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Abstract. We study the moduli space of pluriregular threefolds of general type
with K} = 8,10, 12 and pg(X) =5 and whose canonical map is a finite morphism
onto a smooth quadric O C IP’;‘:.
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1. Introduction. The classical method of classification of surfaces of general
type goes through the study of the canonical map. Although the extension of this
approach to higher dimensions fails to fill up the classification of varieties by means
of their birational invariants, a partial investigation may be done. In particular, one
can study the case in which the canonical map is generically finite.

If X is any algebraic n-fold of general type over the complex field C whose
canonical sheaf is nef and whose canonical map ¢ is generically finite of degree d,
then K% > d(pg(X) —n). In [14] it is proved that if equality holds and |Ky| has no
fixed components then it is base point free. In particular ¢ is a morphism whose
image is a variety of minimal degree. If there are no exceptional curves, then ¢ is also
flat and finite. Briefly, we call ¢ a cover of degree d.

In this paper, we apply the theory of covers of degree d, developed in [6], [4] and
[5] to the case n =3 and d =4, 5, 6. (See [14] for the case n = d = 3, [10] for the
case n = d = 2 and [4] for the case n = 2 and py(X) = 3.) In particular we prove the
following result.

THEOREM. There exists an explicit construction for smooth, minimal, pluriregular
(this means h' (X, OX) = h? (X, OX) = 0), threefolds of general type X with p(X) =5,
K3 =2d=38,10, 12, whose canonical map is a cover 0: X — Q of degree d onto a
smooth quadric Q C Pf‘c.

In the cases K = 8,10 (resp. K3 = 12) this is (resp. is not) the only possible
way to obtain every threefold with those invariants and with such a canonical map.

*This work was done in the framework of the SCIENCE contract SCI-0398—C(A).

https://doi.org/10.1017/5S0017089502010030 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010030

66 G. CASNATI AND P. SUPINO

Moreover, in the case d =4, we also give a rough description of the locus
N4 of such kind of threefolds, inside the moduli space s s of smooth, plur-
iregular threefolds of general type X with p,(X) = 5, K3 = 8. (See Section 5 for the
existence of Mg 5.) More precisely we prove the following result.

=THEOREM. I q“S”d""c is unirational of dimension 126. The unique component of g s
containing Jﬁq"”d”‘ has dimension 128.

The general deformation of each threefold corresponding to a poznl of W”‘“’”L has
birational canonical morphism onto a hypersurface of degree 8 of IPC with ordznary
singularities.

In Section 6 we give some partial results about covers of degree d = 15,6 of
smooth quadrics, whereas in the last section we give some examples of threefolds
of general type X with h'(X,Oy) = (X, Oy) =0, K}_d(pg(X)—3) and odd
Pq(X) =7, as covers of threefolds of minimal degree in I]j’p‘ -

2. A result on covers. The aim of the following section is to list some results
regarding covers which will be helpful in the following sections (see [6], [4], [S]). We
begin by recalling the definition of cover. (See [9].)

DEeFINITION 2.1. Let Y be an integral scheme i.e. a noetherian scheme which is
separated and of finite type over C. Let X be another scheme with dim(X)=dim(Y).
A cover ¢: X — Yis a flat and infinite morphism. Its degree deg(p) is the rank of the
locally free Oy-sheaf 0,Oy.

If Y is smooth and X is Cohen-Macaulay, then every finite surjective morphism
is a cover.

If 0: X — Y is a cover of degree d, then we have the trace map o": Oy — 0,0y .
The locally free Oy-sheaf E= cokerQ# is called the Tschirnhausen module of o (see
[11]) and we have 0,0y = Oy ® £ (Generalize the proof of Lemma 2.2 in [11].)

A cover o: X — Y is called Gorenstein if the scheme-theoretic fibre o~!(y) is
Gorenstein for every y € Y: this is equivalent to the invertibility of the relative
dualizing sheaf wy,y. If Y is Gorenstein, then g is Gorenstein if and only if X is also
Gorenstein. Relative duality yields o, wxy 2 Oy ® £.

Let 0: X — Y be a Gorenstein cover of degree d with Y integral and Tschirn-
hausen module £. It is shown in [6] that o factors through an embedding
i: X—P = P() followed by the canonical projection m:* — Y.

In any case X is the zero locus Dy(8) of a section § € H*(IP, 7*F(2)), where F is a
locally free Oy-sheaf of rank N := d(d — 3)/2. £ and F are called the invariants of o.

If p:Ud — V is a morphism between locally free Oy-sheaves, D,(p) C Y denotes
the subscheme locally defined by the vanishing of the (r + 1) x (r + 1)-minors of a
local matrix of ¢.

Let o: X — Y be a Gorenstein cover of degree d > 3, where both X and Y are
Gorenstein. Since wy & wyy ®0*wy the following proposition allows us to choose
the invariants £ and F so as to ensure that o is the canonical map.

