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Abstract

The Hamiltonian of a conventional quantum system is Hermitian, which ensures
real spectra of the Hamiltonian and unitary evolution of the system. However, real
spectra are just the necessary conditions for a Hamiltonian to be Hermitian. In
this paper, we discuss the metric operators for pseudo-Hermitian Hamiltonian which
is similar to its adjoint. We first present some properties of the metric operators
for pseudo-Hermitian Hamiltonians and obtain a sufficient and necessary condition
for an invertible operator to be a metric operator for a given pseudo-Hermitian
Hamiltonian. When the pseudo-Hermitian Hamiltonian has real spectra, we provide
a new method such that any given metric operator can be transformed into the same
positive-definite one and the new inner product with respect to the positive-definite
metric operator is well defined. Finally, we illustrate the results obtained with an
example.
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1. Introduction

As a fruitful extension of conventional quantum mechanics, pseudo-Hermitian quan-
tum mechanics has developed into a noteworthy area of research, especially
PT-symmetric quantum mechanics [3, 4, 8, 23]. This theory has been widely discussed
and developed. Consider a quantum system determined by a Hamiltonian H. In order
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to ensure the applicability of the conventional theory of quantum mechanics, it is
necessary for H to be diagonalizable with real spectra [16]. However, such a necessary
condition can be satisfied even if H is not Hermitian [2, 11]. Mostafazadeh [12] showed
that a non-Hermitian Hamiltonian with discrete spectra and a complete biorthonormal
system of eigenvectors is pseudo-Hermitian if and only if the spectra are all real,
or the complex eigenvalues come in complex conjugate pairs and the geometric
multiplicity and the Jordan dimensions of the complex-conjugate eigenvalues coincide.
The pseudo-Hermitian Hamiltonian which is defined by a similarity transformation,
H' = WHW~™!, where W is called a metric operator for H, has developed into
a noteworthy area of research, and systems evolving under pseudo-Hermitian
dynamics display rich phenomena [7, 9, 10, 22]. In fact, the metric operator for a
pseudo-Hermitian Hamiltonian is not unique, and it is worthwhile to discuss the
properties of the metric operator and the structure of the set of all metric operators.

Indeed, H is diagonalizable and has real spectra if and only if there exists a
positive-definite operator i such that H" = nHn~' [13]. The positivity of n implies that
H belongs to a special class of pseudo-Hermitian operators called quasi-Hermitian
operators [21], while the pseudo-Hermitian operators only require that 7 is invert-
ible. Then a consistent quantum theory can be built with a new inner product
(:[)y = {Inl-), and any H satisfying (-|H-),, = (H - |), is Hermitian [12]. Furthermore,
putting 0 = /57, we have H similar to the Hermitian Hamiltonian, 4 := oHo™'. Hence,
the quasi-Hermitian quantum theory that is determined by H admits an equivalent
Hermitian description in terms of the (standard) Hilbert space with the Hermitian
Hamiltonian £ [14, 15]. However, the specific form of 4 depends on the choice of o,
since 9 = U+/n also satisfies the condition. This has motivated the search for alternative
methods of computing the most general metric operator for a given pseudo-Hermitian
Hamiltonian [17, 18, 20]. For a quasi-Hermitian Hamiltonian H, if the given metric
operator W is not positive, then the inner product with respect to W is indefinite. While
Mostafazadeh [13] ensures that there must exist a positive-definite metric operator,
changing the nonpositive metric operator to a positive definite one is an interesting
topic to explore.

Since in a finite-dimensional quantum system each Hamiltonian has a matrix
presentation with respect to the given orthonormal basis, the Hamiltonian and the
corresponding matrix are considered to be identical and there is a growing body
of literature that pertains to the finite-dimensional case, such as pseudo-Hermitian
random matrix theory, and pseudo-Hermitian spin systems [5, 6, 19]. In this article we
discuss the metric operators for pseudo-Hermitian Hamiltonians in finite-dimensional
quantum systems. In Section 2 we first establish some properties of the metric
operator and obtain a sufficient and necessary condition for an invertible operator
to be a metric operator for a given pseudo-Hermitian Hamiltonian according to the
vec map. Then in Section 3 we provide a method to change a given metric operator
which is not positive-definite to become a positive one when the pseudo-Hermitian
Hamiltonian has real spectra. Our findings and conclusions are summarized in
Section 4.
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2. The two golden rules

A physical system which is determined by a Hamiltonian is a Hilbert space (a
complex vector space with inner product), and the Hamiltonian corresponds to a linear
operator. Suppose that H € B(C¢) is a Hamiltonian, H is the adjoint of H, H” is the
transpose of H, |/ is a unit column vector, (/| = (|))" is a unit row vector.

