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Abstract

Suppose that m drivers each choose a preferred parking space in a linear car park with
n spots. In order, each driver goes to their chosen spot and parks there if possible, and
otherwise takes the next available spot if it exists. If all drivers park successfully, the
sequence of choices is called a parking function. Classical parking functions correspond
to the case m =n.

We investigate various probabilistic properties of a uniform parking function.
Through a combinatorial construction termed a parking function multi-shuffle, we give
a formula for the law of multiple coordinates in the generic situation m < n. We further
deduce all possible covariances: between two coordinates, between a coordinate and an
unattempted spot, and between two unattempted spots. This asymptotic scenario in the
generic situation m < n is in sharp contrast with that of the special situation m = n.

A generalization of parking functions called interval parking functions is also studied,
in which each driver is willing to park only in a fixed interval of spots. We construct
a family of bijections between interval parking functions with n cars and n spots and
edge-labeled spanning trees with n + 1 vertices and a specified root.
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1. Introduction

Parking functions are an established area of research in combinatorics, with connections to
labeled trees and forests (Chassaing and Marckert [4]), non-crossing partitions and hyperplane
arrangements (Stanley [18, 19]), symmetric functions (Haiman [12]), abelian sandpiles (Cori
and Rossin [6]), and other topics.

Consider a parking lot with n parking spots placed sequentially along a one-way street.
A line of m <n cars enters the lot, one by one. The ith car drives to its preferred spot 7; and
parks there if possible; if the spot is already occupied then the car parks in the first available
spot after that. The list of preferences & = (71, ..., ) is called a generalized parking func-
tion if all cars successfully park. (This generalizes the term parking function, which classically
refers to the case m = n. When there is no risk of confusion we will drop the modifier ‘gen-
eralized’ and simply refer to both of these cases as parking functions.) We denote the set of
parking functions by PF(m, n), where m is the number of cars and # is the number of parking
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Parking functions: interdisciplinary connections 769

spots. The total number of parking functions is [PF(m, n)| = (n — m + 1)(n + 1)"~! (Pitman
and Stanley [16]). Using the pigeonhole principle, we see that a parking function & € PF(m, n)
must have at most one value = n, at most two values > n — 1, and for each k at most k values
>n — k+ 1, and any such function is a parking function. Equivalently, & is a parking function
if and only if

#k.mp<i}>m—n+i, Vi=n—m+1,...,n (1.1)

Note that parking functions are invariant under the action of &,, by permuting cars.

In our previous work [13], we investigated various probabilistic properties of a parking
function chosen uniformly at random from PF(m, n), giving a formula for the law of a single
coordinate. Adapting known results on random linear probes, we further deduced the covari-
ance between two coordinates in the special situation m = n. This paper will delve deeper into
the properties of a uniform parking function in the generic situation m < n. Our probabilistic
results rely on an original combinatorial construction which we term a parking function multi-
shuffle, and our novel asymptotic calculation utilizes the multi-dimensional Cauchy product of
the tree function F(z) = Z;’io(s + 1)s! %, a variant of the Lambert function, and its general-
izations. We will give all moments of multiple coordinates and deduce all possible covariances:
between two coordinates, between a coordinate and an unattempted spot, and between two
unattempted spots.

The multi-shuffle construction allows us to compute the number of parking functions
PF(m, n) where the parking preferences of / <m cars are arbitrarily specified. Alternatively,
by permutation symmetry, we can think that / spots are already taken along a one-way street
with n parking spots, and we want to count the possible preferences for the remaining m — [
cars allowing them all to park successfully. In the parking function literature, the successful
preference sequences for the m — [ cars that enter the street later are referred to as parking com-
pletions for T = (71, ..., 17), where the entries of T denote the [ spots that are already taken,
arranged in increasing order.

This parking scenario and its variations, such as defective parking functions where some
drivers fail to park (Cameron et al. [3]), have generated significant interest over the years.
Much progress has been made for the special case m = n of parking functions. Parking com-
pletions with a single spot taken (t = (71) arbitrary) were enumerated by Diaconis and Hicks
[7]. The case in which the taken spots form a contiguous block starting from the first spot in the
linear car park, T = (1, ..., [), was first considered by Yan [20], with an explicit formula given
in a follow-up work by Gessel and Seo [11]. The formula was generalized by Ehrenborg and
Happ [9] to take into account cars of different sizes. More recently, Adeniran ef al. [1] unified
prior work on parking completions for PF(n, n) and computed the number of parking functions
PF(n, n) where the parking preferences of [ < n cars are arbitrarily specified utilizing a pair
of operations termed Join and Split. The multi-shuffle construction introduced in this paper
builds upon our prior single-shuffle construction [13] and is a further generalization of the
above-mentioned work, being applicable for general m and n. Recognizing that unattempted
parking spots break up a parking function into non-interacting pieces, the multi-shuffle con-
struction also sheds light on the correlation between the coordinates of parking functions and
unattempted spots.

Given a positive-integer-valued vector u= (uy, ..., uy) with u; <--- <u,,, a u-parking
function of length m is a sequence (my, ..., ;) of positive integers whose non-decreasing
rearrangement (A, ..., A;,) satisfies A; <u; for all 1 <i<m. Via a switch of coordinates
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in (1.1), we see that the parking function PF(m, n) investigated in this paper may be alter-
natively posed as a u-parking function, where the vector u is an arithmetic progression:
u=mn—m+1,...,n). As we will see in Section 2.1, more generally, a parking completion
for PF(m, n) may be interpreted as a u-parking function, where the vector u need not consist of
consecutive numbers. Knowledge about PF(m, n) with specified parking preferences of [ <m
cars therefore adds to the understanding of u-parking functions as well. In particular, our enu-
meration of parking completions provides a different perspective on the volume formula for
Pitman—Stanley polytopes [16], and our mixed moment calculations for multiple coordinates
of parking functions extend those of Kung and Yan [14], who give explicit formulas for the first
and second factorial moments and a general form for the higher factorial moments of sums of
u-parking functions.

This paper is organized as follows. Section 2 illustrates the notion of a parking function
multi-shuffle, which decomposes a parking function into smaller components (Definition 1).
This construction leads to an explicit characterization of multiple coordinates 1, ..., 7 € [n]
of parking functions (Theorems 1 and 2). For the case in which 7y, ..., 7; form a contiguous
block, a simplified characterization is given in Proposition 2. Section 3 uses the multi-shuffle
construction introduced in Section 2 to investigate various properties of a parking function cho-
sen uniformly at random from PF(m, n). We compute asymptotics of all moments of multiple
coordinates in Theorem 5 in the generic situation m <n and give complete technical details
for all moments of two coordinates (Theorem 4). We further derive all possible covariances
involving coordinates of parking functions and unattempted spots in Propositions 6, 8, and 9.
The asymptotic scenario in the generic situation m < n is contrasted with that of the special
situation m = n in Section 3.5. Finally, Section 4 studies a generalization of parking functions
called interval parking functions, in which each driver is willing to park only in a fixed interval
of spots. We construct a family of bijections between interval parking functions IPF(n, n) and
edge-labeled spanning trees .%°(n + 1) (Theorem 10).

Notation

Let N be the set of non-negative integers. For m, n € N, we write [m, n] for the set of integers
{m, ..., n}and [n] =[1, n]. For vectors a, b € [n]", we write a <¢ b if @; < b; for all i € [m];
this is the componentwise partial order on [#]™. In a similar fashion, we write a <c b if ¢; < b;
for all i € [im] and there is at least one j € [m] such that a; < b;. For b € [n]™, we write [b] for
the set of a € [n]™ with a <¢ b. The conjugate (or reverse complement) of x € [n]™ is the vector
xX*=m+1—xy,...,n+1—x7).

2. Parking function multi-shuffle

In this section we explore the properties of parking functions through a parking function
multi-shuffle construction. For explicitness, we will write our results in terms of parking coor-
dinates 7y, ..., m;, where 1 <I<m is any integer. However, by permutation symmetry, they
may be interpreted for any coordinates. Temporarily fix 741, . . ., 7,. Let

Aoy ==y, ..., u) (U1, ..., u, Ty, - . ., Tpy) € PE(m, n)}. (2.1)

Via a switch of coordinates in (1.1), we see that & = (uy, ..., u;, 41, - . . , Tm) € PE(m, n) if
and only if its non-decreasing rearrangement A = (A1, ..., Ay,) satisfies A; <n —m 4 i for all
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1 <i < m. From the parking scheme, we may assume thatu = (u1, . . ., u;) is in strictly increas-
ing order, so that u; = A; > A; for some j > i. This implies that if Ay, ., is non-empty,
then there is a unique maximal element (in the componentwise partial order) u € [n]' with
ui>n—m+iforall 1 <i<land Ay, . x,=I[u]. Therefore, given the last m — [ parking
preferences, it is sufficient to identify the largest feasible first [ preferences (if any exist).

m

Example 1. Take m =4, n=6, 73 =2, and m4 = 6. Then Ay, », = [u] =[(4, 5)].

