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Abstract

In the control of space robots, flexible vibrations exist in the base, links and joints. When building a motion con-
trol scheme, the following three aspects should be considered: (1) the complexity in dynamic modeling; (2) the
low accuracy of motion control and (3) the simultaneous suppression of multiple flexible vibrations. In this paper,
we propose a motion vibration integrated saturation control scheme. First, the dynamic model of space robot with
flexible-base, flexible-link and flexible-joint is established according to the assumed modes method and Lagrange
equation. Second, singular perturbation theory is used to decompose the model into two subsystems: a slow subsys-
tem containing the rigid motions of base and joints as well as the vibration of links, and a fast subsystem containing
vibrations of base and joints. Third, an integrated sliding mode control with input restriction, output feedback and
repetitive learning (ISMC-IOR) is designed, which can track the desired trajectories of base and joints with —3
orders of magnitude accuracy, while suppressing the multiple flexible vibrations of base, links and joints 50%—
80% and 37% performance improvement over ISMC-IOR-NV were achieved. Finally, the algorithm is verified by
simulations.

1. Introduction

Space robots are systems with a certain topology that are articulated by multiple connecting links. They
are widely used in space operations [1, 2] and play an important role in the construction process of
the space station [3]. In recent years, with the increasing demand for space manipulation accuracy,
high-precision control of space robots draws attention [4, 5]. As non-negligible factors affecting control
accuracy, the topic of flexibilities in the base, link and joint on space robot becomes an important subject.
The links of space robot are generally designed to be thin and long, which is prone to vibration when
performing tasks, especially auxiliary docking or capture operations [6]. Space robot with movable
link on the base is more maneuverable and with larger working range, compared to one with fixed link.
However, the movable link is mounted on the slender base truss rail; thus, it is easily affected by external
shocks such as drive torque or cosmic rays, leading to base vibration. In addition, space robot links are
generally driven by lightweight harmonic flexible wheels mounted at the joints, gaining the advantages
of being small size, light-weighted and with large transmission ratio at the price of out-of-sync problem
between the space robot motor and the joint, resulting in joint vibration [7]. These flexible vibrations,
once excited, can take a very long time to decay in the undamped space environment. In order to reduce
the influence of the structural flexibility of the system, a “low-speed, slow-running” operation model
is commonly used, but this operation model is time-consuming and laborious. Therefore, it is of great
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practical importance to study the influence of the flexibility of base, link and joint in the mathematical
modeling and controller design for space robots.

For space robots with flexible base, links and joints, the non-completeness of dynamics and the strong
coupling between rigid and flexible motions greatly increase the difficulty in dynamics analyzing and
controller designing. Most researches on space robot address the flexibility problem by focusing on either
the link [8] or the joint [9], while studies on base flexibility are mostly found in ground robot systems
[10, 11]. Mori et al. [12] presented an impedance and vibration suppression fusion control for a flexible-
base manipulator, but it was not suitable for space weightlessness environment nor did it consider the
effect of link flexibility. Yu [13] analyzed a flexible-link space robot considering the influence of base
flexibility on system modeling and control, but the experimental implementation process of the flexible-
link is not presented. Designing actual flexible arms is very important in fast and high-precision control
situations and has received a lot of attention from scholars [14, 15]. Aghajari ez al. [16] proposed a kind
of flexible-link that can achieve fast movements and precise positioning and has a wide range of applica-
tions in the field of space exploration. Zhang et al. [17] studied the dynamics and control of a flexible-link
space robot considering friction and joint flexibility. A trajectory tracking controller with friction com-
pensation was designed, but base flexibility was not included. Xie et al. [18] proposed a dynamics model
considering the flexibility in links and joints and used fuzzy sliding mode control to achieve joint tra-
jectory tracking. For the fast subsystem, a velocity difference feedback control and a linear quadratic
optimal control were designed to suppress the vibration of the flexible links and joints, respectively.
Although the expected results were achieved, the fast subsystem vibration suppression algorithm com-
posed of two algorithms was with complex structure and required large computational efforts. To the
best of our knowledge, it is still an open topic to combine the three aspects (i.e. flexibilities of base, link
and joint) regarding model building and controller designing. In order to improve the aerospace perfor-
mance of flexible-base, flexible-link and flexible-joint (FBFLFJ) space robot in extreme environments,
it is particularly important to control the motion vibration synchronization.