DEFINITION 2.1 [12]. Let H € B(CY). If there exists an invertible operator W such
that H* = WHW™!, then H is called a pseudo-Hermitian Hamiltonian and W is called
a metric operator for H.

We note from the Definition 2.1 that, in particular, when W =1, the pseudo-
Hermitian Hamiltonian coincides with a Hermitian Hamiltonian. Therefore, all
Hermitian Hamiltonians form a subset of the set of pseudo-Hermitian Hamiltonians.

We now present some results about the pseudo-Hermitian Hamiltonian and its
metric operators.

THEOREM 2.2. Let H be a pseudo-Hermitian Hamiltonian on B(C?) with a metric
operator W.

(1) The spectra of H are all real or complex conjugate pairs.

(ii) W' is also a metric operator for H, and a Hermitian metric operator for H can
always be determined.

(>iii) For any A € R\{0}, AW is a metric operator for H.

@iv) If M is another metric operator for H and W + M is invertible, then W + M is a
metric operator for H.

(v) If an invertible operator A commutes with H, then WA*(k € N) are metric
operators for H.

(vi) If an invertible operator B commutes with H', then B*W(k € N) are metric
operators for H.

PROOF. Let H be a pseudo-Hermitian Hamiltonian with a metric operator W, that is,
H' = WHW™!

(i) Because the spectra of H and H' are complex conjugate to each other and a
similarity transformation does not change the spectra, the spectra of H are all
real or complex conjugate pairs.

(ii) From H' = WHW™! it follows that H = (W) '"HTW' and H' = W HW)~!.
Thus, W' is also a metric operator for H. If the given W is Hermitian, then that
is true. Otherwise, there exists a # € R such that —e*?T # W~'WT; put

W=e'W+e W'
Then W is Hermitian and satisfies H'W = WH. Since the spectra of W~ W'

does not contain —e??, the inverse of W is e /[ + e 2’W~'W']"!W~!. Hence,
W is a metric operator for H.
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(iii) This follows from the definition of the pseudo-Hermitian Hamiltonian.

(iv) This follows from the definition of the pseudo-Hermitian Hamiltonian.

(v) By the definition of the pseudo-Hermitian Hamiltonian and since AH = HA,
we have (WA)H = WHA = H'(WA). Thus, for all k € N, W, = WAX are metric
operators for H.

(vi) This is similar to (v).

The proof is now complete. ]

In order to understand the metric operators for a given pseudo-Hermitian Hamilto-
nian operator, we introduce the operator—vector correspondence as follows. We know
that

vec: L(X,Y) » Y®X

is the linear bijection and isometry, mapping an operator to a vector [1]. For u € X and
v € Y, we have

vec(uvT) =u®v,
where the bar denotes the complex conjugate.

THEOREM 2.3. Let H € B(CY) be a pseudo-Hermitian Hamiltonian and W € B(C?) be
invertible. Then W is a metric operator for H if and only if

(I®H" - H' ® Ivec(W) = 0.
PROOF. Necessity. Let W be a metric operator for H. Then H' = WHW~! and
vec(H'W) = vec(WH).
Using the property of the vec mapping,
vec(AXBT) = (A ® B)vec(X),
we have
(H" @ Ivec(W) = (I @ H )vec(W).
Thus,
(I®H" - H' ® I)vec(W) = 0.
Sufficiency. Let W satisfy (I ® HT — H' ® I'vec(W) = 0. Then
(I ® H"yvec(W) = (H' ® I)vec(W)
and

vec(WH) = vec(H'W).
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Since the vec mapping is a linear bijection, we have WH = H'W. Since W is invertible,
it is a metric operator for H. This completes the proof. ]

REMARK 2.4. When SeB(CdZ) commutes with /@ H' — H' ® I, we have that
S(vec(W)) is also an eigenvector of /® H' — H' ® I corresponding to eigenvalue
0. If S is invertible, then vec™!(S(vec(W))) is a metric operator for H. When H is
invertible, we have the following results.

