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1. Introduction. Let P (x) be the n ultraspherical polynomial. 

Also let p(ûf)(x) = P (û / )(x)/P ( a )(l). The following generating relation is 
n n n 

well known (3, p.98). 

1 1 
•= • - or 

2 " " 2 r(a4)eXt{ t JT7) 2 J 1 (t/Tx2) = s p<«> tn 

Z n=o n: 

It can also be written as 

<«•" •* ' . ' , ' -4 ' - t i ï l J ' - «»Jr'«£ • 
This suggests the consideration of the class of polynomial sets 
{Q (x), n = 0, 1, 2, , . .} , Q (x) is of exact degree n and 

y r oo n 

. , . . 1-x ) = S Qn<
x)^7 > 

n=o 

holds where >̂(u) has a formal power series expansion, ç>(o) = 1, 
<p(-u) = <p{u). It is obvious that the set of normalized ultraspherical 
polynomials is only one of many possible sets in the above class. For 

example if <p{u) = 1 then Q (x) = x . 

It is therefore of interest to see what else is required in order to 
characterize the ultraspherical polynomials by means of (1.2). We 
give below four such characterizations. We show that if we require 
that {Q (x)} be orthogonal, hyper geometric of certain type, that 

Q (x), n = 0, 1, 2, . . . satisfy a differential equation of the second 
n 

order of Sturm-Liouvilie type, or that the set {Q (x)} satisfy a 

certain functional equation, then Q (x) is essentially the n 

ultraspherical polynomial. 
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(1.3) 

We note that (1.2) imply that {Q (x)} satisfy the equation (1) 

( l -x 2 )Q (x) = (n+l){Q (x) - xQ (x)} . 
n+1 n n+1 } 

In fact one can show that (1 .3) i s equiva lent to ( 1 . 2 ) . We a l so note 
that (1 .2) imp li e s 

(1 .4) 

(1 .5) 

Q (I) = 1, Q (-1) = ( - I ) " n = 0, 1, 2, . . 

Q n ( -x) - (-1) Qn(x) 

if Q (x) = S b(n, k)x then (1 .3) (or equiva len t ly (1.2)) y ie lds 
k=o 

(1.6) (n+l )b(n , k) - (n~k + 2)b(n + 1, k- 1) - ( k + l ) b ( n + 1 , k+1) = 0 . 

We fu r the r r e m a r k that (1 .5) i m p l i e s 

b(n, n-1) = b(n, n-3) = . . . = 0 . 

F o r b rev i ty we denote b(n, n) by b . We sha l l a l so u s e the 

nota t ion 

(a) 
f a ( a + l ) . . . (a + n-1) (n > 1) 

n \ 1 

F 
p q 

a ,a , . . .,a ; x 
1 2 p 

P r e 2 , . . . , P q ; 

(n = 0) 

oo (a ) . . . (a ) 
1 n p n n 

n i ( 3 j . . . (P ) X 

n=o ' i n Nrq n 

2. We f i r s t a s s u m e that the se t {Q (x)} i s an o r thogona l s e t 

and hence sa t i s f i e s the r e c u r r e n c e r e l a t i o n (3, p . 42) . 

(2 .1) Q (x) = (A x + B )Q (x) + C Q (x) (n > 1) 
n+1 n n n n n - 1 — 

w h e r e Q (x) = 1, Q (x) = A x + B , A = b /b and A C i 0. 
o 1% o o n n+ I n n n 

Put t ing x = 1 and x = -1 in (2. 1) and making use of (1 .4) we 
get, r e s p e c t i v e l y , 

A +B + C = 1, A -B + C = 1 
n n n n n n 

so that B = 0 for al l n and hence 

(2 .2 ) 1 = A + C 
n n 

Put t ing k = n in (1 .6) we get 
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(2.3) ( n + l ) { b -b } = - 2 b ( n + l , n - l ) . 
n+1 n 

n - 1 
Now equating coefficients of x in both s ides of (2 ,1) we get, using 
(2.2) and (2 .3 ) , 

1 1 n+1 n+1 f(n+l)(b -b ) = ^n -2±i (b -b ,) - (1 - ~ - 1 ) b 
2 n + l n 2 b n n - 1 b n - 1 

n n 

which m a y be simplif ied to 

(2 .4) b b - ( n + l ) b 2 + 2 b b + (n- 2)b b A - 0 , 
n n+1 n n n - 1 n+1 n - 1 

