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Abstract

We systematically produce algebraic varieties with torus action by constructing them as suitably
embedded subvarieties of toric varieties. The resulting varieties admit an explicit treatment in
terms of toric geometry and graded ring theory. Our approach extends existing constructions of
rational varieties with torus action of complexity one and delivers all Mori dream spaces with torus
action. We exhibit the example class of ‘general arrangement varieties’ and obtain classification
results in the case of complexity two and Picard number at most two, extending former work in
complexity one.

2010 Mathematics Subject Classification: 14130, 14M25, 14J45 (primary)

1. Introduction

This article contributes to the study of algebraic varieties with torus action. Here,
a torus is an algebraic group T isomorphic to the k-fold direct product T* of
the multiplicative group K* of the ground field K, which is assumed to be
algebraically closed and of characteristic zero. The presence of a torus action
on a variety brings combinatorial aspects into the game, as becomes most evident
in the case of toric varieties, that means normal varieties Z containing a torus
T, as an open subset such that the group structure of T, extends to an action
on Z. The fundamental correspondence between toric varieties and fans observed
in 1970 by Demazure [28] is the starting point of toric geometry, a meanwhile
highly developed theory and continuously active field of research.
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Beyond toric geometry, there are the T-varieties X of higher complexity,
where one requires X to be normal, the T-action to be effective, meaning that
only the neutral element acts trivially, and the complexity is the difference
dim(X) — dim(T). Torus actions of complexity one are studied as well since
the 1970s; we mention the combinatorial approaches [53, 67], the geometric
work [32-34, 61-64] on K*-surfaces and the more algebraic point of view based
on trinomial relations [41, 42, 47, 58]. In arbitrary complexity, we have the general
approach via polyhedral divisors [1, 2], unifying in particular aspects of [34, 67].
Torus actions serve also as a model case for actions of more general algebraic
groups, for example reductive ones, and the approaches just discussed reflect
in this much more general theory; we restrict ourselves to refer to the seminal
work [56] in complexity zero and [68] as a landmark in complexity one.

In the present article we consider T-varieties of arbitrary complexity. The aim
is to provide an explicit approach with close links to toric geometry, supporting,
for instance, concrete, example-oriented work. Besides basic algebraic geometry
and graded ring theory, only rudiments of toric geometry and Cox ring theory are
needed; we refer to Section 2 for a brief summary.

Let us get into the matter by means of an example. Consider the five-
dimensional smooth projective quadric X € Ps. The automorphism group of X is
the orthogonal group O(7). Fixing a maximal torus T C O(7), we turn X into a
T-variety. Choosing suitable coordinates, we achieve that the quadric is given by

X = V(TO2 + ', + 5T, + T5T) € P

and that the elements t = (¢, #,, t3) of the (three-dimensional) torus T = T* act
on the points [z] = [zo, . . ., z¢] of P via

-1 -1 -1
t-[z]l =lzo, 121, t] 22, 0223, 1, 24,1325, 15 Zel.

In particular, T acts diagonally. In order to link the situation in an optimal manner
to toric geometry, we do a further step. Consider the torus T® C P4 consisting of
all points with only nonzero homogeneous coordinates and the splitting

T - T° x T°, t+> (tity, tala, tsts, 1, b, 13).

In terms of toric geometry, such a change of torus coordinates means passing to
another describing fan of the projective space Ps. More precisely, we switch over
from the fan A4 with rays generated by the canonical basis vectors ey, . . . , es € Q°
and ¢g = —e; — - -+ — ¢g to the fan X' with rays generated by

ep—e —ey—e3, e, e+ e, e, e+ es5,e3, 63+ €.

In the new picture, our torus T is the second factor of the splitting T® = T? x T°.
The projection T® — T? onto the first factor mods out the T-action and defines
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a T-invariant rational map 7 : P4 --» P; which in terms of fans arises from the
projection Z% — Z3 onto the first factor mapping the rays of X onto the rays of
the fan A; describing P;. Observe that the closure of the image 7 (X) in P5 is

Y=VWUy+U +U,+Us;) CP;,

the projective plane realized as a general hyperplane in the projective space. The
restriction w: X --» Y encodes important information on the T-action and is
what we will call a ‘maximal orbit quotient’. Moreover, X C Pg is the zero
set of a homogeneous quadratic polynomial g and thus we have a homogeneous
coordinate ring K[Ty, ..., Ts]/{(g). In case of the quadric X, the latter equals the
Cox ring

R(X) = P I'(X. O(D),

CI(X)

where the grading via the divisor class group CI(X) is just the classical Z-
grading of its homogeneous coordinate ring. Also for ¥ € P; we observe that
the homogeneous coordinate ring equals the Cox ring.

Our approach replaces the ambient projective spaces of the above example
with ambient toric varieties. Given a toric variety Z, say a complete one, Cox’s
quotient presentation delivers Z as a quotient of an affine space. This allows
us in particular, to associate with a closed subvariety X € Z a generalized
homogeneous coordinate ring. We call X € Z an explicit variety if, roughly
speaking, its generalized homogeneous coordinate ring equals its Cox ring. In
Construction 3.5, we produce systematically explicit T-varieties, where the idea
is to reverse the process of the introductory example: one starts with an explicit
variety ¥ € Zy and then builds up via an elementary game an explicit variety
X C Zyx such that a direct factor T of the torus T, C Z leaves X invariant and
turns X C Z into a T-variety with maximal orbit quotient X --» Y. So, in the
above example, the projective plane ¥ C P; is the input and as output we obtain
the quadric X C P.

Explicit T-varieties are designed to be directly accessible for concrete
computation. Their geometry is strongly related to that of the ambient toric
variety and, due to finite generation of their Cox ring, the combinatorial methods
developed in [5, Section 3] apply; see Remark 2.10 for the precise interface and
Section 5 for a collection of basic geometric properties. Let us say a few words
about what kind of T-varieties we obtain. First, Construction 3.5 generalizes the
Cox ring based approach to rational T-varieties of complexity one developed
in [41, 47]; see Remark 5.14. For a general statement, recall the Mori dream
spaces introduced by Hu and Keel [48]: these varieties behave perfectly with
respect to the minimal model programme and are characterized as the Q-factorial,
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projective varieties with finitely generated Cox ring. As a special case of the more
general Theorem 3.10, we obtain the following.

THEOREM 1.1. Every Mori dream space with an effective torus action admits a
presentation as an explicit T-variety.

As a first major example class, we exhibit in Section 6 the general arrangement
varieties. These are T-varieties of complexity ¢ with maximal orbit quotient
mw: X --» P, such that the critical values of w form a general hyperplane
arrangement in the projective space P.. We have already seen an example. The
smooth projective quadric X with its maximal torus action discussed at the
beginning is a general arrangement variety of complexity two. The critical values
of the maximal orbit quotient 7 : X --» [P, are the points of the lines

V(Ty), V(T), V(I), V(Li+Ti+T1).

Theorem 6.18 ensures that, for instance, all projective general arrangement
varieties can be presented as explicit T-varieties. In Section 7 we use the methods
on explicit T-varieties to investigate the geometry of general arrangement
varieties. For example, Proposition 7.4 gives an explicit formula for the canonical
divisor and Corollary 7.16 provides a purely combinatorial smoothness criterion.

Extending recent classification work in complexity one [31], we take a closer
look at smooth general arrangement varieties of Picard number at most two. In
Picard number one, we retrieve precisely the smooth projective quadrics; see
Proposition 7.23. Similar to the case of complexity one, the situation in Picard
number two is much more ample. For the case of complexity two, we obtain the
following explicit descriptions; below, we say that a torus action on a variety is of
true complexity c, if the action is of complexity ¢ and the variety does not admit a
torus action of lower complexity. Note that being Mori dream spaces, the varieties
listed below are indeed determined by their Cox ring together with an ample class;
see Remark 5.7. Moreover, in Remark 8.11 we provide the defining data for the
respective descriptions as explicit T-varieties.

THEOREM 1.2. Every smooth projective general arrangement variety of true
complexity two and Picard number two is isomorphic to precisely one of the
following varieties X, specified by their Cox ring R(X), the matrix [wy, ..., w,]
of generator degrees and an ample class u € C1(X) = Z>.

No. R(X) [wy, ..., wy] u dim(X)
0011 1 1 1 11
2K[T] """ B] |:110a1 ai azaéag,a%] |: ! :| 6
<T1T2T3 +TyT5+TeT7+T3To) 1< a §a2§1l3,a;=2;a,' az +1
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2 KI[Ty,...,To] 001101010 1 6
(M T T3+T4Ts+ T T7+ T3 To) |:1 1011111 1] [2]
1

|:a2+1] 5

— 001 1 1 1 11
3 W) (Z..... 8] 5 110a ai ay aé 1
(ML T+ TuTs+Te T +15)

1 <ap éaz,atfzzfai

KITy,....T3,81,--,Sm] [Olal 1a21a31‘41 dm] [a’]
2 [ I I3 101010101 ...1 1
4 (T AT TsT + T T5°) 0<a <ay<apd <...<dm.  dnx m+5
m>0 Iy =a;+lg=ay+lg=a3+Ig ofaz, dm
M 02a+lalalalll...1 242
5 <T1T2+T3 T4+T5 T6+T7 T8> |:1 1 101010‘()‘“0] [ ] :|m—|—5
m}O az=0

KITy,...,78,81,...,8m]

—_— ) 0 e 02a3+1ayayaz lay1|l...1
2 2 3 1ag a3 laz
6 (MDA TS To+ T Ts) [1 1 11101 o‘omo] [2“31+2]m+5
m>=0 2a3 +1=ay +ap,0<a) <ap
K[T1,....T8.81,....8m]1 02a5+1ajapag tl4 u51 1
7 (TN Ty + T3 Ty+T5 T+ T3 Tg) [1 11 ‘ 0] [2‘15+2]m+5
m>1 2a5+1—a1+az—a3+a4 a; >0
KITy,...,T8,81,...,8m]
8 T T+ T Ta+ Ts To ¥ Ty T5) 000000—11[1...1 1 mas
m>1 111111 1 1{0...0 2
=
K[Ty,...,73,51,....Sm] [Oal ay a3 aq as ag aj|l ... ']
T+ 3 T4+ T5 T+ 17 Tt T 11111 1[0...0 ap +1
9 (T, 34>256 7T3) Bt L] [1 ]m+5
mz a; >0
KTy, T8, 1,00 Sm] 00000000|1 1 1
10 (M AT+ TsTe+T7Tg) [1 1T111110d, .. dm] [11 +1] m+5
m>2 0<dy <+ < dm,dm >0
K[Tls"'aT7aS15“~sSHl]
11 (T Ta+ T3 T4+ TsTo+T3) [71 100000 . l] [é] m+4
11111110...0
m>1
K[Ty,....77,81,....8m] 02a 1 1
Sal a2a3u4a5
12 (T T+ T3 T4+ TsTo+T7) [1 11111 10...0] [2‘151+1]m+4
m>2 aj +ay = a3 +ay =2a5,a; >0
KIT1,..., 77,5150, Sm] 0000000[1 1 ... 1 1
13 (M T+ T3Ty+TsTs+T3) [1111111‘0:12...(1,,,] [d l]m—|—4
m>=2 0<dy<... <dm,dm >0 m+
14 KI[T1,...,T1o] 1010101010 1 6
0101010101 1

T\ Ty + T3Ty + T5Tg + T7Tg,
MT3Ty + 2 T5Tg + T71g + To Ty

Moreover, each of the listed data defines a smooth projective general arrangement
variety of true complexity two and Picard number two.

As an application, we contribute to the classification of (almost) Fano varieties,

that means varieties with a (semi-)ample anticanonical divisor. Fano varieties
show up in the minimal model programme as the general fibers of Mori
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contractions and enjoy remarkable finiteness properties: in the case of suitably
mild singularities, they are Mori dream spaces [17, Corollary 1.3.2] and form
in any fixed dimension a finite number of families [16]. The classification of
smooth Fano varieties has a long history. In dimension one, the projective line
P, is the only example. In dimension two, we have the del Pezzo surfaces, that
means P; x P, and the blow ups of the projective plane P, in at most eight
points in general position. The systematic work in the threefold case was initiated
by Fano himself in the 1930s and culminated in the classifications given by
Iskovskih [49, 50] and Mori/Mukai [59]. From dimension four on, the general
classification is widely open.

Here, we consider smooth (almost) Fano varieties that come with a torus action.
Existing classification work concerns the toric case [8, 9, 54] and the case of
complexity one [31]. Our Theorem 9.1 classifies in every dimension the (finitely
many) smooth Fano general arrangement varieties of complexity two and Picard
number two. Moreover, we study the geometry of the resulting Fano varieties.
First we provide a raw geometric picture by presenting the (regular) elementary
contractions [20], which in the setting of Theorem 9.1 are fibrations and birational
contractions of prime divisors onto (possibly singular) Fano varieties of Picard
number one; see Remark 9.3. Moreover, also in Remark 9.3, we exhibit small
degenerations to varieties with a torus action of true complexity one, where ‘small’
means that all fibers of the degeneration have the same divisor class group; see [10,
Definition 3.1] for a related concept used in a mirror construction. In Remark 9.4,
we obtain a similar finiteness feature as observed in [31] in complexity one: all
varieties of Theorem 9.1 arise via two elementary contractions and a series of
isomorphisms in codimension one from a finite set of smooth projective general
arrangement varieties of complexity two having dimension 5 to 8. Finally, we list
in Theorem 9.5 the smooth truly almost Fano general arrangement varieties of
true complexity two and Picard number two, where truly almost Fano means that
the anticanonical divisor is semiample but not ample.

2. Background on toric varieties and Cox rings

We provide the necessary background and fix our notation on toric geometry
and Cox rings. Throughout the whole article, the ground field K is algebraically
closed and of characteristic zero. Moreover, the word variety refers to an integral
separated scheme of finite type over K. In particular, we assume varieties to be
irreducible. By a point we mean a closed point.

When we speak of an action of an algebraic group G on a variety X, then we
always assume the action map G x X — X, (g, x) — g - x to be a morphism
of varieties. A torus is an algebraic group T isomorphic to a standard torus
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T" = (K*)" and a T-variety is a normal variety X with an effective torus action,
where effective means that only the neutral element 1 € T acts trivially. The
complexity c(X) of a T-variety X is the difference dim(X) — dim(T).

Toric geometry treats the case of complexity zero. More precisely, a foric
variety is a T-variety Z with a base point z, € Z such that the orbit map # +— - z¢
yields an open embedding T — Z; we call T, = T the acting torus of Z and
write T; C Z, identifying 1 € T with zo € Z and T, with its orbit T - z,.
Toric geometry originates in Demazure’s work [28] in the 1970s and connects
combinatorics, represented by fans, with algebraic geometry, represented by toric
varieties. As introductory references, we mention [25, 27, 35, 60]. Here comes
the fundamental construction, which at the end yields a covariant equivalence
between the categories of fans and toric varieties.

CONSTRUCTION 2.1. A fan in Z" is a finite collection ¥ of pointed, convex,
polyhedral cones living in Q" such that for any o € X also every face of o belongs
to X' and for any two o, 0’ € X the intersection o N ¢’ is a face of both, ¢ and ¢”.
Given afan X' in Z", the associated toric variety Z is built by equivariantly gluing
the spectra Z,, of the monoid algebras K[M,, | of the monoids M, := ¥ N Z" of
lattice points inside the dual cones:

Z=2y=\JZ, Z,=SpecKIM,]. KIM,]1= (P Kx"

oceX ueMy

The acting torus T; = T" = Spec K[Z"] embeds via K[M,] € K[Z"] canonically
into each of the Z, C Z and one takes the neutral element 1, € T, = T" as base
point zo € Z. The action of T, on Z then just extends the group structure of
T, € Z. Locally, on the affine open subsets Z, C Z, the Tz-action is given by
its comorphism x* — x" ® x"“.

REMARK 2.2. Let X' be a fan in Z" and Z the associated toric variety. The cones
of X are in bijection with the T -orbits via o — Ty - z,, where z, denotes the
common limit point for ¢ — 0 of all one-parameter groups ¢ — (", ..., t")
of T, with v € Z" taken from the relative interior 0° C o. The dimension of
Tz - z, equals n — dim(o). In particular, the rays gy, ..., o, of X, that means
the one-dimensional cones, define the Tz-invariant prime divisors D; := Ty - z,,
of Z.

Cox’s quotient presentation generalizes the classical construction of the
projective space P, as the quotient of K"*!'\ {0} by K* acting via scalar
multiplication. It delivers, for instance, any complete toric variety as a quotient of
an open toric subset of some affine space by a quasitorus, that means an algebraic
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group isomorphic to a direct product of a torus and a finite abelian group. Below
and later, we write T < o if T C o is a face of the convex, polyhedral cone o.

CONSTRUCTION 2.3. See [24], also [25, Section 5] and [5, Section 2.1.3].
Consider a fan X' in Z" and let gy, .. ., 0, denote its rays. In each p; sits a unique
primitive lattice vector v;, the generator of the monoid o; N Z". The generator
matrix of X is the (n x r)-matrix

P:[Ul,...,vr]

having vy, ..., v, as its columns, numbered accordingly to oy, ..., 0,. We use the
letter P as well to denote the associated linear maps Z" — Z" and Q" — Q". As
any integral n x r matrix, P defines a homomorphism of tori

p: T =T t (7. ")
where 7+ = ¢ ... 17" has the ith row of P = (p, ;) as its exponent vector. Now
assume that vy, ..., v, generate Q" as a vector space, meaning that the associated
toric variety Z has no torus factor. Consider the orthant y = Q% and the set

3= {t <X y; P(t) Co forsomeo € X}.

Then ¥ is a subfan of the fan ¥ of faces of the orthant y C Q. Moreover, P
sends cones from X' into cones of X'. Thus, p: T" — T" extends to a morphism
p: Z — Z of the associated toric varieties. We arrive at the following picture

7 ¢ 7 = K
p|yH

Z

where Z C Zis an open T"-invariant subvariety and H C T" is the kernel of
the homomorphism p: T" — T" of the acting tori. Being a closed subgroup of a
torus, H is a quasitorus. For any cone o € X', we have

pNZ,) =Zs5, & :=cone(e;;v; = Ple;) €0), p*OZ,) =0OZ:)",

where e; € 7" is the ith canonical basis vector. Thus, p: Z — Z is an affine
morphism and the pull back functions are precisely the H-invariants. In other
words, p is a good quotient for the H-action, as indicated by ‘/H’.

Generalizing the idea of homogeneous coordinates on the projective space, one
uses Cox’s quotient presentation to obtain global coordinates on toric varieties.
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REMARK 2.4. Let Z be a toric variety with quotient presentation p: Z — Zas
in Construction 2.3. Then every p-fiber contains a unique closed H-orbit. The
presentation in Cox coordinates of a point x € Z is

x=1zi,...,2], wherez=1(zy,...,2,) € p‘l(x) with H - 7 C Z closed.

Thus, [z] and [7] represent the same point x € Z if and only if z and 7’ lie in
the same closed H-orbit of Z. For instance, the points z, € Z, where o € X, are
given in Cox coordinates as

0, P(e) €oa,

e = L€15 .- Er]s & =
Lex ] 1, P(e) €o.

REMARK 2.5. Let Z be a toric variety with quotient presentation p: Z—>2Z
as in Construction 2.3. Then we obtain an injection from the closed subvarieties
X C Z to the H-invariant closed subvarieties of Z = K" via

X~ X:=p(X)CZ.

The vanishing ideal / (X) CK[T,,...,T.]is generated by polynomials gy, ...,
g, being H-homogeneous in the sense that g;(h - z) = x;(h)g;(z) holds with
characters x; € X(H). We call gy, ..., g, defining equations in Cox coordinates
for X C Z.

We turn to Cox rings. Their history starts in the 1970s in a geometric setting,
when Colliot-Thélene and Sansuc introduced the universal torsors presenting
smooth varieties in a universal way as quotients [23]. In toric geometry, the
quotient presentation and Cox rings popped up in the 1990s in the work of
Audin [6], Cox [24] and others. In 2000, Hu and Keel observed fundamental
connections between Cox rings, Mori theory and geometric invariant theory [48].
As a general introductory reference on Cox rings, we mention [5].

We enter the subject. Consider a normal variety X with only constant invertible
global functions and finitely generated divisor class group Cl(X). For a Weil
divisor D on X, denote by O(D) the associated sheaf of sections. Then the Cox
sheaf 'R and the Cox ring R(X) of X are defined as

R = EB OD), RX):=TX,R)= @ (X, O(D)).

[D]eCl(X) [D]eCI(X)

Observe that we grade R and R(X) by divisor classes, whereas the homogeneous
components are defined by divisors. If CI(X) is torsion free, then this problem
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of well-definedness is solved by just regarding R as the sheaf of multi-section
algebras: fix a subgroup K C WDiv(X) of the Weil divisor group mapping
isomorphically onto C1(X) and work with

R:=S= @O(D).