(i) Take S = I ® H” and I ® H” (vec(W)) = vec(WH). Then W = WH is a metric
operator for H. Moreover, we see that it is consistent with Theorem 2.2(v);
here, we take A = H.

(ii) Take S = H' ® I and H" ® I(vec(W)) = vec(H'W). Then W = H'W is a metric
operator for H, and it is consistent with Theorem 2.2(vi); here, we take
B=H"

(iii) Take S = H' ® HT and H' ® HT (vec(W)) = vec(H'WH). Then W = H'WH is
a metric operator for H.

Furthermore, for all k € N, WH¥, (H T)kW and (H "')kWH" are Hermitian if the metric
operator W for H is Hermitian.

For example, when H = (é _'i ), we have

26 2 -2 0

10 0 -2

T _ gt —
leH" -H'el=| | o o 5|
0 -1 1 -2

By calculation, the eigenvalue zero of the operator (I ® H” — H' ® I) has multiplicity
2,anda; = (0,1,1,0)T and a» = (2, -2i,0, 1)T are two linear independent eigenvectors
of I®@ H' — H' ® I. Then we obtain two metric operators for H:

_ 0 1 _ 2 =2i
W, = vec l(al):(] O)’ W, = vec l(a/2)=(0 11).

For any nonzero linear combination S of @; and a,, if vec™!(B) is invertible, then
vec™!(B) is also a metric operator for H. We see that the metric operator W, as
above is not Hermitian. From the proof of Theorem 2.2(ii) a new Hermitian metric
operator,
o i 2 V3-i
W, = el/r/3W +e*l7r/3WT — .
: . 27 \V3+i 1

as 0 = «r/3, is obtained for H.

In the following section, for a pseudo-Hermitian Hamiltonian H, the corresponding
metric operator W may always be chosen to be Hermitian, that is, W = W',
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3. The results of metric operators for pseudo-Hermitian Hamiltonian

In this section we assume that the Hamiltonian H € B(C¢) has different eigenvalues.
Let H admit a complete biorthonormal set of eigenvectors {|E,), |E,)}. Then it satisfies
the following defining relations:

HIE,) = v,lE), H'IE,) =7,E,), 3.1)
<En|Em> = Opms (3.2)
D UENEN = Y NENE, | = 1. (3.3)

Here, 6,,, stands for the Kronecker delta function, and 7 is the identity operator. In
view of equations (3.1)—(3.3), we have

H= ylEXE) H = 3E)E,. (3.4)
In addition, if H is a pseudo-Hermitian Hamiltonian with metric operator W, that is,
H' = WHW™!, put
xyw = Wiy, for all |x),[y) € K.
Then, for any m,n,
Yol EnlEndw = (En|WH|E,) = (EulH ' W|E,) = Yiu(En|Enw
and we can write
Yn = YmXEnlE)w = 0. (3.5
Therefore, this determines
EnlEnw = o6y, 7, (3.6)

where  ppn = KEnlE)wl >0 and  6(m,n) = Arg(E,|E,)w) is the argument of
<Em|En>W

If there exists an eigenvalue y; ¢ R, then (Ej|E;)w = 0. In this case, it is impossible
to define an inner product with respect to W. If all eigenvalues are real, the product
in equation (3.6) which can be become negative due to this exponential factor
(for example, W has negative eigenvalues), cannot define an inner product. In fact,
the quadratic form in equation (3.6) satisfies the inner product conditions except
positive-definiteness, because the metric operator W is not necessarily positive, and
H is Hermitian with respect to this quadratic form since

(lHIy)w = {WHIy) = (H Wly) = (HXIWly) = (Hx|y)w.

Thus, when the spectra of pseudo-Hermitian Hamiltonian are all real, it is significant to
find a positive metric operator such that equation (3.6) is a well-defined inner product,
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and the non-Hermitian Hamiltonian can be exchanged for the Hermitian case. Besides,
the existence of this positive metric operator was shown by Mostafazadeh [13], who
proved that the spectra of H are real if and only if there is a positive invertible linear
operator 5 such that H' = nHn™'.

Hence, for a pseudo-Hermitian Hamiltonian H with real spectra, we provide in the
following a method to change the given nonpositive metric operator (W # 0) into a
positive one (7 > 0).

THEOREM 3.1. Let H be a pseudo-Hermitian Hamiltonian with real spectra. For any
metric operator W for H, it can be transformed into n = 3., |E,)}{E,|.

