1<D ES

s=1

- Walnaly (17 )~ a2, (0.2)1)

1, _ _ 1 _
= ann { Sllell” = (@75, o) + 21, Go)IP |

l
1 B B 1 _
3 {21alr - (2.7, (D2} + 21, (DI

Wq(O‘mS) P (5 14 >
- =l (175, (50) = T, (D221

l
= an,OAp(jv zn) + Z an,sAp(j:; Dszn)

s=1

_ Wf)g (1178, (z0) = 72, (Duza)]))
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By the Bregman quasi-nonexpansivity of Ds for s =1,2,...,1, we get
l
_ i . Wq(amn s _ _
Ap(Z,un) < anolp(T, 2,) + Zan,sAp(Iy Zn) — q(q,)g <HJ§‘1 (Zn) — ng (Dszn)”)
s=1
Wy(om,s)

= Ay(@,7) - 9 (1195, (z0) = T8, (Deza)l) - (4.23)

By the definition of x,, 41 and applying Equations (4.11) and (4.13) from Equation (4.23),
we obtain

Ap(@ i) = By (2.8 (BB (1) + (1= Bu) TB, (un))
< BrA ( ) (1*5n) (xaun) < BrA p(xnu)Jr(l*Bn)

Wo(an,s) P (= p -
< (g2 - 0y (g, ) - a2, (D201 )
< Bulby(a. ) + (1= B.) 8y (a5 — (1 = ) H 0]
x (173, (za) = T3, (Dza)])) (4.24)

Following similar argument, we have

Ap(gayn+l) S 571Ap(g7'l9) + (1 - ﬂn)AP( ) (1 - ﬁn)(qnnt)g

% (195, (0.) = T2, (GBI - (4.25)
By adding Equations (4.24) and (4.25) and applying Equation (4.18), we get
Ay @ 2a2) + Ap(F. 1) < B [ 1) + Ap(F )]+ (1 B)[Bp(F.50) + Ap(7 1)
- =) (Pl (13, o) - o, (0.501)
Waltnsd (3,0 - 73, (can)
< BulAp(E. 1) + By(30)] + (1~ B,)[A
- =) (FCndy (1, ) - a3, (D.201)

P el (17,0, - 75,@1) ).

+

(.’E xn) p(yayn)]

which is the required inequality. 0

We now present the main theorem for our proposed algorithm as follows.
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Theorem 4.5 Suppose {(xn,yn)} is a sequence generated by Algorithm 3.2 under
Assumption 3.1. Then {(xy,yn)} converges strongly to (Z,y) € T, where T = Ily(u) and
y=Ily (19)

Proof. Let (Z,y) = (Ily(u), Iy (9)). It follows from Algorithm 3.2 and by applying
Lemma 2.10 (iii) that

(@ wni1) = By (8, T (BT, (1) + (1= B) T, (un)))
=V, (2. 808, () + (1= B} TE, (un)
< Vp (# Bu By (1) + (1= Ba) T5, (un) = Bu (I, (1) = T3, (2)))
+ BulJ (1) = JB, (2), 1 — )
=V, (7. 808, (8) + (1= Ba) B, (n)) + Bul B, () = T, (7), 2041 — 7)
< Bulp(3,7) + (1= B Ap (T, wn) + Bl B, (1) = B, (2), utr — 7)
< (1 By (5, 50) + B B, 1) T8y @)t — 3 (4.26)

In the same vein, we have

Ap(ga yn+1) < (1 - 5n)Ap(ga tn) + 5n<=]§2 (79) - ng (g)7yn+1 - 37> (4'27)

Hence, by adding Equations (4.26) and (4.27) and applying Equation (4.18), we get

(@, Tns1) + Ap(F,yni1) < (1= Ba)[Ap(@50) + Ay (5, )]
o+ B (3, () = T3, (@), wns1 = ) + (B, (9) = JB, (), pnsr — D))
< (1= B)[Ap (@, 20) + A (5, yn)]
o+ B (3, () = T3, (2), wns1 = ) + (B, (9) = JB, (), s — D))
= (1= B[, 20) + Ap(G,50)] + Buxs ¥ 2 1, (4.28)

where Xy i= ({75, (1) = JB, (2), @41 — &) + (T, (9) = JB, (3). ys1 — D))

In order to show that {(x,, yn)} converges strongly to (Z, §) by Lemma 2.14, we only need
to show that lim sup,_, . xn, < 0 for every subsequence {A(zy, , %)} of {A,(z,,Z)} and
{Ap(Yny,»9)} of {Ap(yn, )} satisfy the inequality

lim inf ([Ap<j’xﬂk+l> + Ap(gvynk-‘rl)] - [AP("E"T”]@) + Ap(gvynk)]) Z 0. (429)

k—o0
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Now, from Algorithm 3.2 and Lemma 4.2, we obtain

