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Abstract

We use the second derivative of intertwining operators to realize a unitary structure for the irreducible
subrepresentations in the reducible spherical principal series of U(1, n). These representations can
also be realized as the kemels of certain invariant first-order differential operators acting on sections of
homogeneous bundles over the hyperboloid (U (1) x U(n)\U (1, n).
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1. Introduction

We describe a unitary structure on the irreducible subrepresentations of the reducible
spherical principal series of the representations of the reductive group U (1, n). This is
achieved by taking the second derivative of the intertwining operator, restricted to the
kernel of its first derivative. We give an elementary argument based on the binomial
theorem, as was done by Hansen [9] in his proof of the unitarity of the complementary
series. The case of SU(1, 2) had been treated by Fabec [3] using the non-compact
picture and Fourier analysis on the Heisenberg group.

We also present a connection between these irreducible representations and another
realization, in the kernel of an invariant first-order differential operator acting on
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sections of a homogeneous bundle over the hyperboloid (U (1) x Un)\U(1, n).
This is done by a Cauchy-Szegd map.

2. Notation

Fix an integer n > 2 and view the elements of C"*! as rows with entries indexed
by {0, 1, ..., n}. Equip C"*! with the form

€.8) =Lk — Y 4&,  Vo.EeC.
j=1
We will be examining some representations of the reductive group
G'=U(l,n)={geGLn+1,0) : (£,§) =(tg, £g), V&, § e T

This group acts on C**! by multiplication on the right, and hence on the cone

O={teC 1 §£0, (6,6 =0}

Let us consider the point £° = (1,0,...,0, —1) as an origin in ®. Similarly, G!
acts on the hyperboloid {§ : (£,&) = 1}, with &' = (1,0, ..., 0) as an origin. The

isotropy subgroup of &' is
K‘:{(l K ueu<n>}.
0 u

We now list some important subgroups of G':
cosh(y) 0  sinh(y)
A={ay) = 0 I 0 c:yelR ¢ =R;
sinh(y) O  cosh(y)
the Heisenberg group
1—it+ 3z z it — 1z
N = {n(z,1) = z* J —z* rze(ChrelRy
—it+%|z|2 z 1+it—%|z|2

the centre

L'={t,=¢"1, : 6 R} =T;
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the image of N under the Cartan involution,

1+it43z)P 2 it + 3|z
V=3vzr1= z* I, z* rze(CrelRy;
—it —3z2 -z 1—it— 3z

and the centralizer of A in K,
1 0 0
M =110 u O| :ueUm-1
0 0 1

It is known that G' = L'ANK'; see [7, 9]. The semisimple subgroup G = SU(1, n)
is G = ANK, where K = L'K' N SU(n + 1). Note that £%(y) = ¢?¢° and
E9n(z, 1) = £,

The subgroup M'N fixes £° while the orbit

£V =%, 0= (142t +1z*, 2z, -1+ 2it + |z} : z e C",1 € R}

is an open dense subset of the intersection ® N {§ € C"*' : (§ — §°9(&%* = 0}.
The unit sphere $2~! in C" will be identified with the intersection

S=dN{EecC : g =1}
via
(I,x)edN{g e C"*' : g =1} ifandonlyif x € C"and |x|=1.

We will often write x to mean the element (1, x) in S. The compact group K' acts
transitively on S; this is the action of U (n) on $>"~!. Normalize the U (n)-invariant
measure i on $*~! to have total mass one.

Following Hansen {9], we define a function ¢ : C"*' x G' — C by

c(§, g) = the 0" coordinate of &g.

For every & in the cone ® we have that (c(&, g))_1 (£g) is in the sphere S. This leads
to an action of G' on $%'~!, namely, (x, g) > x - g with

(D) (1, x)g=(c&, ) ' (1,x-g), VxeS" ' geG

Note that c(§,g) = 1 forall§ € Sandk € K'. If x € §*! and g € G!, write
c(x, g) tomean c((1, x), g). Lemma 4 in [9] states that if g and g’ are in G' and x is
in $"~!, then

2 c(x, g8) =clx-g,g)c(x, 8.
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In particular, taking g’ = g~! shows that
(3) l=c(x,1)=c(x-g.¢8")clx,g) andso c(x,8) ' =c(x-g¢7").
The effect this has on the measure u is described in [9, Lemma 21].