DekK

The case of torsion in CI(X) requires more care: fix a subgroup K € WDiv(X)
mapping onto Cl(X), denote by K° C K the subgroup consisting of all principal
divisors of K and choose functions x£ € K(X), where E € K, satisfying

E+E’

div(x®) = E, xEx¥ =x

Consider the sheaf of S multi-section algebras associated with K, the subsheaf
Z C S of ideals generated by 1 — x £, where E € K° and define R := S/Z. Then
R is graded by K /K° = CI(X) via

R =7 | @ O) |,

D+K°

where 7 : § — R denotes the projection. Then, up to isomorphy, this construction
turns out not to depend on any of the choices made; we refer to [14, 40] and
[5, Section 1.1.4] for the details.

REMARK 2.6. See [24], also [25, Section 5] and [5, Section 2.1.3]. Let Z be a
toric variety without torus factor and let Dy, ..., D, be the T z-invariant prime
divisors of Z. Then the Cox ring of Z and its CI(Z)-grading are given as

R(Z) =KITy,...,T,], deg(T) = [D;] € CL(Z).

For a more explicit picture, let Z arise fromafan X inZ". Then D; =T, - z,, € Z
holds with the rays gy, ..., 0, of X'. The divisor class group of Z and the divisor
classes of the D; are described by

Cl(Z) =K :=7"/im(P*), [D;]=w; := Q(e;) € K,

where we denote by P* the transpose of the generator matrix P of X, by Q: Z" —
K the projection and by e; € Z" the ith canonical basis vector.

REMARK 2.7. In Construction 2.3, the toric variety Z is represented as a quotient
of Z C K’ by the quasitorus H = ker(p) € T". With K = CI(Z) = Z" /im(P*)
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from Remark 2.6, we can view H also as the spectrum of the associated group
algebra:
H = SpecK[K], K[K]= @wa.
wek
Here, the elements x* € K[K] are the characters of H and w > x" defines an
isomorphism between K and the character group X(H). Setting x; := x", we
retrieve the H-action from the Cl(Z)-grading of the Cox ring R(Z) as

h- = (Xl(h)zl’ ey Xr(h)zr)~

In general, the Cox ring R(X) is normal, integral and, as its main algebraic
feature, it is C1(X)-factorial [4, 40]. Let us recall the meaning. A ring R = ®&¢ R,
graded by an abelian group K is K-integral if it has no homogeneous zero
divisors. A nonzero homogeneous nonunit f € R is K-prime if, whenever f
divides a product gh of two homogeneous g, 4 € R, then it divides g or A. The
ring R is called K-factorial if it is K-integral and every nonzero homogeneous
nonunit of R is a product of K-primes. If CI(X) is torsion free, then the Cox
ring admits unique factorization in the usual sense; see [14, Proposition 8.4] and
also [29, Corollary 1.2].

The bunched ring approach presented in [5, 15, 39] uses Cox rings to encode
algebraic varieties. The central construction starts with a given K -factorial ring R
and produces varieties X having divisor class group K and Cox ring R. In this
article, we will work with the following variant being closer to toric geometry
in the sense that it uses fans instead of the bunches of cones of [5, 15, 39]. Let
us fix the necessary notation. By an affine algebra we mean a finitely generated
reduced K-algebra. If K is an abelian group, then we denote by Ko = K ®; Q
the associated rational vector space. Given w € K, we write as well w for the
element w ® 1 € Kg. Moreover, if Q: K — K’ is a homomorphism, we denote
the associated linear map Ko — K¢ as well by Q.

CONSTRUCTION 2.8. Let K be a finitely generated abelian group and R =
@k R, a K-factorial, normal, integral, affine K-algebra with only constant
homogeneous units. Suppose that fi, ..., f, are pairwise nonassociated K -prime
generators of R such that any r — 1 of the degrees w; := deg( f;) generate K as
a group and for 7; := cone(w;; j # i), the intersection 7; N --- N 7, is of full
dimension in K. Consider the closed embedding

x> (f1(0)s s fr (1) =

Spec R =: X Z:=K".

The quasitorus H = Spec K[K] acts on Zviah-z=GuWzy, ..., W)z,
where y; € X(H) is the character corresponding to w; € K. This action leaves
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the subvariety X C Z invariant. Now, consider the degree map
0:7Z" - K, et w.

Let P be an integral (n x r)-matrix, the rows of which generate ker(Q) C Z'.
Then the assumptions on fi, ..., f. ensure that the columns of P are pairwise
different and primitive; see [S, Theorem 2.2.2.6 and Lemma 2.1.4.1]. Fix any fan
XY having P as generator matrix. The associated toric variety Z and p: 77
from Construction 2.3 fit into a commutative diagram

JH | P PL//H

X ¢ Z

where we set X := XNZ and X := X / H is a normal, closed subvariety of Z. We
speak of X C Z as an explicit variety, refer toa = (fi, ..., f,) as the embedding
system of X C Z and call any system of K-homogeneous generators gi, ..., g
of the vanishing ideal I()_() C KI[Ty, ..., T,] defining equations for X.

REMARK 2.9. If, in Construction 2.8, the ambient toric variety Z is affine
(complete, projective), then the resulting X is affine (complete, projective).

The interface from explicit varieties to bunched rings relies on linear Gale
duality. Here comes how this concretely works in our situation.

REMARK 2.10. Notation as in Construction 2.3, 2.6 and Construction 2.8. To
any explicit variety X C Z, we can apply the machinery of bunched rings
[5, Ch. 3]. The translation into the latter setting runs as follows. Consider the
homomorphisms

P:7 - 7" e,—>v;, Q:7Z — K,e — w,

where K = 7" /im(P*). For ¢ € X, the face 6 < y € Q" of the orthant is
generated by the ¢; with v; € o. The complementary face 6* < y of 6 < y is
generated by the e; with ¢; & 6. Set

@ :={Q(6");0 e X withXNT, -z, #0).

Then @ is a collection of cones in K with pairwise intersecting relative interiors.
With the system of generators § := (fi, ..., f,), we obtain a bunched ring (R, §,
@) in the sense of [5, Definition 3.2.1.2]. We have an open inclusion

XS X(R, S, P)
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into the variety associated with the bunched ring [5, Definition 3.2.1.3] such that
the complement of X in X (R, §, @) is of codimension at least two. If X is affine
or complete, then the above inclusion is even an equality.

Based on this translation, we will import several statements on the geometry of
explicit (T-)varieties in Section 5. For the moment, we just mention the following.

REMARK 2.11. See [S5, Theorem 3.2.1.4]. For every explicit variety X € Z, the
divisor class group and the Cox ring of X are given as

CI(X) =K =Cl(Z), R(X)=R=R(Z)/I(X).

Moreover, X is the relative spectrum of the Cox sheaf on X, which in turn is given
as the direct image R = p,Oy. Finally, we have the prime divisors

DY =XND’CX

induced by the toric prime divisors DZ, ..., D?. Here each D} is determined by
the property p*DX = Vi (T}).

Coming embedded into a toric variety, every explicit variety X C Z inherits
the A,-property: any two points of X admit a common affine neighborhood. The
normal A,-varieties are precisely the normal varieties that are embeddable into a
toric variety; see [69]. An A,-variety Y is A,-maximal if it does not allow open
embeddings into A,-varieties Y’ such that Y’ \ Y is nonempty of codimension at
least two. For example, affine and projective varieties are A,-maximal.

REMARK 2.12. See [5, Theorem 3.2.1.9]. Every A,-maximal variety with only
constant invertible global functions, finitely generated divisor class group and
finitely generated Cox ring can be represented as an explicit variety.

In [48], Hu and Keel introduced the Mori dream spaces as Q-factorial
projective varieties with a Mori chamber decomposition satisfying suitable
finiteness properties which in particular guarantee an optimal behavior with
respect to the minimal model programme.

REMARK 2.13. According to [48, Proposition 2.9], the Mori dream spaces are

precisely the Q-factorial projective varieties with a finitely generated Cox ring. In
particular, every Mori dream space can be represented as an explicit variety.
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3. Constructing explicit T-varieties

We present our method of producing systematically explicit T-varieties,
see Construction 3.5, and we formulate basic properties, see Proposition 3.7,
Theorem 3.10 and Proposition 3.16. The proofs of the latter results are given in
the subsequent section. We begin by indicating the ideas behind Construction 3.5.
First, take a glance at the following naive way to produce varieties with torus
action sitting inside a given toric variety.

RECIPE 3.1. Let Z be a toric variety, T, = T" x T a splitting of the acting torus
into closed subtori and ¥ C T’ a closed subvariety. Consider the closure

X =YxTCZ.

Then the variety X C Z is invariant under the action of T on Z and thus we obtain
an effective algebraic torus action T x X — X. By construction, we have

XNT,=YxT, KX)T'=K(®).

In particular, Y represents the field of T-invariant rational functions of X and thus
the projection T, — T’ defines a rational quotient X --» Y for the T-action
on X.

So far, Recipe 3.1 provides no specifically close relations between the geometry
of X and that of its ambient toric variety Z. Nevertheless, we know in advance the
rational quotient Y and, stemming from a subtorus action on Z, the T-action on X
can be studied by toric methods. Moreover, Recipe 3.1 produces for instance all
projective T-varieties, as we infer from the following.

REMARK 3.2. Any T-variety X that admits an equivariant embedding into a toric
variety Z with T acting as a subtorus of T, can be represented as in Recipe 3.1.
The techniques from [38, 39] yield such equivariant embeddings for T-varieties X
with the A,-property provided they are Q-factorial or, more generally, divisorial
in the sense of [18], or have a Cox sheaf of locally finite type.

Our aim is to bring together the features of Recipe 3.1 with those of
Construction 2.8. Let us first look at a concrete example, indicating the main
rules of the subsequent construction game and illustrating the notation used there.
The example we are going to treat is a well-known K*-surface, occurring as an
important step in resolving the E¢-singular cubic surface; see [37, Section 4] and,
for links to various other aspects, also [5, page 522].
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EXAMPLE 3.3. Our initial data is a projective line Y C [P, given in homogeneous
coordinates by the following equation:

Y=V +Ti+T) CP,.

We regard IP, as the toric variety defined by the complete fan A with the generator
matrix

-110
B=[u07ul7u2]= [_101}

Now we start the game that builds up the generator matrix P of the fan of the
prospective ambient toric variety Z of our final X. First produce a matrix

-3-130
Py = [ug,, oo, 11, U] = [—3 —-10 2] ’

the columns u;; of which are positive multiples of the columns u; of B. Then
append a zero column to Py, a block d below P, and a block d’ below the zero

column:
-3-1300
Py, 0
P = [vo1,, Vo2, V11, Vo1, 0] = | =3 —-1020 | = |:d0 d’]
—2-1111

Let X be any complete fan in Z* having P as its generator matrix and let Z be
the associated toric variety. Then the acting torus T of Z splits as

T, =T =T x K*.
Moreover, Y N T? C T2 is the zero set of 1 + T,/ Ty + T/ Ty. Proceeding exactly
as in Recipe 3.1 yields a surface X coming with an effective K*-action:

X =NT)) xK+C Z.

We have X N T? = V(1 + T,/ T, + T»/ Tp). Pulling back that equation via the
homomorphism p: T° — T> given by P leads to the equation for X in Cox
coordinates:

X=VIaTe+TH +T;) S Z =K,
where the variables T;; represent columns of P, and the index i; tells us that we
have the jth repetition of the ith column of B, scaled by the exponent /;; of T;;.

REMARK 3.4. In Example 3.3, we encountered two explicit varieties in the sense
of Construction 2.8: first, the projective line ¥ € P, and second, the K*-surface
X C Z. In particular, divisor class group and Cox ring of X are given as

Cl(X) = K = 7°/im(P*) = 7%,
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R(X) = K[To1, Too, Tiy, Tor, T/ (T T + T}y + T53).

Observe that the manipulations on the matrix B turned the redundant defining
relation Ty + T, + 7> of Y into the serious relation T03] T+ T + T}, defining the
resulting X.

We come to the general construction of explicit T-varieties. It starts with a given
explicit variety ¥ € Z, provided by Construction 2.8 and delivers an explicit
variety X € Zx which is invariant under a direct factor T C Ty of the acting
torus Ty C Z5.

CONSTRUCTION 3.5. LetY C Z, be an explicit variety with embedding system
a = (fo, ..., fr). The defining fan A of Z, lives in some Z' and hasa t x (r + 1)
generator matrix

B = [ug, ..., u,].

In particular, C1(Y) = CI(Z,) equals K := Z"*! /im(B*) and the Cox ring of Y
equals the Kjg-factorial input ring Ry of Construction 2.8. We build up a new
matrix from B and the following data

e positive integers ny, . . ., 1, and non-negative integers m, s witht +s < n +m,
where n :=ng+---+ n,,

e for any two i, j, where i =0,...,rand j =1, ..., n;, a positive integer /;;
and a vector d;; € 7,

e forany k, where 1 < k < m, avectord, € Z°,

where, with the multiples u;; := [;;u; € Z' of the columns of B, we require that
the vectors
vij = (U, dij) € Z, v = (0, d/i) ezZ™

are all primitive, any two of them are distinct and altogether they generate Q'+*
as a vector space. Store v;; and v as columns in a (f + s5) x (n + m) matrix

. [ L2 T 7 A 7 SRS T B ()
P—[“'f’”k]—[dm...dOHO...d,,...d,n, d;...d;j

Now, let X' be any fan in Z'™ having P as its generator matrix and denote by Zx
the associated toric variety. Then we obtain a commutative diagram

X c Zs
I [
| |
Y Y
Y C Z4
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where the rational map Zy --+ Z, is given by the projection T x T® — T’ of
the respective acting tori Ty = T x T* and T, = T' and we define

X=X, P,X)=NT) xTs CZy.
Then X C Zy is invariant under the action of the subtorus T = {1,} x T® of the
acting torus Ty = T" x T* of Zx. Moreover, set

TH=Th . T e KT, S, Kp:=2Z""/im(P*) = Cl(Zy).

in;
Let Ay, ..., h, be defining equations of ¥ in Cox coordinates, that means K-

homogeneous generators for the ideal of relations between fy, ..., f,. Consider
the factor ring

R(a, P) :=KI[Ty;, S1/ (T, ..., T, o by (T, ..., T)

and denote by Qp: Z"™ — Kp the projection. We turn R(«, P) into a K p-
graded algebra via

deg(T};) := wi; == Qp(e;), deg(Ty) := wy := Qp(er),

where e;;, e, € Z"t" are the canonical basis vectors. Observe that we have a
unique homomorphism of graded algebras Ry — R(«, P) sending f; to Til".

REMARK 3.6. Fort = n =0, the above construction yields the usual construction
of a toric variety from a fan. Moreover, fors =m = 0 and n = r + 1, we arrive
at Construction 2.8.

We come to the first basic property of Construction 3.5. Note that in concrete
cases the assumptions of this proposition on R(«, P) and the 7;; made below can
be checked algorithmically via absolute factorization; see [44, Remark 3.8].

PROPOSITION 3.7. Let X = X («, P, X)) arise from Construction 3.5. If R(«, P)
is a K p-integral affine algebra with only constant homogeneous units and the T;;
define pairwise nonassociated K p-primes in R(«, P), then X C Zy is an explicit
variety.

DEFINITION 3.8. By an explicit T-variety X € Z we mean a variety X = X («,
P,X) in Z = Zjy together with the action of T = {1,} x T® arising from

Construction 3.5 such that the assumptions of Proposition 3.7 are satisfied.

COROLLARY 3.9. Let X C Z be an explicit T-variety. Then X is a normal variety
with only constant invertible global functions. Moreover, dimension, complexity,
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divisor class group and Cox ring of X are given by

dim(X) = s +dim(Y), ¢(X)=dim(Y), CI(X)=Kp, R(X)=R(a, P).

We say that a T-variety X’ admits a presentation as an explicit T-variety if there
is a T-equivariant isomorphism X’ — X with some explicit T-variety X C Z.

THEOREM 3.10. Let X be an A,-maximal T-variety having only constant
invertible global functions, finitely generated divisor class group and finitely
generated Cox ring. Then X admits a presentation as an explicit T-variety.

In the rest of the section, we discuss the geometry of the torus action of an
explicit T-variety X C Z, aiming for a suitable quotient. First, we continue
Example 3.3.

EXAMPLE 3.11. Consider again the explicit K*-surface X € Z from 3.3. An
important source of information is the location of the columns of P over those
of B with respect to the projection pr: Z* — Z? onto the first two coordinates:

vl

G

g \'
uy

Each column v;; projects into the ray through u; and v, lies in the kernel of the
projection. The rays g;; through v;; and o, through v, define prime divisors Dé
and E¥ of Z, respectively. Cutting down to X gives us prime divisors

Df:=XND;CX, E!:=XNEfCX,

where the basic reason for primality is that the divisors are given in Cox
coordinates by K-prime ideals; for instance Dy, is defined by (Ty,, T} + T5).
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We are interested in the isotropy groups. Recall that K* acts on X as the subtorus
T:={L}xKC T’ =Tj,.

In particular, the isotropy groups of the T-action are constant along the T z-orbits.
Consider the kernel L = {0} x Z of pr: Z* — Z*. Then [5, Proposition 2.1.4.2]
yields for any o € X that the isotropy group of T at z, € Z has character group

X(T.,) = (L Nlin(o)) ® (pr(lin(0)) N Z2)/(pr(lin(0) N Z7),

where lin(o) € Q? denotes the Q-linear hull. Looking at o = g;;, we see that the
isotropy group T, of the general point x € Di’]‘. is cyclic of order /;;, where [;; is
the exponent of T;; in the defining relation of X, that means

ijs

lo=3, lp=1 11 =3 5L =2

Moreover, the curve E lx consists of fixed points of the T-action and there are two
isolated fixed points, forming the intersections of X with the toric orbits T - z,
for o = cone(vgy, vp2) and o = cone(vg,, V11, Va1), respectively. In particular, we
see that

XO:XH(TZUTZ'ZQM UTZ'ZQ(HUTZ'ZQH UTZ'Zé?zl) cX

is the open subset of X consisting of all points x € X having finite isotropy
group T,. The projection pr: Z> — 72 defines a rational quotient Z --» IP, for
the T-action inducing a rational quotient X --+ Y which in turn is defined on
Xo € X and gives a surjective morphism X, — Y, where ¥ = P,.

Before entering the general case, let us give the precise definitions of the
necessary concepts of quotients. For the moment, X may be any variety with an
action of an algebraic group G. As already indicated, a rational quotient for the
G-variety X is a dominant rational map 7 : X --» Y such that 7*K(Y) = K(X)°
holds. A representative of arational quotient w : X --+ Y is a surjective morphism
W — V representing w on a nonempty open G-invariant subset W C X and an
open subset V C Y. By results of Rosenlicht, rational quotients always exist and
admit a representative having G-orbits as its fibers [65].

Behind Construction 3.5 there is a specific rational quotient, the maximal orbit
quotient. Recall that a geometric quotient of a T-variety X is a good quotient
X — Y having precisely the T-orbits as its fibers. Moreover, for any T-variety X,
we denote by X, € X the open subset consisting of all points x € X with finite
isotropy group.

https://doi.org/10.1017/fms.2019.35 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.35

J. Hausen, C. Hische and M. Wrobel 20

DEFINITION 3.12. A maximal orbit quotient for a T-variety X is a rational
quotient 7 : X --» Y admitting a representative ¢ : W — V and prime divisors
Cy, ..., C, on Y such that the following properties are satisfied:

(i) one has W C X, and the complements Xo\ W € X, and Y\ V C Y, both
are of codimension at least two,

(ii) foreveryi =0, ..., r, the inverse image Y~1(C;) € W is a union of prime
divisors D;y, ..., Dy, € W,

(iii) all T-invariant prime divisors of X, with nontrivial generic isotropy group
occur among the D;;,

(iv) every sequence J = (jo,..., j-) with 1 < j; < n; defines a geometric
quotient ¥ : W; — V for the T-action, where W, := W\ U, Di;.

We call Cy, ..., C, C Y acollection of doubling divisors for m: X --» Y. The
closure of any D;; in X is a T-invariant prime divisor of X, again denoted by D;;
and called a multiple divisor. Moreover, we denote by Ei, ..., E, the prime
divisors in the complement X \ X, and call them the boundary divisors. Finally,
we call v : W — V a big representative form: X --+ Y.

EXAMPLE 3.13. We continue Examples 3.3 and 3.11. The rational quotient
X --» Y arising from the projection T*> — T? of tori is a maximal orbit quotient.
The intersection points ¢; of ¥ C P, with the coordinate axes V(T;) yield a
collection of doubling divisors, the multiple divisors over c; are the Di’](, and the
(only) boundary divisor is E{*.

REMARK 3.14. Observe that Definition 3.12 leaves some freedom for choosing
the doubling divisors Cy, . .., C,. Some divisors necessarily appear: the images of
divisors with nontrivial finite generic isotropy group and the images of invariant
divisors which cannot be separated by 1. Beyond those, we are free to choose
further doubling divisors C;, which then means to insert D;; accordingly.

REMARK 3.15. Letw: X --» Y and n’: X --» Y’ be maximal orbit quotients
for a T-variety X. Then there are open subsets U € Y and U’ C Y’ having
complements of codimension at least two and an isomorphism U — U’ which
sends any collection of doubling divisors for 7 to a collection of doubling divisors
of '.

