
POLYNOMIALS WITH REAL ROOTS 

J. D. Dixon 

(received April 25, 1962) 

In a recent issue of this Bulletin a problem equivalent to 
the following is proposed by Moser and Pounder [ l ] : 

2 
If ax +bx+c is a polynomial with real coefficients and 

real roots then a+b+c < 9/4 max (a ,b , c). 

The object of this note is to prove the following theorems 
which generalise this result . 

THEOREM 1. Let a be the smallest constant such that 
n 

for all polynomials 

(1) p(x) = a +a x+. . .+a x 

of degree n, with real coefficients and only real roots: 

(2) a^-fa + . . . + a < a max a . v ' 0 1 n - n k 

Then 

( 3 ) a s fetil! ^ M where s = g ] . 
n ( n ) ( n - s ) n - S ( s + l ) S 2 2 

S 

THEOREM 2. Let (3 be the larges t constant such that 

for all polynomials (1) 

(4) min a, < 6 max a, . 
k ~ n k 

Then 

(5) (3 = (n)~ ^ 2~n Nfrrn where s = [^] . n s Ù 
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It i s i n t e r e s t i n g to no te how the condi t ion tha t p have 
r e a l r o o t s r e s u l t s in a d i s p e r s i o n of the v a l u e s of the 
coef f i c ien t s . In the c a s e w h e r e no r e s t r i c t i o n i s m a d e on the 
r e a l i t y of the r o o t s , the c o n s t a n t s c o r r e s p o n d i n g to a and 
6 a r e n+1 and 1 r e s p e c t i v e l y , 

n 

The p roo f s of the t h e o r e m s wi l l p r o c e e d f r o m a s e r i e s of 
l e m m a s . We f i r s t confine a t t en t ion to t h e o r e m 1 and note a t 
once tha t if 2 a . < 0 then condi t ion (2) i s sa t i s f i ed for the given 

i — 
va lue of a . T h e r e f o r e we c o n s i d e r the c l a s s P of po ly -

n 
n o r m a l s (1) wi th r e a l coef f ic ien t s and r e a l r o o t s such tha t 
2 a > 0. F o r e a c h p z IP we define 

i 
n 

- 1 
M(p) = ( m a x a ) 2 a. 

i=0 

and then a - sup M(p) t aken o v e r a l l p z ir . 
n 

L e m m a 1. If p e f h a s a pos i t i ve roo t u then M(p) < M(q) 
w h e r e q(x) =e xp (x ) / (x -u ) and z = s g n ( l - u ) i s i n s e r t e d to e n s u r e 
tha t q e <P. 

Proof . We f i r s t note tha t u 4 1 b e c a u s e of the def in i t ion 

of iP. Le t p(x) = (x-u)(b +b x+. . .+b x ) = a +a x + . . . + a x . 
0 1 n - 1 0 1 n 

Then q(x) = e b x+e b x + . . . + £ b x . Hence m a x â  = 
0 1 n - 1 k 

m a x ( b A - ub ) > ( m a x e b ) I 1-ul and so ( m a x a, ) 2 e b > 
k - l k — k k l — 

( m a x e b ) | l - u | 2 e b = ( m a x z b , ) 2 a and the l e m m a i s 
k i k i 

p r o v e d . 

_. _ _ n - k - l ^ k - l , n n - 1 nv , 
Since D D (a v +a v x+. . .+a x ) h a s i t s r o o t s 

x y 0 1 n 
r e a l w h e n e v e r (1) h a s , we have the following w e l l known r e s u l t 
( s ee [Z] t h e o r e m 51). 

L e m m a 2. If p(x) = a + a x + . . . +a x h a s a l l i t s r o o t s 
0 1 n 

2 
r e a l then h a > a a (k = 1, 2, . . . , n -1 ) w h e r e 

K. K. xC— 1 K."T 1 

k(n-k) 
h. = .. ... —77- < 1. T h e r e i s equa l i ty for e a c h k if and 

k (k+ l ) (n -k+ l ) 7 
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only if a l l the r o o t s of p a r e equa l . 

L e m m a 3. If p e P and a l l the r o o t s of p a r e nega t ive 
then M(p) < M(q) w h e r e q e <P i s a c e r t a i n po lynomia l whose 
r o o t s a r e a l l equa l . 

Proof . Since the r o o t s a r e a l l nega t ive the coeff ic ients 
a of p a r e a l l p o s i t i v e . F r o m l e m m a 2 it then fol lows 
induct ive ly tha t 

(6) ^^^Ï^Sz-'-Vtr-l^^^1^!^!"1-

say . 