LEMMA 1. If g € G' and F is a continuous function on $**~" then

/ F(x~g“)du(x)=/ FOler, )7 dpu(x).
st

§n-)

3. Homogeneous functions

A function f : & — C is said to be homogeneous of degree « if

4 f(s&) = IsI*f (&), Vs e C\{0},§ € @.

When we compose a homogeneous function with multiplication by an element of G',
we have

(5) fsEg) = IsI"f(5g), Vs e C\ {0}, € P, geC.

Furthermore, a homogeneous function is determined by its restriction to the sphere,

(6) f (&0, §17 R "i:n) = |§0|£¥f (1»61/‘507 SR »sn/%-O)’ VE € o.

When f is homogeneous of degree a, we can combine (5) and (6) to obtain

N FU(1,x0g) = flex, &)1, x - g)) = |c(x, I f(1,x - g),

forevery g € G! and x € §"~!. Furthermore, when we take into account Lemma 1,
we have that

(8)
f | F((1, X)) dM(X)=/ leCe, )P I F (L, x - @)1 dpa(x)
M N

-1 2n—1

Z/ le(x - g, g IO £(1, x - @ dux)
N

21—

=/ e g™ e, g ) 1 £ (L )1 dut).
S

2n—1

This will equal || f||? if and only if R(a) = —n.

L2(S21)
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DEFINITION 3.1. For each complex number v let I, denote the space of functions
on & which are homogeneous of degree —n — v, measurable when restricted to §2"~!,
and satisfying

/ |f (1, 0 dp(x) < oo,
Sn-1

We equip this space with an action of G',

Uv,9)f &) = fEg), VE € @, g€ G

This is called a spherical principal series representation of G'. When restricted to
functions on the sphere S, this is

U, o) f(1,x) =lc(x, )" f(1,x-g), VYxeS$" ' geG.
Equation (8) gives a well-known criterion for the unitarity of the principal series.

LEMMA 2. For each complex number v there is a G'-invariant pairing between
d@,.,UW,))yand (I_,,U(—v, -)) given by

(fi. )= i) falx) du(x), Viel, el

S2n-1

COROLLARY 1. When 1, is equipped with the L*(S*"~') norm, the representation
(L, U(v, -)) is unitary if and only if v is purely imaginary.

4. Intertwining operators

Lemma 2 gives a direct way of producing an intertwining operator from I, toI_,.
DEFINITION 4.1. Foreach v € Clet £, : & x ® — C be the kernel

P&, 8) =1, VE, L € ®.

For R(v) > 0O the function & > £, (&, ¢) is an element of I_, and so the operator
© AWF©@) = f A, 0)P((1, x), &) du(x)
S2n-1

defines a G'-invariant linear operator from I, to I_,,.
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That is, A(v) : I, — L_, has the intertwining property
(10) U(=v, ) AW) f = AWMU (v, 8) f, VgeG', f el,

and it is self-adjoint as an operator acting on L?($*~!) when v € R. The boundedness
for M(v) > O is a standard result: see Proposition 7.8 in [12].
For real v, equip I, with the G'-invariant hermitian form

(1 il =f AW AL OFT D dux).
SZn—l

The question is then to find v > 0 for which (-|-), is a positive-definite hermitian
form, so that the representation (I,, U (v, -)) can be equipped with a unitary structure.
This unitary structure is called the complementary series.

As is done in [9], we use the binomial expansion of &2, restricted to $ x §. That
is, if x and y are in $%*~', we have

(12) (1, 2), (L, )7 = 11— xy" | = (1 = xyH)" ™2 (1 — yx") ™2,

When we expand the right hand side, we find that

(13) 20,0y =Y ((” _j”)/ 2) ((” -/ 2)(—1>f+*(xy*)f<yx*>".

k,j=0 k

Lemma 17 in [9] states that if f is a continuous function on $**~' and if
/ FEFOMGyY (yx)du(x)du(y) =0  Vj, k=0, then f=0.
Sln—l S?.n—l

It is also known that each of the kernels (x, y) — (xy*)’(yx*)* is of positive type
on the sphere. This can be traced back to the theory of positive-definite kernels due
to Krein [18]. That is, for every continuous function 4 on §2"~!,

f f hORO) ey (5 dudu(y) =0 i,k > 0.
s2n-1 J g1

It follows that (-|-), will be positive-definite whenever

(v—n)/2

(14) (*1)j(
J

) > 0, vj=>0.
This inequality is true when 0 < v < #; see [9, Proposition 22].