PROPOSITION 2.2. Let both X and Y be integral, 0: X — Y be a Gorenstein cover
of degree d > 3, L € Pic(Y) and assume that & = L% & L.

https://doi.org/10.1017/50017089502010030 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010030

THREEFOLDS WITH FINITE CANONICAL MAP 67

The following assertlons are equivalent:
() F:= (), Ni=dd-3)/2;

(11) wx|y = Q*[, .

Proof. Choose linearly independent sections uj, ..., us2 € H'(Y,€® E*I) o
H'(P,0p(1)® 7°L7") and uy € H(Y,£® L7%) = H(P, Op(1) ® 7*L™?), where
P = P(&). Then each section § € H’(P, 7*F(2)) decomposes as

d-2 d-2
§ = Za,ju,uj+22b Uillg—] +C“d—1»
ij=1 i=1

where a;; € H'(Y, F ® L), b; € H(Y, F® L), c € H'(Y, F ® L).

If (i) holds, then the splitting type of F yields a;; € H'(Y, Oy)", b; € H(Y, E)
ce H(Y, [,2) . In particular, X € P is the scheme-theoretic intersectlon of the N
hypersurfaces Q) of equations

qn(u): = Z a(h)u i+ 2 Z P uugy + P, (2.2.1)

i=1

where a(j) € HO(Y Oy), b p" e H(Y, L), P e H(Y, £%). If U:= {ug-y = 0}, then
XN U is defined in U by the equations

() = Z au;,

lj_

which do not depend on the point y € Y. Since U € X, there is y € Y such that
o '()NU=9¥ and hence XNU=4¢. It follows that Ox=Op(U)y =
(Op(l) @ * L™ )X =~ wyy ®0* L7 ie. oyy = 0" L7
Conversely assume (ii). By Proposition 5.1 of [6], we have the exact sequence

0—F— 826 L 0.0}, —0,

where 0.0%, = £20 (L)@ £+ and 8 € = (£2)™" (£1)*

The matrix of ¢ is
a 0 0
My={D B 0],
e f ¢

wherea:(al,...,am),D:(di) ..... d-2j=1,..., ﬂ?’e:(el""’el‘ﬂ)’B:(lj)[]1 ..... d-2’°
f=fis. - fun)and a;, b;j, c € HO(Y Oy), dij. fi € H'(Y, L) and ¢; € H(Y, £?).
Since rkyr = d, we have a # 0. Let

rk(? 2) <d-2.
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Then the system Myx = 0 has a non-trivial solution x:=(0,...,0, 0, ..., 052, q),
where o; € C, ¢ € H'(Y, £); hence X € Q, where Q € P:=P(€) is the subscheme
defined by the global equation uy( Y=} au; + quo) = 0.

If (a1, ...,a47) #0, then there are distinct subbundles P; C P (i = 1, 2) such
that Q = P, UP,. Hence X = (X N P;) U (X NP,). Since X N P; is an arithmetically
Gorenstein subscheme of P42 its ideal is generated by quadrics so that X ¢ [P; and
X would be reducible.

If (a1,...,04-2) =0 then ¢ # 0: hence the reduced scheme (X),,; < {up = 0},
which is absurd since g is generically smooth, so that

B 0
rk<f C>:d— .

Hence we may consider the morphism ¢: Q*w§,|Y — &% € associated to the matrix

da 0 0
My=\P B! 0|
0 R (!
where @ =7 (0,...,0,1) and P, Q, R are matrices uniquely determined by the con-
ditions Dd + BP = ed + [P+ ¢Q = fB~' + ¢R=0. Since My - M, =1, it follows
that F = 8% £/im(g) = (£2)®", where N:= m — d = d(d — 3)/2. O

3. Existence results in dimension three. From now on let £ € Pic(Y),
E=L%2g L2 P :=PE) and F:= (ﬁz)@N, N:=d(d — 3)/2. We list some Bertini
theorems which will be helpful in the following sections.

ProrosSITION 3.1. Let Y lze an integral threefold, d =4, L, € and F be as above.
The general section § of w*F(2) defines a Gorenstein cover o: X := Dy(8) —> Y of
degree 4 with invariants £ and F.

If Y is smooth and projective and L is globally generated, then X is smooth and
connected.

Proof. The statement is a particular case of Theorem 4.5 of [6]. O

If d > 5 the general section § € HO([P’, T F (2)) cannot define a cover of degree d,
since the codimension of Dy(8) inside P is N > d — 2. In [4] it is proved that for each
Gorenstein cover 0: X' — Y of degree d = 5 with invariants £ and F, there exists a
skew-symmetric map & 7*F(—1) —» 7*F @ detE~' whose pfaffian locus inside P
(i.e. the subscheme locally defined by the 4 x 4-pfaffians of a local matrix of §)
coincides with X. We have the following result.