PROPOSITION 3.16. Let X C Zx be an explicit T-variety. Let ZIZ C Zsx be the
union of Ts and all toric orbits T s “Zg,; and Z‘A C Z 4 the union of all toric orbits
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of codimension at most one. Then, for X, == X N le and Y, ;=Y N ZL, we have
a commutative diagram

X, S Zg
Y] < ZIA

where the downwards maps are maximal orbit quotients for the action of T.
Denoting by Dif and D the toric prime divisors of Zx corresponding to the
rays g;j = cone(v;;) and g, = cone(vy), we obtain the multiple divisors and the
boundary divisors of X as

Di=XnNDj, Ef=XnND;.

ij?

The generic isotropy group of E{f is a one-dimensional torus and the generic
isotropy group of Di’; is finite of order l;;. The doubling divisors are the
intersections of C; = Y N D with the toric prime divisors of D C Z 4.

We briefly discuss relations to polyhedral divisors [1, 2]. First we have the
following recipe to convert explicit T-varieties into the setting of polyhedral
divisors.

REMARK 3.17. Given an explicit T-variety X C Zy, we indicate how to obtain
a describing divisorial fan in the sense of [1, 2]. First follow [1, Section 11]. For
every o € X, let A, be the fan in Z' obtained as the coarsest common refinement
of the projections pr(z) C Q' of all faces T < o C Q. The toric variety
associated with A, is the normalized Chow quotient Z, //T; see [26, 52]. Let
Y. be the normalization of the closure of the image of X NT in Z, //'T and write
D, , for the pull back of the toric prime divisor D, of Z, //T to Y,. Then

D, = Z Ay ®Dy,, Ap:i=oNpr'(y,) CQ™

defines a polyhedral divisor on Y, describing the T-action on X, := X N Z,.
Now, follow the proof of [2, Theorem 5.6] to bring the local pictures together.
Choose projective closures ¥, € Y and, via resolving indeterminacies of the
birational maps between the Y. induced by those between the X,, construct a
normal projective variety Y dominating birationally all the Y. Pulling back the
D, to Y” yields the desired divisorial fan describing the T-action on X.

REMARK 3.18. In general, maximal orbit quotient and Chow quotient of a T-
variety differ from each other. For example, let T = K* act on X = K* via

r- = (t71Z17 tilz2’ tZ39 tZ4)'
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Working for instance in terms of fans we see that in this particular case we obtain
a maximal orbit quotient just by taking the good quotient

7: X = XJT, zv> (2123, 2124, 2223, 2224),

where X/T = {w € K* w,ws; = wows}, and the canonical map X /T — X /T
from the Chow quotient onto the good quotient resolves the singularity O € X /T.

4. Proofs to Section 3

Here we prove the statements made in Construction 3.5, Proposition 3.7,
Theorem 3.10 and Proposition 3.16. We will make use of Bechtold’s normality
criterion [12, Corollary 6]; for convenience we give a direct proof here.

PROPOSITION 4.1. Let K be a finitely generated abelian group, R a K -factorial
affine K-algebra with only constant K-homogeneous units and fi,..., [, a
system of pairwise nonassociated K -prime generators for R. If any r — 1 of the
deg(f;) generate K as a group, then R is integral and normal.

Proof. The K-grading of R defines an action of the quasitorus H := Spec K[K]
on X := Spec R such that the homogeneous elements f € R of degree w € K are
precisely the functions on X which are homogeneous with respect to x* € X(H).
Set g :=1]] j» Jj and consider the H-invariant open subset

X:=X,U-.-UX, CX.

Since the f; are pairwise nonassociated K-primes, X has complement of
codimension at least two in X. According to [11, Theorem 1.3], each X, /H is
factorial and hence normal. By [5, Proposition 1.2.2.8], the H-action on X o 1S
free. Thus, Luna’s slice theorem [55, Theorem III.1] tells us that the quotient
map X o = X o/ H is an étale H-principal bundle. As étale morphisms preserve
normality, see [57, Proposition 8.1], we conclude that each X & and hence X is
normal. Now, observe

R=0(X) S OX).
We claim that the last inclusion is in fact an equality. Let g € O(X) be an H-
homogeneous function. Since g is a regular homogeneous function on X,,, we
have g = g'/g! with a homogeneous function g’ € R. Using K -factoriality,
we find pairwise nonassociated K-primes p;, f; € R, where f,, ..., f, are the
generators fixed before, such that

fZMZ . frﬂr
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Since g is regular on the normal variety X and X \ X is of codimension at least
two in X, we must have p, = --- = u, = 0. Consequently, g € R holds. Now,
every regular function on X is a sum of K -homogeneous ones and thus extends
to a regular function on X. In particular, R = O()A( ) is normal.

To see that R is integral, we have to show that X = Spec R is irreducible.
Due to normality, the irreducible components of X coincide with its connected
components X, .. , Xi. Indeed, if two distinct irreducible components have a
common point, then the corresponding local ring has zero divisors, contradicting
normality. The assumption that R is K-integral means on the geometric side
that H permutes transitively the X;. So, we can choose h; € H with X; = h; X,
and a nontrivial character x € X(H) vanishing along the stabilizer of X,. Then,
setting f(z) := x(h;) for z € X; defines a homogeneous unit on X, which
is nonconstant as soon as k > 1 holds. We conclude k = 1 and thus X is
irreducible. O

Proof of Construction 3.5, Propositions 3.7 and 3.16. The generator matrix B of
the fan A and the generator matrix P of the fan X fit into the commutative
diagram

Zntm P Zi+s

|

Zr+1 T_ Vi

where the lifting A: Z"™ — Z'' of the projection Z'** — 7' sends the
canonical basis vectors e;; € Z"™ to l;;e; € Z7" and ¢, € Z"™ t0 0 € Z'.
Dualizing leads to a commutative ladder of abelian groups with exact rows

0 KP Qr grm P Fits 0
IT A*] ]
0 Ks /e 0
(] B

We validate Construction 3.5. According to Construction 2.8, the canonical
basis vector ¢; € Z"™! is sent by Qp to deg(f;) € Kp. Thus, the induced map
1: Kp — Kp sends deg(f;) € Kg Qp(liness + -+ + lin,ein;,) € Kp. Define a
K p-grading on the polynomial ring K[Fy, ..., F,] by deg(F;) = deg(f;) and a
K p-grading on K[T;;, S;] by deg(T;;) = Qp(e;;) and deg(Sy) = Qp(ey). Then
the homomorphism

K[Fo, ..., F1— K[T;, 1, fir T"

l
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sends homogeneous elements of degree w € Kjp to homogeneous elements of
degree 1 (w) € Kp. In particular, the defining relations & j(TOIO, ..., Ty are Kp-
homogeneous, the K p-grading of R(«, P) is well defined and, moreover, we have
the induced homomorphism of the graded algebras Ry — R(«, P) sending f;
to T} as desired.

We turn to Proposition 3.7. Let Y C Kt and X € K" denote the closures
of the inverse images of ¥ N T" and X N T'** under the homomorphisms of
tori b: T'*! — T’ and p: T"*" — T'** defined by B and P, respectively.
Observe that ¥ = Spec Ry holds. With the quasitori Hy := Spec K[K] and
Hy := SpecK[Kp] and the homomorphism of tori a: T"™™ — T'*! defined
by A, we have a commutative diagram

X N Trtm /_I:X>X N Ti+s

T

?m’ﬂ"“%Yo’ﬂ".

Consider the product f € Ry over all the generators f; of Ry and the product
g € R(a, P) over all the generators 7;; and S; of R(«, P). Then, using the above
diagram, we see

(R )™ = a*(Ry) )™ = (R, P))™)".

Since the left hand side ring is factorial, also the right hand side ring is so.
By assumption, R(a, P) is Kp-integral and the generators T;; are K p-prime.
Using [11, Theorem 1.3], we see that R(«, P) is factorially Kp-graded and
Proposition 4.1 shows that R(«, P) is integral and normal. Consequently, we are
in the setting of Construction 2.8 which establishes Proposition 3.7.

Finally, we show Proposition 3.16. First note that Z3. — Z, defines a maximal
orbit quotient of the T*-action on Zy. The toric prime divisors of Z§ cut
down to the prime divisors D;j and D}’ of X, and those of Z} to the prime
divisors C; of Y;. Thus, we can infer the statements on the isotropy groups from
[5, Proposition 2.1.4.2] and conclude that X; — Y; is a big representative of a
maximal orbit quotient of the T*-variety X. O

We come to the proof of Theorem 3.10. The task is to provide for any
abstractly given A,-maximal T-variety X with only constant invertible global
functions, finitely generated divisor class group CI(X) and finitely Cox ring
R(X) a presentation as an explicit T-variety X € Z. This runs via general Cox
ring theory. Let us recall the necessary background. Mimicking Cox’s quotient
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presentation Construction 2.3, one looks at
X = Spec R(X), H = Spec K[CI(X)],

the total coordinate space and the characteristic quasitorus of X. Then H acts
on X, where this action is defined via its comorphism, sending a homogeneous
element f € R(X) of degree [D] to the element x'”! ® f of K[CI(X)] ® R(X).
Moreover, X can be reconstructed as a good quotient

Specy, R = X < X = SpecR(X)

TH | P

<

Here the relative spectrum X of the Cox sheaf R is called the characteristic space
over X. It is an open H-invariant subset of X and the complement X \ X is small
in the sense that it is of codimension at least two in X; see [5, Section 1.6.1].

We will deal with canonical sections, which in the context of Cox rings means
the following. For any effective representative D of a class [D] € C1(X), there is,
up to scalars, a unique f € R(X)p) with div(f) = p*D on X. In this situation,
we call f a canonical section of D and write f = 1p. A canonical section 1
is a C1(X)-prime element of R(X) if and only if D is a prime divisor on X. See
[5, Proposition 1.5.3.5 and Lemma 1.5.3.6] for the full details.

Proof of Theorem 3.10. Write for short K := CI(X) and R := R(X). In a first
step, we lift the action of the torus T to the total coordinate space X. Consider
the characteristic space p: X — X over X. By [5, Theorem 4.2.3.2], there are a
T-action on X and a positive integer b such that forallt € T,h € H and x € X,
we have

t-h-x=h-t-x, p(t-x):tb.p(x).

Since X - X has a small complement and X is normal, the T-action on X extends
to X. The fact that the actions of T and H commute means that we have an action
of T x H on X. Thus, the K-grading of R refines to a (M x K)-grading for
M = X(T). As M is torsion free, [11, Theorem 1.5] yields that R is (M x K)-
factorial and (M x K)-primality coincides with K -primality in R.

Now, let § = (fi,..., f;) be a system of pairwise nonassociated K-prime
generators of R such that every T-invariant prime divisor of X having nontrivial
generic isotropy group has a canonical section among the f;. Then, as mentioned
before, the f; are (M x K)-prime, and thus in particular (M x K)-homogeneous.
Similarly as in Construction 2.8, we obtain a (T x H)-equivariant closed
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embedding

X (f1(x),000 [ (X)) Z — K4

Spec R =: X

Let Q: 77 — K, e; — deg(f;) be the degree map of the K-grading. Then, in the
language of [S, Theorem 3.1.4.4], we have a maximal bunch of orbit cones

@ ={0();x € XwithH -xCX closed}, 7y, = cone(e;; fi(x) # 0).

Moreover, [5, Propositions 3.2.2.2, 3.2.2.5] ensure that we obtain a bunched ring
(R, §, @) in the sense of [5, Definition 3.2.1.1]. Now we reverse the translation
performed in Remark 2.10. Fix a ¢’ x ¢ matrix P, the rows of which form a lattice
basis for ker(Q). For a face yy < y of the orthant y = Q‘;O, let y; < y be the
complementary face. Then

Yy ={PWy));x¢e X with H - x € X closed}

is a set of cones intersecting in common faces; see [5, Theorem 2.2.1.14]. Let ¥
be any fan in Z¢ such that ¥x € ¥ holds. Consider the associated toric variety
Z = Zy and Cox’s quotient presentation Z — Z. We will build up the following
commutative diagram

Z

<>
[a]

TH | P I1H

-

NI

<<

- .7
|
I
\

.7

DS

By A,-maximality of X and the choice of X', we have X = XN Z and the induced
morphism X — Z of quotient spaces is a closed embedding. Moreover, X — Z
is T-equivariant, where T acts on Z as a subtorus of T, € Z. Choose a splitting
T, = T' x T. Accordingly, the lattice hosting the fan X splits as Z¢ = Z' x 7.
Let A be the fan in Z' consisting of the zero cone and the projections of the
rays of X'. Then the projection T, — T’ of acting tori defines the rational map
Z --+ Z . Defining Y € Z 4 to be the closure of the image of XNT,, we complete
the commutative diagram.

We investigate the shape of the generator matrices B of A and P of X.
Numbering its columns as ug,...,u,, we turn B into a ¢ x (r + 1) matrix.
For everyi = 0, ..., r, denote by v;y, ..., v;,, the columns of P such that the
ray o;; = cone(v;;) projects onto cone(u;). Moreover, denote by vy, ..., v, the
columns of P such that the ray o, = cone(vy) lies in the kernel of the projection
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Q' x Q" — Q'.Then Pisa(n+ m) x (t + s) matrix, where n = ng+ - - - + n,.
Consider the toric prime divisors Dé C Z and Ef C Z corresponding to the
rays o;; and gy, respectively. Computing the generic isotropy groups T, of these
divisors according to [5, Proposition 2.1.4.2], we see that the E kZ are the boundary
divisors of the T-action and that the v;; have a nontrivial Z'-part being the /;;-
fold multiple of the primitive generator u; € Z'. Thus, B and P look as in
Construction 3.5.

We claim that the dashed arrows are maximal orbit quotients for the T-actions
on Z and X, respectively. Consider the union Z' € Z of T and all toric orbits
Tz - z,,;- Then Z I C Z, is an open subset with complement of codimension at
least two in the set Zy € Z consisting of all points z € Z with finite isotropy
group T,. Let C; be the prime divisor of Z, corresponding to cone(u;), where
i =0,...,r. Then Cy, ..., C, serve as doubling divisors and Z!' - Z,is a
big representative for the rational quotient Z --» Z,, where Property 3.12(iv)
is due to [5, Corollary 2.3.1.7]. Cutting down to X gives an open subset X' =
X N Z"of Xy and a morphism v : X' — Y, which inherits the properties of a big
representative from Z' — Z . In particular, Y is normal. A collection of doubling
divisors is given by C; = Y N D;, where Dy, ..., D, C Z 4 are the invariant prime
divisors of Z,. Observe that each C; is prime, because it is the image of X N D
for any Tz-invariant prime divisor D € Z lying over D; C Z 4.

To conclude the proof, we still have to show that ¥ C Z, is an explicit
variety, that means that 1¢,, ..., l¢, generate the Cox ring R(Y). Consider the
commutative diagram

Zn+m p Zl+s

|

Zr+l F Zr

where the matrix A: Z""" — Z'*! defines the homomorphism of a: T"*" —
T"+! which in turn uniquely extends to the monomial map

/! .
a: K" — K™, (z,w) e (20, 2)).

Note that a is the good quotient for the action of the quasitorus ker(a) on K"*™,
The total coordinate space X C K"*” is invariant and thus maps onto a closed
normal subvariety ¥ € K’*'. Moreover, Y inherits from X the property that the
coordinate functions of K"*! define pairwise nonassociated elements on OY).
By construction, Y N'T"*+' dominates Y € Z,. Thus, using [5, Lemmas 3.4.1.7,
3.4.1.9 and Corollary 3.4.1.6], we see that O(Y) is the Cox ring of Y. O

As a consequence of the above proofs we retrieve [46, Theorem 1.2] for the
special case of T-varieties with finitely generated Cox ring.
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COROLLARY 4.2. Let X be a T-variety with finitely generated Cox ring R(X).
Then X admits a maximal orbit quotient w: X --+ Y and a collection Cy, . .., C,
of doubling divisors such that we have an isomorphism of C1(X)-graded rings

R(X) = RW)IT;. ST = Ui =0,....r),

where T;;, Sy € R(X) and U; € R(Y) are canonical sections of the multiple
divisors D;;, boundary divisors Ey and doubling divisors C;, respectively, and the
Cl(X)-grading on the right hand side is given by

deg(U;) = [liiDiy + -+ + lin; D1y, ], deg(Dy;) = [Dy;],  deg(Sy) = [Ex].

Moreover, we have Y = X//Hx,y, where the quasitorus Hx y C T"™ is the kernel
of the homomorphism of tori T"*" — T"+' sending (t,s) to (1, ..., t").

5. First properties and examples

We discuss basic geometric properties of explicit T-varieties. First we provide
a collection of general statements directly imported from [S, Ch. 3], concerning
singularities, the Picard group and various cones of divisor classes. Then we
present more specific statements involving the T-action. The second part of the
section is devoted to examples. We indicate how to apply the results in practice
by means of a concrete (new) example, we show how the construction of rational
T-varieties of complexity one from [41, 47] fits into the framework of explicit
T-varieties and finally, we present the Grassmannian Gr(2, n) with its maximal
torus action as an explicit T-variety.

When we speak about an explicit T-variety X € Z or, more specifically, about
an explicit T-variety X (o, P, X') in Zy, then we allow ourselves to make free use
of the notation introduced in Construction 3.5. Recall from Remark 3.6 that the
case of a trivial T-action, that means the explicit varieties from Construction 2.8,
isincluded vias =m =0andn =r + 1.

REMARK 5.1. Let X € Z be an explicit T-variety. The total coordinate spaces X
and Z, that means the spectra of the Cox rings R(X) and R(Z), are given as

X =X P):= VTP, ....T"), ..., h(T", ..., T") CK"*™ =: Z.

The embedding X C Z is equivariant with respect to the actions of the
characteristic quasitorus H = Spec K[K ] defined by the gradings of R(X) and
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R(Z) by Kp = CI(X) = CI(Z). Moreover, we have a commutative diagram

S<t>
N

J/H

-

N=<—"N
=

B

<

where Z — Z is Cox’s quotient presentation Construction 2.3 and X=XnZ
holds. The good quotients X — X and Z — Z are the characteristic spaces over
X and Z, respectively.

Every explicit T-variety X € Z inherits a decomposition into locally closed
subsets by cutting down the toric orbit decomposition of Z. Generalizing well-
known basic facts of toric geometry, one can express several geometric properties
of X in terms of this inherited decomposition. Let us introduce the necessary
notation for precise statements.

DEFINITION 5.2. Let X C Z be an explicit T-variety. Set y := Q”’" An X-face
is a face y < Q""" such that the complementary face y; < y satisfies

K™ 2 X () == X NT"" - 2,0 # 0.

For o € X and the corresponding face y, < y, that means the face with P (y;) =
o, consider the intersection of X and the associated toric orbit of Z = Z5:

X(y) =X(0):=XNT".z, S Z.

We call 0 € ¥ an X-cone and yy < y an X-face if X(yy) = X (o) is nonempty.
Moreover, we denote

rlv(X) := {yp < y; y is an X-face}.

Finally, we call the subsets X (yy) € X, where y, is an X-face, the pieces of the
explicit T-variety X C Z.

REMARK 5.3. Let X € Z be an explicit T-variety. Then every piece X (yp) € X
is locally closed and X is the disjoint union of its pieces:

x= || xo.

yoerlv(X)

Moreover, ¥ < y is an X-face if and only if it is an X-face and we have P(yy) €
. If yy < y is an X-face, then X (1) maps onto X (yp).
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We describe basic local properties in terms of the pieces. Consider for the
moment any normal variety X. A point x € X is factorial if every Weil divisor of
X is Cartier near x. Moreover, x € X is Q-factorial if for every Weil divisor of X
some nonzero multiple is Cartier near x.

PROPOSITION 5.4. Let X C Z be an explicit T-variety. Consider an X-face yy <
y and o = P(y§) € X. Then the following statements are equivalent.

(1) The piece X (o) consists of Q-factorial points of X.
(i1) The cone o is simplicial.

(iii) The cone Q(yy) € Kq is of full dimension.
Proof. Translate via Remark 2.10 and apply [5, 3.3.1.8 and 3.3.1.12]. O

PROPOSITION 5.5. Let X € Z be an explicit T-variety. Consider an X-face yy <
y and o = P(y}) € X. Then the following statements are equivalent.

(1) The piece X (o) consists of factorial points of X.
(i1) The cone o is regular.
(iii) The set Q(yo N Z"™™) generates K as a group.

Moreover, X (o) consists of smooth points of X if and only if one of the above
statements holds and X (y,) consists of smooth points of X.

Proof. Translate via Remark 2.10 and apply [5, 3.3.1.8,3.3.1.9 and 3.3.1.12]. [

We turn to the Picard group and the various cones of divisor classes. For a
subset A C V of a Q-vector space, we denote by lin(A) C V its QQ-linear hull.

PROPOSITION 5.6. Let X C Z be an explicit T-variety. Then, in Kp = CI(X),
the Picard group of X is given by

Pic(X) = ﬂ O(lin(y,) N Z").

yoerlv(X)

Moreover, in (Kp)g = Clg(X), the cones of effective, movable, semiample and
ample divisor classes are given by

Eff(X) = Q(y), Mov(X)= (] Q).

yo=xyfacet
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SAmple(X) = (] Q(w), Ample(X)= [ Q)"

yoerlv(X) yoerlv(X)

Proof. Translate via Remark 2.10 and apply [5, Corollary 3.3.1.6 and
Proposition 3.3.2.9]. O

REMARK 5.7. Let X = X(«, P, X) in Z = Zy be an explicit T-variety. If the
fan X is the normal fan of a polytope in Q'**, then Z and hence X are projective.
Conversely, if X is projective, choose any class # € Ample(X), an element e €
Q"™ with Q(e) = u and consider the polytope

Bw) = (P Q') Ny) —e) S Q™.