Ap(@ @) = Ay (2.8 (Bu T, (1) + (1= B) 5, (un)))
< By (1, @) + (1 = Bn)Ap(T, up)
< Bnlp(p, T) + (1 = Bn)Ap(Z, 2n)
< Bn A ( ) ( - Bn)Ap(masn) - (1 - ﬂn)
( /-;) )+ Ap(2in almy). (4.30)
Tn+1

In the same vein, we obtain

Ap(gvynJrl) S BnAp(ﬁ7g) + (1 - ﬂn)AIJ(g,tn) - (]- - 671)

(1= 2 ) (@0 )+ A0 0Y) . (43D
n+1

Adding Equations (4.30) and (4.31) together, we obtain

Ap({f,'71'n+1) + Ap(gv ynJrl) S Bn[Ap(;uvi') + Ap(ﬁvg)] + (1 - Bn)[AP(iﬂ Sn) + Ap(ga tn)]
== (1 ) (Aglaltsa) + A air)

Tn+1

== ) (1 220 ) (A1) + Ay ). (1.32)

n+1
Applying Equation (4.17) in Equation (4.32), we obtain

Ap(Z, Tn41) + Bp(¥, Ynt1) < B [Dp(n, ’) +Ap(0, )]+ (1= B) [Ap(T, 2n) + Ap (Y, yn)]

q
(1= B [nAanw ; P (A" T3, (Ax, — By

+Qy|B" T8, (A, — Bya)|) ] = (1= ) (1 - ) (Bp(aif'ss0) + A,y (i1 ai)

Tn+1

0= (1 20 ) (A1) + Ay ). (4.53)

n+1
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By Equation (4.29), Assumption 3.1(2)(a) and (4.33), we obtain

—1
Pl

« 1E
Az, = By, |7 = == (Cyl| A" I3 (A, = Byay )|

k—oco

lim sup ((1 — Buy. )Py,

+QuI1B* I (A, — Byl ])
< limsup (6nk [Ap(p, Z) + Ap(9,9)] + (1 — ﬁ"k) [Ap(jaxnk) + Ap(yvynk )]

k—o0

— [Ap(.f, xnk+1) + Ap(ga ynk+1)])
= —liminf ([Ap(Z, 2 41) + Ap (@ Yy 11)] = [Ap(@ 2ny) + Ay (7, 9m)])
. (4.34)

In the same vein as in Equation (4.34), we get using Equation (4.29),
Assumption 3.1(2)(a) and Equation (4.33) that

T i i i
lim sup <(1 - Bnk) (1 - “k K’) (Ap(anlk ) Snk) + AP(ZTZLIC 9 ay:;k ))
k—oo Tnk+1

+ (1 - . 77) (Ap(bilkk’tnk) + Ap(hikkabikk)))
nk+1

< 1i£l>sllp (671]@ [Ap(lh f) + Ap(ﬂv g)] =+ (1 - Bnk) [AP(JE’ x"k) + Ap(:lj, ynk)]
- [Ap(if,l'nk+1) + Ap@»ynk“)])

= llkn_l}g.}f ([Ap(i‘7xnk+1) + Ap(gvynk-i-l)] - [Ap(i'vxnk) + Ap(gaynk)})

<0. (4.35)

Now, suppose we let 0,, = C’q|\A*J§3 (Azp, — Byn, )| + QqHB*JJp53 (Azp, — Byn, )7
Using the condition we placed on our step size p,, , we have that

qllAzn, — Byn, 1P

g—1 C
Pry, onn ,
it follows that
p%;lgnk < qHAxnk - Bynk ”p - CQ’nkv (436)

Hence, by Equations (4.34) and (4.36), we have
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Can » p%;l
< ||A'T’n.k - Bynk” - 7an — 0, as k — OQ0.
q q

Thus, Cq||A*J§3(Aa:nk — Byn, )||7 + Qq||B*J§3(Axnk — By, )||? =0 as k — oo,
which implies that

lim ([ A"J2, (A, — By, ) =0 (437)
and
leH;O ||B*Jf%3 (Azn, — Byn,)||* = 0. (4.38)

Additionally, we obtain from Equation (4.34) that

lim sup ((1 = Bny )Py, [HAmnk — Byn, ”p])

k—o0
< uIICn sup (B, [Ap(1, ) + Ap(0,9)] + (1 = B, ) [Ap(Z, #ny) + Ap (T, yn), )]
— 00
23
_ [Ap(ﬂ_?,ﬂfnk—H) + Ap(l_/yynk-;-l)]) + liillsup(l — Bnk)Tkgnk
—00