PROPOSITION 1. If 0 < v < n, the representation (I,, U(v, -)) can be equipped
with a unitary structure (-|-),.
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When (v — n)/2 is a non-negative integer the expansion (13) terminates and we
see that A(v) has a non-trivial kernel. Suppose that v = n 4+ 2J — 2 for some integer
J > 1. Then

(15) <(”—j”)/2)=(Jj_,l)=0 Vj>J, and (J;l);so for 0<j < J.

LEMMA 3. If J is a positive integer, the kernel of A(n + 2J — 2) is the subspace

[f €Ly FA )y (y*x) du(x) =0, VyeS" ', 0<j,k< J} .

SZn—l
5. Spherical harmonics

Itis well known that L?(5?"~!) has a decomposition into irreducible U (n)-invariant
subspaces,

L3S Y = @Mzo,ﬁf;‘q (Hilbert space direct sum)

where %, , is the restriction to $?*~! of the polynomials in x and x* on C" which
are harmonic and bihomogeneous of degree (p, ¢). See for example [16] and [23,
Section 12]. The dimension of J, , is

— di _(n+pH+q-Dn+p-2)ln+q—-2)!
10 dlp. )= dn () = plql(n — 1)i(n —2)! '

If{Y,,..., Yup,} is an orthonormal basis of 5%, , in L?(S?"~") then
dip.q)
(17) Y YY) =d(p. R (xy*),  Vx,ye St

j=t1
where R;_jf is the normalized disk polynomial

(18) R;j (re'®) :=rlrmdle!P=2¢ P;;j“’*q'(zrz — 1)/ P29,

prg
If F is any bihomogeneous polynomial of degree (p, ¢) on C", then
PAq '
(19) F(x) =) IxYY;(x), with¥; € #_;,_.

=0

As a special case of (19) and (18) we have the following.
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LEMMA 4. For each pair of integers j,.k > 0 and y € $*', the polynomial
x > (xy*)/ (yx*)* is an element of @é:ﬁ I k—¢. Furthermore, it has a non-trivial
component in € .

We recall some elementary properties of binomial coefficients.
LEMMA 5. For eachm € N, the function

lm—l
s»—>(;>=m]"[(s-j)

=0
is zero for all s € N with s < m. In addition, for integers k < m

hn L (5 .1 (= RYA= Nk \

=k+1

Fix apair p, ¢ > 0and consider the action of A(v) on J%, ;. Thatis,forY, , € J%,,
we have

A(U)Yp,q(y)zf Y, ;) 2.((1, x), (1, y)) du(x).
S i

Using equations (12) and (13) and Lemma 4, we can rewrite this as

(20)
A(l)) Yp,q ()’) =

- _1yp+ (v—n)/2 ((v~n)/2) *\p+e *\g+L
fsh}/p,q(X)<;( 1)? ‘7( bt ) . (xy")P(yx") ") du(x).

Lemma 5 shows that this vanishes if (v — n)/2 = J — 1, for some integer J > 0, and
either p > Jorg > J. Asafunctionof v thisisazerooforderlif p > J,0< g < J
orgq>J,0<p<J. ltisazerooforder2if p> Jandg > J.

PROPOSITION 2. As a subspace of L*(S**~"), the kernel of A(n + 2J — 2) is the
Hilbert space direct sum €9 I,

p=Jorg=J p.q-

We adopt the convention of writing Zp. 420 Yp.o(F) for the spherical harmonic
expansion of a function F on the sphere, with ¥, ,(F) € 5%, , forall p,q > 0.