PROPOSITION 3.2. Let Y be an integral threefold, d =5, L, & and F be as above.
The general skew-symmetric map 8:w*F(—1) — m*F @ det E' defines a Gorenstein
cover 0: X — Y of degree 5 with invariants £ and F.

If' Y is smooth and projective and L is globally generated, then X is smooth and
connected.

https://doi.org/10.1017/5S0017089502010030 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010030

THREEFOLDS WITH FINITE CANONICAL MAP 69

Proof. Choose independent sections u, v, w € H'(Y, £ ® E’l) =~ H(P, Op()®
7L ") and r € HY(Y,E® L7?) = H'(P, Op(1) @ 7L 7).

There is a decomposition § = §,¢ + §,u + &,v + 8,,w, where 3, §, and §,, (resp. §,)
are 5x 5 alternating matrices whose entries belong to H(Y,Oy) (resp. to
H'(Y, £)). Let Pf4(5) be the ideal generated by the 4 x 4 pfaffians of a matrix of
and set X: = V. (Pf4(8)) (for each ideal 1, V', (I) denotes the variety associated to 7).

Let 8:=38,u+8,v+38,wand T:= {t=0}. If & #£ 0, then there is y € Pé such
that P, N XN T =@. Hence P, N X is Gorenstein by [3]. It follows that Pfy(8') is a
homogeneous, Gorenstein ideal and Clu, v, w]/Pf4(8’) is local and artinian. Since
Pf4(8') does not depend on y it follows that X is fibrewise Gorenstein and X N 7 = @.
In particular dim(XNP,) =0 and deg(X NP,) = dimg(Clu, v, w]/Pfs(8)) is con-
stant. Hence ¢: = mx is a cover. Oy has a resolution of the form

0= Op(—=5) @ 7L’ — (Op(=3) @ 7°L}) P>

5 (3.2.1)

- (Op(=2) @ 7*L*)™ — Op — Oy — 0.

Thus the invariants of ¢ are £, F (by Theorem 2.1 of [6])) and degpo = 5 (by (3.2.1)
and direct computation). 5

If £ is globally generated, then H°(Y, &) =0 and V,.(Pf4(8)) is non-singular in

codimension 6. (See Section 6 of [3].) O

If d > 6 a description of covers of degree d is missing. In [S] a particular kind of
cover of degree d =6 called scandinavian is defined. Take two locally free Oy-
sheaves A and B, both of rank 3. For each map §: 7* A(—1) — 7#*B we can consider
the locus X := D(8) € P. If dim(Y) < 2, it is proved in [§] that 0 := 7x: X — Yisa
cover of degree 6 with invariants £ and F := S* A ® S§? B under suitable hypotheses
on Y and the sheaves A, B and €. In the case dim(Y) = 3 we have the following result.

PROPOSITION 3.3. Let Y be an integral threefold, d = 6, and L, £, F be as above.
Define A:= 0y®3, B: = (£_1)®3. The general map 8: w* A(—1) — 7*B defines a scan-
dinavian cover 0: X — Y of degree 6 with invariants £ and F.

If' Y is smooth and projective and L is globally generated, then X is smooth and
connected.

Proof. We choose independent sections ¢, u,v,we H(Y,E® L‘l) &
H'(P,0p@ n*L™") and s € H*(Y,£® L) = H'(P, Op ® 7L 7).

There is a decomposition § = §;s + 8¢ + S,u + 8,v + 8, w, where 8;, 8, 5y, 8,
(resp. d;) are defined by 3 x 3 matrices whose entries are in HO(Y, Oy) (resp.
H'(Y, £)). Let X: = Dy ($).

Let §: =6, + 8,u+8,v+38,wand S:= {s =0}. If & # 0, as in the proof of the
previous proposition there is y € ¥ such that XN P, is Gorenstein. (See [8].)
Moreover the ideal I(8') generated by the 2 x 2-minors of a matrix of &' is homo-
geneous and Gorenstein. Also C[t, u, v, w]/[,(8') is local and artinian, and
dim(XNP,) =0, deg(X N P,) = dimec(Clt, u, v, w]/1>(8')) is constant, so that o: = mx
is a cover. Oy has a resolution as an Op-module of the form

0— Op(—6) @ 7°L° — (Op(—4) @ 1LY —

(3.3.1)
— (Op(=3) @ 7°LY)*" = (Op(=2) @ 7*L7)® — Op — Oy — 0.
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(See [8].) Hence the invariants of g are £, F, by Theorem 2.1 of [6], and deg o = 6, by
(3.3.1) and direct computation. 5

If £ is globally generated, then H°(Y, £) =0 and D;($) is non-singular in co-
dimension 8. O

4. Pluriregular threefolds with p,=5. Let X be a smooth threefold. Recall that
the Riemann-Roch theorem for 2Ky implies that K3 = 6x(Oyx) + 2x(w?); thus, in
any case, K} is even, say K3 = 2d.