Then, with the normal fan X' (1) of B(u), we have X = X («, P, X' (u)), whereas
the toric ambient variety Z(u) associated with X' (x) may differ from the original
Z = Z 5. Note that in terms of the faces y, < y, the normal fan is given as

Xw) ={P(yy);vo <y withu € Q(y0)°}.

We indicate, in our setting, the fundamental connection between geometric
invariant theory and Mori theory found by Hu and Keel [48, Theorem 2.3]; we
refer to [5, Sections 3.1.2 and 3.3.4] for additional background.

REMARK 5.8. Let X = X(«, P, ¥(u)) in Z = Zyx, be a projective explicit T-
variety. For every u € Eff(X), denote by I"(u) the collection of X-faces yy < y
with u € Q(y) and define a convex polyhedral cone

=[] Q) S Kg = Clg(X).
Yol (u)

The cones A, form a fan A subdividing Eff(X). The fan A m_aintains the geometric
invariant theory of the characteristic quasitorus action on X in the sense that the
sets X*(u) of semistable points associated with the characters x" € X(H) satisfy

)_(”(M) - )_(SS (Lt/) — )\-u i )\-u“

Observe that if one of the conditions holds, then we have an induced morphism
X, — X, of the associated quotients by H. Now, look at the u € Mov(X)°. These
define projective explicit T-varieties. More precisely, we have

X, =X(a, P, X)), X,=X"®).

Each X, has X, as its semiample cone and is Q-factorial if and only if dim(},)
equals dim(Kg). Moreover, A reflects the Mori equivalence: the birational map
X, --» X, is an isomorphism if and only if u, u’ € A° holds for some A € A.
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Now we discuss more specific properties of explicit T-varieties X C Z
involving in particular the torus action. Recall that T = T*, being a factor of
T, = T" x T*, acts on Z and leaves X C Z invariant. Moreover, the projection
T; — T’ defines the maximal orbit quotient Z --» Z 4 for the T-action on Z and
by restricting we obtain a maximal orbit quotient 7: X --+ Y for the T-action
on X.

PROPOSITION 5.9. Let X C Z be an explicit T-variety. Let L C Z'™ be the
kernel of the projection pr: Z'* — Z'. Then, for every X-cone o € X and every
x € X (o), the isotropy group T, satisfies

Proof. From [S, Proposition 2.1.4.2] we infer the formula for the isotropy group
of T € T, at the point z, € Z. Since the isotropy groups of the T-action are
constant along the toric orbits, this is all we need. O

PROPOSITION 5.10. Let X C Z be an explicit T-variety. Suppose that the Cox
ring presentation R(Y) = K[ fi, ..., f,1/(hi, ..., h,) is a complete intersection.
Then, with h), :== hu(TlU, R Tr"), also the Cox ring presentation

R(X) = KIT;, Sl/(h)s ..., hy)

is a complete intersection. Moreover, in the latter case, the canonical divisor class
of X is given by
r n;

m q
Ky==) > deg(T;) — Y _deg(S)) + Y _ deg(h,) € Kp = CI(X).
k=1

i=0 j=1 u=1
In particular, with the canonical divisor class KCy € Kg = CI(Y) and the maximal
orbit quotient w: X --» Y, we have

Ky —m*(Ky) =YY (i — 1) deg(T;;) — Y deg(Sp).

i=0 j=1 k=1

Proof. The second and third statements follow from [5, Proposition 3.3.3.2]. The
first one is seen via a simple dimension computation:

dim(X) = dim(X) + rk (CI(X))
= s+ dim(Y) + rk (CI(X))
=5 + dim(Y) — tk (CI(Y)) + 1k (C1(X))
=s+@r+l—-qgq)—+1—-)+n+m—1t—y)
=n+m—gq. O
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For the next observation, note that in Construction 3.5, we may remove
successively all maximal cones from the fan X' that are not X-cones. The result
is a minimal fan X defining still the initial X. We call Z = Z5 in this case the
minimal ambient toric variety of X.

PROPOSITION 5.11. Let X C Z be an explicit T-variety and assume that Z is the

minimal toric ambient variety of X. Let L C 7't be the kernel of the projection
7t — 7.

(1) The normalization of the general T-orbit closure of X is the toric variety
defined by the fan X in L, where

Y ={t;1 < (0 NLgy),0 X}

(1) If the maximal orbit quotient w: X --+ Y is a morphism, then X is a subfan
of X.

Proof. As Z is the minimal toric embedding, the general T-orbit closure of X
equals the general T-orbit closure of Z. This reduces the problem to standard
toric geometry. O

COROLLARY 5.12. Assumptions as in Proposition 5.11. If X is complete and X
is a subfan of X, then we have

k (C1I(X)) =tk (CI(Y)) >n —r — 1.
Proof. According to Proposition 5.11, the general T-orbit closure of X has divisor
class group of rank m — s > 0. Thus, the assertion follows from
tk(ClX)=n+m—t—s, k(Cl(¥Y)=r+1-—t. O

We come to the announced example discussions. First, we use Construction 3.5
to produce a concrete example of a (Q-factorial Fano variety with torus action of
complexity two and maximal orbit quotient X --» P, x P;.

EXAMPLE 5.13. Consider the surface Y := P, x P,. Then we have C1(Y) = Z?
and the Cox ring of Y is the polynomial ring K[7,, T}, T», T3], where the Z>-
grading is given by

deg(Ty) = deg(Th) = (1,0), deg(T2) = deg(T3) = (0, 1).
Consider the redundant system o = (fy,..., fs5) of generators for R(Y)

consisting of f; := T; for i = 0,...,3 and the defining equations of the
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diagonals
f4 = T0T3 — T]Tz, f5 = T0T2 - Tl T?H

both being of degree (1, 1). A matrix B of relations between the degrees of

generators fy, ..., f5is given by
—-11 0000
B 00-1100
| -10-1010
—-10-1001

Then Y is embedded into the toric variety Z 4, the fan A of which lives in Z* and
has the following four cones as its maximal ones

cone(vy, v3, V), cone(vy, vy, vs), cone(vy, V3, vs), cone(vy, v, V4),

where v; denotes the ith column of B. Note that Y is given in Cox coordinates

by the equation f; = fof; — fif> and fs = fyfo — fi f5. To build the variety X,
consider the matrix

-1 1 00 00 0 O

0 0—-11 00 0 O

p._ |1 0-10 20 0 0
~1-1 0-10 01 2 0

—1-1 11-11-1-1
0 1 01 01 2-1]|

obtained from B by first doubling the last column, then multiplying its last and
third last columns with 2, adding a zero column and, after that, adding two
new rows as d, d’ part. We gain polynomials by modifying the variables of the
describing relations of ¥ € Z 4 accordingly to the column modifications:

g1 = T421 —ToaTs + 1T, g := T51T522 — T 1o + T 1.

By construction, the polynomials g; are homogeneous with respect to the grading
of K[7};, S,] given by

deg(Tij) := Q(eij) € K, deg(S)) := Q(e)) € K,
where Q: Z* — K := Z¥/im(P*) = 772, is the projection and ¢;;, e; € Z* are
the canonical basis vectors, numbered according to the variables 7;; and S,. Let

X = X(u) in Z° be the normal fan of the polytope
(PHQ ' w)Ny)—e) S Q°,
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where u := (8, —4) € K and e € Z® is any point with Q(e) = u. Then X has
the columns of P as its primitive generators. Moreover, the projection Z8 — 7Z°
onto the first six coordinates sends the rays of X' into the rays of A. This gives a
rational toric map w: Zy --» Z 4. Now, define a variety

X=X, P,X)=0"(YNT* C Zs.

Then X is invariant under the action of the subtorus T := {1} x T? of the acting
torus T® of Z. The T-variety X is normal, of dimension four with divisor class
group and Cox ring given by

Cl(X) =7, R(X) =KI[Ty, $1/(g1, &),

where the grading of the Cox ring is the one given above. This involves application
of Proposition 3.7; the necessary assumptions are directly verified. Now, applying
Propositions 5.4, 5.6, 5.10 and their implementation in [43], we see that X is a
Q-factorial Fano variety of Gorenstein index 30.

REMARK 5.14. The Cox ring based approach of [41, 47] produces all A,-
maximal rational T-varieties X of complexity one with only constant invertible
global functions via a construction having a pair of matrices and a bunch of cones
as input data. Let us see how to retrieve these X via Construction 3.5. Two types of
T-varieties are distinguished: the first admits nonconstant T-invariant functions,
the second does not.

Type 1. The starting variety is Y = K in Z, = K'™!, where the generator matrix
of Ais B =E,, |, we embed via the system o = (fy, ..., f,) givenby f; =T —aq;
with pairwise different a; € K and the defining relations for Y are

hi:Ul'—UH_]—(ai+ai+1)€K[U0,...,Ur], i:O,...,r—l.

Type 2. The starting variety is ¥ = P, in Z, = P,, where A has generator matrix
B =[-1,, E,], the embedding system o = (fo, ..., f,) with f; ;= a; 1T\ +a; 2T,
such that [a; 1, a; 2] € P, are pairwise different and the defining relations for Y are

ai1 diy1,1 Qi1
I’li 1= det ais Ai112 Ajiy22 € K[Uo, ey U,-], i = 0, .., r—1.
Ui U Uit

Now run Construction 3.5 for both types. The assumptions of Proposition 3.7 are
satisfied by [41, Theorem 10.4] and [47, Theorem 1.5]. Thus, Theorem 3.10 gives
the desired result. The input data A, P and @ of [41, 47] are recovered as follows:
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the matrix A is [ay, . . ., a,], where for Type 1 the a; are as above and for Type 2
we set a; = (a;1, a;2), the matrix P is the one produced by Construction 3.5
and the bunch of cones @ is related to the fan X via Gale duality as outlined in
Remark 2.10.

EXAMPLE 5.15. Fix n > 5 and let X,, = Gr(2,n) be the Grassmannian of
two-dimensional vector subspaces of K”". Then X,, has the projective linear
group PGL(n) as its automorphism group [22]. We will pick a maximal torus
T € PGL(n) and show how to obtain the T-variety X, , via Construction 3.5. Set

-0)

Identify the Pliicker coordinate space K" AK" with K" such that the basis (e; Ae;)
of K" A K" corresponds to the basis (e;;) of K", where e;; € K" has ijth Pliicker
coordinate equal to one and all others zero. We order the bases (e; A e;) and (e;;)
lexicographically. Accordingly, we have the Pliicker ideal and the affine cone

L,CK[T;;1<i<j<nl, Xy,=V(L, CK.

Look at the largest diagonal torus T C GL(r) leaving X, invariant. With ¢ :=
r —n, we obtain T as the kernel of the homomorphism 5: T” — T' defined by the
following ¢ x r matrix, the first n columns of which are defined by the remaining
ones as indicated:

B =1[via, ..., vp_1n] =[V12, ..., Vi, ]Eh _]]-t]a vy = Z{j,k}ﬁ{l,i}:(ﬂ Vjk-

Observe that T C GL(r) is of dimension n. The corresponding torus T € PGL(r)
is of dimension n — 1. Moreover, T acts effectively on X,, € P,_; and thus T
defines a maximal torus of the automorphism group PGL(n). Now, look at the
(r — 1) x r stack matrix

P = B N VI U E, -1,
Tld] E, 0 -1,

Observe that the kernel of P is generated by the vector 1, € Z’. In particular, P
differs from [IE,, —1,] by multiplication with a unimodular matrix from the left.
Let X be the unique complete fan in Z" having P as generator matrix and let A
be the fan in Z' having the rays through the columns of B as its maximal cones.
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Then we obtain a commutative diagram

}_(2,” < K"

/0 I \\
/

I P Pl \
b\ X2,n S ZZ' ]b

\ | |
« rooTe o,

A\ Y Y »

Y2,n < ZA

X>, € Zjy is the Pliicker embedding. Moreover, R, , = K[T;;1/1,, is a unique
factorization domain [66, Proposition 8.5] and the variables 7;; define prime
elements. Thus, Y,, € Z, is an explicit variety and the T-variety X,, € Zyx
is an explicit T-variety. Moreover, the T-action has maximal orbit quotient

where Y, , C Z 4 is the closure of the image b()_(z,n NT"). We have Zsx = P,_; and

T . Xz,n -—2 Yg,n.

We claim that, up to codimension two, Y, , equals the blowing up Bl,_; (P,_3) of
P,_3 atn—1 points in general position. Indeed, we may first blow up the n —2 toric
fixed points of IP,_; and then the base point of the resulting toric variety. Doing the
latter via [44, Algorithm 5.7], one directly checks that the procedure terminates
after the first step and delivers R, , as Cox ring of Bl,,_; (P,_3). Thus, we may also
take X, , --» Bl,_;(P,_3) as a maximal orbit quotient for the T-action.

REMARK 5.16. In order to describe a Mori dream space with torus action via
divisorial fans [1, 2], it happens that one has to start with a non Mori dream
space as prospective Chow quotient. For example, the maximal torus action on
the Grassmannian Gr(2, n) has the moduli space MO,,, as its Chow quotient [51]
and for n > 10, it is known that MO,,, and hence all its blow ups have a nonfinitely
generated Cox ring [21, 36, 45]. Note that the Chow quotient M, starts differing
at n = 6 from the maximal orbit quotient discussed just before. Altmann and Hein
gave in [3] a description of the maximal torus action on Gr(2, n) by means of a
divisorial fan living on Mo,n-

6. General arrangement varieties
We introduce general arrangement varieties as certain T-varieties with a

projective space as maximal orbit quotient, naturally generalizing the rational
projective T-varieties of complexity one. Construction 6.13 produces examples
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which are explicit in the sense of Construction 3.5 and Theorem 6.18 shows that
we obtain all A,-maximal general arrangement varieties in this way.

For the precise definition, let us recall the necessary notions on projective
hyperplane arrangements. A hyperplane H in the projective space P, is the
zero set of a nonzero homogeneous polynomial of degree one. A hyperplane
arrangement in P, is a finite collection Hy, ..., H, of hyperplanes in P,. A
hyperplane arrangement in [P, is called general if forany 1 <i; < --- < i, <r,
the intersection H;, N --- N H;, is of dimension (n — k).

DEFINITION 6.1. A (general) arrangement variety of complexity ¢ is a T-
variety X with maximal orbit quotient X --» P, such that the doubling divisors
Cy, ..., C, form a (general) hyperplane arrangement in P..

REMARK 6.2. The projective general arrangement varieties of complexity ¢ = 1
are precisely the rational projective T-varieties of complexity one. Indeed, any
rational projective T-variety X of complexity one has maximal orbit quotient
m: X --» P,. The doubling divisors form a point configuration in P;, which
trivially satisfies the conditions of a general hyperplane arrangement.

We enter the construction of general arrangement varieties. As in the case of
complexity one [5, 41, 42], we first write down the prospective Cox rings in terms
of generators and relations, then investigate their algebraic properties and after all
that construct the varieties we are aiming for.

CONSTRUCTION 6.3. Fixintegersr > ¢ > 0Oandny,...,n, > 0aswellasm > 0.
Setn := ng + - - -+ n,. The input data is a pair (A, Py), where

e Aisa (c+ 1) x (r + 1) matrix over K such that any ¢ + 1 of its columns
day, - .., a, are linearly independent,

e P, is an integral r x (n+m) matrix built from tuples of positive integers
L =W, ... L), wherei =0, ..., r,as follows

—ly I 00...0
Po= i
—Ilp 0 ,0...0

Write K[7;;, Si] for the polynomial ring in the variables 7;;, where i =0, ..., r,
j=1,...,n;,and S;, where k = 1, ..., m. Every [; defines a monomial

. . Iin.
Til‘ = T,»I{I T, € K[Ty, Sil.
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Moreover, for every t = 1,...,r — ¢, we obtain a polynomial g, by computing
the following (¢ + 2) x (¢ + 2) determinant

ag ... Ae Aeys
= det 1
& T ... Tk Tl

c

] € KTy, Sil.

Now, let ¢;; € Z" and ¢, € Z" denote the canonical basis vectors and consider the
projection
Qo: 2" — Ko :=Z"" /im(Py)

onto the factor group by the row lattice of P,. Then the K,-graded K-algebra
associated with (A, Py) is defined by

R(A? PO) = K[T;], Sk]/(gl» ceey gr—c>a
deg(T;;) := Qole;;), deg(Sy) := Qolex).

EXAMPLE 6.4. Let us take ¢ = 2 and r = 3. Thus, we will work witha 3 x 4
matrix A. Moreover, let ng = 2 and n; = n, = n3; = 1 and fix m = 0. This
amounts to n = 5 and a 3 x 5 matrix Py. We choose

100 -1 -1-2200
A=|010-1|, P =|-1-2020
001 -1 -1-2004

So, the exponent vectors /; are [y = (1, 2),[; =1, = (2) and I5 = (4). Accordingly,
we obtain the four monomials

lo __ 2 L __ 2 L __ 2 i _ 4
To —TOIToz’ Tl —Tnv Tz _TZI’ T3 —T31-

We arrive at r — ¢ = 1 relation g, € K[Ty, Toa, T11, 151, T51], obtained by
computing the following 4 x 4 determinant

1

g1 = det = To T, + T} + T3 + Ty

0 0
0o 1 0 -1
0 0 1
Toy T022 lel T221 T341
The canonical basis vectors of the row space of P, are indexed in accordance with
the variables T;;, that means that we write

5 __ mno+ni+na+ns
o1, en, €11, €21, €31 € 17 = 20T,
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We have Ko = Z° /im(Py) = Z* & Z/27 @ 7./27. The projection Qy: Z° — K,
sending e;; to its class in K, is made concrete by the degree matrix

21221

Qo =[Qoleij)] = 00110

Consequently, for the initial data A and P, of this example, the resulting K-
graded algebra R(A, Py) is given by

K[ To1, Too, Tirs Tar, Tsi1/{Ton Ty + T3 + T + Tyh),  deg(Ti;) = Qolei))-

We present the basic properties of the graded algebra R(A, P;). Recall that
a grading of a K-algebra R = @R, by a finitely generated abelian group is
effective if the weights w € K with R,, # {0} generate K as a group and pointed,
if Ry = K holds and R,, # {0} # R_,, is only possible for torsion elements w € K.
Finally, we say that an effective grading is of complexity ¢ if dim(R) —rk (K) = ¢
holds.

THEOREM 6.5. Let R(A, Py) be a Ky-graded K-algebra arising from
Construction 6.3. Then R(A, Py) is an integral, normal, complete intersection
ring satisfying

dim(R(A, P))) =n+m—r+c, R(A, P)" =K".

The Ky-grading of R(A, Py) is effective, pointed, factorial and of complexity c.
The variables T;;, Sy define pairwise nonassociated Ky-primes in R(A, Py), and
for c = 2, they define even primes.

The following auxiliary statements for the proof of this theorem are also used
later. We begin with discussing the specific nature of the matrix A and its impact
on the ideal of relations of R(A, P).

REMARK 6.6. Situation as in Construction 6.3. For any tuple I = (iy, ..., i.2)
of strictly increasing integers from [0, r], consider the matrix
A(I) = [aila ] aic+2]’

Let w(I) € K°*? denote the cross product of the rows of A(I) and define a vector
v(I) € K"*! by putting the entries of w([) at the right places:

o(D), = w(l);, i=ijoccursinl = (i1, ..., Ic42),
0, else.
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Then any linearly independent choice of vectors v([;), ..., v(l,_.) is a basis for
ker(A). Note that any nonzero v € ker(A) has at least ¢ + 2 nonzero coordinates.

REMARK 6.7. Situation as in Construction 6.3. Every vector v € ker(A) C K'+!
defines a polynomial

gy = vOTOI" + -+ v,Tr[’ € (g1, y &r_c)

Moreover, if a subset B C ker(A) generates ker(A) as a vector space, then the
polynomials g,, v € B, generate the ideal (g, ..., g-_.). In particular, we have

(815 .- s &r—c) = (g I =1, ..., 1c42), 0 <) < -+ - <oy <7),

with the tuples / from Remark 6.7. Observe that each g,, 0 # v € ker(A), has at
least ¢ + 2 of the monomials Til’ and all the g, share the same K,-degree.

LEMMA 6.8. Let R(A, Py) be a graded algebra arising from Construction 6.3.

(1) Ifwe have l;y 4 - -- + 1;,, = 1 for some i, then R(A, P,) is isomorphic to a
ring R(A', Py) withdatar' =r — 1 and ¢’ = c.

(ii) For any generator Tj;, the factor ring R(A, Py)/{T;;) is isomorphic to a ring
R(A', P)) withdatar' =r —landc’ =c — 1.

Proof. To obtain (i), let A’ be the matrix obtained by deleting the ith column
from A. Then the respective ideals defined by A and A’ produce isomorphic rings.
Adapting the matrix P, accordingly, gives the desired P;.