Space robots are costly from software and hardware development, especially in control algorithm
design. The good controllers contribute to cost-saving and efficiency in practice [19, 20]. The follow-
ings are three aspects to be considered. First, the power and torque of the drive motor are always limited
on space robots; therefore, the input constraints should be considered to avoid control failure [21, 22].
Second, output feedback based on position sensing is preferred when speed sensors are not available
[23]. Third, repetitive learning control can be introduced to accommodate reoccurring errors in peri-
odic tasks [24, 25]. Liu et al. [26] proposed a control strategy for momentum constraint under external
disturbances and input saturation. Zhang et al. [27] proposed an output feedback predictive control strat-
egy to achieve coordination and synchronous stabilization with output consistency. Califano et al. [28]
proposed exponentially stable repetitive learning algorithms and gave an explicit proof of fully localized
asymptotic tracking and interference suppression. The abovementioned control algorithms are mainly
designed for single working conditions, while in practice, the controller must take on all the three aspects.

Based on the above considerations, this paper establishes an FBFLFJ space robot dynamics model
using the hypothetical modal method with Lagrange’s equation and decomposes the model according
to the principle of mutual independence of dual time scales by using the singular perturbation method.
Due to the three flexibilities being coupled with each other, it is very difficult to suppress the vibration
at the same time. In this paper, the vibration of base and joint is decomposed in fast subsystem, and the
vibration of link is decomposed in slow subsystem. Then, the vibrations of base and joint are suppressed
with linear quadratic optimal controller, and the vibration of the link is suppressed by hybrid trajectory
method based on the virtual force concept. Finally, considering the restricted drive torque, unmeasurable
velocity information and uncertain model information of space robot, we propose an integrated sliding
mode control with input restriction, output feedback and repetitive learning (ISMC-IOR). By using
the class invariance theorem, the stability of the algorithm is proved, and the simulation analysis is
performed to verify its effectiveness.

The rest of the paper is organized as follows: in Section 2, an FBFLFJ space robot is introduced, and
its dynamic model is developed using the assumed mode method and Lagrange method. In Section 3,
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Figure 2. Structure diagram of the flexible link.

the FBFLFJ space robot is decomposed into fast and slow subsystems using the singular perturbation
method, and its properties are introduced. In Section 4, the motion and vibration integrated control
method is presented and its stability is investigated. In Section 5, experimental data from a computer
simulation are presented. Section 6 gives the conclusion.

2. Dynamic model of an FBFLFJ space robot

The flexible-base flexible-link and flexible-joint (FBFLFJ) space robot system is shown in Figure 1. It
consists of a free-floating flexible-base B, and flexible-link B, and flexible-link B,. The inertial coor-
dinate system OXY and the local coordinate systems O;X; Y, (i’ =0, 1, 2) of each split are established.
0, coincides with the base mass center O, and O; coincides with the joint hinge center connecting the
split B;_; and B; (i=1,2). g, is the flexible deformation of the base, ¢, is the base attitude angle, g; is
the relative angle of the link B; and g, is the joint motor rotor angle (i =1, 2). When the base is not
deformed, the distance between O, and O, is ;. The mass of the base is m,, and the rotational inertia is
Jo. The initial length of link B, is [;, the density is p; and the motor rotor rotational inertia is J,,;(i = 1, 2).