Assume p,(X) = 5 and that X is pluriregular; i.e. h'(X, Ox) = h*(X, Ox) = 0. If
the canonical map ¢y: X — IP’?: is finite, then X lies in finitely many families. In
particular if d > 4 (for the case d = 3 see [14]) we have two interesting extremal
cases; i.e. X is either a double cover of a threefold of degree d or a d-fold cover of a
quadric. In this section we study this second case.

THEOREM 4.1. There exist smooth, pluriregular, threefolds of general type X with
po(X) =5, K3 =2d = 8,10, 12, whose canonical map is cover 0: X — Q of degree d
onto a smooth quadric Q C leé, with € = (’)Q(Z)@d_2 ® Op4).

Proof. Notice that Op(2) is globally generated and hence we may apply Propo-
sitions 3.1, 3.2, 3.3 with Y = Q and £: = Op(2) in order to build covers o: X — Q.
The canonical map of X is o by Proposition 2.2. O

In particular in the cases d =4, 5 we can also prove the converse of the above
theorem. Let S be the spinor sheaf on Q. (See [12] for the definition and properties
of S.) We begin by proving the following result.

PROPOSITION 4.2. Let X be a smooth, pluriregular threefold of general type with
Pe(X) =5, K:);( =2d.

Assume that |Ky| has no fixed part and that the canonical map is a cover
0o X—-0Q0C I]:Dfé of degree d onto a smooth quadric.

Then there exists p > 0 such that € = SQY & SGY @ OQ(Z)d_2_4” ® 0p(4).

Proof. Since wy = 0*Op(1), we have wyjp = 0*Op(4). Moreover the isomorphism

Oo(—4) ® E(—4) = (0swx10)(—4) = 0.0y = Op B & (4.2.1)

gives rise to a factorization of the identity on Op as Og LN Op(—4) 695(—4)%
Oyp. Since h°(Q, Op(—4)) = 0, it follows that both i and r split through £(—4). Hence
Op(4) is a direct summand of £.

Since wy = 0*Op(1) is ample and X is pluriregular one gets

H(Q. (@E)m) = H (X, (@.00)m) = (X o) =0 (i=12),

by the Kodaira vanishing theorem. It follows that Horrocks’ theorem (see [1, Cor-
ollary 6.8]) gives us
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h d-2
E=PsB)e P Ooley) ® Og(4), (4.2.2)
i=1 J=2h+1

where S is the spinor sheaf on Q (which is locally free of rank 2) and «;, B; are
suitable integers.

In order to compute ; and B;, we fix a general hyperplane section Q € Q. Then
both Q and X: = ¢~ !(Q) are smooth and connected and p: = oy is a cover of degree
d. It follows that the dualized Tschirnhausen module of g is £&:1= € ® (95

By adjunction on X we obtain wy = g*O4(2). It follows that h(X,0"Og (t)) =0
for > 3and i > 1. Moreover x(Oy) = x(wy) = x(@%) — x(wy) = d+ 8 by Rlemann-
Roch. It follows also from Riemann-Roch for Q*(’)Q(t) that

W(0.€0) = dit —2) +d+8 — (t+ 1% 1>3. 4.2.3)

In Theorem 1.4 and Example 1.5 of [12] it is proved that S® (’)5 o Oa(—l, 0)®
OQ(O, —1). Then formula (4.2.2) yields

d-2

h
E=P(056 - 1.8)® 05 i~ 1)) & D Oglw)®O5(4).  (42.4)
i=1

Jj=2h+1

By (4.2.1), we get

(0. 05(~3) @ E(=3)) = 1°(Q. O5(1) ® E(1)) = K(X. 2" Og(1) = 4.

Taking into account the isomorphism (4.2.4) we finally obtain 2 < 8; <3, and

@ = 2.
Let 1 <p <hbesuch that ;=2 fori=1,...,p, Bi=3fori=p+1,...,h
Comparing formulas (4.2.3) and (4.2.4), for any ¢ > 3, we obtain s = 2p. O

With the notations of the proof above, since 4p < d— 2, it follows that if
d=4,5 then p = 0 necessarily. Hence we have the next result. See also Proposition
2.2.

COROLLARY 4.3. Let X and ¢ be as in the above statement. If d =4,5 then
£ 0p(2)% 2 ® Op(d) and F = Og(L)N, where N = d(d — 3)/2. O

The results above are sharp as the following example shows.

ExAMPLE 4.4. Let £, := S(2) on a smooth quadric Q C [P’;‘:. Theorem 2.8 of [12]
implies that H := S £, ® det & !is globally generated. We conclude that the general
section 17 € HO(Q, H) defines a cover : T — Q of degree 3 with Tschirnhausen
module &;, where T is smooth. (See [6, Theorem 3.6].)