Definition 1. Take 1 </<m any integer. Let u=(u, ..., u;) € [n]’ be in increasing order
with u; >n —m+ifor all 1 <i </ Say that 41, ..., m, is a parking function multi-shuffle
of [+ 1 parking functions ¢y € PF(m —n+u; — 1, u; — 1), 2 € PF(ug —uy — 1, up —uy —
D,...,0€PF(uy —uj—1 — 1L, uy —uj—1 — 1), and oj41 € PF(n —uj, n —wy) if w1, ..., Ty
is any permutation of the union of the /41 words a«y, o2 + (41, ..., u1), ..., 041 +
(ug, . .., uy). We will denote this by (wy41, ..., 7Tn) EMSm—n+u; — 1, u; — 1, up —uy —
L...,uy—u—1—1,n—u).

Example 2. Take m = 8, n =10, u; = 6, and uy = 8. Takea; = (2, 1,2) e PF(3,5),ap = (1) €
PF(1, 1), and ¢3 = (2, 1) € PF(2, 2). Then (2, 7, 2, 9, 10, 1) e MS(3, 5, 1, 2) is a multi-shuffle
of the three words (2, 1, 2), (7), and (10, 9).

Theorem 1. Take 1 </ < m any integer. Letu = (uy, ..., uj) € [n]! be in increasing order with
ui>n—m+iforalll <i<lIl ThenAy,_,. .. x,=[ulifand only if (my1, ..., 7m) € MS(m —
n+u—lLuy—lup—ur—1,...,uy—u_1—1,n—u).

Proof. =: The statement Ay, | ..z, =[u] is equivalent to saying that & = (ul, coa,u,
Tidls e nes er) is a parking function, but xi= W, ooy uj—1, ui+ 1, uigq, ..., uy,
Mi+1, ..., Ty) 1S not, for any 1<i<Il By (l.1), this can only happen when
#{k:my <uj}=m—n+u; for all 1 <i<I. We claim that none of the subsequent m — [
cars can have preference uy, . .., u;. Suppose otherwise, so that there is a later car with pref-
erence u;. Such a car would necessarily park in spots u; + 1, . . ., n for &, and consequently it

could change places with car i in 7', contradicting the statement that 77; = u; is allowed but
ni" =u; + 1 is not allowed. Hence, excluding the first / cars, & has exactly m — n 4+ u; — 1 cars
with value <uj — 1, exactly up — u; — 1 cars with value > u; + 1 and <up — 1, ..., exactly
) —uj—1 — 1 cars with value >u;_1 4+ 1 and <u; — 1, and exactly n — i cars with value
>u+ 1.

Let o1 be the subsequence of (741, . . ., ;) with value <uj — 1, oc’2 the subsequence with
value >u;+1and <up—1, ..., oc} the subsequence with value >u;—1 + 1 and <u; — 1,
and oc;H the subsequence with value > u; + 1. Construct oy = ot’z — ULy ULy, O] =
ot;Jrl — (ug, ..., up). Itis clear from the above reasoning that ¢y € PF(m —n+uy — 1, u; — 1),
o €PFupy —uy —lL,up—u1—1), ..., ¢jePF(uyy—uj—1 — 1,y —uj—1 — 1), and ay €
PF(n — u;, n — u;). By Definition 1, (w41, ..., tm) e MSm —n+u; — 1, u; — 1, up —u; —
L, ...,up—u_1—1,n—u).

<=: We first show that * = (uy, ..., u, T41, ..., Ty) is a parking function. This is clear,
since from Definition 1, & can be decomposed into 2/ + 1 parts: a subsequence « of length
m—n+ u; — 1 with entries <u; — 1, one entry uj, a subsequence oc’2 of length up —u; — 1

with entries > u; + 1 and <up — 1, one entry u, . . ., a subsequence oe; oflengthu; —uy—1 — 1
with entries > ;1 + 1 and <u; — 1, one entry u;, and a subsequence oc}Jrl of length n — u;
with entries > u; + 1. Moreover, a1, @2 =y — (i1, ..., u1), ..., 0] =oz;+1 —(ug, ..., up)

are [ + 1 parking functions.
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Next we show that wé = (uy, ..., uj—1, uj + 1, Witly .-, UL, T+1, - - ., ) is nOt a parking
function for any 1 <i </. But this is immediate: since the only entries of &' that are bounded
above by u; are those from et1, &)y, ..., e and uy, ..., u;_1, we have

#lhoml <uy=m—n+u — D)+ @ —uy — D+ +@—u— ) +i—1

=m—-n—+u—1<m—n+u;, 2.2)
a contradiction.

Combining, we have Az, | ..z, =[ul. O
Theorem 2. Take 1 <1< m any integer. Let v= (v, ...,V]) € [n]’ be in increasing order. The
number of parking functions m € PF(m, n) withmy =v1, ..., 7=V is

m—1 +1
(n=m+1) 32 ( . )<s1 #n=m T [T+ v, 23)
seS;(v) i=2
where o
Si(v) = {s = (510 spq1) €N Sretozmomin i V’e[”} . 2.4)

Note that this quantity stays constant if all vi <n — m + i and decreases as each v; increases
past n —m + i, as there are fewer resulting summands.

Proof. If mi=v; for 1 <i<I, then Ay, .. x, = [u] where u; > max(v;, n — m+ i). Thus,
from Theorem 1, the number of parking functions with 7y = vy, ..., mp=v; is

n—I+i

m—1
Z ( ) >|PF(m—n+u1—1,u1—1)|-

uj=max(vj,n—m—+i) Vie[l]

[
T IPRGu = wimy = 1w — iy = DIPFG1 — g, = )]
i=2

n—I+i m—1
ui=max(v;,n—m-+i) Vie[l] S
l
l_[ (i — i) 72— g 4 1y

i=2
— I+1
=(n—m+1) Z ( S )(sl—}—l—i-n—m)slln(si—i—l)s"l, (2.5)
seS;(v) i=2
wheres=(m—n+u; —l,up—uy—1,...,uy—w—_1 — 1, n—u). O

For the special case /=0 and v=() (where no parking preferences are specified),
we recover the total number of parking functions |PE(m, n)| = (n —m+ 1)(n+ 1)""1. We
describe an alternative characterization of this number in the following.

Proposition 1. The number of parking functions |PF(m, n)| satisfies

n—m+1
|PF(m, n)|=2<’:> [T G+t (2.6)
sEm i=1

where s =(S1, . . ., Sy—m+1) IS @ composition of m.
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Proof. For a parking function & € PF(m, n), there are n — m parking spots that are never
attempted by any car. Let k;(r) for i=1, ..., n — m represent these spots, so that 0:= kg <
ki <+ <kp—m <kp—ms1:= n+ 1. This separates 7 into n — m + 1 disjoint non-interacting
segments (some segments might be empty), with each segment a classical parking function of
length (k; — ki—1 — 1) after translation. We have

n—m+1 m
PF(m, n)| = ki — k1 )ki—ki-1=2
IPEGm, )| =Y [] i—ki-p) <k1—ko—1,.. _kn_m_1>

k i=1 B kn—m+l
n—m+1
m si—1
=Z< > [T Gi+D% 2.7)
sl:m Sty e evy Sn7m+l i=1
where s =(k; —ko— 1, ..., kn—my1 —kn—m — D) and Y1 e —m. O

Building upon Theorem 2 and Proposition 1, we specialize to the case where the specified
parking preferences of the first / cars form a contiguous block.

Proposition 2. Take 1 <Il<m any integer. Let 1 <k <n—1+ 1. The number of parking
functions t € PF(m, n) withmy =k, ..., my=k+1—11is
min(n—k—I+1,m—1) m—1
(n—m+1) > < )(n—s+ 1— sy 1t (2.8)
s

s=0

Note that this quantity stays constant for k <n —m+ 1 and decreases as k increases past
n—m+ 1, as there are fewer resulting summands.