= — lim inf ([Ap(fc,xnkJrl) + Ap(gj,ynk+1)] — [Ap(fc,xnk) + Ap(:l],ynk)])

k—o0

<0. (4.39)

Thus, we conclude from Equations (4.34), (4.35) and (4.39) that

lim
k—o0

. iny,
limg 00 Ap(an,” s Sny) = 0,

limy o0 Ap(2n,*, ank) =0,

(4.41)

limg o0 Ap(bi:;k ) tnk) =0,

limy o0 Ay (hiy¥, bn¥) = 0.
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Therefore, by Lemma 2.11, we obtain

limy o0 ||a;7;k — 8%” =0,
im0 [|2me — an®|| =0,
limg o [ — t, || = 0,
limy oo B0k — B10K | = 0.

Observe that by Equation (4.42) and Lemma 2.11, we have

. Z
Jan llomg == =0, s Ao 2ni) = 0.
In like manner, we have
lim [, = Aol =0, lim A (b, Ji) = 0
k— oo "k - ngs nk = V.

By the definitions of i, and j,, it follows that

klirgo Ap(snk,z;k) =0,7=1,2,...,N and hm Ap(tn,h
Consequently, we have
leI&|\snk —zp, =0,i=1,2,...,N and khﬂrr;() tn,

) =0, =12

J — ;) —
hnk||_07 j_1727"‘7

(4.42)

(4.43)

(4.44)

(4.45)

M.
(4.46)

From Equation (4.1) and by applying the three-point identity (2.1) and (4.46), we have

(1 T > Al 5ny) < Ap(@,50) — Ap(2, 7 )

Tnk—i-l

SAP(fvsnk)_AP( ’ nk>+A (Snkvz;k)
=(z — snk,ng(zi ) = I, (5n;,)) =0,

g

Hence, we have
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Ap(a;k,s”k) -0, k—oo, i=1,2,...,N.

Consequently, we obtain

i

lay, —sn,ll =0, k—o0, i=12,...,N. (4.47)

Following similar procedure, we have

167, = tag I =0, k=00, j=1,2,..., M. (4.48)

Furthermore, using Equations (4.22) and (4.29), we have

Welom, s
linsup(l — ) ((q'f)g (12, (20,) — T2, (Dsza)I)

k—oo
Wq(nn, ) 0,
+q(’;/wt)g (175, 0n) — T8, (Gt@nk)”)>
< lim sup (B, (8 (1 2) + Bp (0, 9] + (1= Buy) [Ap (@ 2n) + B (T Yy )]

- [Ap(i', wnk+1) + Ap(gv ynk-i-l)])
- hk”iir.}f ([Ap(i,xnkﬂ) + Ap(?lyn;ﬁl)] - [AP(@”J%) + A”@’ynkm
<o, (4.49)

Thus,

. Wolan,,s) _ _
i (= (177, (20) ~ T, (Duy )

k—o0

Wq(nnk,t) g (

+ 19, 0) = 2, Gi)1) ) =

Hence, we have
lim g (||J§1(2nk) - ng(Dsznk)H) —0, s=1,2,...,1,
tim g (175, B,) = T8, (G )I|) =0, t=1,2,....m.

By the property of g, and sine Jg* and Jg* are norm-to-norm uniformly continuous on

2
bounded subsets of F; and Es, respectively, then we obtain

lim (| Doz = 2o | =0, Vs =1,2,....1 (4.50)
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and

|GOn), — Op, Il =0, Vt=1,2,...,m. (4.51)

lim
k—oo
Observe that from Equation (3.1) and by Equation (4.40), we obtain

||J§1 (Snk) - ng (xnk)H = ||ng (‘rnk) - p’ﬂkA*Jg?) (Axnk - Bynk) - ng (xnk)H
= pug |4 T, (A — By, )| = 0 as k — oc. (4.52)

Also, because E; is uniformly smooth, J;IJ* is norm-to-norm uniformly continuous on
1

bounded subsets of E1, then we have

klin;o [0y, — Zny || = 0. (4.53)
In the same vein, we get
klirgo [tny, — Yny Il = 0. (4.54)

Moreover, it is easy to see from Equations (4.46) and (4.53)
Jim 2, =y || < lm 1z, = sny [l 4 B lsn, =2 | =0, Vi=1,2,...,N.
(4.55)
In the same way, we obtain from Equations (4.46) and (4.54) that
152, — gl < 18, — g |+ g — ol =0 a5 = 00, ¥j =1,2,..., M. (4.56)
Moreover, we obtain from Equations (3.1) and (4.50) that
!