According to the configuration and vibration characteristics of the FBFLFJ robot links, each link
is simplified to a simply supported beam, as shown in Fig. 2, and analyzed by Euler-Bernoulli beam
theory and hypothetical modal method. Taking its flexural stiffness EI, as a constant value, the flexible
deformation of the link B; at x; section at the moment ¢ is v;(x;, 1) = ZJ"’:I @;(x:) 6;(1), (0 <x; < [;), where
x; is any distance on the coordinate system X; of the main axis of link B;, ¢; and §; represent the j-order
modal function and corresponding modal coordinates of link B;, respectively. Taking the retained modal
number as n; = 2, the equivalent stiffness factor of link B; is ky; = EI, fol (z}b.;(xi)) dx,, (i,j= 1,2).

According to the SPONG assumption [29], the flexible base and the flexible joints are assumed to
be massless linear telescopic spring and linear torsional spring, respectively. The elasticity coefficients
of base and joint are defined as k, and k,,;(i = 1, 2), respectively, and are taken as constant values. The
flexible-joint structure is shown in Fig. 3.
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Figure 3. Structure diagram of the flexible joint.

According to the geometric position relationship of the FBFLFJ space robot in the inertial coordinate
system, we have

VOZ(XO,YO)T
ri=ro+ (I +qy) eo +x1€, +vi(x1, 1) € , (D
ro=ro+ (I +q,) eo +lie; + x26;, + v, (x2, 1) €,

where r, denotes the position vector of the base mass center in the inertial coordinate system, and r;
denotes the vector of any point on the link B, in the inertial coordinate system (i = 1, 2). (xo, yo) is the

sin(go) } B |:Sin(‘]0 +q1) } B [— cos(qo + 1)

base center of mass coordinate. e, = |:

. , € =
cos(qo) cos(qo +q1) sin(qo + q1)
sin(qo + ¢1 + ¢2) —cos(qo + g1 + q2) )
de,=| . are the basis vectors.
cos(qo + g1 + ¢2) sin(qo + g1 + ¢2)
According to the centroid theorem, we have
2 I;
m0r0~|—2/ piridx; = Mr, 2
i=1 Y0

where r¢ denotes the position vector of the total center of mass of the system in the inertial coordinate
system, and the total mass of the system is M = m, + Ziz:l oil;.

Let the initial momentum of the system be 0, then Mi- = 0. Combining Egs. (1) and (2), the total
kinetic energy of the FBFLFJ space robot system can be obtained as

1o, 1, (1
T= Emor(z) + 5-’0‘]3 + ;(5/0‘ IOtr dx) + Z( qumt) . (3)

Neglecting the effect of gravity, the total potential energy of the FBFJFL space robot system is

9%v;(x;,
kbqb + Z( / <¥) ) + Z( kmz(qmt qi)2> . (4)

Let L=T — V be the Lagrange function, and substitute Eqs. (3) and (4) into the Lagrange equa-
tion to obtain the FBFLFJ space robot dynamics model with uncontrolled base position and controlled
attitude, as

D(Qbojs) 0 éboj& 4 H(%gjp%ojs) 0 qbojﬁ I gboﬁ\) | Toop )
0 J m qm 0 0 qm K m0 T ’

where D(qbajs) is the symmetric positive definite mass matrix, and H (qbajs,i]bajs) denotes the cen-
trifugal force matrix. Here g5 =[q» q(fﬂ]r Apn=d" ST]T .4={q q/.T]T,qj = qz]T,
= [511 3 8 Om ]T G = [CIml qm2 ]T s Jn=diag(p, Jin) , Ks = diag(ksii, Ksiz, ksars ksna) 5
K, =diagku. k). 0=, @8 =[kay 0 — (@ &K' ] . tmps=[0 © 0] 7,=
[T T ]T is the motor rotor control torque.
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3. Model decomposition and properties of the FBFLF]J space robot
3.1. FBFLF] space robot model singular perturbation decomposition

To facilitate the control analysis of the FBFLFJ space robot, the model is firstly decomposed and
Eq. (5) is rewritten as

D (qbajB) iibujx +H (qbojé’ qboja) qboj& +& bojs — Thojs> (6)
Joul,, +T="1,, @)
t=K,0. (®)