Proof. Wetakev;=k+i— 1for1 <i</[inTheorem 2 and extract s; from the multinomial
coefficient ("' Z).

m—I

(n—m+1) 3 (m_l>(s1+1+n_m)sn—1.
sy=max(0,m—n+k—1) 51
I+1
> ( ) ]_[( + 1%L (2.9
82, e vy SIH1

(52,5 S14-1)EM—I—5]
Using Proposition 1 and simplifying, we find that this becomes

m—I
(n—m+1) Z (m_l>(81+1+n—m)s'_1|PF(m—l—S1,m—1—S1)|
sy=max(0,m—n+k—1) 51
m—I m—1
—(n—m+1) Z ( )(sl +1+n—m" Hm—s)rt=-1
sy=max(0,m—n+k—1) 51
min(n—k—I+1,m—1)

—1
=(n—m+1) > <m )(n—s+1—l)m—f—l—lz(sﬂ)s—l, (2.10)
s
s=0
where the last equality comes from a change of variables s =m — [ — s1. U
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If we sum over all possible contiguous blocks that the first / cars may occupy, the result
simplifies nicely.

Proposition 3. Take 1 <1< m any integer. Then

n—I+1
> #lmwePFm.n):m =k, ... m=k+1-1}=m—m+ DHn+1)"". 2.11)
k=1

Proof. The proof relies on an extension of Pollak’s circle argument [10]. Add an additional
space n + 1, and arrange the spaces in a circle. Allow n + 1 also to be a preferred space. We
first select a contiguous block of length / for the first / cars, which can be done in n + 1 ways.
Then, for the remaining m — [ cars, there are (n + 1)~ possible preference sequences. Note
that m is a parking function if and only if the spot n+ 1 is left open. For je Z/(n+ 1)Z,
the preference sequence w + j(1, ..., 1) (modulo n + 1) gives an assignment whose missing
spaces are the rotations by j of the missing spaces for the assignment of x. Since there are n —
m + 1 missing spaces for the assignment of any preference sequence, any preference sequence
7 has n — m + 1 rotations which are parking functions. Therefore

n—I+1 n—m+1
E #{Jt6PF(m,n):7T1=k,...,7‘[1=k+l—1}=T(n+l)(n+l)m_l
n
k=1

=m—m+ D+ )" (2.12)
O

For the special case [ = 1, Proposition 3 reduces to the decomposition of parking functions
PF(m, n) according to the parking preference of the first car 7.

2.1. Connections with Pitman-Stanley polytopes

Denote the set of u-parking functions by PF(u). The following propositions are direct con-
sequences of the parking criterion (1.1) and are equivalent in nature. See the beginning of
Section 2 for more explanation.

Proposition 4. Take 1 <1 <m any integer. Let v=(v{, ..., V) € [n]l be in increasing order.
Thent = (1, ..., V), Tigl, - - . » Tm) € PF(m, n) if and only if (w141, . . ., Tn) € PF(0), where
the u; are the largest m — [ numbers in{n —m+1, ..., n}\{vy, ..., v}, arranged in increas-
ing order.

Proposition 5. Let w= (uy, ..., uy) be a positive-integer-valued vector with uy; <--- <
Upm. Let v=©1,...,v)=[ur, up)\{u1, ..., un}, arranged in increasing order. Then w =
W1y ooy, VI, Ly v ooy TTm) € PF(uy, — uy + 1, up) if and only if (mq, . . ., my) € PF(u).

Knowledge about PF(u) thus yields knowledge about PF(m, n) where the first [ cars have
specified parking preferences, with / depending on the gaps in u, and vice versa. In [16], Pitman
and Stanley introduced an m-dimensional polytope I1,, and related the number of u-parking
functions to the volume polynomial of I1,,. Let x = (x1, . . ., x,,) with x; > O for all i. Let

M,x)={yeR":yi=0andy; +---+y<xi+---+x, Vie[m]}. (2.13)

The m-dimensional volume V,,,(x) = Vol(I1,,(x)) is a homogeneous polynomial of degree m in
the variables x1, . . ., X, and is called the volume polynomial of the Pitman—Stanley polytope.
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The definition of volume may be extended to when some of the x; equal zero for 2 <i<m.
Trivially, we take V,,(x) =0if x; =0.

Theorem 3. (Adapted from Pitman and Stanley [16].) Take m > 1 any integer. Let u=
Uy, ..., um) EN"withuy <--- <upy. Letx=Au=(uj, up — uy, ..., Uy — Uy_1) € N". The
number of u-parking functions |PF(u)| = m!V,,(x), where the volume polynomial

m ki
_ x 1 m ki ko
V()= Y l_[k_i!_%kek <k1,...,km)x1 o (2.14)

keK,, i=1
and K, is the set of balanced vectors of length m, i.e.
Kn={keN":kj+---+k>i Vie[m—1]andk +---+ky=m}. (2.15)

Though the index set and summation formula in Theorem 3 resemble those of Theorem 2,
we will show via an example that they are not parallel interpretations for parking functions,
but rather are complementary to each other.

Example 3. Take m=4, n=5, u=(2,5), v=3,4), and x=Au=(2,3). Then by
Propositions 4 and 5, (vi, va, 71, m2) € PF(4, 5) and (711, m2) € PF(u) both satisfy

(m,m) e A= {(1,1),(1,2),(1,3),(1,4),(1,5), 2, D),
(2,2),(2,3),(2,4),(2,5),3,1),(3,2),4, 1),4,2), (5, 1), 5, 2)}. (2.16)

From Theorem 2,

2 2 2
Al=2 302011 301-120 a1 1) =22+2+4) =16.
Al ((1,1,0) +(1,0,1) + 2,0,0 @+2+4
(2.17)
From Theorem 3,

2 2
Al = 2131 2230 =12 +4=16. 2.18
Al (Ll) +(2,0> - @19

We see that neither of the compositions of |A| refines the other.

3. Properties of random parking functions

In this section we use the multi-shuffle construction introduced in Section 2 to investi-
gate various properties of a parking function chosen uniformly at random from PF(m, n).
Sections 3.1 through 3.4 discuss the generic situation m < n, with Section 3.1 focusing on
mixed moments of multiple coordinates and Sections 3.2 through 3.4 focusing on covariances.
Section 3.5 discusses the special situation m = n. We will write our results in terms of coordi-
nates i, . . ., 7 of parking functions, where 1 <[ < m is any integer, and unattempted parking
spots, which we denote by k;(xr) fori= 1, ..., n — m. The parking coordinates satisfy permu-
tation symmetry while the unattempted parking spots do not, so the statements in this section
may be interpreted for any coordinates but are specific to the unattempted spots.
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3.1. Mixed moments of multiple coordinates

We begin with an asymptotic result for the mixed moments of two coordinates.

Theorem 4. Take p, g > 1 any integer. Take m and n large with m = cn for some 0 < ¢ < 1. For
a parking function & chosen uniformly at random from PF(m, n), we have

p 1 (p+1 1
E(z") =p'_lH <1 - (’% - ffc) +0<,7>> : 3.1)

»_q nPta ( 1(p+q+2_c(p+q)) <i))
B ) = e U 5 —)+o(=))- (3.2)

The proof of Theorem 4 will utilize the following lemma.

and

Lemma 1. Take [ > 1 any integer and n large. For 1 <i <|, take p; > 1 any integer and a; ~n
witha; < --- <ay. Then

Zl 1p,+l ) .
5 l—[ P <1+1<M>+0(%>>. (33)
i) n 2 n

#{i:mi<ap}>k i=1 1_[1 l(pl
Vke[l]

Proof. Notice that the left 51de of (3.3) may be alternatively computed in stages.

Stage 1: We sum up ]_[l 1 rr ', where the m; all range from 1 to g;.

Stage 2: We subtract the sum of Hi:l y'ri , where the 7; all range from a; + 1 to a; (so none
of the 7r; is < ay).

Stage 3: We subtract the sum of ]_[l 1 7r ', where one of the m; ranges from 1 to a;, while
the others all range from a; + 1 to a; (so only one of the 7; is < a»).

Stage I: We subtract the sum of ]_[l 1 7r , where one of the m; ranges from 1 to aj, one
ranges from 1 to a», . . ., one ranges from 1 to aj—», and the two remaining 77; both range from
aj—1 + 1 to a; (so only l — 2 of the 7; are < a;_1).