; P P (s _ P (5 P > P (3
kILIEOH‘]% (unk) - JEl (an)H = ||04nk,OJE1 (an) + Z_;O‘nk,sJEl (Dsznk) - JEl (an)H

l
< a0l 75, ) = TEn )l + Y ang sl T (DsZny) = Th Gl
s=1

which implies that

: P P —
Jm ([ J5, (uny,) = T, Zn || = 0.

By the uniform continuity of Jgj* on bounded subsets of £, we have
1

B, = 2o, | = 0. (4.57)

Hence, from Equations (4.55) and (4.57), we obtain
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kl;rrgo |ty — z;kH =0, Vi=1,2,...,N.
Similarly, we obtain
li — R ||=0, Vji=1,2... M.
k:l)Holoank nk” ’ J )<y )
It is easy to see from Equations (4.55) and (4.58) that
tny, = Tny || < Mg, — Z%k” + ||z:”c —Tn, || >0 ask — oo
Similarly, we obtain from Equations (4.56) and (4.59) that
lvny, = Y | < Mlvny, = B 1+ 115, = vy | = 0 as b — oo,

Furthermore, from Equation (3.1) and the fact that klim B, = 0, we obtain
—00

Jim [ TE, @y 41) = Ty (un) | = 0.

In the same way, we get

T (|78, (g 1) = T, (00, )] = 0.

501

(4.58)

(4.59)

(4.60)

(4.61)

Since Jg* is norm-to-norm uniformly continuous on bounded subsets of E;, we obtain
1

klggo Hxnk+1 - unkH =0.
Similarly, we get
T [y, 41— vy | = 0.

Hence, from Equations (4.60) and (4.62), we obtain

In the same vein, from Equations (4.61) and (4.63), we get

[y o1 = yny || = 0.

(4.62)

(4.63)

(4.64)

(4.65)

Since {x,} and {y,} are bounded, then w,(z,) and w,(y,) are nonempty. Now, let
(z*,y*) € wy(Tn,yn) be arbitrary elements. Then, there exists subsequences {z,, } of
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{zn} and {yn, } of {yn} that converge weakly to z* € F; and y* € E», respectively.
Also, from Equations (4.55) and (4.56), {zﬁ%} converges weakly to z* € C; for each
1 =1,2,...,N and {hZLk} converges weakly to y* € @, for each j =1,2,..., M. Using
Equations (4.50) and (4.51) and by the demiclosedness of I — D, and I — Gy, we obtain

x* € F(Dy), Vs=1,2,...,1 and y* € F(Gy), Vt=1,2,...,m, (4.66)
which implies that
z* € [V F(Ds) and y* € (| F(Gy). (4.67)
s=1 t=1

Next, recall that

, . 1
a;'k = arg (Tnég{fi<snk, 0') + aAP(U’ S”k)}

Using Lemma 2.6 and applying condition (C4), we get
0 € O2(Tny, fi(Sny,» aﬁlk) + Ap(af%, Sny,)) + Nci(a;k).

Hence, there exists gf% € D2 fi(Sny» aﬁlk) and g”f% € Ng, (aﬁlk) such that

Tnkdlk + JE, (aflk) — Jg, (5n),) + §ka = 0. (4.68)

Since fflk € Nci(aﬁlk)7 (w— ai%,?ij) < 0 for all w € Cj, then this together with
Equation (4.68) gives

Ty (W — a;k,§;k> > (a!, —w, Ih, (a® ) — Ip, (sn),)), Yw € Gy (4.69)

k e

Again, since gflk € 02 fi(Sny, ailk)7 we obtain

Combining Equations (4.69) and (4.70), we obtain

Ty, [fi(snkaw) - fi(snkaa;k)] > <aizk - W, ng (a’izk) - ng (snk», Vw € Ci7

which implies that

Tny, [fl(snkﬂ ailk,) - fl(snkﬂw)} < <J]1;‘1 (Snk) - Jg‘l (a’izk)7 a’izk - W)

< |13, (suy) = Th, (@i )lllal, —wll.  (47)
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Since J gl is uniformly continuous, applying Equation (4.47) to Equation (4.71) and using
Equation (4.53) together with the fact that z,, — x*, we get

—fi(z",w) <0, YweCl;, i=1,2,...,N,
which implies that
filz",w) >0, YweC;, i=1,2,...,N.

Hence, we have

N
z* € (EP(Cs, f).

i=1
Similarly, we obtain
g](y*,Z)ZO, VZGQj,jZI,Q,...,M,

which implies that

M

y* S ﬂ EP(ijg])

j=1
Next, recall that {z,, } and {y,, } converges to z* and y*, respectively, where A : F; —
E; and B : E; — E3 are bounded linear operators. Then, by Equation (4.40) and the

weakly lower semi-continuity of the norm, we have

[Az* = By"|| < lim inf | Az, — Byn, || = 0,

which implies that

Ax* = By*

Since (z*,y*) € wy,(Tn,yn) is an arbitrary element, then it follows that

W (Tpyyn) C Y.