6. Jantzen filtrations

The following definition is taken from Vogan [28] and provides a way of dealing
with those I, where the intertwining operator A(v) has non-trivial kernel.
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Suppose that E is a finite-dimensional vector space equipped with a real-analytic
family of hermitian forms (:|-),, for —§ < z < §. In addition, assume that {-|-), is
non-degenerate for 0 < |z| < §. The Jantzen filtration of E is the sequence

E=EDE D ---DEy={0}

defined by the following condition:
for n > 0, an element £ € E is in E, if and only if for every ¢ > 0 and
fi{zeC:|z] <€} > E with

(1) f(0)=¢;
(2) z+> (f:(2)|&'), vanishes toordern > 0atz = Oforall§’ € E.

For & and £’ in E take f; and f: as above and set

1
(ElE)" = lim — (£ @I fe @)

PROPOSITION 3 (Jantzen-Vogan). For each n > 0, (-|-)" is an hermitian form on
E, with radical E,

e Rad((/|")°) = E, and
o ()" is a non-degenerate hermitian formon E, /E, .

The algebraic direct sum & of the spherical harmonic spaces ¢, , (p,q > 0) is
the (g', K')-module of K!-finite vectors in each of the spaces I, restricted to §2~!,
When we fix elements f,, f, € &, and consider

vi> (A(W)filf2) (the L*($~!) inner product)

we have an analytic function on the right half plane. The action of the principal
series v > U(v, g) f|s»-1 is an analytic function & — C*®(S**~!) for each g € G'.
Furthermore, there is the intertwining property,

(AW fil f2) = (AWMU (v, ) ilU (v, ) f2), VR(v) >0,8€G.
Taking the derivative of this with respect to v,

(AWALL) =(AMUE, O f U, ) f) + (AU, &) £ U, &) /)
+ (AWMU, AU W 9 F).

If we assume that f; and f, are in ker A(v) and that v is real, this reduces to

(AMALL)=(AMUE,AIUD, 9 f)-

Note that ker(A(v)) is a G-invariant subspace of I, and we have just seen that the
form (A’(v) fi | f») on ker(A(v)) is G-invariant there.
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LEMMA 6. If v is real and positive, the hermitian form (fi, f2) — (A'(v) filf2) is
G'-invariant on ker(A(v)). Furthermore, the nullspace of this form is a G'-invariant
subspace of ker(A(v)).

This argument can be repeated to obtain a descending chain of (g', K!)-submodules
of &, equipped with the representation U (v, -).

o MW ={fe& : (AWSfIf) =0}
e Forj>1,setH(v)={f €A (v) : (AVW)fIf) =0}.
o The hermitian form (f}, f>) = (AY (V) fil f2) is (g', K')-invariant on .A4/_(v).

This is an example of a Jantzen filtration, as defined in [28]. The idea of differentiating
the intertwining operator predates the naming of the process, since it has been used
by Molchanov [21 and 22] and Faraut [S]. Fabec used this for SOy(1, 4) in [4] and
for G = SU(2, 1) in [3], with the non-compact picture of principal series. A similar
technique, differentiating the Poisson transform, had been used by Faraut [6] and
Schlichtkrull [24]. Residues of intertwining operators were used by Shintani [25] and
Johnson and Wallach [10].

We have seen earlier, in equation (20), that for each integer J > O there is the
filtration

S +2J —-2) D Mn+2J-2) D {0}
In addition, we saw that
Mn+2J —-2) = Z J¢,, (algebraic direct sum)
p=Jorg=J
and

Mn+2] == > A,

pzJ and g=J

The argument above shows that (fy, f,) = (A'(n +2J — 2)filf,) is a (g', K")-
invariant hermitian form on A5(n + 2J — 2) and (f1, f2) = (A"(n +2J = 2) fil f2)
is a (g', K!)-invariant hermitian form on .4{(n + 2J — 2). Going back to Lemma 5,
we have that
(21)

(A(n+27 =D f| f) =

S Ry | J—1 .
£ OFG) (Z e 1)’“’(;‘4)!( ) )(xy*)f(yx*)k

s j=J k=0

J—1

> (J ~ J -1 ;
+ Z( ( D/~ J(k—J)'< j )(xy*)’(yX*)"> dp(x)du(y),

j=0 k=J
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forall fi, f> € M(n +2J —2),and fi, f> € A (n+ 2J — 2) implies that

22)
(A'n+20 =Dfi | f) =

o0 00

— J-1nhH? 4
fi (x)ﬁ(y)(Z > (—(T'))(j — k- J)!(xy*)’(yx*)k) dudu(y).
sval .

j=J k=J

To summarize our preceeding discussion, we have arrived at the following theorem.