b = 1, b = 1 . 
o 1 

To solve (2.4) m a k e the subs t i tu t ion 

(X) 2 n 

b = . J 1 , k (k = k = 1, k i 0 for n > 2) . 
n (2\) n o 1 n ™ 

n 

We get on putting f = k /k , (f , = 1, f ^ 0 for n > 2) 
n n n -1 1 n — 

* ' (2«+n)(2ff + n - l ) n n + 1 l ' 2 a+n- 1 n 

+ (n-2) 7 ^ + 1 = 0 . 
Zo' + n 

Put t ing f̂  = 1 + g^ (g = 0, g^ # - l n > 2 ) fo rmula (2. 5) b e c o m e s 

,^ , , a + n - 1 . i . û'+n 
( 2 ' 6 ) n ^ T 7 g n" (n-1] ^ T ^ T gn + l 

( f l +n- l ) ( f l + n) 
(2a + n-l)(2ar + n) 6 n 5 n + l 

If g = 0 for some k >̂  2 then g = 0 for al l n >_ k, c o n v e r s e l y if 
K n 

g , j = 0 then g = 0 for a l l n > 2. Hence we have the two c a s e s : 
n+1 n — 

Case 1. If g = 0 then g = 0 for al l n and the r e s u l t is that 

(X) 2 n 

"n (2\) 
n 
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Case 2 . If g 0 + 0 then g i 0 for a l l n . Thus put g = 1/G 
2 n n n 

and f o r m u l a (2 .6) y i e lds 

G . _ E l l . G = i 

2(X+n)(2 \ + n) n + 1 2(X + n - l ) ( 2 \ + n - l ) n (2X + n- 1)(2X +n) 

Thus 

(n-D G = -1 + c 
2(X +n-l)(2X .+ n - l ) n 2X + n - l 

w h e r e C i s an a r b i t r a r y cons t an t . Hence 

G e , 2 ( X + n - l ) + c (X + n-l)(2X + n - l ) 
n n - 1 (n-1) — 

(2X)n 

Case 2a . If C = 0 then k = so tha t b = 1 and this 
n 2n(X) 

n 
c a s e was ru led out . 

Case 2b . Now suppose tha t C ^ 0. Then 

2 
k n + a A.n+Qt . 

n 1 1 , 1 n a 

— = ~z — w h e r e a± - ^ = - = ^ - ^ . 
n - 1 n +a n+p 

Thus 
(2X) ( X - - ) 

n C n 
n = (X) , _ 2 

n ( 2 X - - ) 
C n 

so that . 

b = ÇTL-
C n 

To s u m m a r i z e we have s e e n tha t in C a s e s 1 and 2b 

( X ) 2 n 

b = n 

n (2X) 
n 

so that A = 2 and C = - , and h e n c e f r o m (2 .1 ) we 
n 2X + n n 2x+n v 

conclude that 

Q (x) = P ( X ) (x ) . 
n n 
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Now the following theorem follows: 

THEOREM 1. The only polynomial set {Q (x)} , where deg 

Q = n, which is orthogonal and satisfies (1.2) is the set of ultra-

spherical polynomials. 

3. In this section we assume that the set {Q (x)} satisfy (1.2) 
and 

-n, n+y, a , a f . . . , a ; 
(3.1) Q(x) = F [ P _ Z 1-x] 

n pq v^---^q ; 
where the parameters ry , ex , . . . , a ~, 3, 6 are arbitrary 

r 1 p-2 1 q 
complex numbers with p ^ -m, a negative integer 

K 

Put 

Q (x) = S C(n,k)(l-x)K 

n 1 

k=o 

in (1.2) and then equate coefficients of (1-x) . We get 

(3.2) (n-k + 2)C(n+l,k-l) + (n+l)C(n,k) - (n-2k+l)C(n+l, k) = 0 . 

Put 

< * - • > • « ( P A . . . . V k 

in (3.2) and simplify. It then follows that 

k(p1+k-l)(p2+k-l) . . . (pq+k-l) 

(a +k-l)(«,+k-l) . . . (a ,+k-l) = k ( 2 k + 7-D 
1 2 p-2 

so that 

(-n)k(n+Y)k 

b ( n , k ) = 7^1 k ' 

Consequently we have proved 

THEOREM 2. The only hyper geometric polynomial of the type 
(3.1) which has a generating function (1.2) is the set of ultraspherical 
polynomials. 
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4 . We n o w a s s u m e t h a t t h e f u n c t i o n cp(u) i n (1 .1 ) i n v o l v e s a 

p a r a m e t e r a ( s o t h a t Q (x) = Q (x , a) i n s u c h a f a s h i o n s o t h a t 
n n 

( 4 . 1 ) -f- Q ( x , * ) = n ( n + 2 g ) Q , ( x , a + l ) ( n > l ) . 
d x n Za+1 n~ 1 — 

M u l t i p l y ( 4 . 1 ) b y t / n i and s u m o v e r n >_ 1 . We g e t 

f s Q (*,«) ^ = 1 — £ <* S Q ( x , t t + l ) M . 
d x n ni 2a+1 d t \ n n i 1 

n = l u n=o J 

T h u s 

( 2 c + 1 ) < t p ( t V l - x 2 ) - F = <p' ( t / l - x 2 ) } 

7i-x2 * J a 

t < x <p , (tj 1 -x ) + / l - x «p1 , f t v ' l - x 
\ a + 1 Q-+1 

+ (2a r+ l ) t p ( t ^ l - x 2 ) 
a + 1 

If 

°° 2k 
<p (u) = 2 C(o', k) u 

a 
k=o 

t h e n ( 4 . 2 ) i m p l y 

( 4 . 3 ) ( 2 ^ 1 ) 2 C ( f f ) k ) t 2 k H ( l " X 2 ) k - ( 2 a + l ) x 2 2k C(<*5 k ) t 2 k ( l - x 2 ) k " 1 