Next, by the boundedness of {z,, } and {y,, }, there exist subsequences {z,, } of {zy, }
J
and {ynk‘} of {ynk} such that x,, — 2 € Fy and y,, — ¢ € E2 and
J J J
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i (U, (0 = I8, @),y =) + B, 0) = I, (0. g, 1))

Jj—o0

= timsup ((JG, (1) = Tp, (@), 20y, — 3+ (T, (9) = B, (5), 4y, — 1))

k—o0

Since T = Iy (u) and § = Iy (), then by Equation (2.5), (4.64) and (4.65), we have

timsup (I3, (1) = 5, (@), 20y, — 8 + (T, (9) =I5, (5), Yy, — 9))

k—o0

= limsup <<J]Z;“1 (1) — ng (Z), Tn), — ) + <J£‘1 (1) — ng (E),xnk+1,1nk>>

k—o0

+limsup (T8, () = J5, (1), Yny, = 9) + (T3, (9) =I5, (), Yoy 11 -umy))

k— o0
= i (U, (0) = TB, @y, =)+ L, (0) = I, ()~ )
= (B (1) — TR (), — )+ (T (9) — T 0,5 - 0)
<0. (4.72)

Hence, by Equation (4.72), we have lim sup x, x < 0. Therefore, by applying Lemma 2.14

k—o0

to Equation (4.28), it follows that {(z,,yn)} converges strongly to (Z,y) € T as
required. O

Some corollaries

The following consequent result can easily be obtained from Theorem 4.5 by setting

Corollary. Let E;, Es and E3 be three p-uniformly conver Banach space and C,Q be
nonempty, closed and convex subsets of E; and Es, respectively. Suppose f: C x C — R
and g : Q@ x Q — R be bifunctions satisfying (C1)-(C4) of Assumption A. Let A : E; —
FE3 and B : E5 — E3 be bounded linear operators and let D : E1 — FEy and G : E5 — FEs
be Bregman quasi-nonexpansive mappings such that I— D and I— G are demiclosed at
zero and Y = {z € F(D) N EP(C, f), § € F(G) N EP(Q,g) : AT = By} # 0. Suppose
other conditions of Theorem 4.5 hold. For fized i € E1 and ¥ € Fy and initial point
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(z0,y0) € E1 X Ea, let {(xn,yn)} be a sequence generated as follows:

sn = S (Jﬁl (xn) — pnA* I3, (Azy — Byn)) :
yn = argmin{ f(s,, o) + %Ap(a, sp): o €C},
zp, = argmin{ f(yn, o) + %AP(J, sp): oeC}.
Uy, = J,f’f (anyngl(zn) + ozmngl (Dzn))

Tn1 = I (BB (1) + (L= Bu) TR, (un)

) (4.73)

ta = T4, (J§2 (ya) + puB* T}, (Azy — Byn)) :

by = argmin{g(tn, ) + 5-Ap(p.ta) 1 0 €Q},

hy = argmin{g(by, ¥) + x-Ap(p,tn) : v € Q).

vn = I8 (10.0J5, (hn) + 101 T, (Ghn)

E.
a1 = Ty (BT, (0) + (L= B) 2 (v0)
_1_
where p, € | ¢ allAzn—Byn|? —C o n € Q, for
n *\ CallA*TG, (Azn—Byn)19+Qq |1 B* I, (Aen—Byn)|? ’ ’

small enough ; Cy and Qg are constants of smoothness of E; and Eg, respectively.
Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q@ = {n :

Az, — By, # 0}.

. . k(A n,sn)+Ap(zn,yn -
min {,, min { 775 EOMECRIT L Pl z0) = f(5n00)
Tntl = —f(Yn, 2n) > 0, (4.74)

Tn, otherwise.

and

. . e(Ap(bn,tn)+Ap(hn,bn)) ;
min {)\n, min { g(tnan)*g(tn,brf;*g(bn,hn) }} s if g(tn, i) — g(tn, bn)

>\n+1 = _g<bn7 hn) > 0, (475)
Ans otherwise.

Then, the sequence {(xn,yn)} generated by Equation (4.73) converges strongly to (T,q) €
T.