For illustration, we perform this alternative procedure when [ = 3:

az az az
pP2__P3 pP1__pP2__pP3
222”1”2”3 Z Z Z Ty Ty T3

m=1m=1m=1 m=a;+1 my=a;+1 m3=a;+1
al as as ap as as
P1 P2 __P3 P2 P1_DP3

PIL D DD DI D DL DD DR

=1 my=ay+1 m3=a+1 =1 m=a+1 m3=az+1
aj

+ Y b Z Z b . (3.4)

m3=1 mi=ay+1 my=ar+1

Since a; ~ n, the sums subtracted in Stages 2 through [ are all of lower order than the sum in
Stage 1. The conclusion then follows from standard asymptotic analysis on the leading-order
term. U
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Proof of Theorem 4. We convert the parking preferences of the first two cars to an equivalent
increasing order:

n n n—1
DO PK#{m € PRom, n):m =), my=k} =Y _jPTU#{m € PR(m, n): w1 =j, ma=j + 1)
j=1 k=1 j=1
n—1 n
+ 3T (PRI + R € PEGm, n) iy =j. my =k}, (3.5)
j=1 k=j+1

By Theorem 2, the second term of (3.5) is

n—1 n m—2 m—2—s1
-0 E 3 ran) 5 >
j=1 k=j+1 s1=max(0,m—n+j—1) sp=max(0,m—n+k—2—s1)
-2
( " >(S1 Fltn—m" N+ D2 m—2—s5 —sy+ 20727
51,8, m—2—51—5
m—2 m—2—s1 m—2
=(n—m+1) ( )(Sl+1+n—m)sl_l(S2+1)S2_1-
s; s;) S1, 82, m—2—51 —8)
n—m~+1+4s1 n—m+2+s1+s2
-(m—2—51—852+ l)m—2—xl—s2—l Z Z (j[’k‘] _i_jCIk[?)‘ (3.6)
j=1 k=j+1

We make a change of variables: s = s, and t =m — 2 — s1 — s2. Then (3.6) becomes

m—2 m—2—s m—2
_ 1 _ 1 —s—1 WL737S7[_
(= m )Z Z (s,t,m—Z—s—t>(n $=0)

n—1-—s—t n—t
HEDTIeHDT YT Y (PR R, (3.7)

J=1 k=j+1

Similarly, by Proposition 2, the first term of (3.5) is

n—1 m—2 m—2-s m—2
_ 1 ip+q )
(n—m+ )ZJ Z Z <s1,s2,m—2—S1—S2)

j=1 sy=max(0,m—n+j—1) sp=0
1+ Ln—m s+ D27 m =2 — 51 — sy + DY2sI2]
B | m—2 m—2—s| m—2 | - 1x271
=(n—m+ )SIZ_:O ZZ_:O (sl,sz,m—Z—sl—s2>(sl+ +n—m)" (5o + DL
n—m+1+s1
m—2— s — sy DrFITRTN T (3.8)
j=1
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We make a change of variables: s = s and t =m — 2 — s1 — s2. Then (3.8) becomes

m—2m—2—s m—2
_ 1 15—t m—3—s—t
LR P D (P (SR

n—1—s—t

JCRR VA (S V) W a3 (3.9)

j=1
Using Lemma 1, for p, ¢ > 1, (3.7)+(3.9) is asymptotically

n—m+1 S m +p+q—1 ,—c(s+t+1) 1 I
S —ip+a—1 j—c(s+t s=lp 1 1)
(p+1)(q+1)Z Z S +17e+1)

_(1_ (s+t)(s+t+3)+(s+t+l)(s+t+3) _Hp+q+2)

2cn n n

2
st +p+q+2+0(nz)>. (3.10)

2n 2n

The tree function F(z) = .o i—i(s + 1)~ is related to the Lambert W function via F(z) =
—W(—2)/z, and satisfies F (ce‘c) =¢¢. By the chain rule its first and second derivatives
therefore satisfy

2c
e 3—-2c
F/ —C — , F// —C 3L 311
(ce™) - (ce™) = (1—6)3 (3.11)
We recognize that (3.10) is in the form of a Cauchy product, and converges to
Y+t
n—m+1 m+p+q 1 —LZZ (S+ )b 1(t+ )l‘ 1,
P+ +Dn" parfar
1 2 2 -2
|14+ =(A+Bs+ Ct+Ds* + Ef* + Fst) + O(n"?) | , (3.12)
n
where
c p+q+2 3 3
A=—-4+34——— B=-—c——+4+4, C=—c———-p— 2,
2" 2 T €T TPTIT
p=-S_Loy p=_S_ Ll o L (3.13)
T2t FT T T TETOTLTE '
Using F(z) this can be written as follows (with z = ce™¢):
nmmtl g,
Pp+D@+1
1 /
: [F(Z)—l- p (AF(Z)+(B+C)ZF/(Z)+(D+E)( 2F”(z)—l—zF/(z)) +FZF () (())> +O(n_2)] .
(3.14)
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Dividing by [PF(m, n)| = (n — m 4+ 1)(n + 1)"~! and simplifying, we get

l’lp"l‘({ 1p+q+2 C(p+q) 1
m(”z( > 1_c>+0<n—2>> (3.15)

for the generic (p, ¢)th mixed moment.
For the special case p > 1 and g = 0, a similar asymptotic calculation gives the pth moment

as
nP 1 (p+1 cp 1
I+-— - ol=)). 3.16
(e (i) o) (10

O

Extending the asymptotic expansion approach in the proof of Theorem 4, we have the
following more general result.

Theorem 5. Take | > 1 any integer. For 1 <i <|, take p; > 1 any integer. Take m and n large
with m = cn for some 0 < ¢ < 1. For a parking function mw chosen uniformly at random from
PF(m, n), we have

l b ! : ! i
& nJT,Pi _ ln 1 1+l (lelzp, +1 C21:1_21pl +0(i2> RNERT)
i=1 [Tizi @i+ 1) " ¢ "

Proof. We will not include all technical details as in the / = 1, 2 case, but point out some
key facts. As in the proof of Theorem 4, using Theorem 2 and Proposition 2 and interchanging
the order of summation, we have

1

> (]‘[ n{’f) {m € PE(m, n) : 7; specified Vi € [I]}

i=1

m—Il—s|—--—s;_1

m—I
—-mtDY Y (s]’.ws[’mm—l )

_l_s — =5
s1=0 51=0 1 !

l l
=l L= sy == T (s DS > [[="
i=1

#{i : 7T,'§n—l+k—zjl-:k Sj}zk i=1

vkell]
(3.18)
By Lemma 1, for p; > 1, (3.18) is asymptotically
) m—Il—sy—--—s— ! . !
n—m-+1 m N 1 i si nm—H‘Zgzl (p'__sl_)e—c(l—l+2§:1 Si) (si + l)si_l~
[Tei i+ D [Ty i l
i= ! s1=0 51=0 i=1°r i=1
| (Zle Si) (2l -1+ Zﬁ:l Si) (l -1+ Zﬁ:l Si) <l+ 1+ 25:1 si) S (Zf:] pi+ l)
' B 2cn + n a n
2
cl—1+Zl<=ls,- Lo 1
_ ( : ) L2z Pitl O(n_z) (3.19)
2n 2n
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Let F(2) =) o2, %(s +1)*~!. An application of the tree function method shows that (3.19)
converges to

n—m+1
[T, @i+ 1)
1 ! l F/(Z)
: [F @+ (AF(z) + (Bl -> pi- l) 2F'(2) + CI(ZF"(2) + 2F'(2)) + D( 2) ﬁ/(z)m>

i=1

]
a1 i P

+ O(n_Z)i| : (3.20)
where
I—1)? L opi+1 20— 1
PP Gl Y ST D BT L SN S - el S
2 2 2¢
c 1 1
C=—S— 41, D=—c—-+2. (3.21)
2 2 c

Dividing by |[PF(m, n)| = (n — m + 1)(n + 1Y"~! and simplifying, we get

S pi 1 [ Lo, 1
]_[ln (p] - <1 oL (21_12171 +1 B c?,_11)1> + 0(_2>> (3.22)
i=1 i+ " e "

for the generic mixed moment. (]

Record the parking outcome of & € PF(m, n) as T(x) = (11, . . ., T,n), Where the ith car parks
in spot 7; with 1 < 7; <n. An asymptotic argument similar to the one in the proof of Theorems
4 and 5 leads to the following.

