A REPRESENTATION THEOREM FOR RELATIVELY
COMPLEMENTED DISTRIBUTIVE LATTICES

PHILIP NANZETTA

In this note, we are concerned with the following generalization of a well-
known theorem of M. H. Stone; see (2, 8.2).

TuEOREM 1. Let L be a relatively complemented distributive lattice.

(I) If L has no least element, then L is isomorphic to the lattice of non-empty
compact-open subsets of an anti-Hausdorff, nearly-Hausdorff, T1-space with a
base of open sets comsisting of compact-open sets.

(IT) (3, Theorem 1) If L has a least element, then L is isomorphic to the lattice
of all compact-open subsets of a locally compact totally disconnected space.

Moreover, the spaces of (1) and (I1) are compact if and only if L has a
grealest element.

The space in question is the space of prime ideals of L with the hull-kernel
topology.

The author is indebted to M. G. Stanley for several conversations concerning
this note.

Definitions. A space is anti-Hausdorff (superconnected in the paper by
J. de Groot; see (1)) if and only if every two non-empty open subsets have
non-empty intersection. A space is nearly-Hausdorff if and only if every closed
propert subset is Hausdorff.

The proof. Let & be the set of prime ideals of L. Fora € L, let

Pla) ={P€P:aq P}
Clearly, Z(a A b) = P (a) N\ P () and P (a V b) = P (a) \J P (b). Topolo-
gize & by letting the set of all 2 (a) (a € L) be a base for the open sets.

(1) If I @s an ideal of L and a ¢ I, there is a prime ideal of L containing I
but not a. For, let K be a maximal element of the family of ideals containing
but not a. Suppose x Ay € K (for some x,y € L). Let K’ be the ideal
generated by K and x, and let K"’ be the ideal generated by K and y. If a
belongs to both K’ and K, thena < B V xanda < k' V yforsomek, k' € K;
hence,

a< (BAE)YV EANY)V (xAE)V (xAy) €K
Thus either @ ¢ K’ or @ ¢ K', in which case, by maximality, either K = K’
or K = K, i.e., either x or y belongs to K.

For each a € L, P (a) is compact. For, let {P(a) — P(b):b € B} be a

family of basic closed subsets of & (a) with the finite intersection property_
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Let I be the ideal generated by B; a ¢ I. By (1), there is a prime ideal P
containing I but not a. P belongs to the intersection,
N {P(a) — P (b): b€ B}

If SCP is a non-empty compact-open set, then S = P(a) for some
a € L. For then S is a finite union P (a:) U ...\U P (a,), therefore,
S=@(a1\/Van)

(2) If P and Q are distinct prime ideals of L, then neither contains the other,
1.e., the prime ideals are exactly the maximal ideals. For, suppose Q C P. Let
be P—Q,cq P,and d € Q. Let ¢ be the complement of b in [b A ¢ A d,
bV cl.TheneV b =0V ¢ ¢ P, therefore,e ¢ P.Also,e Ab=bAcAdEQ,
therefore, e € Q, contradicting Q C P.

For each a € L, P — P (a) is a Hausdorff space. For, by (2), if P # Q,
there are b € P — Q, and o' € Q — P. Let ¢ be the complement of b in
f[aANDAD,a VD VDY]L Now,bVe=0bVd Vaé¢P, soc¢P. Finally,
if neither & nor ¢ belongs to some R € &, then b AV Aa=0b A ¢ é R,
therefore a ¢ R, i.e., (Z(0) NP () N\ (P — P(a)) = 0.

P is a Ti-space. For {P} = N {P — P(a): a € P}.

The mapping a — P (a) is 1-1. For if ¢ } b in L, the principal ideal I(c)
generated by ¢ does not contain b. By (1), I(c) is contained in a prime ideal not
containing b.

Definition. A topological space X is an L-space if and only if X is Ty, anti-
Hausdorff, nearly-Hausdorff, and the compact-open subsets of X form a base
for the open sets of X.