Let E. = H,., r =1,2,3 be real Hilbert spaces, then we obtain the following consequent
result for approximating a common solution of multiple sets split equality pseudomono-
tone EP and common fixed point problems of quasi-nonexpansive mappings in real Hilbert
spaces.
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Corollary 4.7. Let H;, Hy and Hg be three real Hilbert spaces, and let C; and @Q; be
nonempty closed and convex subsets of H; and Hs, respectively, for i = 1,2,...,N and
Jj=1,2,...,M. Suppose f; : C;xC; = R and g; : Q; xQ; — R are bifunctions satisfying
(C1)-(C4) of Assumption A. Let A: Hy — Hs and B : Hy — Hj be bounded linear
operators. Let Dgs : Hi — Hy and G; : Hy — Hy be quasi-nonexpansive mappings such
that Y := {z € N._, F(D) NN, EP(Cy, £). 5 € My F(G) NN, BP(Qj.g;) : AT =
By} # (0. Suppose other conditions of Theorem 4.5 hold. For fized n € Hy and ¥ € Hy
and initial point (xo,yo) € Hy X Ha, let {(zn,yn)} be a sequence generated as follows:

sn = (xn — pnA*(Azy, — Byn)),

al, = argmin {7, fi(sn,0) + 3o — s, ||*: o€ Ci},

28 = argmin {7, f;(a},0) + Lo — s,|*: o€ Ci}.

Obtain the farthest element of 2, from s, i.e.,

in € argmax {$ls, — 25> :i=1,...,N}.

Set zin = z,

Up = QpoZn + 22:1 Qn,s(DsZn)

Tnt1 = Bn(p) + (1 = Bn)(un),

tn = (Yn + pnB*(Azn, — Byn)),

b, = argmin {Ang;(tn, ¢) + 5l = tall® ¢ € Q5},
hj, = argmin {A\ng; (b}, ) + gl —tall*: 0 €Q;}.
Obtain the farthest element of hi, from t,, i.e.,

jn € argmax { §||tn, B ||>: j=1,...,M}.

Set hir = 6,

Un = 10,000 + 2421 10t (Gefn)

Ynt1 = Bn(0) + (1 = Bn)(vn),

(4.76)

2| Azn—Byn|? _ ))
where p, € (C, (HA*(AJCn—Byn)H2+HB*(A£E7L—Byn)H2 C)), n e Q, for small enough C.

Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q = {n :
Az, — By, #0}.

win { g, min {57 Lot A o, 2) - fisnal)
1<i<N Fi(sn,zp)—fi(sn,ah)— fi(ah,2h)
T+l = —fi(al, %) >0,
Ths otherwise
(4.77)

and
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- - N e LA . , ;
min< A\,, min < < llby, —tn n_—nil if gi(tn, W) — g;(t,, b
{ n’lSjSM{2gj(tn,h%)—gj(tmb%)—gj(b%,hil) ) fgj( ns n) gj( 79 n)

Ant1 = _gj(bzw h%) >0,
Ans otherwise.
(4.78)

Then the sequence {(xn,yn)} generated by Equation (4.76) converges strongly to (Z,7) €
T.

5. Application

5.1. Multiple set split equality variational inequality problem

In this section, we apply our result to study the multiple set split equality variational
inequality problem (MSSEVIP).

Let U : C' — E* be a nonlinear mapping. The classical VIP is formulated as locating a
point

z* € C such that (z —2*,U(z*)) >0, Vz € C. (5.1)

The solution set of VIP (5.1) is denoted by VI(C,U). Variational inequalities have been
found very applicable in several real-world problems such as optimization problems, min-
imax theorems, differential equations and in certain applications to economic theory
and mechanics. For more details on variational inequalities, see [2, 35, 36, 44] and the
references therein.

Now we consider the MSSEVIP defined as follows:

find z € C; such that (U;z,x — %) >0, Vx € C;, i =1,2,...,N
and § € Q; such that (Vjg,y—9) >0, Yy Q,, j=1,2,....,.M
such that Az = By, (5.2)
where U; : By — Ey and V; : Es — E5 are two nonlinear mappings, and A : £y — E3 and
B : E5 — Ej5 are two bounded linear operators. When viewed separately, Equation (5.2)
consists of two classical multiple sets variational inequality problem (MSVIP) whose
solution sets are denoted by VI(C;, U;) and VI(Q;,V;), respectively.
Let U : C' — E* be a nonlinear mapping. Then, U is said to be
(D1) pseudomonotone; if for any =,y € C, we have
(Uz,y—z) 2 0= (Uy,y — ) 20,
(D2) K-Lipschitz continuous, if there exists a constant K >0 such that
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(D3) sequentially weakly continuous, if for any sequence {z,} C C, we have x,, — x €
C implying that Uz, — Uz € E*.

We need the following lemma to establish our next result.

Lemma 5.1. [14] Let C be a nonempty, closed convex subset of a reflexive, smooth
and strictly convexr Banach space E, U : C — E* be a nonlinear mapping. Then

Mo (= [Tp(@) = AU (y)]) = arg min {Aw — 3, U(y)) + Ap(w, 2)} (5:3)

forallz e E, y € C and ) € (0,400).