. Daa Dab Haa Hab
Rewrite the matrices D(g,,;;) and H (g, 4,,5) from Eq. (6) as and ,
' ' ' D, bb H, H,

respectively, in which D, H, e R>'. D, ,H, € R> D, ,H, € R Dy, H,, € R, D(‘Ihojs) is

invertible and can be defined by
-1
N, Np D, D,
= , 9
N 21 N 22 D ba D bb

where Nll (S RIXI,NIZ € R1X7,N21 € R7Xl and N22 € R7X7.
By substituting Eq. (9) into Eq. (6), we obtain

To

Gr=—Ny, (Haa(:lh +Hab"1,,ja + kbCIb) - N12(Hbaq17 + thquj;,) +Np| T , (10)
—Ké
To

G,y =—N2 (Haaqb +H .4, + thZh) —Nny (Hba% + thqgjé;) +Nyn| T (1)
—Ké

Now the singular perturbation decomposition is performed for the system: treat g,; as slow sub-
variable, and treat g, and o as fast sub-variables. u =1/ min(k,, k.1, k,») is defined as the singular
perturbation factor, and #; =¢/,/u is the fast time scale, where the equivalent stiffness coeflicients of
the base and the joints at this time scale are k,; and K, respectively, and the flexible deformations are
qy and o, respectively, where k,; = pk,, K,; = uK,,, g,y = q»/ 1, and o+ = o /. The following relation

exists
kbf
kg, = ;%fﬂ = ki Qs (12)
Kmf
K,o= on=K,0;. (13)
7
By substituting g, = ¢, /1, Eqs. (12) and (13) into Egs. (10) and (11), we get
To
UGpy = —Nyy (Haa:u'qbf +H 4,5 + kbeIbf) - le(HhaMC'Ibf + beq,,jg) +Np| Koy |, (14)
—K;d
To
éajl‘) =—Ny (Haa:u“qbf + Hahqo_;a + kbfqbf) —Np (Hha/'l“ébf + beqoﬁ,) + Ny | Ko, | . (15)
—K;6
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Consider the case when w tends to 0, k, and K, tend to infinity and ¢, tends to 0, we can see that the
L . T, . :
joint rotation angle ¢; = [ql qz] is approximately equal to the motor rotor rotation angle g,,. Thus,

when . = 0, the robot can be considered as a rigid system. Let % be an arbitrary variable and % denotes
the new expression for 9t as u tends to 0. To find the dynamics model of the slow subsystem, let u =0,
from Eqs. (14) and (15) we have

To
0=—N,Huq,; — NikyGy — NiH g, + Nio | Koo | (16)
-K;é
To
G,y = —N2uHuq,, — NatkyGy — NoHypq,s + Noo | K0 | (17)
—K;$
The total controller of the drive motor with joint flexibility compensation is designed as
t,=(I+K.)t,—K.7, (18)

where I € R*? is the unit matrix, K. € R*? is the symmetric positive definite flexible compensation
matrix and 7, =17, + 7, is the controller to be designed. 7,, € R**! is the slow sub-controller, and
7, € R*! is the fast sub-controller.

By substituting controller z,,, 0, =0/ and u = 0 into Eq. (7), we get

Koy =1, - +Kc)_1 Jmiij’ (19)

By substituting Eqgs. (16), (18) and (19) into Eq. (17), we have the dynamics model of the slow
subsystem containing g and § as

R(qoj?x) énj& + S(qajS’ qoja) qoja + g()_j?s = Ty (20)
0 0
where R(g;)=Du+ |0 I+K)"'Ju 0|.S(q,5d,)=HuEz=[07 K8,
00 0

’ T 17
rojaz[(foj) OT] »and TO./:[TO Tns] )

Denote the fast subsystem state variable as q, = [qfl qr qu3 qﬁt]T, and we have gy = g,y —
Qs> G52 = A/ IWqef> q;3 = 0 — 0 and g, = /J10;. q; is derived with respect to ;, and the dynamics model
of the fast subsystem containing g, and o is obtained by combining Eq. (14), controllers 7,,,0; =0/
and Eq. (7), as

dqf/dtf =quf + BTy, (21)
0 10 0 0
—Nky 0 N,K,, 0 0
where A, = 0 0 1k B, = 0 , N7, is the row vector con-
0 0 —J'U+K)K,, 0 J'd+K,)

sisting of the elements of the second and third terms of No.