THEOREM 1. Suppose that J is a positive integer. Then the subspace
ker(A(n —2+2J) Nker(A'(n — 2+ 2J)))

of L,_242; consists of those elements F which when restricted to S**~! have spherical
harmonic expansions

F(x) = Z Y, (F)(x), Vx € §*7.
p.q=J
This is an SU(1, n)-invariant subspace carrying a unitary structure given by the
positive-definite hermitian pairing (f1, f,) — (A"(n — 2+ 2J) f1lf2) . The comple-
tion of this subspace with respect to this norm provides a unitary representation of
SU(1, n).

In [10, Theorem 6.3}, Johnson and Wallach had described a unitary structure on
irreducible quotients of spherical principal series at places where A(v) has a pole,
with negative values of v. They modified the intertwining operators by multiplying
by a meromorphic function which compensated for the singularities at these poles.
Our method could be thought of as being dual to theirs.

7. The results of Johnson and Wallach

Theorem 1 tells us that the derived intertwining norm provides a G-invariant
unitary structure on ker (A(n — 2 4+ 2.J)). Now we will describe its value on each of
the constituent K -types in that representation. Since each intertwining operator A(v)
commutes with the action of the unitary group on functions on the sphere, it acts as a
multiplier of spherical harmonic expansion,

A(v) Z Yy, = Z Ap W)Yy,
p.q=0 P4

where the coefficients A, ,(v) are meromorphic functions of v. In [10] Johnson and
Wallach calculated the values of A, ,(v)/Aoo(v). On page 400 of [6] Faraut refers to
other sources for calculations of these coefficients.
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LEMMA 7. For non-negative integers p and q and a complex number v,

(v) Lefn—=242j—-v\ & (n—-2+2k—v
ap,q (V) p - l_[ A A~ l_l e ——
Agolv) i=1 n—=2+42j+v/) 3\n—2+2k+v
This formula comes from [10, Theorem 6.1], with changes appropriate to the fact
that they use a different normalization of principal series representations.
It is then straighforward to determine the Fourier coefficients of A”(v). For p > 1

and v € R, set f,(v) = j’.’=1(n — 2+ 2j — v). The lemma above says that

Fo W £ (V)
fp(_v)fq(_v) ‘

In particular, if J is a non-negative integer and v = n — 2 + 2J, then the pairs
(p, q) for which both g, ,(x) =0and a, (x) =0Oare {(p,q) : p>J andqg > J}.
From Theorem 1, we see that we must determine a, ,(n — 2+ 2J) forall p > J and
g=>J. Ifv=n—2+2J then

apq(v) =

'm—2+2 'm—2+2
a2 =242 =2 420)

%pq 2 n=2Df,A=n=2])

THEOREM 2. If J is a non-negative integer and if [ is an element of
ker(A(n — 2+ 2J)) Nker(A'(n —2+2J)) C L_52y
then (A"(n —2+2J)f| f)is equal to

— NHlg — D!
C”Z (p—NUqg—J)

Y 22 2n—1ys
(n—2+p+j)!(n_2_+_q+J)!” pa (P L2gsoy

p.q=J

where the positive constant ¢, , depends only on J and n.

Notethat (p—J)!/(n—2+p+ ) =T (p—J+1)/T(p+J+n—1) = p* " as
p — oo. The asymptotics of the gamma function show that this representation space
is a Sobolev type space of distributions on M\ K, with an additional orthogonality or
moment condition. For class one exceptional representations of SOy (1, n), Theorem
9 of [2] gives such a structure in the non-compact picture.