Now let L:=w7' ® *Op(l). We have that z.L = (07 ® t*Op(4)).
Duality for finite flat morphisms (see [9, Exercise II1.6.10]) then yields
T, L= (U*a)zﬂg)v@ Op(4).

Finally Proposition 5.1 of [6] implies that a*a)leQ =~ §2&,. Then
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L~ (S*S@)® 0p(4) = S*S(2),

which is globally generated (again by Theorem 2.8 of [12]). Since 7 is affine then the
natural map t*t,L — L is surjective and therefore

H'(S, £) ® Os = H(0, §? S(2)) ® Os — 1" S* S(2) — T"t.L — L

is surjective too. In particular £ is globally generated. Let o: X — T be the double
cover associated to a general section of £2, so that X is smooth. (For double covers
see Section 1.17 of [2].)

The map 0 :=t00: X — Q is a cover of degree 6. Moreover

0.0y = 1,0,0y 2 1,(Or ® L)
~ 09 ® S(—2) ® t.(wsip ® T Op(—4)) =
>~ 0p @ S(—2) @ (O ® S(2)) ® Op(—4)) =
> 0 @ S(—2) & S(—3) & Og(—4).

Thus the Tschirnhausen module € of o satisfies £ 22 S(2) ® S3) ® Op(4).

In partlcular h(X, Ox) = h(Q, £) =0 when i = 1,2; i.e. X is pluriregular, and
po(S) = (X, Oy) = h*(Q, 6’) = 5. Finally notice that wy = o*(wr ® £) =2 0*Op(1);
i.e. o is the canonical map.

5. Covers of degree 4 of a smooth quadric. Let ) be the moduli space of
canonically polarized, smooth threefolds with Hilbert polynomial

h(t) := x(oy) = él(Zt —1)(t—1)d + 8t — 4.

(See [17] for the existence of such an J).)

If X is a smooth, pluriregular threefold of general type with K} = 2d and
Pq(X) =5, then it represents a point [X] € . The set Wiy 5 of such points is open
inside Y. In particular Wy, 5 is a coarse moduli space for smooth pluriregular
threefolds of general type with K3, = 2d and p,(X) = 5.

We denote by EIRZZ“?”C the locus in My, s of points representing threefolds X
whose canonical map g: X — Q is a morphism onto a smooth quadric Q C P4

As has been previously noted, the invariants of such a cover are
E=09(2)® 0p(2)® Op(4) and F := (9Q(4)®2 and X is the zero locus in P(€) of a
section § € H'(P, n*F(2)). Since, by the projection formula, H°(P, o F (2)) =
HO(Q, SERF ) , they form a unirational family F which is birationally isomorphic
to H'(Q, §? € ® F)/Aut(¥) and hence of dimension 1°(Q, $* € ® F) — dim(Aut(F))
= 168, since Aut(F) = GL,.

To compute dim (%g’f’;dm), one has to take away the dimension of the group
of automorphisms, which splits as G := Aut(€)/C* x Aut(Q). Now Aut(Q) is
10-dimensional, whereas Aut(€) is formed by the order 3 non-degenerate square
matrices

https://doi.org/10.1017/50017089502010030 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502010030

THREEFOLDS WITH FINITE CANONICAL MAP 73

ay ap 0
as  dg 0 s
b by as

where the s are constants and b; € H°(Q, Op(2)). Hence dim(Aut(£)) = 32. Finally
the stabilizer in G of each general point in F is finite, since it is isomorphic to the
automorphism group of the corresponding threefold of general type. Therefore

dim (W) = 168 — 10 — 32 = 126. (5.1)

Something more can be said about the component of Migs to which those
threefolds belong. In fact, the splitting of the bundle £ is compatible with the bundle
associated to a bidouble cover of the smooth quadric Q; i.e. a cover with an action
of the group Z, x Z, on the fibers compatible with the cover. (See [7] or [13, par. 3]),
branched on a divisor B = 2D, + 2D, where D; € H*(Q, Og(4)). In other words,
the cover of degree 4 may be specialized to a bidouble cover.

Let 9: X — Q be such a cover: then one has the exact sequence of the normal
sheaf to the map g, namely

2
0— O3 > 0'0p — ) On,(4) ® Op,(2) > 0, (5.2)
i=1

where ® denotes the tangent sheaf. Recall that the above sequence induces a map
o: @?ZIHO(Di, Op,(4) ® Op,(2)) - H'(X,©5) whose image im(d) locally para-
metrizes the family of the first order natural deformations of the bidouble cover in
Mg s. (For the definition of natural deformation see [7] or [13, par. 5].)

We denote by EIR"“[”"’I the locus inside Mg s of points representing natural
deformations of b1double COVers.

PROPOSITION 5.3. M’ ¥ic i unirational of dimension 126 and it coincides with the
Sfamily of natural deformations of bidouble covers of Q. The component of Mg s con-
taining *Jﬁql’“d' " is unique and it has dimension 128.