Theorem 6. Take | > 1 any integer. For 1 <i <|, take p; > 1 any integer. Take m and n large
with m = cn for some 0 < ¢ < 1. For a parking function & chosen uniformly at random from
PF(m, n), we have

! i1 pi ! ) ! ‘
B [Te) =i (1 (ERPE 22l o ) 62y
i=1 [T= @i+ 1) n 2 l1—c n

where T is the parking outcome of . In particular, for any finite i,

. nPi 1 (pi+1 cpi 1
E Piy _ 1 = _ £ ol — . 3.24
(") pi+1(+n( 2 1—c + n? (3:24)

We will now deduce all possible covariances of parking functions: between two coordinates,
between a coordinate and an unattempted spot, and between two unattempted spots. As for
the mixed moment calculations in Section 3.1, combinatorial considerations and asymptotic
expansion will be the central ingredients in our derivations.

3.2. Covariance between two coordinates

Proposition 6. Take m and n large with m = cn for some 0 < ¢ < 1. For a parking function &
chosen uniformly at random from PF(m, n), we have

1 1
Var(m)) ~ —n? — n, Cov(w, m)~ (3.25)

n ¢ s -
127 6(1-c) 4(1 — )2
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Proof. For p=¢q =1, performing asymptotic expansion as in the proof of Theorem 4 but
keeping more lower-order terms, we have that

n n
> jk#m € PR, n) iy =j, my =k}

j=1 k=1
converges to

n_m+1 [eSIe) _C)S-H
m+1 —C Z Z 'ﬂ (S+ 1)S—l(t+ 1)1—1_

s=0 t=

1
: (1 4 <A1 T Ags 4 Ast + Ags® + Ast? +A6st)— + (31 + Bos + Bst + Bus® + Bst® + Best+
n

1
+B7S2t + Bgst2 + Bgs3 + Blot3 + Blls3l + Blzst3 + B1352t2 + Bl4s4 + Bl5t4) I’l_2 + 0(1’1_3)) s

where 3
Al=—S45 At+Ay=—2c— 244,
2 c
1 1
Ay +As=—c——-+4+2, Ag=—c——+2,
C Cc
3 2 17c+9 B+ B 13 e 15+45
= — — , _C——— _
=% 7 7% 2T 6¢2 2
BitB 3c2+3 = 11+41 3 302+3 e 11+37
= — —_ C — —_, = — _— R
ATT T2 c 2 6T T2 2
By +Bg=3 +7 14 15+45 Byt Bio=c? 4 14 5 15
=3¢"+ — —ld¢— — , =c - =t =,
7o 202 2 o TR0 62 3 ¢ 2

1 4 3¢ 3 3 9
Bii+Bp=c"+— —4c— - +6, Bl3=i+_—3c——+—,
c? ¢ 4  4c2 c 2
2 1 1 3
B]4+BIS_Z+4 3 c—z—i-z. (3.26)

A more involved application of the tree function method then yields

(1=2cm 1—c+3c*-23

E ~— 3.27
(m17r2) + 00 0 —op (3.27)
The same approach also yields
n 1—-2c¢ l4c—¢?
E ~ = . 3.28
T~ 0= T 2= o (5.28)
The claimed asymptotics are then immediate. U

3.3. Covariance between a coordinate and an unattempted spot
Recall that for a parking function & € PF(m, n), there are n — m parking spots that are never

attempted by any car. Let k;(w) for i=1, ..., n — m represent these spots, so that 0:= ko <
ki < <ky—m <kp—m+1:=n+1.Let
PF(m, n; i, k) = {mr € PE(m, n) : kj(x) =k}, (3.29)
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consisting of parking functions where the ith empty spot is fixed at k. The unattempted spot
k ranges from i to m + i and breaks up the parking function & into two components & and f3,
with « € PF(k — i, k — 1) and g € PF(m — k+ i, n — k), and & a shuffle of the two. From the

parking scheme, if j < k and w = (j, 72, . . ., ) € PE(m, n; i, k), then '’ = (I, o, ..., ) €
PE(m, n; i, k) for all 1 <I<j, while if j>k and & =(j, m2, ..., ) € PE(m, n; i, k), then
x' =, m, ...,y € PR(m, n;i, k) for all k + 1 < [ <. This implies that given the last m — 1
parking preferences, it is sufficient to identify the largest feasible first preference (if any
exists).

Theorem 7. We have that & = (j, 72, . .., Ty) isin PF(m, n; i, k) but w’ = (j+ 1, 73, . .., 7T)
is not if and only if either (1) i<j<k—1 and (m,...,7my) is a multi-shuffle of

acPFG—i,j—1), BePFtk—j—1,k—j—1), and y e PF(m—k+i,n—k); or (2) j>
n—m—i+k+1and (s, ..., 7y is a multi-shuffle of « € PF(k —i,k— 1), B € PF(j—k —
l—n+m+i,j—k—1),andy € PF(n—j,n—j).

Proof. The proof builds upon Theorem 1.

First suppose j<k. Then (ma,...,7m) =081, ..., 8k—i1s V1> ---» Vm—k+i) := (8, ¥),
where 8 consists of cars with preference < k — 1 and y consists of cars with preference > k + 1.
Itis clear that (71, §) € PF(k — i, k — 1) and y € PF(m — k 4 i, n — k). The statement of the the-
orem is equivalent to identifying j such that As = [j]. From Theorem 1, j > i and § is a shuffle
ofa e PFG—i,j—1)and BePFtk—j—1,k—j—1).

Next suppose j>k. Then (mp,...,7wn)=(a1, .., C—i, 1, -+, Om—k+i—1) = (&, 8),
where a consists of cars with preference <k — 1 and 8§ consists of cars with preference
>k+ 1. It is clear that « € PF(k — i, k— 1) and (71, §) € PF(m — k+ i, n — k). The state-
ment of the theorem is equivalent to identifying j such that Ag = [j — k]. From Theorem 1,
j—k>n—m—i+1 and § is a shuffle of BePFj—k—1—n+m+i,j—k—1)and y €
PF(n —j, n—)). U

Proposition 7. Take 1 <i<n — m any integer. Take i <k <m+ i any integer. For j <k, the
number of parking functions & € PF(m, n) with my =j and ki =k is

min(k—i—1,k—j—1)

( m—1 )i(n—m—i+1)(n_k+1)mk+il Z

m—k+i =

(k—;— 1>(k 1= b2 1)l (3.30)

Note that this quantity stays constant for j <i and decreases as j increases past i, as there
are fewer resulting summands. For j > k, the number of parking functions & € PF(m, n) with
my=jand ki=kis

m—k+i—1

min(m+i—k—1,n—j)
< N

m—1\_ ;i .
<k—i>lkk ](n—m—z—}—l) Z

)(}’l —k— s)m+i—k—s—2(s + l)s—l )
s=0

(3.31)

Note that this quantity stays constant for j <n —m — i+ k+ 1 and decreases as j increases
pastn —m — i+ k+ 1, as there are fewer resulting summands.
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Proof. If m; =j <k, then the maximal 71 consistent with 3, ..., 7, and k; is some [ >
max(j, i) and < k — 1. Thus, from Theorem 7, the number of parking functions with 71 = and
ki=kis

—! m—1
PF(—i,1—1)|

Z,,(Z—i,k—l—l,m—k—i—i)' (=i =D

I=max(j,i)

PRk —1—1,k—1— V)|[PF(m — k+i, n— k)|

k—1

m— 1 ; .
— in—m—i+1 ll*l*l k—1 k—1-2, k+1 m—k+i—1
) <1_i,k—1—1,m—k+i)’(” mo i DET =) ek D

I=max(j,i)
m—1 .
= i(n — — 1 1 —k 1 m—k+i—1
(m—k—i—i)l(n m—i+ 1)(n +1)

min(k—i—1,k—j—1)

Z (k —i— 1>(k R N I (3.32)

s=0

where the last equality comes from a change of variables s =k — [ — 1.

