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Abstract. Kuiper(1973) suggested that the stability of the Solar System 
may be meaningfully investigated by studying the stability of the Sun-
Jupiter-Saturn system. Numerical investigations by Nacozy(1976) showed 
that mass enhancement of the two planets beyond a factor of 29.25 led to 
instabilities in the system. In this new investigation similar mass enhance-
ments were studied in detail numerically and compared with the analytical 
values derived from the c2H method. In addition, the eccentricities of the 
two planets were varied as well as their masses. It was found that the sys-
tem soon showed signs of instability for the increased eccentricities when 
the masses of the planets were enhanced by fairly small factors. 

1. Introduction 

Complex systems such as star clusters can be broken down into a series of 
hierarchical systems where successive separations of the component masses 
increase by large factors and can be described by a series of two-body mo-
tions. In particular,hierarchical three-body systems composed of a binary 
system with a third body moving on an approximately Keplerian orbit rel-
ative to the centre of mass of the binary has been investigated in some 
detail by number of authors (see Donnison h Mikulskis (1995)). It was 
suggested by Kuiper(1973) that the stability of such triple systems might 
have a strong bearing on the stability of the solar system, with the stabil-
ity of the Sun-Jupiter-Saturn system being the dominant criterion for the 
continued existence of the planetary system. The stability of this system 
was investigated analytically by Szebehely and McKenzie (1977), and by 
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Nacozy(1976) by short-time numerical integration of the system by increas-

ing the masses of Jupiter and Saturn. This enhancement of masses allows 

any instabilities to emerge more rapidly and thus evolve the system more 

quickly. 

For comparison, a restricted three-body Hill model with the mass of 

Saturn taken to be infinitesimal and both the planetary orbits assumed to 

be circular gives a critical planetary mass enhancement factor 7 for Jupiter 

of 18.45. A full three-body planar model using the c2H parameter (c angular 

momentum and H the energy of the system) to control the topology of the 

zero-velocity surfaces, gave, using a two-body approximation for the energy, 

a value of 13.65 (Szebehely and McKenzie (1977). An improved model by 

Walker and Roy (1981) with the exact expression for the energy and a range 

of initial configurations reflected by a range of true anomalies gave 18.34 < 

7 < 24.16, where the upper limit represents a straight-line configuration 

with Jupiter at aphelion and Saturn at perihelion. These models maintain 

hierarchical or Hill stability with exchange of the component masses or 

crossing of the orbits ruled out, though the escape of Saturn from the 

system would not violate such criteria. To establish more general orbital 

stability, Nacozy(1976) integrated the system numerically for a wide range 

of 7. No secular trends were found for 7 < 29.0, though as 7 was increased 

beyond 7 = 29.25 such trends became immediately apparent in all the 

orbital elements, with Saturn eventually being ejected in a few thousand 

years. In the current investigation the numerical approach was extended to 

cover variations in the eccentricities of both Jupiter and Saturn as well as 

7· 

2. D y n a m i c a l m o d e l 

In Jacobian coordinates the equations governing the motion are 

h= -G (MQ + Mj) 
Ms Ls LJS 

Mq + Mj \ rf JS, 

and 

LCSZ 
CMQ + Mj + Ms 

MQ + M j 

Mi 

where r_j and r_s are the position vectors of Jupiter and Saturn with masses 

Mj and Ms relative to the Sun. r_js = Ls ~~ Lj and r^s is the position of 

the vector of Saturn relative to the barycentre of the Sun-Jupiter system. 

These equations were integrated numerically using a 12(10) embedded 

Runge-Kutta-Nystrom procedure (Dormand et al(1987)), with variable step 

length adjusted to a tolerance of 1 0 ~ 1 4 . The mass, position and velocity of 
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each component mass was specified for a straight line configuration simu-

lating maximum perturbations. The stability criterion was that of Laplace 

where the orbital elements show no secular or large periodic variations over 

the time scale of the integration, in practice this meant that instability was 

deemed to have set in if the semi-major axis increased by 10% or the ec-

centricity by 0.1. An additional check on the performance of the numerical 

code was the maintenance to high degree of accuracy of the constancy of 

the energy integral. The various systems considered were evolved numeri-

cally for about 1000 orbits of the Sun-Jupiter subsystem and in some cases 

for substantially more. In most cases any instability present tended to be-

come apparent within the first 100 orbits and was marked by rapid secular 

changes in the orbital elements. 

3. Results 

In the first set of experiments the system was integrated for a range of 7 
between 20 and 100, with the orbital elements taken to have their present 

values. This is similar to the set of calculations to those carried out by 

Nacozy(1976). It was found that for 7 < 28, the system obeyed our strict 

definition of stability. In the range 28.0 < 7 < 29.2, it was found that 

although the semi-major axes and eccentricities showed changes exceeding 

the 10% level, the changes appeared periodic in nature. For 7 > 29.2, the 

orbits were found to not only violate the basic criteria but were clearly 

secular, increasing rapidly with Saturn eventually escaping from the sys-

tem altogether. These results agree with those of Nacozy(1976) who found 

clear indications of instability for 7 > 29.25; the value 7 = 29.2 was not 

integrated by Nacozy. It seems clear that Nacozy(1976) used a criteria relat-

ing to large changes in eccentricity to determine instability. Graziani and 

Black(1981), when testing their numerical code against Nacozy's results, 

found that the system was stable when 7 was 20 or less and strongly un-

stable when 7 of 30 or more was used. Nothing was explicitly stated about 

the intervening values. 

In the next series of numerical experiments the eccentricity of Jupiter's 

orbit, e j , was increased for the same range of 7 as before. Jupiter was 

thus initially released closer to Saturn producing greater perturbations in 

Saturn's orbit. The conditions under which varying the orbit of Jupiter 

will disrupt the orbit of Saturn and the nature of the disruption were de-

termined. The results are displayed in table I. It was found that for an 

increase in ej to 0.1 only 7 = 1 was completely stable,though periodic vari-

ations were apparent for small changes in ej or small 7 values.These are 

likely to be unstable over longer time scales. The instabilities were largely, 

as expected,linked to the disturbance of Saturn's orbit which increases with 
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7 and e j . 

A similar series of numerical experiments were carried out by increasing 

the eccentricity of Saturn, es, while that of Jupiter remains at its current 

value. The initial perturbations on Saturn's orbit were thus increased com-

pared to the present situation. The results are displayed in table II. The 

general mode of instability was the ejection of Saturn from the system with 

ej increased. 

From the series of calculations performed it was clearly found that, as 

the mass ratio 7 was increased, instability in the present system became 

apparent as value around 29 were reached. Similar calculations varying ej 

or es , as well as 7, showed that instability sets in rapidly for all but the 

smallest changes in the eccentricities. 
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