Setting fz(xay) = <U1£L',y - :L')a VfE,y € Ci7 i = 1727' . '7N and gj(may) = <ijl',y -
x), Yz,y € Q;, j=1,2,..., M in Algorithm (3.2), then the bifunctions f; and g; satisfy
conditions (C1)-(C4) of Assumption A (see [14]).

Hence, by applying Theorem 4.5 and Lemma 5.1, we obtain the following consequent
result for approximating a common solution of MSSEVIP and common fixed point prob-
lem for finite families of Bregman quasi-nonexpansive mappings in p-uniformly convex
real Banach spaces, which are also uniformly smooth.

Theorem 5.2. Let E;, Es and E3 be three p-uniformly convex and uniformly smooth
real Banach spaces. Let C, i =1,2,...,N and Q;, j =1,2,..., M be nonempty, closed
and convex subsets of E; and Ey, respectively. Let Uy : C; — E* and V; : Q; — E* be
two nonlinear mappings satisfying conditions (D1)-(D3) above. Let Dy : Ey — Ey, s =
1,2,...,0 and Gy : E5 — FEo, t = 1,2,...,m be two finite families of Bregman quasi-
nonexpansive mappings such that I — Dy and I — Gy are demiclosed at zero for each
s and t, respectively. Suppose that Assumption 3.12(a)-2(c) holds and the solution set
Y = {z € F(D,) N VI(C;,U;), § € F(G¢) N VI(Q;,V;) : Az = By} # 0. Then, the
sequence {xn,yn}t generated by Algorithm (5.3) below converges strongly to (z,y) € T,
where T =y () and g = My (9).

Algorithm 5.3. For fized p € E; and ¥ € Es, choose an initial guess (xo,yo) €
E; x Ey. Suppose that the nth iterate (x,,yn) C E1 X Eo has been constructed, then we
compute the (n + 1)th iterate (Tni1,Ynt1) via the iteration
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$n = T (T3, (20) = oA T, (Az, = Bya))

ai, =T, {JET(JQI(%) - TnUi(sn))} . i=1,2,...,N
2, =g, [JZT(ng (at) — TnUi(Sn))] , i=1,2,...,N
in € argmax {Ay(sp,2h):i=1,...,N}, zin=z,
tn = Ty (0T, (2a) + S T8, (D)

Ergr = T (BT (1) + (1= B) T, ()

tn = Jps (Jf’ég (yn) + puB* T, (A — Byn)) 7

. EY, . E .
b, =Tq; |Jp 2 (Jp2(ta) — AV(ta)) | G =1,2,...

: EX E .
B, =g, | JE2 (JE2 () = AVi ()

gn € argmax {A,(ty, hl): j=1,...,M}, hin =0,
0 = T (1075, (0n) + 7Ly i T3, (GiB))
b = Iy (BT, ) + (1= B2 (w0))

ql|Azn—Byn|”
* E3 q * E3 q
CqllA* Jp 2 (Azn—Byn)l|9+Qql| B* Jp ° (Azn —Byn) |

1

q—1
—C> n € Q, for

509

small enough ¢, Cy and Q4 are constants of smoothness of E; and Ej, respectively.

Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q@ = {n :
Az, — By, # 0}.

Tn+1 =
Tn,s

and

)\n+1 =
An,

min {Tn, min {Kmp(ﬂ%ﬁnHAP(%ﬂ%n }} ., if (Ussy — Usal

1<i<N (Ujsn—Ujap,zp—ap)

otherwise

J J .
min {)\n, 1£Ij}i<nM { E(Ap(b7zvtn)+4p(hnvbn)) }} ; Zf <V3tn o ijb%,

(Vjtn—V;bl, b —bl,)

otherwise.

6. Computational Experiments

n~n

al) >0,

>0,

In this section, we demonstrate the efficiency and applicability of our proposed method
with two numerical examples. In all the experiments, we consider the case when I = m =

N =DM =5.
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Example 6.1. Let E. = R™, r = 1,2,3, equipped with induced norm |z| =

V>oiey |lz;] and the inner product (z,y) = >, @y, for all & = (v1,22,...,2,) € R™
and ¥y = (y1,Y2,...,Ym) € R™. Let C; = Q; = C, where the feasible set C has the form

C={(x1,22,...,0m) ERY : |z4| <1, k=1,2,...,m}.