PROOF. Let the eigenvalues of H be all real, that is, y,, € R for all n. By equation (3.4),

H= ) ylEXE, H' =) y,lEXE,l. (3.7)

Put
P, = |En><En| (3.8)

and
A=) awPy, a, € R\[0). (3.9)

We have
1
Al = — Py,
AH =" a,|E)EJH = H )" a,|E,)E,| = HA
and

A|En> = anlEn>-

So |E,) are simultaneous eigenstates of A and H, and the coefficients of expansion a,
in equation (3.9) are indeed the eigenvalues of A. Take

n = WA.
Then
n'=ATw=ww' Y a,Piw=wa=p.

n

Since A commutes with H, we get that n is also a metric operator for H by
Theorem 2.2(v). Next define

(D), = (Plnls).
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We have

(EnlE, >n = a(EnlE)w.

Since W is invertible and Hermitian, by equation (3.6), we have

0, m# n,
(EnlEn)w =
(EnWI|E,;) € R\O, m =n.
Then
<Em|En>W = ﬁném,na
where p,, are positive or negative real numbers. Thus,
<Em|En>n = anﬁném,n-

If we choose the coefficients of A as

an = —,

Pn
then

(Em |En>7] = 5m,n .

By this method of constructing 1, we have

w N
n=WA-= Wz aP; = Z m|Ej><Ej|
J J

According to equation (3.3),

W EXE] = Y IEXEW,

and multiplying |E;) yields
WIE) = |E;)EjIWIE)).
Thus,
0= IENE
J

This completes the proof.

(3.10)

(3.11)

O

We see that n is positive-definite, {:|-), = (:[n|-) is a well-defined inner product,
and the eigenstates of H form an orthonormal basis by equation (3.10). Indeed, the
positive-definite metric operator 17 we obtained in equation (3.11) which was shown by
Mostafazadeh [13], satisfies our Theorem 2.3. By equation (3.7) and vec mapping,

19H —H' @1 =18 ) ylE)XE| = ) vilEaXE, | ®1,
n n
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By equation (3.7) and vec mapping,

19H" —H' @1 =18 ) YalE)E| = Y vilEXE | ®]1,
n n
vee(n) = Y IE) ®IE)),
J

followed by biorthogonality relation equation (3.2), we have

U H" —H' ® D(vecmn) = D valE) ®|E) = )" 7alE) ®E,) = 0.
n n
Moreover, since 7 is positive-definite, there exists an operator p such that 7 = p'p. Put
p= ) leXEl,
J

where {|e;)} is the standard basis of C“. Then

P =D IE)e]

J
and
(pHp™)" = 3" rlej)ejl = pHp™".

J

Hence, H is similar to a Hermitian operator.
As we know, the eigenvalues of pseudo-Hermitian Hamiltonians are all real or
complex conjugate pairs. When there exists a pair of nonreal eigenvalues y; = y; such

that
WIE)) = (EIWIE)IEy),
we get
n= ) IENEN+ 6y, 5 (B + 1E)E), (3.12)
t#j,k

which is not positive-definite. In this case, (Ej|E;), = (Ex|Ex), = 0. Thus, it is impos-
sible to define an orthonormal basis with respect to the metric operator 7.

Let us next apply our construction to a simple 2 X 2 matrix Hamiltonian which is
pseudo-Hermitian. Consider the Hamiltonian

_ (re‘g se'?

te—i¢ re—i(')) * H}’ r,Ss, t, 07¢ € R,

and the given metric operator
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Clearly, WH = H'W. The eigenvalues of W are Ay, = =1 which means W # 0, so the
inner product {-|-)y = (-|W|-) is not well defined. The eigenvalues of H are

y. = rcos 6 + Vst — r2 sin” 6.

Therefore, for st > r? sin? 6, the eigenvalues are real, while for st < 2 sin® 0, the
eigenvalues are complex conjugates of each other (for st = r2 sin® §, the Hamiltonian
cannot be diagonalized).

Case 1. For st > r* sin® 0, the eigenvalues of Hamiltonian H are

y: = rcos + Vst — r2sin* 0 € R.

Then H is quasi-Hermitian, and there must exist a positive-definite metric operator.
The eigenstates of H corresponding to the two eigenvalues are

ip/2
| se

/2(st — 12sin®6) ( —irsin@ + Vst — r2 sin’ G)e‘i"’/2

the eigenstates of H' corresponding to the two eigenvalues are

|EL) =

| tel?/?