8. Cauchy-Szego operators

For the subgroups A, N, and K defined in Section 1 there is the Iwasawa decom-
position G = ANK. The Iwasawa projections H : G - R, N: G — N, and
K : G — K are given in the expression g = a(H(g))N(g)K(g), for all g € G. For
each complex number A let @ — a* be the character on A such that a(¢)* = e™.
Furthermore, set p = n.
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DEFINITION 8.1. Suppose that (o, H,) is an irreducible unitary representation of
M and that v is a complex number. The nonunitary principal series representation
coming from these parameters is the action of G by right translation on the space

_ f:G— H, ismeasurable, flx € L*(K, H,), and

b= { 75 Fma(ong) = e a(m)f(g),  Vma(ne MAN,g € G |

We will write the action of G on 1, , by

(23) Us(v, 8) f(x) = f(x8), Vx,g€G, fel,,.

Elements of I, , are said to be o ® (o + v)-covariant functions on G and this action
of G is said to be a principal series representation. The space I, , carries an inner
product which comes from integrating over K,

(filf) = / (fik)] f2(k))s dk, Vi frels,.
K

As a representation of K, I, , is equivalent to the subspace of L2(K, H,) given by
{f e X (K, H,): f(mk)y=0(m)f(k), ae. meM,keKk},

equipped with right translation by elements of K. The purpose of the additional factor
p in the definition of the principal series is so that this inner-product is G-invariant
when v is purely imaginary.

When o is the trivial representation of M on H, = C then (I,,, U;(v, -)) is the
spherical principal series representation I, which we studied in previous sections.

The principal series representations come about by inducing finite-dimensional
irreducible representations of M AN up to G. There is a similar construction which
starts with finite-dimensional representations of K.

DEFINITION 8.2. Suppose that (T, J#,) is a finite-dimensional representation of the
compact group K. The space of t-covariants on G is

0 _ ~ f:G — J£ issmooth and
¢ (G,r)_{f, fkg)=tk)f(g) VkeK,geG }

This space carries a representation of G, acting by right translation.

In general this is a realization of the space of smooth sections of the homogeneous
bundle over K\ G with fibre 5%,. When (1, 3#) = (1, C), then this is really the action
of G on the space of smooth complex-valued functions on the symmetric space K\G.

Whenever (o, H,) is an M-invariant subspace of (7|, /¢,), we can produce G-
equivariant operators from (I, ,, U, (v, -)) into C*(G, t), for each v € C. These
operators depend on the M -equivariant imbedding of H, into J#.
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DEFINITION 8.3. Suppose that (o, H,) is an irreducible representation of M, that
(r, 5%) is a finite-dimensional representation of K, and that R : H, —» ] is a
non-zero M -equivariant linear map. For each v € C we define the Cauchy-Szegd map
with data (o, 7, R, v) to be the G-equivariant operator &, : I, , > C*(G, t) defined
by

&, (g) = / ck)'Rf(kg)dk,  Vf €L,,.g€G.
K

This is the definition given in [20], except that here we suppress the dependence
on the choice of A and positive noncompact roots. These are also called r-quotient
maps and vector valued Poisson transforms; see [19 and 27]. The Cauchy-Szeg6 map
with data (o, 7, R, v) has the important property that it always preserves the K-type
7; see [20, Lemma 3.5.1].

LEMMA 8. For all (o, 7, R, v) as above, the image S, (I,,‘v) in C*(G, 1) contains
the K -type (v, 5€,) with multiplicity greater than or equal to one.

Since R € Homy (H,, 7#), Frobenius reciprocity guarantees that there is is a
K -equivariant map

B(\)) : e}ﬁ —> Io,va VI),

where B(v)é(g) = e ™H®R*(1(K(g))¢) forall g € G and & € . The adjoint
B(v)* is the Cauchy-Szegd map with data (o, 7, R, v). To see this, take f € L,, and
& € ##,. Then

(B f1§), = (fIB)§) = f (fRIR*T(k)E), dk.
K

The right-hand side can be rearranged to equal

f (TR RF(K)E), dk = (B, f(DIE), .
K
This means that forall f €1,, and g € G,

6, f(g) = BW)'Us(v, ) f.