Consider the following problem:
N
Find (zZ,7) € T := {x € F(D,)N [\ EP(C;, i),
i=1

M
yeF(Gt)OﬂEP(Q],g])A:E:Bg y

Jj=1

where f; : R™ x R™ — R is given by

filzy) = (qwvi — aina?), i=1,2,...,N,
k=1

where ¢;; € (0,1) is randomly selected Vi = 1,2,... N, k=1,2,...,m and D, : R™ —
R™ is defined by

T

Do) =51

Vs=1,2,...,1.

In the same vein, let g; : R™ x R™ — R is given by
m
gi(@.y) =D (anyi — Gwai), J=1,2,.... M,
k=1

where ¢;; € (0,1) is randomly selected Vj = 1,2,...,. M, k=1,2,...,5 and G; : R" —
R™ is defined by

It is easy to see that conditions (C1)-(C4) of Assumption A are satisfied and D, and

G; are Bregman quasi-nonexpansive mappings for s = 1,2,...,l and t = 1,2,...,m,
respectively, I — Dy and I — G are demiclosed at zero. Moreover, we define A(z) = 5

and B(z) = £, then A and B are bounded linear operators. Furthermore, T = {0}. In

this example, we choose f, = 52=, £=0.36, 70 = 0.24, €=0.5, A\g = 0.4, a0 = 5247,
Un,s = %(1_&137.:411)7 s=1,2,...,5, Tn,0 = 42%7 Mt = %(1_%17)7 t=1,2,...,5. Using
% < 10~* as our stopping criterion, we generate randomly different starting

points (p, 9), (zo,y0) € E1 x Ey for different cases of m = 20, 50, 100 and 500.
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Figure 1. Top left: m = 20; top right: m = 50; bottom left: m = 100; bottom right: m = 500.

We plot the graphs ||,+1 — 2, || against the number of iterations. The numerical results
can be seen in Figure 1.

The next example is presented in an infinite dimensional space setting.

Example 6.2. Let E, = L?([0,1]), »r = 1,2,3, with the induced norm given by

|zl = fol |z7(s)|? ds and the corresponding inner product (x,y) fo s)ds. Let
the feasible sets C; and @; be defined as follows:

Ci={xeH: |z <1}i=1,2,...,56 and Q;:={zecH:|z||o<1}j=12,...,5.

Let fi(z,y) = (Siz,y — z) and g,(z,y) = (Tjx,y — ) with the operators (S;z)(t) =
max {0 2(t) } for i =1,2,...,5 and (T;z)(t) = max {0 =) } for j = 1,2,...,5. Then,

it is easy to see that each f; is monotone (and by implicatlon, pseudomonotone) on Cj.
Similarly, g; is pseudomonotone on ;. Furthermore, let D, : H — H and Gy : H — H
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Iteration number (n)

—A— Algorithm 3.2 (x,)
—%— Algorithm 3.2 (y )

Errors

0 10 20 30 40 50 60
Iteration number (n) Iteration number (n)

Figure 2. Top left: Case I; top right: Case II; bottom left: Case III; bottom right: Case IV.

be defined by D(x)(t) = % and Gy(z)(t) = 2D " then the mappings D, and Gy are

2
quasi-nonexpansive Vs = 1,2,...,5and t = 1,2,...,5. Moreover, we define A(x)(t) = M

and B(x)(t) = Z(;) then A and B are bounded linear operators. The solution set T = {O}

We choose 5, = n+2’ On,0 = 27;;;137 ans = 5(1 = 22113) s =1,2,...,5, Mo = 27?;25,
Mt = $(1— 322), t = 1,2,...,5, k=054, 7o = 0.63, e=0.75, )\o — 0.83, and using

lznt1—2nll

—4 . . .
Tog—a1] < 10™* as stopping criterion.

We choose fixed points p = t? 4 2, ¥ = 4t> + 3 and different starting points as follows:

CaseLzg=t2+4, yo=t>+2t+1
Case IL: oy =t* +5, wyo=1t>+t+3
Case III: x( = sin(2t), yo = cos(bt)
Case IV: zp = exp(t), yo = exp(2t).
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We plot the graph of errors against the number of iterations in each case. The numerical
results can be found in Figure 2.

7. Conclusion

In this article, using Bregman distance, we proposed and studied a new algorithm for
approximating the common solution of multiple set split equality pseudomonotone EP
and fixed points of Bregman quasi-nonexpansive mappings in real p-uniformly convex
Banach spaces, which are also uniformly smooth. The algorithm under discourse is
designed in such a way that its convergence does not rely on prior estimates of the
Lipschitz constants of the pseudomonotone bifunctions as well as the prior knowledge
of the norm of the bounded linear operators. We proved a strongly convergent theorem
under some mild conditions on our parameters. We gave a theoretical application of our
result and finally present two numerical examples to show the efficiency and applicabil-
ity of our method. The result presented in this article extends numerous results in the
literature in this direction of research.
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