Proof. By the projection formula /'(X,0*0p) = h'(Q, ©¢ ® 0:05). With the
help of standard exact sequences it is not difficult to prove that

_ 10 i=0,
h(X,0"0p) = {2 i=1,
0 i>2.

Moreover, since the D;’s are complete intersection surfaces in IP’?:,

54 + 14 = 68

0,
0 1.

i (Dj, Op,(4) ® Op,(2)) = {

Vol

i
i

Finally H°(X, ®3) = 0, because X is of general type. On the one hand it follows that
im(d) and hence JJEZ“S’”"'[ has dimension 126. On the other hand Wegs"* < ML

has dimension 126 too, by (5.1). We conclude that they must commde
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The cohomology of the sequence (5.2) therefore gives

. 128 i=1,
e ={g" 121

Since a neighborhood of [X] in Mg s is the quotient of the base of the Kuranishi
family B~ H'(X, ©3) by Aut(X), it follows that EIR"”“ " is contained in a unique
component of g s. O

It is known that the locus M5'<“"“ C My 5 of pluriregular threefolds X with
K} =8, pe(X) =5, having birational canonical morphism is irreducible of dimen-
sion 128. (See [15, Theorem 2.6].) The canonical images are hypersurfaces of degree
8 of IP’?:, with a surface of degree 8 as locus of double points; (see [15, Example 2.4]).
The equation can be given as f1¢> + f2¢q — ¢* = 0, where f; are general polynomials
of degree i, for i = 2,4, and ¢, ¢ are the generators of the ideal of the surface of
double points, of degree 2 and 4 respectively.

One can observe that the graded canonical ring ®,,czH’(X, ) of such an X
has 5 generators in degree 1, one generator in degree 2 and 2 relations in degree 4
(Riemann-Roch for the plurigenera). This means that X may be thought of as the
complete intersection of two hypersurfaces of degree 4 in the weighted projective
space P(1,1,1,1,1,2).

Let xo, .., x4 be a system of generators of degree 1 and let y be a generator of
degree 2 for the canonical ring of X. One can suppose, without loss of generality, that
the equations defining X in P(1, 1, 1, 1, 1, 2) (or equivalently, in IP((’)Pa @ (’)P4 (2)); in
which case y is thought of as an affine variable), are

¥+ (X)y + Bi(x) = 1 + aa(x)y + Ba(x) = 0,

where «, € H'(P¢, Opt (2)) and B € H'(PE, Opst (4)). The equation of X C P¢
given above can be recovered by eliminating the y ‘coordinate.

PROPOSITION 5.4. For each threefold X representing a point in 'S Ui there exists
a l1-parameter family whose general point lies in EIRb’m”O"“I.

Proof. Consider a threefold X in JJ“’”“‘[”‘ and its equations (2.2.1) in P := P(&).
We can embed P C P := IP’(O[P,4 @ O[P,A ® OP4 (2)).

With this in mind, up to a suitable linear transformation of up, Uy, U3, We can
assume that the equations of X in the open subset U := {u3 # 0} C P are

V14 a1(X)y2 + bi(x) = ¥3 + aa(x)y2 + ba(x) = g(x) = 0,

where yi = ui/u3, ay € H' (P, Op (2)). by € H(PE, Ops (4)) and Q = {g = 0}.
Consider X; € P given by

¥1 +a1(x)y2 + bi(x) = ¥3 + ax(x)y2 + ba(x) = 132 + q(x) = 0.
(Notice that {ty; + ¢g(x) = 0} = IP’(OP4 @ OW (2)).) Then X = X, whereas if 1 £ 0 we

can eliminate y, from the third equat10n “thus obtaining a general threefold in

E)ﬂb” anonal' ]
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birational
8

COROLLARY 5.5. The closure of 'S in Mg s is the unique component

.. {ric
containing NLS.

Proof. It is an immediate consequence of Propositions 5.3 and 5.4. O

REMARK 5.6. Consider the locus ‘Jﬁgf‘gmc C My s of points representing three-
folds X whose canonical map is a finite morphism of degree 2 onto a smooth quartic
F € P¢. Then dim (M) = 113 and, as above, it can be proved that the unique
component of Mg 5 is again the closure of wegjg”’m"“’. (See Remark 2.2 of [14].)

6. Covers of degree 5,6 of a smooth quadric. In this section we give some
information about the dimension of %;’Zflsdm, when d = 5, 6.

6.1. d=5. Each cover of degree 5 of a smooth quadric of IP’?: is the pfaffian
locus in P(E) of a section § € H'(P, 7" A2F ® n* det £7'(1)), where & := Op(2)®
00(2) ® 0p(2) ® Op(4) and F := Op(4)®°.