The next theorem shows that the lattice of non-empty compact-open subsets
of an L-space characterizes it as an L-space.

THEOREM 2. If X is an L-space, then X is homeomorphic to the space of prime
ideals of the lattice L of non-empty compact-open subsets of X.

Proof. The lattice L is relatively complemented and distributive. If L had
a least element, ¢, then every non-empty open subset of X would contain e,
contradicting the statement X is 7.

Let £ be the prime ideal space of L with the hull-kernel topology. Forx € X,
let ¢ (x) be the set of all non-empty compact-open subsets of X not containing
x. This defines a function ¢: X — 2.

If #(a) = {P € P:a ¢ P} is a basic open set of &, then

¢$7H(P ) ={x € X:ad ¢(x)} =a,
which is open in X. Hence ¢ is continuous. If x and y are distinct elements
of X, x lies in a compact-open set Y not containing y; then Y belongs to ¢ (y)
but not to ¢(x). Hence ¢ is 1-1.

Let a be a compact-open subset of X. If P € ¢[a], then a ¢ P; hence
¢la] C P(a). Let P € P(a). Let P’ be the set of complements of elements
of P. P’ is closed under finite intersections; if S € P’, then X — S € P, and
X — Sdoesnotcontain @, soS M a # B;also.Sis closed. Hence there is

x€Nf{eNS:Se P}
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Clearly, ¢ (x) contains P; but ¢ (x) is a prime ideal, therefore by (2), ¢(x) = P.
Since x € a, P € ¢[a]. Hence ¢ is an open map. Since & = U £ (a), ¢ is onto.

Further remarks. Every open subset of an L-space is an L-space. No closed
proper subset of an L-space with more than one point is an L-space.

Let X be an L-space and ¥ a non-empty open subset of X. Let ¥ (X) and
Z(Y) be the lattices of non-empty compact-open subsets of X and Y, respec-
tively. Then the inclusion map is an isomorphism of . (¥) onto an ideal of
F(X), and this ideal is prime if and only if ¥ is the complement of a singleton
subset of X.

If I is an ideal of £ (X), then I is £ (Y) for some non-empty open subset
Y of X. (Proof. Every ideal is the intersection of prime ideals. Every prime
ideal is the set of non-empty compact-open subsets not containing a fixed
point; hence every ideal is the set of non-empty compact-open subsets not
containing a subset S of X, hence not containing the closure of S. Let ¥V =
X —clS)

The principal ideals correspond to compact-open subsets. Hence, unless
Z(X) has a greatest element, no principal ideal is prime.

The L-space X can give information about the ideals of £ (X) only because
every proper ideal of % (X) is an intersection of prime ideals. Thus it is not
reasonable to expect a characterization of the sub-(relatively complemented)-
lattices of & (X) in terms of subsets of X.

Let X bean L-space and Z a closed subset of X. Then Z is a Boolean space (in
the sense of (3): a locally compact totally disconnected space) and a —a M\ Z
is a homomorphism of .# (X) onto the lattice of compact-open subsets of Z.

Let M be a relatively complemented distributive lattice and ¢: £ (X) — M
an epimorphism. Then ¢ induces a homeomorphism of the prime ideal space,
P (M), of M onto a subset Z of X; if M has a least element, then Z is closed
and X — Z represents the ideal ker ¢. (Proof. Define §: & (M) — X by 0(P) =
¢~1(P), identifying X with the prime ideal space of ¥ (X) by Theorem 2.
Then 6! takes the basic open set determined by a € % (X) to the basic open
set determined by ¢(a). Also 8 is open: 6 takes the basic open set determined
by b € M to the trace on im 6 of the basic open set determined by any element
of ¢~ 1(b). Now, if M has a least element, the image of 6 consists of all (prime
ideals) x € X containing ker ¢, i.e., all prime ideals corresponding to points
X — U, where U represents the kernel of ¢.)
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