It is known (see [13, Proposition 38]) that if v is purely imaginary, then there
exists a unitary intertwining operator &7, : I,, — I, _,. Since t has multiplicity
one in all I, ,, there must be non-zero complex numbers % (v) such that &7, B(v)é =
€ (v) B(—v)§ for all imaginary v and all § € J#. Normalize the operators .27, in such
a way that € (v) = 1. Then

B(w)"'U, (v, §) B(v) = B(—v)* AU, (v, ), B(=v) = B(=v)"Uy (—v, g) B(~v)
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for all purely imaginary v. For each & € S and g € G, the map
v B) U, (v, ) B(v)§
is analytic on the complex plane. Hence,
B)'Us (v, g)B(v)§ = B(—v) U, (—v, g) B(—V)E, VE e A8 €G,

for all complex numbers v. We have proved the following theorem.

THEOREM 3. Suppose (o, H,) occurs with multiplicity one in (t|y, ) and that
R : H, — 3%, is the M-equivariant imbedding. For each v € C, the image of the
K -type © under the Cauchy-Szeg6é map with data (o, t, R, v) is equal to the image
under the Cauchy-Szegé map with data (o, T, R, —v).

Suppose that .4;(v) is the G-invariant subspace of I, , generated by the K-type ,
that is, the G-invariant span of B(v).#,. Then we have shown that

Gu( A (V) = G_, (A (—v)) C CF(G, 7).

Lemma 8 shows that these images are not zero.

9. The invariant differential operator §;

In this section we will fix an integer J > 2 and let (1, ,, 5 ;) denote the ir-
reducible unitary representation of K on the space of harmonic polynomials on C"
which are bihomogeneous of degree (J, J). In [20, Section 6] we constructed a first
order G-invariant differential operator 8; acting on C*(G, t; ;) with the following
properties:

(1) 9, is elliptic;
(2) The K-types in the kernel of 3; are contained in the set

{(tpvq’%.qrp >Jandg > J};

(3) Let R, : C — 5%, denote the inclusion of the line spanned by an M -fixed unit
vector in J¢; ;. Then the Cauchy-Szegé map with data (1, 7, 5, R;,2 —n —2J)
takes I,_,_», into ker(d,).

For each K-type t and real number v let .4;(v) denote the G-invariant subspace
of I, generated by the K -type r. We have already seen that

Guoapos( N, (n =2 +2))) = Gy gy (AN, ,2 —n = 2J)),
and we combine this with the preceeding comment to obtain the following realization

of the irreducible subrepresentations of reducible spherical principal series.
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THEOREM 4, For each integer J > 2, the Cauchy-Szegé map with data
A, 754, Ry,n—2+2J)
is an injective G-equivariant map
G2 tker(A(n —2+2J)) Nker(A'(n — 2+ 2J)) — ker(d,).

When restricted to the space of K-finite vectors, this is an isomorphism of (g, K)-
modules.

The fact that this operator is one-to-one follows from the irreducibility of
ker(A(n — 2+ 2J)) Nker(A'(n — 2+ 2J)).

In particular, this identifies the unitary structure on ker(d; )k, the (g, K)-module of
K -finite elements of ker(d;).

There is also a realization of this unitary structure via the boundary behaviour
described in Blank’s work [1]. Theorem 6.6.1 in [20] exhibits another Cauchy-Szego
map into ker(d,), coming from taking (o,, H,,) to be the irreducible M -invariant
subspace of % ; generated by a highest weight vector. For this (o,, H,,), and R the
inclusion map, the Cauchy-Szegd map with data (o, v, ,, R, n — 2) takes I, ,_ into
ker(d;). This is based on the results of Knapp and Wallach [15]. This is a surjective
map of (g, K')-modules,

ker(0,)x = G, (Ia,,n—2)K = G, 2425 (ker(A(n — 2+ 2J)))g

and so for each F € ker(9,)g, there is a K-finite f € I, ,_, suchthat F = 5,_, f.
Let A(oy,n —2):1,,,_» = L, ;. be the standard intertwining operator, as defined
in [12]. The hermitian form (A(o;,n — 2)f|f ) is a G-invariant on I,,, ,_,. We now
see that this form is positive-definite on the subquotient generated by the K -type 7, ;
in I, ,_». This gives an example of a process which starts with certain scalar-valued
functions on the sphere, produces vector-valued functions on the hyperboloid which
are in the kernel of an elliptic differential operator and then these functions have
vector-valued boundary values on the sphere. For other examples of work in this area,
see [1, 11 and &].
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