\/E(\/st —r2sin” 6 + irsin 9) (ir sin 6 + Vst — 12 sin’ t9)e’i‘f’/2

|E¢> =

and
(EIE) = 6j, i,j € {+ -}

The operator P in this case can be determined according to

P, = |E+><E+| =
2+st — r2sin 6
Vst — r2sin® 0 + irsin @ se'?
X >
te™1¢ st —r2sin® @ — irsin 6
P_=|E_XE | =

1
2Vst — r2sin’ @
Vst — r2sin® 6 — irsin@ —se'?

—te™¢ Vst — r2sin® 6 + irsin@

X
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The coefficients a, of A are

1 Vst — r2sin” 6

a,. = = .
T (ELE s
1 —\st — r2sin® 0
a_ = =
(E_|E_)w s
and
Vst — r2sin® 0 1 (irsing  se
A= s (Py—P)= ;( te”®  —irsing)
Thus,
1 t —irsin Be'¢
n=WA= s (ir sin fe™¢ s )

It can now be checked that
<Em|En>n = 6;1,,11, m,n = =+.

Therefore, {|E. )} is an orthonormal basis with respect to new inner product {:|-),, in C2.
We see that

0= 1EE.] + E_)E-|.
Case 2. For st < r? sin’ 6, the eigenvalues of H are
Ye =rcosf+iVr2sin® 0 — st ¢ R,

the eigenstates corresponding to two eigenvalues are

| sel¢/2

[2(r2 sin? 0 — st) —i(r sin@ ¥ Vr2 sin? 6 — st)e‘i‘7’/2

the eigenstates of H' corresponding to the two eigenvalues are

|Ey) =

ig/2
1 te

\/5(\/ r2sin® @ — st + rsin 9) i(r sinf F Vr2sin? 6 — st)e‘i¢/2

|Et> =

and

(ELEL) = 85, i,j € {+ ).
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The operator P in this case can be determined according to

N 1
P =|E, X = ————
2Vr2sin® 6 — st
Vr2sin? @ — st + rsin@ —ise'?
X ,
—ite™1¢ Vr2sin? 0 — st — rsin 6
P_=|E_XE_| =

1
2vVr2sin® 6 — st
Vr2sin? 6 — st — rsin 6 isel®

ite™1¢ Vr2sin> 6 — st + rsin 6

According to equation (3.5), we have

(v- =V XELE)w =0, (y+ = Y-XE_|E)w = 0.

X

Since y_ =Y., we have
(ELEx)w =0, (E_|E_)w =0.
The coefficients a, of A are

1 —iVr2sin® @ — st

ay

C(E_|Eow s ’
1 iVsin? 0 - st
 A(ELEOw s
and
—iVst — r2sin’ 0 ~1 (irsin®  se?
A= s (Py—P)= T( te”®  —irsing)’
Thus,
-1 t —ir sin fe'¢
n=WA= 5 (ir sin fe~ ¢ s )’

which is also not positive-definite. Furthermore,
(E|Ev)y =0, (E_|E_)y =0, (EE-), =1,
and

n = |E.XE_| + |E_XE.].
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4. Conclusion

In this work, the metric operators for pseudo-Hermitian Hamiltonians on B(C?)
are discussed and some properties of the metric operators are obtained. Under
the condition that H € B(C?) is a pseudo-Hermitian Hamiltonian and W € B(CY) is
invertible, W is a metric operator for H if and only if

(I®H' — H' @ I)'vec(W) = 0.

This provides a method for calculating a metric operator for a pseudo-Hermitian
Hamiltonian. Furthermore, when a pseudo-Hermitian Hamiltonian has real spec-
tra, Theorem 3.1 states that any given metric operator can be transformed into a
positive-definite one as

d
n= ) IEXE)
j=1

Moreover, the positive-definite metric operator by this method is not unique, provided
that we change the construction of P; in equation (3.8). If we put

P; = piEXEL  p; >0,
then the positive-definite metric operator is
d
m= ). plENE.
=1

When there exists a pair of nonreal eigenvalues of a pseudo-Hermitian Hamiltonian,
equation (3.12) provides an expression for the metric operator 7. In fact, consider

m2 = D IEXE] + 6,5 0EXE| - [E)ED,
t
where i makes 77, Hermitian. It can be checked that 7, is also a metric operator for H.
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