If 71 =j > k, then the maximal 77| consistent with 7o, . . ., 7, and k; is some [ > max(j, n —
m—i+k—+1). Thus, from Theorem 7, the number of parking functions with 71 =; and
ki=kis

- -1
3 ( , " , )|PF(k—i,k—1)|~
k—i,l—k—1—n+m+i,n—1

I=max(j,n—m—i+k+1)
IPFl—k—1—n+m+i,l—k—1)||PF(n -1, n—1)|
" m—1
= Z <k ko , l)ikk_’_l(n—m—i+1)~
I=max(n—m—itk41) Vo b ETRT LR TmoL =

. (l _ k)likin+m+i72(l’l I+ ])Vl*l*l

-1 )
= <’Z_i>ik’<—’—1(n—m—i+ 1).

min(m-+i—k—1,n—j) .
—k+i—1 .
Z (m +i )(n ke — gymHikes=2 (g 4y
s=0 §
where the last equality comes from a change of variables s =n — /. O

Proposition 8. Take i > 1 any integer. Take m and n large with m = cn for some 0 < ¢ < 1. For
a parking function  chosen uniformly at random from PF(m, n), we have

(COV(?Tl, kl') ~ — (3.33)

2(1 —¢o)?’

https://doi.org/10.1017/apr.2022.49 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.49

784 M. YIN

Proof. From Proposition 7 and interchanging the order of summation, we have

k=i j=1 Jj=k+1

m+i k—1
Zk(Z]#{nePF(m n)y:m =j, ki=k} + Z j#{m e PF(m, n):my =j, k;i _k})

- m-i
m—1 —ki—1
*’(”— ﬂ“{Z > (m—k+i,s,k—i—s—1>k(”_k+1)m o

s=0 k=i+1+s

.(k—l—s)"*"*S(s+1)S*1(1+ ! )
k—1—s

m—1 m+i—1-—s

2: m—1 . ' k]
E kkft —k— m—+i—k—s 1 s—1 | .
" (k—iys,m—k+i—1_s> (n s) s+ 1D +

s=0 k=i n—k—s
(3.34)

We make a change of variables: t=k —i — s — 1 in the first sum and t =k — i in the second
sum. Then (3.34) becomes

m— 1—s
—l(n— _l_l_l)z Z ( -1 >(n_l-_s_t)m—s—t—2(s+l)S—l'

1
s, t,m—1—s5—
s=0 =0

~[(s+z+i+1)(x+i)l+1 (1+%>+(l+i)l(n—i—s—;)2 <1+ 2(t+i)+1)}

n—i—s—t

m—

1 m—1m—1—s )s+l
_ b - 1 t
_Ez(n— m—i+ Hne 'CZ Z L s+ D e+
s=0 =0
_ 1_(s+r)(s+t+1)_c(s+t+i)2+(s+t+i)(s+r)+2(t+i)+1+0(n_2) .
2cn 2n n n

(3.35)

The generalized tree function F;(z) = Y o0y §—i(s + i)~ ! is related to the tree function Fi(2)
via Fi(z) = (F1(2))'/i, and satisfies F;(ce™) = ¢°/i. Furthermore, Gi(z) = 3 o0 (s + i)’ =
(Fi—1(z)). By the chain rule, the first and second derivatives of Fj(z) and G;(z) therefore
respectively satisfy

e 3—-2¢
r ey "o — 3
F(ce C)_l—c’ F{(ce™) = m e>°,
ic 1— )
G,-(ce_c) = le— - G;(ce_c) = l(—}l__—c);ce(’ﬂ)c, (3.36)
G/,/(Ce_c) _ (1 —_ C)212 + (1 _ C)(4 —_ C)l + (4 —_ C) g(i+2)c.
' (1—cy

We recognize that (3.35) is in the form of a Cauchy product, and converges to

—l(n —m—i+ DnMe7i Z Z

s=0 =0

)s+t
(s DT i)

: (1 + —(A + Bs+ Ct+ Ds* + Ef> + Fst) + O(nz)) ,
n
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where
A=142i e L i
= i 5 =% i—ci,
Ce—t hiccitr p=1-+_¢ (3.37)
=——+i—ci+2, =1—-=——-=, .
2c 2c 2
1 c 1
E=l———-, F=2—-—c
2c 2 c

Using F1(z) and G;(z), this can be written as follows (with z = ce™):
1 . 1
Ei(n —m—i+1n"e™ [F] (2)Gi(z) + - (AFl (2)Gi(z) + BzF(2)Gi(z) + CzF1(2)Gi(z) +

1
D(ZF{(2) + 2F|(2)Gi(2) + EF1(2)(*G{ (2) + 2G}(2)) + FZ°F} <Z>G§<Z>) +0 (,,—z)] :

(3.38)
Dividing by |PF(m, n)| =(n —m+ 1)(n + "1 and simplifying, we get
in 3ic
E(miki) ~ - . 3.39
k)~ 30— " 2 —op (5:39)
The same approach also yields
i ic
E(k;) ~ — . 3.40
(ki) —c d—_opn (3.40)
If we combine these with Theorem 4, the claimed asymptotics are then immediate. O

3.4. Covariance between two unattempted spots

Proposition 9. Take 1 <i < j any pair of distinct integers. Take m and n large with m = cn for
some 0 < ¢ < 1. For a parking function t chosen uniformly at random from PF(m, n), we have

ic

Cov(ki, kj) ~ (3.41)

ic
(1—c)

Proof. Take ki(w) =k and k;(;r) = I. The unattempted spot k ranges from i to m + i, and
the unattempted spot / ranges from k — i+ j to m + j. The two unattempted spots break up
the parking function & into three components a, B, and y, with « e PF(k—i,k— 1), B €
PF(l—k—j+i,l—k—1),and y € PF(m — [+ j, n — [), and & a multi-shuffle of the three. We
have

m+i m+j

Yk > {m e PE(n n) ki=k k=1

k=i I=k—i+j
m+i m-+j "

:Zk Z l< . . . ,)ikk_i_l-
k=i I=k—i+j k—il—k—j+i,m—Il+]

G D= i —m— 4 D(n— 14 1L (3.42)
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We make a change of variables: s =k — i and t =/ — k — j + i. Then (3.42) becomes

m m-—s

i(j—i)(n—m—j+l)§§(S,t7mm_s_t)(s—ki)s(t+j—i)’_1~
“G4s+ t)(n_—j_— s — 4 1ynsil
o . L1ty o R (e
=i(j—in—m—j+ DHn™ e~V 1>SZO:H) -
: [(s+ D4 — i) (s )+ — i)’] (1 + 0<n—1)) . (3.43)

The generalized tree function Fi(z) = Zﬁo _Zg—i(s + i)~ ! is related to the tree function F;(z)
via Fi(z) = (F1(2))!/i, and satisfies F; (ce_”) = ¢/ /i. Furthermore, G;(z) = > %(s +i) =
(Fi-1()) and Hi(d)= Y32 &(s+ i)' = (Fi-2(2))". By the chain rule, Gi(z) and H;(2)
therefore respectively satisfy

Gilee) =4 (e = Lot e

We recognize that (3.43) is in the form of a Cauchy product, and converges to

i — i) —m—j+ ™ lem<U=D.
o0 00 c\st+t

> —(“! ) [+ atj— + 6+ +i-] (1+0(n)).

s!t!
s=0 t=0

Using F;(z), Gi(z), and H;(z), this can be written as follows (with z = ce™):

i — i)(n—m—j+ D™ emeU=D [Hi(Z)Fj—i(Z) + Gi(2)Gj-i(2) + 0( ! ) } (3.45)

n

Dividing by |[PF(m, n)| = (n — m 4+ 1)(n + 1)"~! and simplifying, we get

i(c+j—jo)
E(kikj) ~ 3.46
k)~ == (3.46)
The same approach also yields
ilc+i—ic)
E(k?) ~ ————— 3.47
D~ == (3.47)

If we combine these with (3.40), the claimed asymptotics are then immediate.

3.5. The special situation m=n

The asymptotic moment calculations in Sections 3.1, 3.2, 3.3, and 3.4 could alternatively be
approached via Abel’s multinomial theorem. Unlike the tree function method, which fails for
the case m = n because of divergence, Abel’s multinomial theorem applies broadly, whether in
the generic case m < n or in the special case m = n. However, calculation-wise, it is in general
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more cumbersome to apply Abel’s multinomial theorem than the tree function method, so we
only use this alternative approach when m = n.

Theorem 8. (Abel’s multinomial theorem, derived from Pitman [15] and Riordan [17].) Let
m
n .
An(XL, oo Xs Pl v v s Pi) = Z (s) l_! (xj + s;)%71, (3.48)
/:
where s =(s1, ..., sm) and Yy ;- si=n. Then

An(xlv"~’-xi""sxj3-~-v-xm;p1’"'1pi7~-~’pj1-~-7pm)
=An(X1, Xy Xy e X3Pl e s P oo o5 Pis oo s P (3.49)

Ap(xX1, oo X3 P1s ey Pim)

ZZA}’L—I(-XI’ .. '1xi—17xi+ ]s-xi+17 e 7xm;p1’ .. ~7pi—11pi+ lva-lv s aPm)?