We show (ii). As elementary row operations on A neither change the required
properties of A nor the defining ideal of R(A, P), we may assume that a;; #
0 holds and all other entries of the ith column of A equal zero. Then the
matrix A’ obtained by deleting the first row and the ith column from A satisfies
the assumptions of Construction 6.3 with ¥’ = r — 1 and ¢/ = ¢ — 1. Using
Remarks 6.6 and 6.7, we see that the ideal defined by A’ corresponds to the
defining ideal of R(A, Py)/(T;;). Again, adapting the matrix P, accordingly, gives
the desired P;. O

DEFINITION 6.9. Situation as in Construction 6.3. We say that a point z € K"
with coordinates z;;, z; is of

(1) big type, if for every i = 0, ..., r, there is an index 1 < j; < n; such that
Ziji = 0 hOldS,
(i1) leaf type, if there is a set I, = {iy,...,i.} ofindices 0 < i < --- < i. <r,

such that for all i, j, we have z;; =0 =i € I,.
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REMARK 6.10. Situation as in Construction 6.3. Consider y = Q"*™, a face
Yo < y and the complementary face y; < y. Then any coordinate z;;, z; of
7 = 2,y € K" equals zero or one and we have

2ij=0 = e u=0 < ¢ <.

In particular, there is a point of big (leaf) type in T"* - z,. € K"*" if and
only if all points of this toric orbit are of big (leaf) type. Moreover, in terms
of the cone Py(y;) with Py from Construction 6.3, we obtain the following
characterizations:

(i) z,; is of big type if and only if Py(y;) = Q" holds,
(ii) z,; is of leaf type if and only if Py(yy) # Q" and dim(Po(yy)) < c.

Observe that if one of the conditions of (ii) holds, then the image cone Py(y;) is
generated by at most r vectors from —1,, e, ..., e, € Z" and thus is pointed.

LEMMA 6.11. For X = Vg, ..., &—c) €K™ from Construction 6.3, we have
the following statements.

(i) Every point z € X is either of big type or it is of leaf type.
(i) Every z € K™ of big type is contained in X.

(iii) For every z € K"t of leaf type, there is at € T witht -z € X.

Proof. To obtain (i), we have to show that any z € X which is not of big type must
be of leaf type. Otherwise, there are indices i; < --- < i.4; and associated j, with
Zi,j, = 0. As z is not of big type, there is at least one index iy with z;; # 0 for
all j =1,...,n;. Remarks 6.6 and 6.7 provide us with a relation g € (g1, ...,
gr_.) involving precisely the monomials T,-l" fori =ip,iy,...,i.+1- Then g(z) =0
implies z;,; = 0 forsome j =1, ..., n;,; a contradiction.

We verify (ii) and (iii). Let z € K" If z is of big type, then we obviously have
gi(z)y=0fori =1,...,r —c.Thus, z € X. Now, assume that z is of leaf type.
First consider the case I, = {1, ..., c}. Then, suitably scaling z..;,, we achieve
g1(z) = 0. Next we scale z.,, 1 to ensure g,(z) = 0, and so on, until we have also
gr—c(z) = 0. Then we have found our t € T"*” with ¢-z € X. Given an arbitrary I,

Remarks 6.6 and 6.7 yield a suitable system g7, ..., g._. of ideal generators that
allows us to argue analogously. O
LEMMA 6.12. Situation as in Construction 6.3. Let X = Vg, .- o gr_c) C K™

and denote by J the Jacobian of gy, . .., g—.. Then, for any 7 € X, the following
statements are equivalent:
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(1) The Jacobian J(7) is not of full rank, that is, we have tk (J (z)) <r —c.

(ii) The point z € X is of big type and there are iy < - -+ < i.» such that each of
these i, fulfills one of the subsequent two conditions:

® Zij, = 0 and l,-qjq = 2 hold for at least one 1 < j, < ni,,
e z;,; =0andl; ; =1 hold for at least two 1 < j < n;,.

In particular, the set of points z € X with J (z) not of full rank is of codimension
atleastc + 1 in X.

Proof. Assertion (ii) directly implies the supplement and, by a simple
computation, also (i). We are left with proving ‘(i)=-(ii)’. So, let z € X be
a point such that J(z) is not of full rank. Then there is a nontrivial linear
combination annulating the lines of J(z):

megrad(g;)(z) + - - - + n,_.grad(g,_.)(z) = 0.

The corresponding g := 1181 + -+ - + 18—, satisfies grad(g)(z) = 0 and is
of the form g = g, with a nonzero v € ker(A) as in Remark 6.7. The condition
grad(g)(z) = 0 implies z;;, = 0 for some 1 < j; < n; whenever the monomial Til"
shows up in g. As observed in Remark 6.7, the polynomial g has at least ¢ + 2
monomials. Thus, we have z;;, = 0 for at least ¢ + 2 different i. By Lemma 6.11,
the point z € X is of big type. Moreover, the two conditions of (ii) reflect the fact
grad(g)(z) = 0. O

Proof of Theorem 6.5. For ¢ = 1, the statement is proven in [41, Theorem 10.1
and Proposition 10.7]. So, assume ¢ > 2. First we show that X = Vg,
.., 8&—c) C K™ is connected. By construction, the quasitorus H, € T"™
is the kernel of the homomorphism T"*" — T’ defined by P,. Consider the
multiplicative one-parameter subgroup K* — Hy, t — (t¢, t*), where

R A R R
p= (Zo oty RO L e ) o e (1, 1) e T
nOIOI nrlrn,-

This gives rise to a K*-action on X having the origin as an attractive fixed point.
Consequently, X is connected. Moreover, we can conclude that all invertible
functions as well as all Hy-invariant functions are constant on X.

Now, Lemma 6.12 allows us to apply Serre’s criterion and thus we obtain that
R(A, Py) is an integral, normal, complete intersection. By construction, the K-
grading is effective and as seen above, it is pointed. To obtain factoriality of the
K-grading, localize R(A, Py) by the product over all generators T;;, Sy, observe

https://doi.org/10.1017/fms.2019.35 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.35

J. Hausen, C. Hische and M. Wrobel 44

that the degree zero part of the resulting ring is a polynomial ring and apply [11,
Theorem 1.1]. Finally, primality of the generators 7;; follows from Lemma 6.8(i).
O

Now we use the algebras R(A, Py) obtained by Construction 6.3 to produce
general arrangement varieties. The basic idea is to turn R(A, Py) into a
prospective Cox ring via coarsening the grading by K, = Z"*"/im(P;) to a
grading by K = Z"*™" /im(P*), where P arises from P, by adding suitable further
rows.

CONSTRUCTION 6.13. Let A and P, be input data as in Construction 6.3.
Moreover, fix 1 < s < n+m —r and let d be an integral s x (n 4+ m) matrix such
that the columns v;;, v, of the (r + ) x (n + m) stack matrix

-]

are pairwise different, primitive and generate Q"™ as a vector space. Consider
the factor group K := Z"™™ /im(P*). Then the projection Q: Z"*" — K factors
through Qg and we obtain the K -graded K-algebra associated with (A, P):

R(Aa P) = K[T}ja Sk]/<g1’ ceey gr—c')a
deg(Ti_;) =w;; = Qfe;;), deg(Si) == wy := Q(ep).

Now, let X' be any fan in Z'** having precisely the rays through the columns of P
as its one-dimensional cones and let Z be the associated toric variety. Then we
have a commutative diagram

Vg, ....8-) = X < Z = 7rn

Ul Ul

X < Z
"

X ¢ Z

| |

| |

Y \i
P.——P,

with the quasitorus H = Spec K[K], Cox’s quotient presentation Z — Z and the
induced quotient X — X, where Z := X N Z. The resulting variety X = X (A, P,
27) is normal with dimension, invertible functions, divisor class group and Cox
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ring given by
dim(X)=s+¢, I'X,0=K*", ClI(X)=K, RX)=R(A,P).

The acting torus T, C Z splits as T; = T" x T* and the factor T = {1,} x T*
leaves X C Z invariant. The induced T-action on X is effective and of complexity

c(X) =c.

Finally, the dashed arrows indicate the maximal orbit quotients for the T-actions
on X and Z, respectively, and P. € P, is the linear subspace given by

ag ... e Qeyy

P.=Vhy,....,h ), h, = det|:U0 UL U,

:| EK[U@,...,U,].

A collection of doubling divisors for the maximal orbit quotient X --+ [P, is given
by the intersections of PP. with the coordinate hyperplanes of P, which form the
general hyperplane arrangement

HO’ ceey Hr - Pc, Hi = {Z S IFD“ a;oZo + -+ aiz. = O}

PROPOSITION 6.14. Let X = X(A, P, X) arise from Construction 6.13.
Consider the explicit variety Y = P. in Z, = P, with embedding system
o = (fo,..., fr), where A is the complete fan in 7 with generator matrix

B =[-1,,E,] and
fi=aowUo+---+a.U. € KUy, ...,U]=R®P).

Then the variety X (A, P, X) C Zx equals the variety X (a, P, X) C Z5 arising
from Construction 3.5. In particular, X (A, P, X') C Zx is an explicit T-variety.

Proof of Construction 6.13 and Proposition 6.14. The fact that X(A, P,
Y) C Zs equals X(«, P, Y) C Zyx is clear by construction. Observe that,
forgetting for the moment about the gradings, we have R(A, P) = R(A, Py).
Thus, Theorem 6.5 ensures that R(A, P) is normal, integral with only constant
homogeneous units. Moreover, for ¢ > 2, the generators 7;; and S; of R(A, P)
are pairwise nonassociated. Being prime and K-homogeneous, they are also K-
prime. For ¢ = 1, we infer K -primality of the generators from [41, Theorem 10.4].
So, X (A, P, X) C Zj5 satisfies the conditions of Definition 3.8 and hence is an
explicit T-variety. This yields in particular the statements on the divisor class
group and the Cox ring. The statement on the maximal orbit quotient is due to
Proposition 3.16. O
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REMARK 6.15. According to Lemma 6.8(i), we may always assume that the
defining data P of Construction 6.13 is irredundant in the sense that [;o + - - - +
lin, = 2 holds forevery i =0, ..., r.In this case, we also say that X (A, P, X) is
irredundant.

DEFINITION 6.16. By an explicit general arrangement variety we mean a T-
variety X = X (A, P, X¥) in Z = Zy arising from Construction 6.13.

EXAMPLE 6.17. Let A and P, be as in Example 6.4. We enhance Py by an 1 x 5
block as follows

—1-2200
P_[Po}_ —1-2020
“ld]|T|-1-2004

—1-3111

So, we chose s = 1. We have K = Z°/im(P*) = Z®Z/27Z & 7Z/27Z and
Q: Z° — K is represented by the degree matrix, having w;; = Q(e;;) € K as its

columns:
21221

0 = [wor, W, W1, war, w3 ]=[00110

Let X be the unique complete fan in Z* with P as its generator matrix. Then we
arrive at a projective explicit arrangement variety X = X(A, P, X)in Z = Zs
with

dm(X) =3, c¢(X)=2, ClX)=Z&Z/2Z D Z]27.
Moreover, assigning to each generator 7;; the divisor class Q(e;;), we obtain a
representation of the Cox ring by homogeneous generators and relations:

R(X) = K[To1, Too, Tir, Tor, Til/(Ton Tgy + T + Ty + Ty

As a maximal orbit quotient, we have 7 : X --+ [P, and the doubling divisors form
the general line configuration in P, given by

V(Ty), V(T), V(I), V(ILi+Ti+T1).

THEOREM 6.18. Let X be an A,-maximal general arrangement variety. Then X
admits a presentation as an explicit general arrangement variety.

Proof. According to Definition 6.1, there is a maximal orbit quotient 7 : X --»

Y with ¥ = P. admitting a general hyperplane arrangement Cy, ..., C, as a
collection of doubling divisors. Then the canonical sections 1¢,, ..., 1¢, are
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of degree one in the Cox ring R(Y) = K[U,,..., U.]. Suitably enhancing
the general hyperplane arrangement C, ..., C,, we achieve that 1., ..., 1,
generate R(Y). Regard R(Y) as a graded subalgebra of R(X) as in Corollary 4.2
and leta = (fy, ..., f;) be pairwise nonassociated CI(X)-prime generators of the
Cox ring R(X) such that the f; lying in R(Y) are precisely l¢,, ..., l¢,. Then,
following the lines of the proof of Theorem 3.10, one reproduces X as an explicit
T-variety X (o, P, X) in Z = Zy. Thus, Proposition 6.14 gives the assertion. [

REMARK 6.19. Let X be a general arrangement variety of complexity c¢. Then
the torus action of X has P, as Chow quotient; use [7, Propositions 2.4 and 2.5]
for a proof. Using the conversions Remark 3.17 and [46, Theorem 4.8], we see
that the general arrangement varieties are precisely the T-varieties arising from a
divisorial fan & on a projective space P. in the sense of [2] such that the prime
divisors D € P, with nontrivial slices = form a general hyperplane arrangement
in P,.

7. Examples and first properties

We discuss examples and study basic structural properties of general
arrangement varieties. For instance, we investigate torsion in the divisor class
group, describe the canonical class and give a combinatorial characterization
of the X-cones which in turn leads to the combinatorial smoothness criterion
provided by Corollary 7.16. Moreover, we specify constraints on the defining
data of an explicit general arrangement variety imposed by conditions on
the singularities, preparing the classification performed in Section 9. As a first
concrete application, we prove at the end of this section that the smooth projective
general arrangement varieties of Picard number one are just the classical smooth
projective quadrics; see Proposition 7.23.

We begin with the examples. The first one shows how to realize intrinsic
quadrics as explicit general arrangement varieties. Recall from [15] that an
intrinsic quadric is a normal projective variety with a Cox ring defined by a single
quadratic relation. The intrinsic quadrics form a playground immediately adjacent
to the one given by the projective toric varieties, which have a polynomial ring
as Cox ring. We mention Bourqui’s work [19] proving Manin’s conjecture for
the full intrinsic quadrics and the classification results on smooth (Fano) intrinsic
quadrics of low Picard number in [30] as examples for research in this field.

EXAMPLE 7.1. The normal form for graded quadrics provided by [30,

Proposition 2.1] shows that we can represent every intrinsic quadric as an
explicit general arrangement variety X € Z with defining matrix P having left
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upper block
=l [ 0
Do ==l = (L), === (),
—lh 0 I,
where —1 < ¢ < r and the variables T;; withi = g + 1, ..., r have pairwise

distinct K-degrees. Moreover, for the dimension of X, the rank of the divisor
class group and the complexity of the torus action on X, we have

dm(X)=r—1+s, kCl(X))=m+qg+2—5s, c(X)=r—1.

In the second example we exhibit a series of general arrangement varieties
producing many Fano examples. We pick up these varieties again in Example 7.18,
when the necessary methods are available to figure out the smooth Fano varieties.

EXAMPLE 7.2. Fix integers r > ¢ > 1. Consider the product Z = P, x P, and
the intersection X = V(g;) N---NV(g,_.) € Z of the r — ¢ divisors of bidegree
(a, b) in Z given by

g1 =hoTg Top + Aa T T+ + M TSTS + T (T,

8 = e T Ty + hrecd THTY + -+ + h—e TS TS + T TS,

where a, b > 0 are coprime integers and any ¢ + 1 of the vectors A; = (A, ...,
A; ) are linearly independent. Observe that for r > ¢ + 1, the divisors V(g;) € Z
are singular. We realize X C Z as an explicit general arrangement variety. Let P
be the stack matrix with upper and lower blocks

[~y 0

Py = R , do=---=1=(a,b),
|~ O [
[ —d, d, 0

d = : , dy=---=d, = (v,u),
| —dy 0 4,

where 1 and v are integers with ua — vb = 1. We claim that there is precisely one
complete fan X with generator matrix P and the associated toric variety Z = Zy
is the product P, x IP,. Indeed, consider the matrices

u-I, —b-E, -1, E, 0 0
—v-E, a-E |’ 0 0-1,E, |’
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The first one is unimodular and multiplying it from the left to P yields, after
suitably renumbering columns, the second one. Now, choosing a suitable (c+1) x
(r +1) matrix A, we obtain the above relations as the output of Construction 6.13.
Thus, X = X (A, P, X)) is of dimension r + ¢ and comes with an effective r-torus
action.

We enter the study of structural properties of explicit general arrangement
varieties X C Z as provided by Construction 6.13. We will freely use the notation
fixed there. Our first observation is that there may occur unavoidable torsion in
the divisor class group.

PROPOSITION 7.3. Let X C Z be an explicit general arrangement variety. Then
7! Jim(Py) is a finite subgroup of the divisor class group CI1(X).

Proof. The divisor class group of X equals K = Z"*"/im(P*). Moreover,
Z" /im(P,) is the torsion part K of the factor group K, = Z"™" /im(FPy).
Applying the snake Lemma to the exact sequences arising from P; and P* yields
that the kernel of K, — K injects into Z’. Consequently, the torsion part K
maps injectively into K. O

In Remark 6.7, we observed that R(A, P) is a complete intersection ring.
Thus, we can apply Proposition 5.10 and obtain the following description of the
canonical class.

PROPOSITION 7.4. Let X C Z be an explicit general arrangement variety of
complexity c(X) = c. Then the canonical class of X is given in terms of the
generator degrees w;; = deg(T;;) and w, = deg(Sy) as
r n; r ng
Ky==Y Y w;=> w+@r—c)) lywy, € K =CIX).
k=0 j=1

i=0 j=1

EXAMPLE 7.5. Consider again the explicit general arrangement varieties X € Z
discussed in Example 7.2. The degree matrix Q is

0 = [wor, W2, -+ - Wep, W] = [y, ..., Byl

Thus, Proposition 5.6 tells us Eff(X) = SAmple(X) = cone(ey, ;). Moreover,
the anticanonical class of X is given by

—Kx=@+1—-@—-0ca,r+1— (@ —c)b) eCl(X)=27"
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as we infer from Proposition 7.4. In particular, X is a Fano variety if and only if
the following two conditions are satisfied

1 1
rt b<r+

a< , .
r—c r—c

Recall that in Definition 5.2 we introduced for any explicit variety X C Z the
X-cones as those cones o € X of the defining fan of Z such that X intersects the
corresponding orbit T - z, nontrivially. For explicit general arrangement varieties
X C Z, we may determine the X-cones in a simple purely combinatorial way.

DEFINITION 7.6. Consider the setting of Construction 6.13 and let 0 € X. We
say that the cone o is

(i) big (elementary big) if o contains at least (precisely) one column v;; of P for
everyi =0,...,r,

(i1) aleaf cone if thereis aset I, = {i,...,i.}of indices0 < i} <--- <i. <r
such that for any i, we have v;; e 0 = i € I,.

REMARK 7.7. Situation as in Construction 6.13. Given o € X, let y, < y be the
corresponding face, that means that o = P (y;) holds. Then o is a big (Ieaf) cone
if and only if the toric orbit T"+™ . Zye © K™+ consists of points of big (leaf) type
in the sense of Definition 6.9.

PROPOSITION 7.8. Let X C Z be an explicit general arrangement variety. Then,
for every o € X, the following statements are equivalent.

(1) The cone o is an X -cone.

(i1) The cone o is big or a leaf cone.

Proof. Consider the face yy < y with P(yy) = o. By Remark 7.7, our o is a big
(leaf) cone if and only if X (3,) consists of points of big (leaf) type. The assertion
thus follows from Lemma 6.11. ]

EXAMPLE 7.9. Welook againat X = X(A, P, X') in Z = Zy from Examples 6.4
and 6.17. Recall that we have

—-1-2200
-1-2020
P = [vo1, v, V11, V21, V31] = ~1-2004
-1-3111
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Except cone(vy, Vo2, Vi1, V21, U31), €very cone generated by some of the v;; occurs
in the fan Y. In particular, X' has two big cones

o1 = cone(Vyy, Vi1, Var, V31), 02 = cone(Vp, Vi1, Va1, V31),
and six maximal leaf cones
71 = cone(vor, Vo2, V11), T2 = cone(vor, Voz, V21), T3 = cone(vor, Vo2, V31),
T4 = cone(vyy, vy1), Ts = cone(vyy, v31), Tg = cone(vyy, v3).

Thus, by Proposition 7.8 the X-cones of X' are oy, 0, and the faces of 7y, ..., 7.
This allows us to determine the Picard group Pic(X). Recall the degree matrix

21221

QO = [wor, oz, i1, War, w3 ] = | 00110 |,

having the generator degrees w;; = Q(e;;) € K = Z x Z/2Z x Z/27 as its
columns. The X-faces corresponding to the X-cones o, 03, 71, T, T3 are

y1 = cone(ep), ¥, = cone(ep),

N1 = cone(eiy, e21), 1My = cone(ey, €x1), N3 = cone(ey, e31).

Observe that these are precisely the minimal ones among all X-faces yy <X ¥y =
2- Thus, Proposition 5.6 yields

2 3
Pic(X) = (") QUing(y:) N Z*) N (] Qling(n:) N Z*) = Z - (4,0,0) < CI(X).

i=1 i=1
Using Proposition 7.4, we see that (4, 0, 0) equals the anticanonical class —/Cy.

In particular, X is a Gorenstein Fano threefold.

Big and leaf cones admit also simple characterizations in terms of the geometry
of the defining fan of the ambient toric variety.

REMARK 7.10. Consider the setting of Construction 6.13 and let L C Z" be
the kernel of the projection pr: Z'™* — Z°. Then, for any o € X, the following
statements are equivalent.