= x 2 C ( « + l , k ) t 2 k + 2 ( l - x 2 ) k + 2 2k C ( Q ' + l , k ) t 2 k + 1 ( l ~ x 2 ) k 

2k + 1 2 k 
+ ( 2 c H l ) 2 C ( a r + l , k ) t ( l - x ) . 

E q u a t i n g t h e c o e f f i c i e n t of t w e g e t 

( 4 . 4 ) C ( * , n ) - - 7 7 - T 7 7 - T 7 T C(ûf+1, n - 1 ) 
( 2 n ) ( 2 » + 1) 

= ( - l ) n - ^ - - i — y " C(c + n, 0) . 

2 n 

2 n + 1 
O n t h e o t h e r h a n d t h e c o e f f i c i e n t s of t y i e l d 

1 
C(or,n) = a + n + 2 C ( c * + l , n ) 

2 
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which i s a l so sat isf ied by (4.4) provided that 

C(c* + n , 0 ) = C(a+n + i , 0 ) for al l n . 

Thus C(# + n, 0) i s independent of n. Call i t C(a), where C(a) = 0 ( ^ + 1 ) . 

Thus it follows that 

1 u 2 

^ ( u ) = c ( a ) 0 F i ( - ; « + i ; - T ) . 

Consequent ly we have proved 

THEOREM 3 . If the po lynomia l se t {Q (x, a)} i s gene ra t ed 

by (1 .2) and sa t i s f i e s (4 .1) then 

Qn(x, a) = C(a) p j ^ f x ) 

w h e r e C(a) i s an a r b i t r a r y cons tan t such that C(a) = C(a+1)* 

5 . F ina l l y we p rove in this sec t ion the following t h e o r e m 

THEOREM 4 . If the po lynomia l se t {Q (x)} sa t i s f i e s (1 .2) 

and a d i f fe ren t ia l equat ion of the second o r d e r 

(5 .1) A(x)Q"(x) + B ( x ) A ' ( x ) + \ Q (x) = 0 
n n n n 

w h e r e A(x) and B(x) a r e po lynomia l s of the second and f i r s t d e g r e e s 
r e s p e c t i v e l y , and X i s independent of x then Q (x) i s e s s e n t i a l l y 

the u l t r a s p h e r i c a l po lynomia l . 

Proof . Since the d e g r e e of Q (x) is exact ly n and s ince 
n 

Q f x ) = C x, Q^(x) = C x + C _ we see that (5 .1) r e d u c e s to 
1 11 2 21 22 

(5 .2) (ax2 +y) Q»'(x) + b x Q«(x) - n(an-c* + b)Q (x) = 0 
r n n n 

2 2 
w h e r e a + b ^ 0. 

xt / 2 
If G(x, t) = e <p(t>/l-x ) then (5 .2) i m p l i e s 

(5 .3) U x 2
 + Y ) ^ - £ + b x - . t 2 ^ - b t §p = 0 . 

ac2 at2 a t 

Put t ing x = 0 in (5 .3) we get 

(5 .4) at<p"(t) + (b+ Y )^ ! ( t ) - yt(p(t) = 0 . 
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2 
eu 

It i s e a s y to see that a = 0 i s not p o s s i b l e . F o r then <p(u) = e 
cuZ 

F u r t h e r m o r e (1 .1) with <p(u) = e and (5.Z) with cp = 0 a r e not 
c o m p a t i b l e . 

We m a y now a s s u m e that a ^= 0. It then follows that 

^(t) - oF i (" ; 2 ' - 1 7 > • 

In view of (1 .1) we see that the conc lus ion of the t h e o r e m i s t r u e . 

6» R e m a r k . Illief (2) has shown that the u l t r a s p h e r i c a l 
po lynomia l s a r e the only o r thogona l s y s t e m of po lynomia l s in the c l a s s 
of po lynomia l s e t s defined by m e a n s of 

r " oo 
e X % ( t J l - x 2 ) = S Q (x) t n / n l 

n=o 

w h e r e <p(u) i s an even function which is e i the r a po lynomia l whose 
z e r o s a r e a l l r e a l or an e n t i r e function which i s the l imi t of such 
p o l y n o m i a l s . 

It i s thus a p p a r e n t that the hypo thes i s in T h e o r e m 1 i s w e a k e r 
and the t h e o r e m m a y be cons ide red as a s l ight i m p r o v e m e n t over tha t 
which was obtained by Illief. 
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