Since, by the projection formula, H(H'(P,7*A>F @ n*det& (1)) =
HO(Q, AF@detE'QE), they form a unirational family given by
HY(Q, A2F ® E® det &) /Aut(F), which is thus of dimension

(0, A*F ® E®detE™") — dim(Aut(F)) = 170 — 25 = 145,
since Aut(F) = GLs.
PROPOSITION 6.1.1. 9)3%"’5‘1 " is unirational of dimension 84.
Proof. Again to compute dim (ﬁm?g”g’ m;)’ one has to take away the dimension of

the group of automorphisms Aut(S)/C* x Aut(Q). Now Aut(€) is formed by the
order 4 non-degenerate square matrices

ay dy a3 0

as ds  dg 0

a; dg dg 0 ’
bi by by ap

where the s are constants and b; € H’(Q, Op(2)). Hence dim(Aut(£)) = 52, and the
stabilizer in G of each general point in F must be finite. (It is isomorphic to the
automorphism group of the corresponding threefold.) O

Notice that the locus %?&"5’["””] of points of Mg 5 representing threefolds whose
canonical map is birational has dimension 87. (See Theorem 4.5 of [15].)

Unfortunately such covers cannot be abelian. Thus we cannot compute the
dimension of the component of Mo 5 of smooth, pluriregular threefolds of general
type X with K3 = 10, py(X) = 5 containing them via the method used in the previous
section for Wg'S dric,

6.2. d=6. Now consider the case K3 = 12. Each scandinavian cover of a
smooth quadric of I]j’f‘C is the degeneracy locus D;(§) € P :=P(£) of a section
8 € H'(P, m*A® m*B(1)) = homo, (7*A, 7*B(1)), where & := 0o(2)** & Op(4),
A= 03, B = Opi (-2)%.
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Notice that g:=(a,b) € G := Aut(A) x Aut(B) acts on the above § by
g(8) = bé'a. Hence the action of G has generic stabilizer Gs := {(A /3, A L) e CF).

Since H'(P, m*A® n*B(1)) = H*(Q, A® B® &), scandinavian covers form a
unirational family F:= H°(Q, A® B® £)/(Aut(A) x Aut(B)), whose dimension is
dim(F) = h°(Q, A® B® €) — dim(Aut(A)) — dim(Aut(B)) + 1 = 162 — 17 = 145,
since Aut(A) = Aut(B) = GL;.

PROPOSITION 6.2.1. dim (2172‘{;“54”‘) > 63.

Proof. M5 contains the locus Mj5"«™" ™" of threefolds whose canonical map
is a scandinavian cover of a smooth quadric. (See the description above.) For com-
puting dim (V52" one has to take away the dimension of the group of
automorphisms Aut(£)/C* x Aut(Q). Now Aut(€) is formed by the order 5 non-

degenerate square matrices

ay as as aa 0
ds de ay asg 0
as ap ap ap 0 |,
a3 ais ais a0
by by by by ap

where the @js are constants and b; € H(Q, Op(2)). Hence dim(Aut(€)) = 73. The
stabilizer in G of each general point in F is finite. O

Notice that the locus D54 of points of M2 5 representing threefolds whose
canonical map is birational has dimension 67. (See Theorem 5.4 of [15]: the correct
value is 67 as it follows from the proof.) It could be interesting to check that
dim(D5 <) = dim(We5 2", If this is the case

dim (M74") = dim (ML44™) +d—2, d=3,4,5,6.

Notice that Example 4.4 assures that EIR’I";'S"["MW”" + EIR‘{S(’Sd”C.

7. Examples of pluriregular threefolds with odd p, > 7. Let X be a smooth
threefold. Assume that X is pluriregular, with K3 = d(p(X) — 3) for py(X) > 6.
Moreover we consider oan/ the case in which |Ky| has no fixed part and the cano-
nical map ¢y: X — P{g(X)* is finite of delgree d. (Hence |Ky| is base-point-free.)

It follows that W: = ¢x(X) C P%’(X)f has minimal degree p.(X) — 3. Hence it is
a rational normal scroll. Let W be a minimal resolution of the singularities of W.
There are integers 0 < a; < ap < a3 such that

W: P(OPE(GI) S @pé(az) (&) OPE(%)) _I> W C P{g(){)_l.

The triple (a1, a2, a3) is called the 7ype of the scroll W and we write W(y, 4,.45) instead
of W.If a; > 0 then W = W. Otherwise W has at most rational singularities.

In what follows we shall assume that W is smooth. The embedding W C I]j’f:“(x)_
is induced by the tautological bundle Oy/(1); hence pg(X) — 1 = a1 +a> + a3 +2. In
this case the canonical map is a cover g: X — W of degree d.