(1) The cone o is big.
(i) We have pr(o) = Q.
(iii) Wehave o € Lgand 0° N Lo # ¥.
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Moreover, o € X is a leaf cone if and only if its image pr(c) € Q" is a pointed
cone of dimension at most c.

PROPOSITION 7.11. Situation as in Construction 6.13. Let L C Z'™ be the
kernel of the projection pr: Z'** — Z° and X the fan in 7' consisting of
all the faces of the cones o N Lg, where o € X. Then the following statements
are equivalent.

(1) Xy is a subfan of X.
(i) X contains no big cone.

(iii)) X consists of leaf cones.

Proof. The equivalence of (ii) and (iii) is clear. We prove ‘(i)=(ii)’. Assume that
there is a big cone o € X. Then o N Lg belongs to X', but not to X according to
Remark 7.10(iii); a contradiction. We turn to ‘(ii)=-(i)’. The task is to show that
for every cone 0 € X, the intersection o N Lg is a face of 0. Let T < o be the
minimal face containing 0 NLg. Then t°NLg is nonempty. Since T € X is not big,
we can use Remark 7.10(ii) to conclude T € Lg. Thismeanso NLg =7. O

We use the concrete description of X-cones as big cones and leaf cones to study
(quasi)smoothness properties of explicit general arrangement varieties X C Z.
First, let us define quasismoothness.

DEFINITION 7.12. Let X € Z be an exphcu T-variety. We say that x € X is a
quasismooth point of X if the fiber p~!(x) C X consists of smooth points of X.

REMARK 7.13. Let X € Z be an explicit T-variety,c € X' an X-cone and yy < ¥
the face with P(y;) = o. Then, for x € X (o), the intersection p i) N X (»0)
equals the closed orbit H - z of p~!'(x). In particular, x € X is quasismooth if and
only if z € X is smooth. Moreover, X (o) consists of quasismooth points of X if
and only if X (y,) consists of smooth points of X.

PROPOSITION 7.14. Let X C Z be an explicit general arrangement variety.
(1) For every big cone o € X, the following statements are equivalent.

(a) There is a quasismooth point of X in the piece X (o) C X.
(b) The piece X (o) € X consists of quasismooth points of X.

(c) Every sequence 0 < iy < -++ <y < radmits1 < q <c+2and
1 < j < ny suchthatv, ; € o,l;,; =1and v, & o forallk # j.
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(ii) For every leaf cone o € X, the piece X (o) S X consists of quasismooth
points of X.

Proof. According to Remark 7.13, we just have to care about smoothness of the
points of X(y). By Remark 6.7, a point z € X(y) is smooth if and only if
the Jacobian J(z) of g, ..., g._. is of full rank. The latter is characterized via
Lemma 6.12(ii). In particular, we see that in the case of a leaf cone o, all points
of X (y0) are smooth, proving (ii). To show (i), let o be big. By the nature of
Condition 6.12(ii), there is a smooth point of X in X (y) if and only if every point
of X (%) is smooth in X. This establishes the equivalence of (a) and (b). The
equivalence of (a) and (c) is obtained by negating Condition 6.12(ii) for a point z
of big type. 0

COROLLARY 7.15. Let X C Z be a quasismooth explicit general arrangement
variety. Assume that P is irredundant and let o = cone(vgj, + --- + v,;,) be an
elementary big cone of X.

(i) We have l;;, > 2 for at most ¢ + 1 differenti =0, ..., r.

(i) We have n; = 1 for at most ¢ + 1 differenti =0, ..., r.

Combining Proposition 7.14, Remark 7.13 and Proposition 5.5 leads to
the following purely combinatorial smoothness criterion for explicit general
arrangement varieties.

COROLLARY 7.16. Let X C Z be an explicit general arrangement variety.

(1) Let o € X be a big cone and yy < y the corresponding X-face. Then the
following statement are equivalent.

(a) There is a smooth point of X in the piece X (o) = X (yp) € X.

(b) The piece X (o) = X (yy) € X consists of smooth points of X.

(c) The cone o is regular and Proposition 7.14(i)(c) holds.

(d) We have K = Q(ling(yy) N Z"™™) and Proposition 7.14(i)(c) holds.
(i) Let o0 € X be a leaf cone and yy <X y the corresponding X -face. Then the

following statements are equivalent.

(a) There is a smooth point of X in the piece X (o) = X(yy) C X.

(b) The piece X (o) = X (yy) € X consists of smooth points of X.

(c) The cone o is regular.

(d) We have K = Q(ling(yy) N Z"*™).
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EXAMPLE 7.17. Let us continue the discussion of X C Z from Examples 6.4
and 6.17. In Example 7.9, we determined the maximal X -cones: there are two big

cones 0, 0, and six maximal leaf cones 7y, ..., t. Using Corollary 7.16, we see
that the associated pieces are precisely those consisting of singular points of X.
Note that

X(t;) =X(0)DUX(T)UX(02), i=1,2,3,

are curves, each being the closure of the T-orbit X (7;); use Proposition 5.9. The
union over these X (7;) is a connected component of the singular locus of X. In
addition, we have X (1;) fori = 4, 5, 6, each consisting of an isolated singularity.

EXAMPLE 7.18. We continue Example 7.2. Suitably renumbering the variables
we achieve a > b. We claim that X is smooth if and only if one of the following
conditions is satisfied:

) r=c+1l,a>landb =1,
(i) r=c+2anda=b=1.

Indeed, r < ¢ + 2 holds, because otherwise the big cone o € X generated by
all v;; withi < r — 2 and v,_;, v,, yields a singular point in X (o). Now, the
elementary big cones of X' are precisely cone(vyj,, . .., vyj;,), Where {jo, ..., j.}
equals {1, 2}, and the claim follows from Corollaries 7.15 and 7.16. In particular
we obtain smooth Fano varieties in the cases

(i) r=c+ 1L, 1<a<randb=1,

(v) r=c+2anda=5b=1.

Finally, we observe constraints on the defining data of an explicit general
arrangement variety arising from local factoriality and QQ-factoriality.

PROPOSITION 7.19. Let X C Z be a locally factorial explicit general
arrangement variety, where P is irredundant. Assume that X consists of leaf
cones and each of the sets cone(v;|) + L is covered by cones of X. Then n; > 2
holds fori =0, ...,r.

Proof. Assume that n; = 1 holds for some i. Let o denote the ray through v;; and
consider the cone T := ¢ 4+ Lg. We claim that for every o € ¥, the intersection
TNo is aface of 0. Indeed, as X consists of leaf cones, the image of pr(o) under
the projection pr: Q" — Q" is a pointed cone, having pr(p) as an extremal ray.
Thus, T = pr~!(pr(e)) cuts out a face from o.
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By our assumptions, the above claim implies that 7 = ¢ 4 L is a union of
cones of X'. Any cone of X'\ X contained in 7 is necessarily of the form o + o,
€ X with o, € X';. We conclude that in particular all the cones 0 = p+o0, where
dim(or) = s, must belong to X. As o and o are leaf cones, they are X-cones
by Proposition 7.8. Thus, Proposition 5.5 yields that o and o are regular. This
implies /;; = 1; a contradiction to the assumption that P is irredundant. ]

COROLLARY 7.20. Let X C Z be a nontoric, projective, locally factorial explicit
general arrangement variety. If X consists of leaf cones, then the Picard number
and the complexity of X satisfy

p(X)=>r+3>cX)+4.

Proof. Since X is nontoric, we may assume that P is irredundant with r >
c. Moreover, as X is projective, we may assume that ¥ is complete. Thus,
Proposition 7.19 applies and we obtain n > 2r 4 2. Then Corollary 5.12 yields
the desired estimate. O

PROPOSITION 7.21. Let X C Z be a Q-factorial explicit general arrangement
variety. If X admits a big cone, then it admits an elementary big cone.

Proof. Leto € X be abig cone. Then o is an X-cone according to Proposition 7.8.
Proposition 5.4 tells us that ¢ is simplicial. Now, any elementary big face of o is
as wanted. O

COROLLARY 7.22. Let X C Z be a nontoric, projective, locally factorial explicit
general arrangement variety. If X is of Picard number p(X) < ¢ + 3, then ¥
admits an elementary big cone.

We conclude the section with a closer look at smooth projective general
arrangement varieties of Picard number one.

PROPOSITION 7.23. Let X be a nontoric, smooth, projective general
arrangement variety of Picard number one. Then X is a quadric V(T} +
..._|_Tr2) CP.

Proof. According to Theorem 6.18, it suffices to consider the explicit general
arrangement varieties X C Z. Moreover, we may assume that P is irredundant
and ny > --- > n, holds. Finally, we have Ky = Q and may assume that the
effective cone of X is Q.
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First we show that there are no variables of type S; in R(A, P). Otherwise,
y; = cone(e;) < y is an X-face and thus we find a point x € X having x; as its
only nonzero coordinate. By smoothness of X, the Jacobian of g, ..., g,_. does
not vanish at x; see Proposition 5.5. This implies /;; 4+ - - - +1;,, = 1 for some i; a
contradiction to irredundance of P.

According to Corollary 7.22, the fan ¥ admits an elementary big cone.
Proposition 7.15 tells us ny > 2. Thus y;; = cone(ep;) < y is an X-face.
Proposition 5.5 yields that deg(7y;) generates K. We conclude K = Z and
deg(Ty;) = 1. Additionally, smoothness of X (yy;) implies that grad(g;)(x) # 0
holds for every point x € X (¥01). We conclude ny = 2 and deg(g;) = 2. This
implies deg(7;;) = 1 and for all i, j, we obtain /;; = 1 or /;; = 2 according to
nj=2orn; =1.

Finally, observe that ¢ = r — 1 holds, that is, there is only one defining relation.
Indeed, otherwise, we find generators g, ..., g._., each involving precisely ¢ +
2 monomials and g/__ all different from TOI". Then the corresponding Jacobian
vanishes at any x € X (v01), showing that X (yy,) is singular. A contradiction. [J

REMARK 7.24. Consider a smooth, projective explicit general arrangement
variety X C Z of Picard number one with P being irredundant. By
Proposition 7.23, the divisor class group CI(X) is torsion free. Thus,
Proposition 7.3 yields

=y [y 0

P(): : , l():"':lr—]:(1$1)v lr
1,0

_ (1,1), neven,
), n odd,

where n = ny + - -- + n,. Moreover, the torus action on X is the action of the
maximal torus of Aut(X) = O(n). In particular, the torus action on X is of

complexity
n
- —2, even,
e=13_1
— 1, nodd.
2

8. Proof of the classification Theorem 1.2

This section is devoted to the proof of Theorem 1.2, which presents all smooth
projective general arrangement varieties of true complexity two and Picard
number two. Theorem 6.18 allows us to work in the setting of explicit general
arrangement varieties X = X(A, P, X') in Z = Zy. The task is then to specify
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further and further the defining data until we arrive at the list of Theorem 1.2,
where we follow a similar strategy as in the case of complexity one [31].

Let us indicate the basic principles behind the proof of Theorem 1.2 and
see how smoothness and Picard number two come into the game. Recall from
Definition 5.2 the notions of X-faces and X-faces of the orthant y = o and
look at the degree map Q: Z"™ — K = CI(X), having the image of P* as
its kernel. The arguments for establishing the list of Theorem 1.2 rely on the

following.

e Due to the explicit nature of the defining relations gi, ..., g,—» of X, we can
determine the X-faces yy < y and characterize smoothness of the points of the
associated pieces X (yp) C X in terms of defining data.

o Since K¢ = Clg(X) is of dimension two, the positions of the generator degrees
Q(e;;) and Q(e) with respect to the ample cone are sufficiently accessible, so
that we can figure out possible X-faces.

e Smoothness of X is characterized by the fact that for every X-face yy < v,
the image Q(yo N 7™ generates K as a group and X (y,) consists of smooth
points of X.

As it turns out, the fact that X is of Picard number two allows us to extract enough
information from the X-faces of dimension at most two in order to determine at
the end all possibilities for the degree map Q and the ample class of X, which in
turn lead to the possible matrices P and fans X'. In order to obtain that all varieties
of Theorem 1.2 are indeed of true complexity two, we have to show that there are
no toric examples and no examples of complexity one in the list. This will be
done by comparing geometric data, which in the complexity one case we import
from [31].

Let us enter the first step toward the list of Theorem 1.2. We will bound the
number r which in turn bounds the size of the matrix A and the number of defining
relations of the Cox ring R(X) = R(A, P). Moreover, this step provides first
specifications on the numbers ny, ..., n, and m, which sum up to the number of
columns of the matrix P. Here comes the precise formulation.

PROPOSITION 8.1. Let X C Z be a smooth, projective explicit general
arrangement variety of Picard number and complexity two. Assume ny > --- > n,
and that P is irredundant. Then we have CI(X) = 7* and one of the following
statements holds.

(I) We have r = 3 and the tuple (ng, ny, n,, n3) together with the number m fits
into one of the cases below, where ng > n, > 3:
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(@) m > 0and (ny, ny,2,2), ) m >0and (2,2,2,2),
(b) m > 0 and (no, 2,2, 2), (@) m>0and (2.2.2.1),
(c) m =2 0and (ny, 2,2, 1),

() m=0and (3,2,1,1), (h) m >0and 2,2,1, 1),
() m=0and (3,1,1,1), i) m>0and (2,1,1,1).

(I1) We have r = 4 and m = 0 and the tuple (ny, ny, ny, n3, ny) is one of
(2,2,2,2,2),(2,2,2,2,1),(2,2,2,1,1), (2,2, 1, 1, I).

We will obtain this proposition as a consequence of the more general
statements, Propositions 8.5, 8.6 and Corollary 8.7, presented and proven
below after the necessary preparatory work.

The following Lemma identifies small X-faces and relates smoothness of the
points of X(y) to data of the defining matrix P. It applies to arbitrary explicit
general arrangement varieties and generalizes the corresponding statement
[31, Lemma 3.9] on the case of complexity one.

LEMMA 8.2. Situation as in Construction 6.13. Consider the orthant y = ’;[)m,
its extremal rays y;; := cone(e;;) and y; = cone(ey) and the two-dimensional

faces
Vi =Yk T Vios  Vijk = Vij T Vo Yijuioi = Vi T Viojo-
(i) All yy, respectively yy, i,, are )g-faces and each X (yy), respectively )_((y,q,kz),

consists of singular points of X.

(i) A given y,j, respectively yi;, is an X-face if and only if n; > 2 holds. In that
case, X(y;;), respectively X (yij ), consists of smooth points of X if and only
ifr=c+1,n =2andl;s_; =1 hold.

(iii) A given y;j, ij, with ji # ja is an X-face if and only if n; > 3 holds. In that
case, X (Vij,.ij,) consists of smooth points of X ifand only ifr = c+1,n; =3
and l;; =1 for the j # ji, j,» hold.

(iv) A given y, j, ij, With iy # i is an X-face if and only if we have either n;,,
n;, =2 2orn;, =n;, =landr = c+1. In the former case X (y, j, ij,) COnsists
of smooth points of X if and only if one of the following holds:

er=c+1,n,=2andl;, s ; =1forat €{1,2},

e =C + 2, I’lil = I’li2 = 2, li1,3—j1 = li2,3—j2 = 1

Proof. Recall that for any face y, < y, we set X(y) = X NT"" . z, where
the coordinates z;;, z; of the point z = 2y € K™ satisfy z;; = 1 if e;; € yp
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and z; = 1 if ¢, € y, and equal zero otherwise. Now consider the y; < y from
Assertions (i) to (iii). In these cases, we infer from Lemma 6.11 that y; is an X-
face if and only if z = z,; is of big type. The latter is trivially satisfied in (i),
means 7; > 2 in (ii) and n; > 3 in (iii). Moreover, Lemma 6.12 yields the desired
characterizations of smoothness. If y; is as in Assertion (iv) with n; , n;, > 2, then
we use Lemmas 6.11 and 6.12 as in the preceding cases. If y is as in Assertion (iv)
one of n;,, n;, equals one, then z = z,¢, then Lemma 6.11 that tells us that y, is
an X-face if and only if z = 2y 1s of leaf type, which amounts to n;, = n;, =1
andr =c+ 1. O

Observe that the above statements (iii), (iv) and (v) depend on the complexity c.
To proceed, we take a look at the ample cone and the position of generator degrees
of the Cox ring. Propositions 5.4 and 5.6 lead to the following picture.

REMARK 8.3. Let X C Z be a projective explicit general arrangement variety
with divisor class group Cl(X) of rank two. Then the effective cone of X is of
dimension two and decomposes as

Eff(X) =1t Uty Ut

where ty C Eff(X) is the ample cone, t™, 7~ are closed cones not intersecting tx
and tt N v~ consists of the origin. Due to 7y € Mov(X), each of the cones t+
and T~ contains at least two of the weights

W;j = deg(Tij) = Q(e;j), wy= deg(Sy) = Q(ex).

Moreover, for every X-face {0} # y < y precisely one of the following
inclusions holds:

Q) ST, ™SO Qn) St .
The X-faces are exactly the X-faces y, < y with Ty € Q(y)°. Note that the

ample cone 7y is of dimension two if and only if X is Q-factorial.

The following Lemma is a direct generalization of [31, Lemma 3.11] and
provides first constraints for the possible positions of the generator degrees with
respect to the ample cone.

LEMMA 8.4. Let X € Z be a projective explicit general arrangement variety
with divisor class group of rank two.

(1) Suppose that X is Q-factorial. Then w; ¢ tx holds for all 1 < k < m and
forall 0 <i < rwithn; > 2 we have w;; & tx, where 1 < j < n;.
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(i1) Suppose that X is quasismooth, m > 0 holds and there is 0 < i} < r with
ni, = 3. Then the w;;, wy withn; >3, j=1,...,n,andk =1,...,m lie
either all in t* orallin t~.

(iii) Suppose that X is quasismooth and there is 0 < iy < r withn;, > 4. Then
the w;; withn; > 4 and j =1, ..., n; lie either all in tTorallint.

(iv) Suppose that X is quasismooth and there exist 0 < iy < i, < r with n;,,

n;, = 3. Then the w;; withn; > 3, j = 1, ..., n; lie either all in T+ or all in
T,

(v) Suppose that X is quasismooth. Then w, . .., w,, lie either all in T or all
int-.

Proof. We prove (i). By Lemma 8.2(i) and (ii), all rays y, and all rays y;; with
n; = 2 are X -faces. By Q-factoriality, Ty € Kg is of dimension two which
excludes 7y € Q(w)° and tx S Q(y;;)°. Taking ¥y = yx and ¥y = y;; in
Remark 8.3 gives the claim. We show (ii). By Lemma 8.2(i) and (ii), all y; and
all y,;, y;jx with n; > 3 are X-faces and the corresponding pieces in X consist
of singular points of X. By quasismoothness, none of these X-faces is an X-face.
For yy = y,,1, Remark 8.3 yields w;,; € t* or w;,; € T, say w;,;; € t". Applying
Remark 8.3 to yp = v« gives wy, w;; € ¥ fork=1,...,mandalli withn; >3
and j =1, ..., n;. Assertions (iii), (iv) and (v) are seen by similar arguments. [

PROPOSITION 8.5. Let X C Z be a nontoric projective quasismooth explicit
general arrangement variety with divisor class group of rank two, where P is
irredundant and ng > --- > n,. Assume that m > 0 holds and X admits an
elementary big cone.

(1) We have r = ¢ + 1 and are in one of the following situations:

(a) We have ny = 2 and there exist indices i and j such that n; = 2 holds
and vy;j x is an X-face for all k.

(b) We have ny > 3 and there exist indices iy % i, and j,, j, such that
n;, = n;, = 2 holds and v, ;, r, Vi, j».x are X-faces for all k.

(i1) Assume ¢ = 2. Then we have r = 3 and the constellation of the n; is (ny,
ni, 2,2), (n,2,2,2), (no,2,2,1) (2,2,2,2), (2,2,2,1), (2,2,1,1) or (2,
1,1, 1), where ng > n; > 3.

Proof. Due to Lemma 8.4(v), we may assume wy, ..., w,, € t+. As X is nontoric
we have at least one relation g;. Thus, r > ¢ + 1 holds and Proposition 7.15(ii)
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yields ny > 2. Lemma 8.4(i) says that none of the w;; with n; > 2 lies in tx.
Moreover, at least one of the w;; with n; > 2 lies in v7; otherwise, since all
relations g; share the same degree, we had w;; € T for all / with n; = 1, meaning
that T~ contains no weights at all; a contradiction. In particular, if ny = 2 holds,
then there exists a w;; € v~ with n; = 2 and all y;; , are X-faces. Assume ny > 3.
Then Lemma 8.4(ii) yields w;; € 1 whenever n; > 3. Moreover, because all
relations g; have the same degree, w;; € ™ holds for all i with n; = 1. Since 7~
contains at least two weights, we find i, i, and j;, j, withn;, = n;, =2 and w;, ,,
w;,j, € T~. Note that all y;,j, . Vi .x are X-faces. Now, Lemma 8.2(ii) yields
r = c+1. Thus, Assertion (i) is proven. Assertion (ii) is a direct consequence. [

PROPOSITION 8.6. Let X € Z be a nontoric projective quasismooth explicit
general arrangement variety with divisor class group of rank two, where P is
irredundant and ng > --- = n,. Assume that m = 0 holds and X admits an
elementary big cone.