(3.50)
" (n
AnX1, o XLy P = Y o)+ DA 8. X0, X pr = L2 ).
s=0

(3.51)

Moreover, the following special instances hold via the basic recurrences listed above:
An@rs s =1 =D =) T @)@ )" (352)
AnXty oo Xy = 1y, = 1,0) = (1 - X)X (X1 - A X ) (3.53)

We recognize that in computing IE( ]_[l | T ) in Theorem 5, (3.18) is asymptotically
n—m+1

- Y pitl—1, - —1
e i+ 1) Z T )

I
+(l—1)<2pi+z) m— 1<n—m+1 1, Zp,—l—l—Z 0, — )
ll’ -1 —1s

i=1 i=1

A 1(n—m+1 1,
ll’

1
1
+§<Z;pi+l) 1<n—m+11 Zp,-l—l ..,—1) . (3.54)
= 's I—1's

i=1

This is a general formula that works for any m, n, and I. When m = n, taking / = 1, 2, we have

2 5
RN

E(my) ~ 5~ 3 (3.55)
2 /
E(r172) ~ "Z _ NI 4o, (3.56)

These asymptotic results are in sharp contrast w1th the case m=cn for some 0 <c < 1. As
¢ — 1, the correction terms in (3.27) and (3.28) blow up, contributing to the difference between
the asymptotic orders in the generic situation m < n and the special situation m = n.
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4. Interval parking functions

In this section we study a generalization of the parking functions PF(m, n) in which the ith

car is willing to park only in an interval [a;, b;] C {1, ..., n}. If all cars can successfully park
then we say that the pair (a, b) =((ay, ..., am), (b1, ..., by)) is an interval parking function
with m cars and n spots, or IPF(m, n). If b; = n for all i, then we recover a parking function
PE(m, n).

Let z(-) denote the parking outcome of either a parking function or an interval parking
function. The following propositions for IPF(m, n) generalize the corresponding results for the
special case IPF(n, n) discussed in [5].

Proposition 10. Let a, b € [n]". Then the following hold:
1. ae€ PF(m, n) ifand only if (a, (n, ..., n)) € IPF(m, n).

2. (a, b) € IPF(m, n) if and only if a € PF(m, n) and T(a) <cb.
Proof. These equivalences follow directly from the definition.
Proposition 11. Let ¢ = (a, b) € IPF(m, n). Then the following hold:

1. b* € PF(m, n).
2. a<ct(c)<cband T(b*)* <ch.

Proof. Evidently a <¢ t(c) <cb. Since t(c) is a parking outcome, it consists of dis-
tinct entries, and so its non-decreasing rearrangement A = (A1, ..., A,) satisfies A; > i for
all 1 <i<m. It follows that (c)* also consists of distinct entries, and its non-decreasing
rearrangement A* = (A}, ..., Ax)=m—+1— Ay, ..., n+1—Xy) satisfies A} <n —m +i for
all 1 <i < m. Therefore 7(¢)* € PF(m, n). From t(c) <c b, one has b* < 7(¢)*. Hence b* ¢
PF(m, n). This implies that b* <¢ 7(b*), and further implies that 7(b*)* <¢b. O

Proposition 12. The number of interval parking functions |IPF(m, n)| satisfies

n—m+1
m n!
\IPF(m, n)| = ( ) (si+ D —— . , (4.1)
where s = (81, . . ., Sy—m+1) IS a composition of m. In particular,
|IPF(n, n)| =n!(n+ 1)\ 4.2)

Proof. For an interval parking function ¢ = (a, b) € IPF(m, n), there are n — m parking spots
that are never attempted by any car. Let k;(;r) fori =1, ..., n — mrepresent these spots, so that
0:=ko<ky <---<kp—m <kp—my1:= n+ 1. This separates a € PF(m, n) into n —m+ 1
disjoint non-interacting segments (some segments might be empty), with each segment a
classical parking function of length (k; — k;_; — 1) after translation. The parking outcome is
7(¢) = t(a), and for every a € PF(m, n), there are precisely n!/ []/_" (n — k; + 1) choices for

=
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b such that (a, b) € IPF(m, n). We have

n—m+1 !
[IPF(m, n)| = (ki — k;_p)li—hi-1=2 '
; 1_! . I =kt 1)

( : )
ki —ko—1, ..., kn—mt1 —kn—m—1

m n—m+1 !
SR ) (NI
. 1 M =i 1 -5y — )

s Sp— e — g
sk=m n—m+1 S;

where s = (k1 —ko — L, . .., kn—m1 — knm — 1) and Y12 5, = m. O

From (4.2), we recognize that the number of interval parking functions IPF(n, n) coincides
with the number of edge-labeled spanning trees of K. The rest of Section 4 will focus on
this combinatorial implication. We first present some background material on the symmetric

group.

4.1. The symmetric group as a Coxeter system

Denote by &,, the symmetric group on # letters. We set e =(1, . . ., n) (the identity permu-
tation) and wo =(n,n— 1, ..., 1). We denote by #; the permutation transposing i and j and
fixing all other values, and take s; = #; j+-1. The elements sy, .. ., s,—1 are termed the standard

generators. Our convention for multiplication is right to left, which is consistent with treating
permutations as bijective functions from [n] — [n]. Thus #;x is obtained by transposing the
digits i,j wherever they appear in x, while xt;; is obtained by transposing the digits in the ith
and jth positions.

The theory of normal forms in a Coxeter system was introduced by du Cloux [8] and is
elaborated in Bjorner and Brenti [2]. The symmetric group &, may be viewed as a Coxeter
system of type A, with generators S = {s1, ..., sp,—1}. The length l(x) of x € G, is the smallest
number & such that x can be written as a product s;, - - - s;, of standard generators; in this case
Siy - - i, 1s called a reduced word for x. It is a standard fact that length equals number of
inversions:

1) ={G, p: 1 =i<j=n, x()) > x()}. (4.4)

Let oy = s - - - 51. Every x € &,, has a unique normal form: a reduced word N(x) of the form
V1 -+ Vnp_1, where vy =e or vy = sy - - - 5; for some 1 §j§ k is a prefix of oy. For example,
l(e)=0,N(e) =e, and [(wg) =n(n — 1)/2, N(wg) =071 - - - op—1. It is straightforward to obtain

the permutation x given its normal form N(x). Conversely, since xv,_ 1 R vl_1 =e, we may

interpret the normal-form decomposition of x in an alternative way: start with the permutation
x. Then v 1] corresponds to a sequence of adjacent transpositions that moves the value n in

x to the rrght until it is in the last position (if n is already in the last position, then v 1] =e).
Slmllarly, 2 corresponds to a sequence of adjacent transpositions that moves the value n — 1
inxv, 1 to the rrght until it is in the next-to-last position (if n — 1 is already in the next-to-last

position, then vn_2 = e); and so on. Thus x is fully characterized by the sequence
A) =), oy Apm1 ) =il .oy a1 D €0, 1] x - - x [0, n — 1]. (4.5)

This describes an explicit bijection between &, and C; x - - - x C,,, where C; is a chain with i
elements.
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4.2. One-to-one correspondence between interval parking functions IPF(n, n) and
edge-labeled spanning trees of K, + 1

Recall the classical result that there exists a bijection between parking functions PF(n, n)
and spanning trees of K41, using the concepts of specification and order permutation.
Building upon this result, we will construct a bijection between interval parking functions
IPF(n, n) and edge-labeled spanning trees of K11, where the vertices are labeled 0 through n
(vertex 0 is the root) and the edges are labeled 1 through 7.

As illustrated in Chassaing and Marckert [4] and Yan [21], a parking function & € PF(n, n)
may be uniquely determined by its associated specification r(x) and order permutation o (7).

Here the specification is r(x) = (ry, ..., 1), where ry =#{i: m; = k} records the number of
cars whose first preference is spot k. The order permutation o () € G,;,, on the other hand, is
defined by

oi={j:mj<m, ormj=m; and j < i}, 4.6)

and so is the permutation that orders the list, without switching elements which are the same. In
words, o; is the position of the entry 7; in the non-decreasing rearrangement of . Conversely,
we can easily recover a parking function & by replacing i in o (&) with the ith smallest term in
the sequence 1" ... n"".