3.2. Dynamical model properties

From Egq. (20), it can be seen that the motion of the base and joints of the slow subsystem and the
links vibration are coupled with each other. In order to control the base attitude and the joints, this
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section decouples the slow subsystem into a fully driven rigid subsystem and designs the control algo-

. . . Rl 1 R12 Sl 1 Slz .
rithm. Among them, R(q,,;) and S(g,;.4,,,) are written as and , respectively.
K X R2| R22 SZ] S22

R, S, eR¥>™ R, 8, e R* R,,, S, e R¥, and Ry, Sy, € R4, The fully driven rigid subsystem
dynamic model is obtained from Eq. (20), as

M@©,9)G+C(8.8,9.9)q+x(8,8,9.4) =1, (22)

where M =R11 _R12R2_21R215 C= Sll _Rlsz_zlSQI, and Kk = (S12 — R12R2_21S22) 5 — R12R2_21K56 is the
system dynamics nonlinear term.
According to Kelly et al. [30], Eq. (22) has several fundamental properties as follows:

Property 1. The inertia matrix M (x) is symmetric positive definite and satisfies the following inequal-
ities:

XM llyI* <y"™M(x)y < 1y (M) lly|I* Vy € R**, (23)

where A,,(-) and Ay (-) represent the minimum and maximum eigenvalues of the matrix, respectively,
and ||-|| represents the 2-norm.

Property 2. The centrifugal-Coriolis matrix C € R**? satisfies the following relationship:

C(x,y)z=C(x,2)y¥y,z e R**, (24)

Co Iyl < ICx, )1 < Cr llyll ¥y € R™, (25)
where C,, and C), are known positive constants.
Property 3. The matrix M(x) —2C(x, %) is skew-symmetric, which implies that
¥ [M(x) —2C(x,%)]y = 0¥y e R™". (26)

Property 4. There must exist known positive constants ky, kci, keo, ke and ke, for all
X,¥,2,X1,¥,,%2,y, € R*! fulfilling

IM (x) z — M() z|| < ky | Tanh(x —y)|| Izl , (27)
|C(x1.3,) 2 = C(x2.3,) 2| <kei |Tanh(y, —y,)| Izl + kcz |, | ITanhGe, —x)[l Izl (28)
[ (x.31) — & (x2.3,) | <kes [y, = 32| +kes ||y, || I TanhGe, —x)11, (29)

where Ky, kei, kes, kes and key are obtained according to Kelly. §=[& & 53]T6R3X1, and
Tanh(§) =[tanh(§;) tanh(§) tanh(&;) ]T, where £ is an arbitrary vector.

4. ISMC-IOR
4.1. SMC-IOR base on desired trajectory
The continuous differentiable periodic expectation trajectory satisfies the bounded condition

lgs]| <V, and |g,| <Aw, (30)

where V), and A, are, respectively, the upper bound of the expected velocity and the acceleration norm.
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For the convenience of analysis, define N € R**! as

N@g.9)=M@®,9)4,+C(5,8,9.9) 4 +x(5,8,9.4) . 31
Let N,=N(q,.q,). where N, is a periodic function with period T. Expanded N, in Fourier
series as
Nd=50+2[6k cos(kwt) + by sin(ka)t)] , (32)
k=1

where w = 27t/ T is the angular frequency. @, @ and by are the unknown constant vectors.