Suppose tha t a = m a x a and tha t 
k i 

( 7 ) ak-i = y V ak+i = z a
k ( ° < y « z < i ) ' 

then , us ing (6), we obtain 
k n - k 

(8) a + a + . . . + a < a, { 1 + 2 H ( k , - r ) y r + S H ( k , r ) z r } 
0 1 n — k 

r=l «=1 

The inequa l i ty (8) r e m a i n s t r u e if y and z a r e i n c r e a s e d and, 
in p a r t i c u l a r , if they a r e changed to y ! , z ' w h e r e y ! z r = h < 1 

and y < yf <C 1, z < z1 < 1. T h e s e new v a l u e s for y and z, 
the given va lue of a , the r e l a t i o n s (7) and equa l i ty t h rough 

ic 

the r e l a t i o n s (6) define the coeff ic ients of a po lynomia l q with 
equa l r o o t s ( l e m m a 2), and the s u m of the coef f ic ien ts of q wi l l 
be the r igh t hand s ide of (8). Since H(k, t r ) < 1, the l a r g e s t 
coeff ic ient of q wi l l s t i l l be a and so (8) shows tha t 
M ( p ) < M ( q ) . 

The l a s t l e m m a h a s r educed ou r s e a r c h for a po lynomia l 
p c f for which M(p) i s m a x i m a l to the c a s e w h e r e p h a s 
equa l r o o t s and t h i s f inal c a s e i s d i s p o s e d of in the f inal l e m m a . 

n k n** k 
L e m m a 4 . L,et c ( a , k ) = ( )a (1-a) be the ( k f l ) s t 

Jx 

coeff ic ient of q(x) = ( a x + ( l - a ) ) n wi th 0 < a < 1. Then 
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min max c(a, k) = c(a , k ) 
a k 

k +1 
where a^ = — and k = [•—] . 

0 n+1 0 L2J 

Proof. F rom symmetry we may suppose a :> 1/2 and 
hence k < n / 2 . 

, v / , , x n-k+1 a > A _. 
For given a, c(a, k) /c(a , k-1) =—; - 1 according 

k 1-a < 
> k 

to whether a . Therefore c(a,k) is maximal when k 
< n+1 

. ,. k k+1 
satisfies < a < . 

n+1 — —n+1 
k k+1 

For given k and < a < , c(a,k) is minimal 
n+1 — — n+1 

k n-k 
when a (1-a) is minimal and this occurs at one of the 

k k+1 m+1 ~n 

boundary points a = or . Using the fact that ( ) 
3 * n+1 n+1 & m 

is a monotonically increasing function it follows that c(a,k) is 
k+1 

minimal (for k < n/2) at a = — 7 . 
— n+1 

TT- Ti / k + 1 i w / k 1 A\ ,k+lxk,,n-k+lxn-k> t 

Finally c(—y, k ) / c (—- , k-1) = (—•-) / — 1 
n+1 n+1 k n-k < 

according to whether k n-k. Therefore for k < n / 2 , the 
k+1 n 

maximum of c( 7, k) occurs at k = [—1 and the lemma is 
n+1 2 

proved. 

Proof of theorem 1. F r o m lemmas 3 and 4 it follows at 

once that c(a , k ) = sup M(p) taken over all p e 0 all of 
whose roots a re negative. However, from lemma 1 it follows 
that if pea has a positive or zero root then M(p) < a 

— n-1 
Since our values (3) of a increase monotonically with n we 

n 
-1 

can conclude, by induction on n, that a =c(a , k ) as given. 
The asymptotic es t imate comes from an application of Stirling' s 
fo rmula. 
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Proof of theorem 2. If p has any non-positive coefficient, 
(4) is satisfied for the given value of 6 . Therefore we need 

n 
consider only the case where all the coefficients of p a re 
positive. Let a, = m a x a , . Then, as in the proof of lemma 3, 

k l 
min a. 

the ratio is maximal when equality holds in all the 
max a. 

2 
relations (6) and h a , =a, a . By lemma 2 this occurs x ' k k k+1 k-1 y 

only when p has all its roots equal. Suppose that p(x) = 

(x+u) (u > 0), where from symmetry we may suppose that 
u > 1. Since in this case min a. = 1 and max a. > ( n)u s > (n) 

— l l — s — s 

where s = M , we have 

min a. 
x- < ( Y 1 

max a — s 
i 

where the l imit is attained for p(x) = (x+1) . This proves 
theorem 2. 
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