(1) We are in one of the following situations:

(a) We haver = ¢ + 1, ng = 3 > n; and there exists an index j such that
Yoi,0; is an X-face.

(b) We have r = c+1 and there exist indices 0 < iy < ip withn; = n;, =2
and indices jy, j, such that yyj, i, ;, is an X-face.

(c) We haver = ¢ + 2 and ny = n, = 2 and there exist indices 0 < i, and
Jos J1 such that yy;, ;,j, is an X-face.

(i1) Assume ¢ = 2. Then the constellation of the n; is one of the following, where
ng = ny; = 3 holds:

r = 3 : (n09n17 27 2)’ (no’ 27 2’ 2)7 (n07 2’ 27 1)7 (3’ 27 1’ ]‘)7 (37 1’ ]‘7 1)7
(2,2,2,2),(2,2,2,1),(2,2, 1, 1).
r=4: 2,2,2,2,2),2,2,2,2,1,2,2,2,1,1),2,2,1, 1, ).

Proof. Only for the first assertion, there is something to show. As X is nontoric
we have at least one relation g; and conclude » > ¢ + 1. Moreover, Proposition
7.15(ii) yields ny > 2. Finally, Lemma 8.4(i) shows that none of the w;; with
n; > 2 lies in x. We distinguish the following cases.

First, let ng > 4 or nyp = n; = 3. By Assertions (iii) and (iv) of Lemma 8.4,
we may assume w;; € 1 for all i with n; > 3. Then w;; € v+ holds as well for
all i with n; = 1. Since T~ contains at least two weights, there are i; < i, and
Ji, o withn;, = n;, = 2 and w;,j,, w;,;, € T~. Observe that yy, ;,;, is an X-face.
Moreover, Lemma 8.2(iv) shows r = ¢ + 1. We arrive at Case (b) of (i).
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Next, let ng = 3 > n,. If all weights wy; lie either in t* or in 77, then we
can argue as above and end up in Case (b) of (i). Otherwise, wy; and some wy;
for j = 2, 3 lie on different sides of tx. Then yy;; is an X-face. Lemma 8.2(iii)
yields r = ¢ + 1 and we are in Case (a) of (i).

Finally, let no = 2. The common degree of gi, ..., g-—. and hence all w;; with
n; = 1 lie in precisely one of the cones t+, T~ or tyx, where we may assume
that this is not . Then no pair w;;, w;; lies in 7. As there must be at least two
weights in 77, we conclude n; = 2 and find the desired yy;, 1;,. Lemma 8.2(iv)
yields r < ¢ + 2. Thus, we are in one of the Cases (b) or (c) of (i). O]

COROLLARY 8.7. Let X be a smooth projective general arrangement variety of
Picard number two. Then we have C1(X) = Pic(X) = Z>.

Proof. We may assume that X C Z is explicit. Corollary 7.22 tells us that ¥
admits an elementary big cone. Thus Propositions 8.5 and 8.6 provide a two-
dimensional X-face y;, < y. According to Proposition 5.5, the two weights
stemming from y, generate K as a group. This implies C1(X) = K = Z2. O

Proof of Proposition 8.1. According to Corollary 7.22, the fan X admits an
elementary big cone. Thus, Propositions 8.5(ii) and 8.6(ii) apply. Together with
Corollary 8.7 they provide the desired statements. O

In order to show that Theorem 1.2 lists all smooth projective general
arrangement varieties of true complexity two, we have to go through the cases
of Proposition 8.1. After some further preparation, we will treat exemplarily
Cases 8.1(I)(a) and (b). The detailed discussion of the remaining cases is given
in [70, Section 6.1].

REMARK 8.8. Let X € Z be a smooth, projective explicit general arrangement
variety of Picard number two. Corollary 8.7 ensures CI(X) = Z? and we will

write
deg(T;;) = Qle;;) = wi; = (x5, yij) € ZZ,
deg(T) = Q(er) = wy = (xi, i) € Z°
for the weights. Moreover, the (common) degree of the relations gy, ..., g, will

be denoted as deg(g;) = . = (w1, o) € Z*. Recall that for eachi =0, ..., r we
have
Ky = Zlijxija M2 = Zlij)’ij-
j=1 Jj=1
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Consider the decomposition of the effective cone Eff(X) = 7~ U 74y U 77 from
Remark 8.3. Choosing names suitably, we can fix the following orientation:

If (w, w’) is a positively oriented pair in Q?, for instance w € T~ and w’ € ¥,
then det(w, w’) is positive. If, furthermore, w, w’ are the weights stemming from a
two-dimensional X-face y, < y, then we have det(w, w’) = 1 by Proposition 5.5.
In that case, we can achieve

w= (1,0, w=(@01)

by a suitable unimodular coordinate change on Z2?. Then w” = (x”, 1) holds
whenever w, w” stems from a two-dimensional X-face and, similarly, w” =
(1, ") holds whenever w”, w’ stems from a two-dimensional X-face.

LEMMA 8.9. In the situation of Proposition 8.1, consider the case r =3, m > 0
and ny =2 3 > ny = ny = 2 > n3. Then the following constellation of weights
cannot occur:

WOl - -+ s Wong, W12, Wa € T, Wy, Wy € T
Proof. We may assume wpy, ..., Woy, W21 € cone(wy, wyy). Applying
Remark 8.8 first to the X-face yp;,;; and then to all yoi21, V22,11, Vojii1s
vin €rlv(X), where j =1,...,npandi = 1, ..., m, turns the degree matrix Q
into the shape
Q: Ox02...x0,101x12 1 X22|X31 « oo X3py || X1+ oo X
11 ... 1 0y12y21 1 Y31 - Yan 1...1 ’

where xo; > 0 and y,; > 0. Moreover, yo1.11, Yoi,21 € 1lv(X) implies [, =1, =1
due to Lemma 8.2(iv). Using y,;.12 € 1lv(X) we infer yj, = 1 4 y,1xp, from
det(w,;, wyz) = 1 and, by the shape of Q, obtain

3o+ F oy = 2 = Y2 =14 yorxin.

We conclude x;; > 0. Using yy; 21 € 1lv(X) gives det(w,;, wp;) = 1 and thus
x0;¥21 = 0. As the effective cone of X is pointed, wy; € v~ implies y,; > 0. We
arrive at xo; = 0 and thus p; = 0 = [;; + x1». This contradicts to the fact that [
and x, are strictly positive. O
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We are ready to establish the list of Theorem 1.2. As announced, we restrict
ourselves here to the discussion of two cases of Proposition 8.1 and refer to
[70, Section 6.1] for the remaining ones.

Case 8.1(I)(a). We haver = 3, m > Qandny > n, > 3 > n, = n3 = 2. This
setting allows no examples satisfying the assumptions of Theorem 1.2.

Proof. By Assertions (iv) and (ii) of Lemma 8.4, we may assume that the weights

Wols -+« o s Wongs Wity -« ., Wiy, and wy, ..., w, all lie in T+, At least two other
weights lie in 7~. Renumbering suitably, we arrive at w,;, w3, € 7~ and wy,,
w3, € t1 because of u € t+. Thus, Lemma 8.9 gives the assertion. O

Case 8.1(I)(b). We haver =3, m > Q0andny > 3 > ny = n, = ny = 2. This
gives the varieties Nos. 1 and 2 of Theorem 1.2.

Proof. We claim that each of tF and 7~ contains weights from wyy, ..., Woy,-
Otherwise, due to Lemma 8.4(i), we may assume that all wy; lie in . If
m > 0 holds, Lemma 8.4(ii) yields wy, ..., w, € t+. As T~ contains at least

two weights, we can achieve wy;, wy; € T~ and wyy, wy € T by suitable
renumbering; note that w;;, w;; € t~ is not possible for i = 1,2, 3 because of
u € t+. Lemma 8.9 then verifies the claim.

By the claim, we may assume wy;, wop, € T+ and wy; € v~. Lemma 8.4(ii)
shows m = 0 and Lemma 8.4(iii) gives ny = 3. There must be at least one more
weightin 77, say wy;. Applying Lemma 8.2(iii) to yp; 03 € rlv(X) we obtain [y, =
lx = 1. Moreover, looking at suitable X-faces y;;;,;, and using Lemma 8.2(iv),
we obtain

lll = 112 = lZl = l22 = l31 = l32 = 1

We may assume wg, € cone(wy;, wez). Then, applying Remark 8.8 to yp1.03 €
rlv(X) and afterward to ;.11 V.03 € 1lv(X) we achieve that our degree matrix
looks as follows:

X31 X32

V31 s |

Note that we have xyp, > 0 because of wy, € cone(wg;, wys). We distinguish
the following three cases according to the possible positions of the weights wy;
and wyy.

X21 X22

. 0X021 1 X12
Q_|: Y21 Y22

L' 1 Ojyn yn2

We have w,y, wy € 7. Then u € v~ holds and we may assume w; € 7.
Moreover, we have yy1 .21, Yo1.22, Yo1.31 € 11v(X) and conclude

i=xp=x3=1, pu=02,2), xp=xp=xp=1
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The determinants corresponding to yp.21, Vo222 € 1lv(X) both equal one, which
implies y,;xp; = 0 and yxxg, = 0. Because of y,; + y,, = u, = 2, we obtain

X0=0, lpz=p; =2.

The considerations performed so far determine the defining relation g; and, up to
integers ayp, a,, as, also the degree matrix Q as

&1 = T01T02T023 + T T+ T Ty + T3 T3y,
0= 0011 1 1 1 1 1
1110 as 2— as )

aj 2—611 6122—612
We claim that all w;;, where i = 1, 2, 3, lie in 7~. This means that we have to
show wy,, w3, € T~. Otherwise, if w, € T holds, then 3 1o € 11v(X) leads to

1 = det(wos, wip) = aj.

This implies w;; = wy; € T~ N tF, which is impossible. Analogously, one
excludes wi, € tt+. Thus, we may assume a; < a; < a3 and a; > 2 — a;.
Consequently, @; > 1 holds and we obtain

SAmple(X) = Ty = cone((1, a3), (0, 1)).

We have w,,, wy € t+. Thus, we have u € T and thus wi, € . This means
that 3,12, Y03.21, 21,22 are X-faces and we can conclude

Yo=yu=yn=1, w=2 yn=1
Looking at the determinants associated with v 11, Vi1.21, V11,22 € 1lv(X) we see
X2 = Xp1 = X = 0. This gives lp3 = 1 = x21 + x5, = 0; a contradiction.

We have w,, € T~ and wy, € TF. Then we may assume ws; € T~ and ws, € T+, as
otherwise, up to renumbering, we are in one of the preceding cases. Remark 8.8
applied to ¥p1,21, Yo1,31, Y03,22> Y0332 € rlv(X) and u, = 2 yield

Xpp=x3=yn=yn=1, yy=ys=1

We claim y;; # 0. Otherwise, y;; = u, = 2. This implies det(wq;, wy) = 2,
hence yp3.12 ¢ 1lv(X) and thus wy, € 7. Then yp1,12 € rlv(X) leads to x;, =1
and p; = 2. Thus wy = (1, 1) = wy; € 77, contradicting the setup. Now, y;; # 0
yields

Xp=xp=xp=0, u=(1,2), lp=1 x2=0
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due to Y1102, Y1122, Y1132 € 1lv(X) and homogeneity of the relation g,. We
conclude wy; = (0,y12) € v+ and 312 € rlv(X) shows y;, = 1. Finally,
Y11 = M2 — y2 = 1 holds. For the relation, the degree matrix and the ample
cone, this means

81 = ToiTooToz + T11 Ty + To1 Too + T3, T,

0= 001{10{10{10
Tlr1o(r 1111
SAmple(X) = 7x = cone((0, 1), (1, 1)). 0

Finally, Theorem 1.2 claims that the listed varieties are all of true complexity
two. The following Proposition establishes this statement. As before, we present
an example case; the full discussion will be made available elsewhere.

PROPOSITION 8.10. Each of the varieties listed in Theorem 1.2 is of true
complexity two, that is, does not admit torus actions of lower complexity.

Proof. First observe that each of the varieties listed in Theorem 1.2 has a singular
total coordinate space and hence is not toric. Thus, we have to show that none
of the varieties from Theorem 1.2 is isomorphic to a smooth nontoric variety of
Picard number two with torus action of complexity one, which in turn are all given
in [31, Theorem 1.1]. We do this exemplarily for the variety X listed as No. 5 in
our Theorem 1.2. Recall that Cox ring, degree matrix and an ample class of X are

R = K[Tlv CIEE) TS’ Sla sy Sm]/<TlT2 + T32T4 + T52T6 + T72T8>a m 2 07

C[02+1b1b1b11...1
Q—[l I 1010100...0] b=>0.

u=2b+2,1).

The total coordinate space Spec(R) of X is of dimension m + 7 with singular
locus of codimension 4. Computing these data also for the varieties from
[31, Theorem 1.1], we see that X can be isomorphic at most to varieties from
Nos. 4, 6, 10, 11 or 12 of [31, Theorem 1.1]. We now go through these cases.
Assume that X is isomorphic to the variety [31, Theorem 1.1, No. 4], which we
denote by X’. Cox ring, degree matrix and an ample class of X’ are given by

R =KITy,....Te, Si, ... Swl /(T Ty + Ty + TsTg),  m' >0,
<a <
Q/_ Olallazlcl...cm/ O\<a1\<az,
~“1101010/1...1 1| 1 <...< e,

1<12=a1+l4=a2+16b,
u' = (max(a, c,) + 1, 1).
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The total coordinate space Spec(R’) of X’ is of dimension m’ + 5 and the
codimension of its singular locus equals 5 minus the number of i with [; > 2.
Consequently, we obtain

m’=m+2, l4=l6=1, 12=a1+1=a2+1>2, a, =ap.

We write w; for the ith column of Q and denote by w; the number of times it
shows up as a column of Q. Analogously, we define w; and p;. Then we have

w €{1,4}, wa=3+m, p,=3, p;<l+m.

Observe that w;, wy are the primitive generators of the extremal rays of the
effective cone of X and w, is a semiample class, whereas w; is not semiample.
Moreover, w) is a semiample primitive generator of the effective cone of X'. We
conclude

34+ m=pys =dim(R,,) = dim(R;J&) =, =3.

Thus, m = 0 and m’ = 2 hold. Comparing the multiplicities dim(R,) and
dim(R),) for w and w’ being the primitive generators differing from (1, 0) of
the respective effective, moving and semiample cones of X and X', we obtain

bci,c>0, puy=w=1 b=a=a=c <c=2b+1.

But then the anticanonical class —/Cx = (3a + 3, 3) is divisible by 3, whereas
—Kx = (4b + 3, 3) is not; a contradiction.

Assume that X is isomorphic to a variety X’ as in [31, Theorem 1.1, No. 6].
Here, Cox ring, the degree matrix and an ample class look as follows:

R =KI[Ty,...,Te, St, ..., Swl/{TiTh + T4 + T{Tg), m' > 1,

ap, as, as 2 03
a) < ap,
a) +a; =2a3 + 1,

Q,:[02a3+1a1a2a311...1]

1 1 11100...0
u' = Qaz+2,1).

The dimension of the total coordinate space Spec(R’) of X’ equals m’ 4+ 5 and
hence m’ = m + 2 must hold. As before, let w; be the ith column of Q and u; the
number of times it shows up as a column of Q. Define w; and u; analogously. We
obtain

H1 6{134}’ M4:M,6:m+3’ :u“/le{l’273}

For X as well as for X’, we find precisely one semiample primitive generator of
the effective cone, namely w, and wg. Consequently we obtain

/
1=M1=M17 al’a27a3>0-
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Comparing the multiplicities dim(R,,) and dim(R;,) for w and w’ being the
primitive generators differing from (1, 0) of the effective, movable and semiample
cones of X and X', we arrive at a; = a, = as = b, which contradicts, for instance,
a; < ap.

Assume that X is isomorphic to the variety X’ as in [31, Theorem 1.1, No. 10].
In this case, the Cox ring, the degree matrix and an ample class of X’ are given as

R =K[T\,....T5, 5, ... Swl/ (TN + T+ T3), m' >1,
, 11111(0...0

0 _[021 1 11...1]’

u' = (2,1).
Let w;, w; and u;, u; be as before. Then w4 and w) are the only semiample
primitive generators of the effective cones of X and X', respectively. Thus, we
obtain 1 = pu| = w4 = 3 + m; a contradiction.

Assume that X is isomorphic to the variety X’ as in [31, Theorem 1.1, No. 11].

The Cox ring, the degree matrix and an ample class of X’ are then given by

R =KI[T\,....,Ts, Sy, ..., Swl/(Ti\Th + TsT, + T), m' >2,

0 = 11111|0a,...a, 0<a < <ay,

~[00000[11 ... 1 | aw>0,
u = (a, +1,1).

With w;, w; and u;, i} as before, we see that, again, wy, w) are the only semiample
primitive generators of the effective cones of X, X', respectively, and conclude

S5=p,=pns=3+m.
This implies m = 2. Thus, Spec(R) is of dimension 7 4+ m = 9. Consequently,
Spec(R’) is of dimension 9 = 4 4+ m’, showing m’ = 5. Looking for R and R’ at
the homogeneous components of degrees 2w, and 2w, respectively, we arrive at

a contradiction:

Finally, assume that X is isomorphic to the variety X as in [31, Theorem 1.1,
No. 12]. The Cox ring, the degree matrix and an ample class of the latter are given
as

R =K[Ty,...,Ts5,St, ..., Swl/{TiTh + T, + T2), m' >2,

0 = 02a3a,a,a3|11...1 0<a; <a3 < a,
111 111(00...0]|" a;+a =2a;,

u'=Qas+1,1).
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Comparing the primitive generators w, w’ and the corresponding multiplicities
dim(R,), dim(R;)) of the effective, moving and semiample cones of X and X,
we arrive at

m =3+m, O0<b, O0<a =a =as.

Now, comparing the determinants of the Mori chambers of X and X’ leads to a
contradiction: we obtain

b =det(ws, wy) = det(ws, wp) = as, b+1=det(w,, ws) = det(w), wy) = as.
O

REMARK 8.11. According to Theorem 6.18, the varieties from Theorem 1.2 can
be represented as explicit general arrangement varieties X (A, P, X') in the sense
of Definition 6.16. The following table provides the defining data P and X', where

we denote the columns of P by vy, ..., v, and set o, ; 1= cone(vi; k # i,
k # J).
No. P maximal cones of X
-1 -1 =21 10 00 O
-1 -1 -2 0 0 1 10 0
1 -1 -1 =2 0 00 01 1 )
uy wup uz 0 us 0 wuy 0 ug 01,i:02,i» =3, 9
uj € L%, uz = —u5 —uy — ug,
M] =7u27aiu5 7aéu7 7&3149
-1 -1 -1 1 1 0 0 0 0
-1 -1 -1 0 0 1 1 0 0
-1 -1 -1 0 0 0 O 1 1
_ 01,i>92,i+95,i>97,i>99,i>
2 0O 1 00000 0 —1 N
0 0 10 00 0 —1 1
0 0 00100 0 -1
0 0 00001 0 -1
-1 -1 -2 1 1 0 0 O
-1 -1 -2 0 0 1 1 0
3 -1 -1 -2 0 0 0 0 2 =3
uy up w3z 0 us 0 uy ug OL,i»02,i =2 7
uj €Z3, uz = —us —ug —ug,
Ml = *MZ 7a§u5 7aéu7 *llg
-1 =l 1 14, 0 0 0 0]0 0
-1 -l 0 0 I Ig 0 O 0 0 02,3:92,5:92,7:92 8+i»
4 -1 =l 0 0 0 0 1 Ig|O 0 01,45 94,5-94,7-94 8+ -
up up 0 uy 0 ug 0 ug|uj U 91,6°93,6° 96,7 96,8+i*
“i’”,,- e zm+3, up = 7”,1 — =l 271__8'G3,8vn‘1"5,8v08,8+i.
Uy = —uy —ug —ug 7d1u,| - 7dmu;n """
-1 -1 2 1 0 0 0 0O 0
-1 -1 0 0 2 1 0 0O 0 01,4:02.4+94.5,94.7,
-1 -1 0 0 0 0 2 1|0 0 91,6 92,6° 93,6° 96,7
5 uy wup wuz 0 us 0 wy O u’l Uy ”1.8’02,8’_‘73,?13"75,8’
“i'“l/' EZ’"+3, Uy = —uy —uz —us —u7, ‘;j,_(ii+é')v:’lif7 AAAAA m,
(2a+l)uz:7a(u3+u5+u7)7u/]7...7u;n ’
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[-r -1 1.1 0 0 0 0] O 0
-1 -1 0 0 2 1 0 0|0 0 91,6: 92,6 93,6°94,6>
6 -1 -1 0 0 0 0 2 1|0 0 96,7-91,8-92,8-93,8-
up wy w3 0 us 0wy 0|u) U, 74-31’ 05,8:9j,8+i"
- 3 - i=1,..., m,
ui,ul{ezm#»,ulz—uz—u:;fusfuz, ) i=1,2,3,457
(2az + Nuy = —ajuz —azus —azuy — uy — — Uy,
-1 -1 11 00 0O O 07
-1 -1 00 11 00| O 0
7 -1 -1 00 00 21| 0 0 0j,8:9),84i97,8+i
up wpy w3 0 w5 0 uy 0] U, = l,,.,.ng,
ui,ul/.GZ"hLS, Uy =—upy —u3 —u5—u7, J=b.
(2as + Nupy = —ajuz —azus — asuy — u/l - = u,’n
-1 -1 11000 O 0 0
-1 -1 001 1 0 O 0 0
-1 =100 0 0 1 1 0 0
8 0 1 00000 —I 1 0 ‘_’J_.81~“/,8+z~"7,8+z
0 0 01000 ~1] 1 0 P
00 00010 —I 1 0 =0
O 0 00O0O0 1 -1 2 0
0 0 000O0O0 O0|-1,1 E,_
-1 -1 1.1 0 0 0 0O 0
-1 -1 0 0 1 1 0 0|0 0
-1 -1 0 0 0 O 1 1|0 0 O8+i, )
9 ’ / i=1,...,m,
Lup up u3 0 us 0 u7 0 uy up | . s
ui,u;EZm'%,ul=—u2—u3—u5—u7, I= R
ajuy = —ayuzy —aqus —aguy — u’1 — =y
-1 -1 1.1 0 0 0 0O 0
-1 -1 0 0 1 1 0 0|0 0
10 -1 -1 0 0 0 O 1 1|0 0
uy up uz 0 us 0 uy O u/] “;n
ui,ul/. e zm+3, u/1 = —u/2 — = Uy,
uq :714271437u57u77d2u/27...7dmu;n
-1 -1 1100 O 0 0
-1 -1 0011 0 0 0
-1 -1 00 0 0 2 0 0 02,0 T+i>
11 0 10000 —1| -1 0 = m,
0O 00100 —I 0 0 j=1,3,456
0O 0000 1 —I 0 0
0 00000 Of-1,_1 E,
[ -1 -1 1.1 0 0 0[O 0 7
-1 -1 0 0 1 1 0]0O0 0
12 -1 -1 0 0 0 0 210 0 OT+i,j>
up uy uz 0 us 0 ug 1/1 Uy "= ll’“"rg‘
u[,ul’.EZm+2,u1:7u27u371457u7, J=5
2asupy = —ayuz —azus — asuy 7u/1 - “Afuﬁn
r-1r -1 1 1 0 0 0[O0 01
-1 -1 0 0 1 1 0]0 0
13 -1 -1 0 0 0 0 2|0 0 T 4i j
Luy up uz 0 us 0 uy u’l u;, i lj=: .----7761~
ui.ul/. eZm+2, M/l = _M/Z — ...—u;n,
ug =—u2—u3—u5—u7—d2u/2—...—dmu;n
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-1 -1 1100000 O
-1 -1 00 1 1000 O 51.4,91.6:91.8:91.10-
-1 -1 0000110 O ‘72,3;03’()*‘73’8"73&0-
14 -1 -1 00 0 0 0 01 1 ‘72,5;‘74,5475’8"75,10-
0 1000 O0O0O0O0 -1 02‘%”4‘7‘”6‘7‘07’10.
0O 00100O0O0O0 -1 o ’ ’ ’
0O 00001000 —1 2,9:94,9:-96,9- 98,9
0O 0000O0O0T1TO0 —I