However, not every pair of a length-n vector r and a permutation o € G, can be the
specification and the order permutation of a parking function from PF(n, n). The vec-
tor and the permutation must be compatible with each other, in the sense that the terms
1+ Z{:]l Fiyouns Zf-‘zl r; appear from left to right in o for every k to satisfy the non-
decreasing rearrangement requirement of w. Moreover, the specification r should satisfy a
balance condition:

J n
erzj, V1<j<n, Zr5=n. 4.7

s=1 s=1

Let 4{(n) be the set of all compatible pairs.

Denote by #(n+ 1) the set of spanning trees of K, where the vertices are labeled
0 through n and vertex O is the root. Furthermore, denote by .#°(n+ 1) the set of edge-
labeled spanning trees of K1, where the edges, in addition to the vertices, are also labeled 1
through n.

Theorem 9. (Adapted from Yan [21].) The set 6(n) is in one-to-one correspondence with
PF(n, n), and is also in one-to-one correspondence with F#(n + 1).

Theorem 10. There is a one-to-one correspondence between IPF(n, n) and % (n + 1), the set
of edge-labeled spanning trees of K, 1.

Proof. By Proposition 10, (a, b) € IPF(n, n) is equivalent to a € PF(n, n) and t(a) <cb.
Using Theorem 9, a is in one-to-one correspondence with a spanning tree of K, 1, where a
determines the shape and vertex labels of the spanning tree. Since 7(a) is a permutation on n
letters, b — t(a) takes values in Cy x - - - x Cy,, where C; is a chain of length i (after reordering
the indices). Using the results on Coxeter systems from Section 4.1, this gives an association
between b and the edge labels of the spanning tree.

We illustrate the map with a representative example. See Figure 1, which represents an
element of .%#°(10). We read the vertices in ‘breadth-first search’ (BFS) order: vy, ..., vg =
0,2,5,9,6,1,8,4,7, 3. That is, read the root vertex first, then all vertices at level one (dis-
tance one from the root), then those at level two (distance two from the root), and so on,
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FIGURE 1. Edge-labeled spanning tree of complete graph.

where vertices at a given level are naturally ordered in order of increasing predecessor, and,
if they have the same predecessor, increasing order. We let o = 259618473 be this vertex
ordering once we remove the root vertex. We also record the edges incident with the vertices
as x = 569341827, with associated normal form A(x) = (0, 2,2,4,4,0,2,6) € Cy, x - - - x Co.
We let r; record the number of successors of v;; that is, r=(3,1,2,1,1,0, 1,0, 0). Now
r is balanced and o~! =519724863 is compatible with r, by virtue of the fact that ver-
tices with the same predecessor are read in increasing order. The corresponding parking
functionisa=(3,1,7,4, 1,2, 5, 3, 1), with parking outcome t(a)=(3,1,7,4,2,5,6,8,9).
Thus b—t(a) € C7 x Cg x C3 X Cg X Cg X C5 x Cq4 x Cr x C1. Reordering the indices in
A(x) and adding an extra O (for C;), we have b—1(a)=(0, 6, 2,4,2,4,2,0,0). Hence
b=(3,7,9,8,4,9,8, 8,9). The interval parking function connected with this edge-labeled
spanning tree is ¢ = (a, b)=((3,1,7,4,1,2,5,3,1),(3,7,9,8,4,9, 8, 8,9)).

The above one-to-one correspondence between edge-labeled spanning trees and interval
parking functions does not depend on using the BFS algorithm; any other algorithm which
builds up a tree one edge at a time through a sequence of growing subtrees will give an alterna-
tive bijection. Generally, an algorithm checks the vertices of the tree one by one, starting with
the root. At each step, we pick a new vertex and connect it to the checked vertices. The choice
function (which defines the algorithm) tells us which new vertex to pick. g

Equivalently, we could view the edge-labeled spanning tree of K,41 as the spanning tree of
a complete bipartite graph of K}, ,41 where the first group has n vertices labeled 1 through n
and the second group has n 4 1 vertices labeled 0 through n, and every vertex in the first group
has two incident edges. Two vertices i and j of K1 are connected with edge label & if and
only if vertices i and j in the second group of K,, ,+1 are both connected to vertex k in the first
group. This is a one-to-one correspondence, since vertex k must be unique, as otherwise this
creates a cycle in K, ,41. See Figure 2 for a transformed view of Figure 1.
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FIGURE 2. Spanning tree of complete bipartite graph.

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

(1]

(2]
(3]

(4]
(51
(6]
(7]
(8]
(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]

[21]

References

ADENIRAN, A. et al. (2020). Enumerating parking completions using Join and Split. Electron. J.
Combinatorics 27, paper no. 44, 19 pp.

BIJORNER, A. AND BRENTI, F. (2005). Combinatorics of Coxeter Groups. Springer, New York.

CAMERON, P. J., JOHANNSEN, D., PRELLBERG, T. AND SCHWEITZER, P. (2008). Counting defective parking
functions. Electron. J. Combinatorics 15, paper no. 92, 15 pp.

CHASSAING, P. AND MARCKERT, J.-F. (2001). Parking functions, empirical processes, and the width of rooted
labeled trees. Electron. J. Combinatorics 8, paper no. 14, 19 pp.

COLARIC, E., DEMUSE, R., MARTIN, J. L. AND YIN, M. (2021). Interval parking functions. Adv. Appl. Math.
123, paper no. 102129.

CORI, R. AND ROSSIN, D. (2000). On the sandpile group of dual graphs. Europ. J. Combinatorics 21, 447-459.
DIACONIS, P. AND HICKS, A. (2017). Probabilizing parking functions. Adv. Appl. Math. 89, 125-155.

Du CLOUX, F. (1999). A transducer approach to Coxeter groups. J. Symbolic Comput. 27, 311-324.
EHRENBORG, R. AND HAPP, A. (2018). Parking cars after a trailer. Australas. J. Combinatorics 70, 402-406.
FOATA, D. AND RIORDAN, J. (1974). Mappings of acyclic and parking functions. Aequat. Math. 10, 10-22.
GESSEL, I. M. AND SEO, S. (2006). A refinement of Cayley’s formula for trees. Electron. J. Combinatorics
11, paper no. 27, 23 pp.

HAIMAN, M. D. (1994). Conjectures on the quotient ring by diagonal invariants. J. Algebraic Combin. 3,
17-76.

KENYON, R. AND YIN, M. (2021). Parking functions: from combinatorics to probability. Preprint. Available
at https://arxiv.org/abs/2103.17180.

KUNG, J. P. S. AND YAN, C. H. (2003). Expected sums of general parking functions. Ann. Combinatorics 7,
481-493.

PITMAN, J. (2002). Forest volume decompositions and Abel-Cayley—Hurwitz multinomial expansions.
J. Combinatorial Theory A 98, 175-191.

PITMAN, J. AND STANLEY, R. P. (2002). A polytope related to empirical distributions, plane trees, parking
functions, and the associahedron. Discrete Comput. Geom. 27, 603-634.

RIORDAN, J. (1968). Combinatorial Identities. John Wiley, New York.

STANLEY, R. P. (1997). Parking functions and noncrossing partitions. Electron. J. Combinatorics 4, paper no.
20, 14 pp.

STANLEY, R. P. (1998). Hyperplane arrangements, parking functions and tree inversions. In Mathematical
Essays in Honor of Gian-Carlo Rota, eds B. E. Sagan and R. P. Stanley, Birkhéuser, Boston, pp. 359-375.
YAN, C. H. (2001). Generalized parking functions, tree inversions, and multicolored graphs. Adv. Appl. Math.
27, 641-670.

YAN, C. H. (2015). Parking functions. In Handbook of Enumerative Combinatorics, ed. M. Béna, CRC Press,
Boca Raton, pp. 835-893.

https://doi.org/10.1017/apr.2022.49 Published online by Cambridge University Press


https://arxiv.org/abs/2103.17180
https://doi.org/10.1017/apr.2022.49

	Introduction
	Parking function multi-shuffle
	Connections with Pitman"2013`Stanley polytopes

	Properties of random parking functions
	Mixed moments of multiple coordinates
	Covariance between two coordinates
	Covariance between a coordinate and an unattempted spot
	Covariance between two unattempted spots
	The special situation m=n

	Interval parking functions
	The symmetric group as a Coxeter system
	One-to-one correspondence between interval parking functions "026E30F textIPF(n, n) and edge-labeled spanning trees of K_n+1

	Funding information
	Competing interests
	References