1
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Recall that Pic(W) = ZO0w(1) EBZp*OP}c(l), where p: W — [P’clB is the natural
projection. )

THEOREM 7.1. For each positive integer v > 2, each d =4,5,6 and each triple
1l <ay <ay <ay withay +ay+ az =2v, 3a; + 1 > ay + as, there exist smooth, plur-
iregular, threefolds of general type X with pg(X) = 2v + 3, K3, = 2vd, whose canonical
map are covers 0: X — W, 4,.4y) 0f degree d.

Proof. Fix n, d and (a;, as, a3) as above and define 2v:=a; 4+ a + a3. The
invertible sheaf £:= Oy (2) ® p*OP}C( 1 — v) is globally generated if 2a¢; > v — 1;1.e. if
3a; + 1 > ay + a3. Hence we can apply Propositions 3.1, 3.2 and 3.3 above and we
get covers o: X — W of degree d with X smooth. Moreover

W (X, Ox) = (W, 0.0x) = K(W, Ow) + K (W, &),

where &= L% @ 2. Since W is pluriregular and A'(W, £7") = h'(W,L£7%) =0
for i =1, 2, each such X is pluriregular too.
Finally oy = Ow(-3) (X)p*(’)[p,}C (2v —2). Hence

wy = Ow(4) ® p*Op (2 = 2v) ® ¢"ww = Op(1) = gxOpy-1.
It follows that p,(X) = n and g is the canonical map of X: in particular K3 = 2vd. [

As an example, we now compute the number of moduli in the case K3 = 8v,
v > 2. Recall that £ := Op(2) ®p*(9p}c(1 —v) where 2v := a; + a; + a3.

LEMMA 7.2. Let W C I]j’?c"+2 be a nonsingular scroll of degree 2v. We have

(W, L) =2+ 1241 (W, L),
KW, £%) = 10v+ 45+ h' (W, L),
R(W, L") = (W, L") =0, form=1,2.

Proof. Consider the exact sequence

0 — Ow(2m) ®P*OP}C(’”(1 —v)) = Op(2m) — Op,(2m) — 0,

where D,, € p*(’)[p,gC (m(1 — v))‘. Owing to the smoothness of W each such general D,,
is formed by m(v — 1) disjoint planes.

Since the scrolls are projectively Cohen-Macaulay, the dimension of the linear
system cut by the hypersurfaces of the projective space depends only on the degree.
Therefore, we compute h°(W, Oy(2m)) on a particular scroll by means of the pro-
jection p on PJ;. One has

W(W, Ow(2m) = i (P, S*"(Op1 (1) ® Opy (a2) © Op (a3))).-
The computation in the 3 cases (a, 4, a), (a,a,a+ 1), (a,a+ 1, a + 1), depending

on the class of 2v modulo 3 (those are called balanced scrolls), by projecting on [P’J;
gives h'(W, OyA(2)) = 8v+ 6 and h°(W, Op(4)) = 40v + 15.
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Moreover, h°(Dy, Op,(2)) = 6(v—1) and h°(D,, Op,(4H)) = 30(v — 1). Since
one has hi(W,(’)W(Zm)) =0, for m=>1, it follows from the exact sequence of
restriction that

(W, L") = I(W, Oy(2m)) — h°(Dy, Op, (2m)) + h' (W, L™).

Finally for m > 1 one has h’(D,,, Op,(2m)) = 0. O

Consider the balanced case when (aj, a;, as) coincides with either (a, a, a) or
(@,a,a+1) or (a,a+1,a+ 1) according to the class of 2v modulo 3. Since
W(Ww,L") =0, m=1,2, we obtain the family F:= H’(P,7*F(2))/Aut(F) of
dimension

hO(IP, n*]v-'(2)) — dim(Aut(F)) = hO(W, Fes &) — dim(GL,) = 28v + 140.

The corresponding moduli spaces Mg, Zlvl +3.¢ of isomorphism classes of nonsingular
threefolds with p, = 2v 4+ 3, K3 = 8v and canonical map of degree 4 with Tschirn-
hausen module £ onto a smooth scroll W C P2”+2 is obtained by quotienting out the
automorphism group of PP which is G = Aut(S)/C* x Aut(W). As above the stabi-
lizer in G of each general point in F is finite, since it corresponds to the auto-
morphism group of the corresponding threefold of general type.

We have dim(Aut(f))) =5+21°(W,L) =4v+28. Moreover Aut(W) =
Autpl (W) x Aut([P’@) (Aut[p1 (W) is the group of the automorphisms of W fixing the
fibers of p.) Thus in the balanced case one always has dim(Aut(W)) = 11. Therefore
we have a family of threefolds, up to isomorphism, of dimension 24v + 101.

We remark that this number is the biggest we can obtain with the above
construction, since (W, F ® S*€) decreases while dim(Autp: (W) increases for
unbalanced scrolls. Therefore we have the following result.

PRrOPOSITION 7.3. )Tgf}'%+3 ¢ is unirational of dimension 24v + 101 for v > 2.
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