9. Fano arrangement varieties and their geometry

In this section, we present the Fano and almost Fano varieties from Theorem 1.2
and discuss geometric properties of the Fano varieties. The key is the description
of the anticanonical class of an explicit general arrangement variety X C Z
given by

r

n r o
_]CX:ZZwij—{—Zwk—(r—C)ZlewwEK:CI(X)’
k=0 j=1

i=0 j=1

where ¢ = ¢(X) is the complexity and w;; = deg(7};) as well as w, = deg(T})
are the Cox ring generator degrees; see Proposition 7.4. Going through the list of
Theorem 1.2 and picking the cases with —/Cy lying in the ample cone, we obtain
the following.

THEOREM 9.1. Every smooth Fano general arrangement variety of true
complexity two and Picard number two is isomorphic to precisely one of the
following varieties X, specified by their Cox ring R(X) and the matrix [wy, ...,
w, ] of generator degrees w; € CI(X) = Z>.

No. R(X) [wy, ..., wy] —Kx dim(X)
1 KI[T1,...,T9] [001111111] [5] 6
(M T T3+ T Ts+ T Ty+ Ty To) 110111111 6
5 K[Ty,...,To] 001101010 3 6
(T T T3+ TaT5+TeT7+13To) [1 1011111 1] [6]
3 KITy,..., T3] [001 1111 1} [4] 5
(M BT+ Ts+Te T +T3) 11011111 5
Kng,--.,Ts,Sl,.--,Sm]
T T3+ TaTu+Ts To T4 T 01212121(2...2 T+ 2m
44 (T + DT+ T5Te+ T 13) [101010101___1 o m+5
m>=0
K?’[TI’--”Z—&SI»--Z-,SW] 5
T T. T-T T<T, T T O1111111]1...1 44+m
4B (NIABIA TSI+ TT) [101010101...1 sem| M3
m=0
K[le,..-,gg,Sly-wSm]
T\ T2 A TaT2 T T+ T T 0101 11111...1 d4m
4C (MDA LI AT Te+7Ty) [101010101...1 34+m m+5
m=0
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K[Tla"-vT87S17-"’SI7I]

S D i 011111 11|d1...1 Stm_1td
4D (NI4Tt TsTe+TrTs) 10101010/1 1...1 [ o 1]m+5
m>=0 dy €{0,1}
AE  (MTA LT TST AT TY) [?é?(‘)?é?(‘)‘?ﬂ [gj } m+5
3 m
m=0
K[T1,....T8,51,...,8m] 010101014
> 5 > > 10...0 —
4F (NG ADBI AT +TTR) [10101010‘1 1...1] [3+W:] m+5
m=0 dy € {-1,0}
KIT1,.... 78,1, ... 5] 01010101[d dyO0...0
1425 3+d) +d
4G (NDADTy+TsTe+T7T3) [10101010‘1 . lml] [ “1_ 2] m+5
m=0 dy.dy <0.dj +dy > -2 Sm
K[Ty,....T8,81,....8m] 02
+lalalalll... 1
5 <T1T2+732T4+T52T6+T72T8> |:1 1 1010100”'0] |:3a+33+m] m+5
m>=1 a>0,m>3a
K[Ty,...,T3,51,....,8n] |:02a3+1a1 ayaz lagz 1|l... l:|
2 2 1 1 11 1010[0...0 4az +3+m
6 (MD+TTu+Ts Te+T5 Tg) 0<ay <ay.aj +ay =25 1 [ . ]m +5
m>1 m > 4az +1
KITy,....T8,81,.sSm] [0 2as +1ay ap a3 a4 as 1‘14“ 1]
P
7 (DAL T+ TsTe+ T2 Ty) 1 laigo,lmisésigmﬁ [5a5+53+m]m+5
m=1 ay +ay =az +ay =2a5 +1
K[Tla"-vTSVSIVH"SI'ﬂ]
8§ (LA L+T5Te+17T) [?‘1’????—1‘ 1‘(‘)3] ['g] m+5
K[T],...,Tg,S],...,Sm] |:0 ay ay a3 aq as ag ay|l... l]
9 (M1 AT +T5Te+T7Tg) 1111111 1[0.0 [3a16+m] m+5
>2 a; 2 0,m > 3ay,
mz a) =ay +a3 =ay+as =ag+ag
K[T1,...,78,81,..,8m] [000000001 .. 1
T Tr T3 Ta+T< Te T T 11111111(0dy...dm m
10 (M T+ 3;-;25 6+T7T3) 0% dy € oo < dims 0= dim <5, 6450, m-+5
= mdm <6+dy+...+dm
K[T1,~~-,T7,51,-~,Sm]2
—1100000|1...1
11 (DA T+ TsTe+T7) [] A ”O] ['g] m+4
1<m<4
K[T1,....T7,51,-.,Sm] 02a5 ay ay az aq as|l ... 1
12 <T1T2+T3T4+T5T6+T72) [I [ I 10_._0] |:m+55a5:| m4+4

ay +ap = az +ay = 2as,

m>2 a; = 0,m > Sas
]K[T],-..‘T%Sl,...,sm]z [0000000‘1 Lo
T+ T3Ty+TsTe+T- 1111111(0dy ... dm m
13 Tt 1T+ 15T 7> 0<dy <...<dm,0 < dm, 5+ dy m+4
mz2 mdm <5+dy+...+dm
KI[T,...,Tiol 1010101010 3
14 [0101010101] [3] 6

T\ Ty + I3Ty + I5Tg + T7Tg,
MT3Ty+ 21576 + 7Ty + ToTyo

Moreover, each of the listed data defines a smooth Fano general arrangement
variety of true complexity two and Picard number two.
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REMARK 9.2. Some of the above Fano varieties are intrinsic quadrics. Here is
the overlap of Theorem 9.1 with [30, Corollary 1.2]:

(i) Cases 10 and 13 are intrinsic quadrics of Type 1,
(i1) Cases 9 and 12 are intrinsic quadrics of Type 2,
(iii) Cases 8 and 11 are intrinsic quadrics of Type 3,

(iv) Case 4.G is an intrinsic quadric of Type 4.

Let us discuss some aspects of the geometry of the Fano varieties listed in
Theorem 9.1. We take a look at elementary contractions, that is, the morphisms
obtained by passing to facets of the ample cone with respect to the Mori chamber
decomposition, which is directly computable in terms of the data listed in
Theorem 9.1; use Proposition 5.6 and Remark 5.8. Moreover, we look at small
degenerations, that means degenerations with fibers all sharing the same divisor
class group. In fact, degenerating the quadrinomial equations of the Cox ring into
trinomial ones, reflects a degeneration of Cox rings inducing a small degeneration
of the underlying Fano variety into a possibly singular variety with a torus action
of complexity one.

We now explicitly go through the list of Theorem 9.1 and provide basic
information in the subsequent table; more details will be made available
elsewhere. Let us explain how to read the table. By Q,, we denote the smooth
projective quadric of dimension k and by Q,; € P, the projective quadric of rank
k in P,. We write Y.\« o for a hypersurface of degree a in the weighted projective
space IP(1¥, d'), where we do not specify the equation, and we set

Yig = V(Ty + T\ T} + T} + T5T) S Pyye,
Yar = V(LT] + TT} + LTS + TeT)) S P,

As we consider smooth Fano varieties of Picard number two, there will be at
most two elementary contractions for each. If we have a birational elementary
contraction, then a prime divisor gets contracted. In this case we write X ~ Y and
denote by C C Y the center of this contraction. The other possibility is that we
have a Mori fiber space. Then we write X — Y and denote by F,., the general
fiber. If there are no special fibers, then we write just F for the fiber. Moreover,
when we say that a variety is Gorenstein, terminal, and so on, then we mean
that it is singular but has at most Gorenstein, terminal, and so on, singularities.
We computed small degenerations for every case in the lowest dimensions. The
resulting varieties are always normal and Fano with a torus action of complexity
one. The properties of being Gorenstein, terminal, and so on, have been checked
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T-varieties of complexity one.

REMARK 9.3. The following table lists the elementary contractions and small
degenerations obtained via degenerating the Cox ring for the Fano varieties of

Theorem 9.1.
No. dim(X) Contraction 1 Contraction 2 Small Degenerations
1 6 X ~ Qg X - P two Gorenstein, terminal
C=0, Fgen = Q05 locally factorial
2 6 X ~ Q¢ X — Py two Gorenstein, terminal
c=pP F=P locally factorial
3 5 X ~ Qs X —> P three Gorenstein, terminal
C=03 Fgen = 04 locally factorial
AA m 45 X ~ Y3.94 om+3 X— P dim(X) < 6 : two Gorenstein,
C="P, F=P,> terminal, locally factorial
4B m+5 X ~ Y4B X —>P3 dim(X) < 6 : two Gorenstein,
C=P, F=P,> log terminal, locally factorial
X —>P3 dim(X) < 6 : two Gorenstein,
4C m+3 o F=P,> terminal, locally factorial
4D m45 l;dlleor m=0: X —>P3 dim(X) < 6 : two Gorenstein,
7.m+6 F=P,> terminal, locally factorial
C=Puis
AE m+5 X = Pyui3 X —> P3 dim(X) <6 : one Gorenstein,
Foen = Y3.14 F=P,: locally factorial
if dj=0 or m=0:
X = Puts
AF m4s Fger.1 =P x Py X - P3 dim(X) < 6 : one Gorenst.em,
ifdj=—1: F=P,: log terminal, locally factorial
X ~Y4F
C=Ppuis
if d;=0 or m=0:
X = Ppys
4G m45 ifd Iigfrll azndﬂj;z_o. X - P3 dim(X) < 6 : one Gorenstein,
= = F=Py terminal, locally factorial

X ~ Q7,m+6

if dj=—2 and d»=0:

X ~ Y3; 14’2m+3

https://doi.org/10.1017/fms.2019.35 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.35

On torus actions of higher complexity

dim(X) = 6 : one Gorenstein,

S m4s X = Pui2 o terminal, locally factorial;
Fgen = 03 one Gorenstein, log terminal
locally factorial
6 m45s X =Pt o dim(X) = 7 : two Gorenstein,
Fgen = Q4 terminal, locally factorial
7 m4+s X - Py, o dim(X) = 8 : two Gorenstein,
Fgen = Qs terminal, locally factorial
. dim(X) = 6 : one Gorenstein,
if dj=—1: . .
8 ma4s X ~Puss X~ 0 terminal, locally factorial;
C=04 C={ t6} one of Gorenstein index 2,
=1 terminal, Q-factorial
ifaj=...=a7=0: . .
X =P, dim(X) = 7 : one Gorenstein,
9 m+5 Foen = O X — Qg . .
een = Q¢ _ terminal, locally factorial
F=P,_
X if O<dpy=...=d,,: dim(xX 7 G .
10 m+5 — Qg X ~ Y2‘13 e 1m(‘ )=7: one or.ensteln,
Fgen =Py »10dy terminal, locally factorial
C=Py_
dim(X) =5 : two Gorenstein,
terminal, locally factorial;
el one Gorenstein, terminal
m=1:
X~Pyta Q-factorial.
X ~ . .
I m+4 C=03 C= {Qts} dim(X) = 6 : two Gorenstein,
=W terminal, locally factorial;
one of Gorenstein index 2,
terminal, Q-factorial
X—-P if ay=..=as=0: dim(X) = 6 : two Gorenstein
12 m+4 - _’"Q—l X —>P,_; A =0 : ’
gen = 05 . terminal, locally factorial
F=0s
X if O0<dy=...=d,y: dim(x 6 G .
13 m4d — Qs X ~ Y2_17 e 1m(. )=6: two or.enstem,
Foen =Py 21 terminal, locally factorial
C=Py_
14 6 X — Py X — Py one Gorenstein, terminal
Fgen =P, Fgen =P locally factorial

REMARK 9.4. All varieties of Theorem 9.1 can be constructed out of a finite set
of starting varieties listed in Theorem 1.2 via iterated duplication of free weights
as introduced in [31, Construction 5.1]. In this procedure, one takes a Cox ring
generator S; of X not occurring in the defining relations and constructs a new
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Cox ring by adding a further free generator S, of the same degree as S;. The
resulting variety X' is of one dimension higher. In terms of birational geometry,
the duplication of a free weight means taking an elementary contraction X, —> X
with fiber P, passing via a series of small quasimodifications to X, and then
performing a contraction of a prime divisor X, — X’; see [31, Proposition 5.3]. It
follows from [31, Proposition 5.4, Theorem 5.5] that every smooth Fano variety
of true complexity one and Picard number two is of dimension 4 to 7 or arises
via iterated duplications of free weights from a finite set of smooth projective
varieties of true complexity one and Picard number two of dimension 4 to 7.
For the Fano general arrangement varieties of true complexity two listed in
Theorem 9.1, one directly establishes the analogous statement with a finite set of
starting varieties of dimensions 5 to 8. It would be interesting to see if the smooth
Fano general arrangement varieties of Picard number two but higher complexity
behave similarly.

THEOREM 9.5. Every smooth projective truly almost Fano general arrangement
variety of true complexity two and Picard number two is isomorphic to precisely
one of the following varieties X, specified by their Cox ring R(X), the matrix

[wy, ..., w,] of generator degrees and an ample class u € CI(X) = Z>.
No. R(X) [wi, ..., wr] u  dim(X)
M
01313131}3...3 4
4A (T.T2+T3T4J>rgsT6+T7Tg> [10101010‘1__1] H m+5
m>
K[3T1 ,,,,, 73.51,....5m]
01212121[12...2 3
4B (T'T2+T3T4I?T6+T7T8> [10101010‘11...1] [1] m+5
m/
M
3 2
e I T T B R
m>
KI[T1,...,78,81,....,8m]
4 2 2 2 012121212...2 3
4D<T'T2+T3T4';7(;5T6+T7T8> [10101010‘1...1] [1] m+5
mz
e A 01010101[1...1 2
4E (T|T2+T37;:1l';7(;5T5+T7T8) [10.010.0\112.] M m+5
=
K[2T1 ,,,,, 18,81, Sml
01111111001 ...1 2
4F <T1T2+T3T4J;€5T6+T7T8> [10101010‘111,,,1] [1] m+5
m>=
K[2T1 ----- 18,81, Sml
OLTTTILT1=11...1 2
4G <T1T2+T3T4J>F€ST6+T7TS> [10101010‘11m1] [1] m+5
mz
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KI[Ti,...,T3.51,..., Sm]

2 2 2 010101 11[1...1 2
4H (NTATT+TSTo+T7Ty) [10101010‘1 1] [1] m+5
m=>=0
K3[Tl,...,T8,Sl,-..»Sm]
2 2 2 0O111111101...1 2
4 (MGABI AT T [|010|010‘11 441] [1] m+5
m=0
K[le,---,TZ'S,SI,---,Sm]
01011111]01...1 2
47 (NG ABI AT Te+ T Ts) [10101010‘11”‘1] [1] m+5
m=0
K[Tl,‘..,Tg,Sl,.‘.,Sm]
4 3 3 3 OLTT1111fl...1 2
4K (M BT TST+TTS) [10101010‘1“4] [1] m+5
m=>=0
K3[Tl,...,T8,Sl,-..»Sm]
2 2 2 010111 11[1...1 2
4L (MGABIAHTSTE+ T Ty) [10|010|0‘|...|] [1] m+5
m=0
KI[T},....T3,51,....Sm] 01010101ld: ...d
AM (T TL+T T3+ T5Te+T7T) [10101010‘ i '1"} [}] m+5
m=>=0 dy <0, dp =-3
K[T1,....73,81,-..,Sm]
—y T 01010101|dy ...d
AN (T} DT+ TsTAH T TE) [10101010‘ ! .Tn] [{] m+5
m>=0 di <O, dp =2
K3[T1,...,Zs,sl,-.3.»5m] S
01010101|-10...0 1
40 (NGABIATSIGHTTE) [10101010‘1 1 ..I] [1] m+5
m=0
KA{Tl,---,Z's,Sl,-ISm] .
01010101[0...0 1
AP (NTHHTDBTHHTSTHHT T [10101010‘1 1] M m4+5
m=>=0
K[T1,....73,81,-..,Sm]
i 02+lalalalll...1
5 (T T+ TET4+T2Te+T2T3) [1 i Lfocfotfo‘o...o] |i2al+2:| m+5
m>0 a>0,m=3a
KI[Ty,...,T3,S1,...,Sm1 [02u3+1a1 ay az 1 a3 1‘1m 1]
2 2 11 1 1 1010[0...0 2a3 +2
6 (TNT+T3Ty+TETe+T7Ty) < Lo 92 [ 3, ]m+5
m>0 ayp +ay =2a3 +1,m =4daz + 1
K[T],...,Tg,S],...,Sm] 02a5+1ajayazagaslfl...1
7 AT DAT3T4+TsTe+THTg) [1 o '0‘0---0] [2“5+2] m+5
- a; > 0,m = 5a5 +2, !
mz ay +ay =az +ay =2a5+1
K[Tl»m’TS;Sl,m,Sm] 00000 —111 | |
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0ay ay a3 aq a5 ag ag
11 111111
a;j 2 0,m =3ay,

... 1
0...

T [ mes

a) =ap +az =a4 +as =ag+ay

K([T71.....78,51,....8m]
(M T+ T3 Tu+T5Te+1713)
m>2

10

[000000001 1...

1T1111111{0dy...dm

IJ
Ogdzg“'gdmydm <
mam =6+dy + ... +dm

[dmlﬂ] m+5
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KI[T1,....T7,51,-.,Sm]

2 1 1111110...0 1
11 (DAL TsTe+17) [71100000‘14”1] [2] m+4
m=5
KI71,.... 77,81, .., Sm] [1 U RN 0...0]
12 (MD+TT+TsTe+TH) 02as ay ap a3 ag as|1... 1 [2a51+ 1] m+4

2a5 =ay +ay =az +ay,

m>=2 a; 2 0,m = 5as
KITy,....77,81,....8m] 1111111]0dy...dm
T\ o+ T3 Ty+T5Te+T7 [0000000‘1 1. 1} 1
13 (MD+DBT4+T5Ts+T15) S0 b a1 | M4
m22 mdm =5+dy+...+dm

Moreover, each of the listed data defines a smooth truly almost Fano general
arrangement variety of true complexity two and Picard number two.
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