Define the filtered tracking error n = é + Tanh(e) + Tanh(v), where e =¢q, — q is the trajectory
tracking error and v € R**! is the filter vector. For the rigid subsystem Eq. (22), design the algorithm of
sliding mode control with input restriction, output feedback and repetitive learning based on the desired
trajectory (SMC-IOR-D) as

7,;=K,Sgn(Tanh(e) + ae;) — (k' + 1) Tanh(v) + Tanh(e) + Sat (Qozo + Z ka‘k) , (33)
k=1
Tanh(v) =p, — (K + 1) e
p, = —k'Tanh(e) — (K +2) Tanh(y) —a e, , (34)
pi(0)=("+1)e(0)

e; =p, + a~'(e — Tanh(e))
P, =c 'Tanh(v) — e, , (35)
p,(0) = o' (Tanh(e(0)) — e(0))

20 =P, + Qe (36)
P, =0, (Tanh(e) + Tanh(v))
Z.k =p,+ Qe k=1..--N. 37)
P, = Q,(Tanh(e) + Tanh(v)) — Kw’z;

where K, € R*? is a constant diagonal matrix, e, € R*!' is a filter vector and « and k' are posi-
tive constants. Q,, @, € R** are constant positive definite diagonal matrices, Qyzo + Y r_, Q2 is
the repetitive learning controller (RC), and N is the number of harmonic oscillator terms. Sgn(§) =

[sen(&) sgn(&) sgn(&) ]T, Sat(§) =[sat(§) sat(5) sat(§) ]T, & e R¥™! is an arbitrary vector.
Sat(-) is a saturation function whose elements are as follows:

i’y i S i’
sat(é,):{gl Sl <p VE, eR,i=1,2,3, (38)

Brsgn(&r) , 161 > By

where B; is the maximum threshold value of the saturation function.
Take the derivative of 5, left multiply both sides of the resultant equation by M (8, ¢) and substituting
e=gq,—q, Egs. (22), (31) and (34) into the right side of the equation, then we have

. , . 1.
M@S,q)j=—KM@,q)n—M(8,q) (I, — Sech’(€)) n + N+ N, — 7, — MG, (39)

N =N —N,—M(,q) [Sech’(e) (Tanh(e) + Tanh(v)) +Tanh(v) — Tanh(e) + o 'e]

1.
+5M@.q) 1. (40)
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Convert Eq. (40) into the normal form, and according to e = g, — q, Properties 1 —4 and Eq. (30), it
is obtained from the expression of 7 that

8] < 43 Nl + 2 B2 = s+ s 2l el = Uzl el @1

where Ay =max{g,, £, 03, 04} » Avo =8Cy, 2 = [Tanhr(e) e} TanhT(v) n’ ]T~ o1 = kyAy+
keaViy +2Cu Vi + keaVir + Au(M) + ks, 92 = 2Cy Vi + 30 (M) + ks, 03 = 2420 0, = 2Cy Vi +
Ay(M) + kes. p(lIz]]) € R is the positive definite invertible non-decreasing function.

Lemma 1. Define the auxiliary intermediate variable L,(t) € R as shown below

L.(t)=n"[f () — Kosgn(Tanh(e) + ce;)] , (42)
If Ky;; satisfies sufficient Ky; > ”f,,(t)”oo + -”(t)H , then
/ L(t)dr <&, 43)
0

where K,; denotes the i-th element on the diagonal of the diagonal matrix K,. K=

[Kon Koy Koz ]T 7fn(t)’jn(t) €ly,and§, = ZL. Kyii|tanh(e;(0))| — TanhT(e(O))fn(O) sn=1,2.

Proof. See Appendix A. O
Thus, the stability theorem for SMC-IOR-D is formulated as follows:

Theorem 1. When Egs. (33)—(37) of SMC-IOR-D are under the input constraints from Eq. (44), if
the controller parameters meet the sufficient conditions shown in Egs. (45)—(48), the asymptotic stable
trajectory tracking control of the FBFLFJ space robot can be realized

Koi + K 4+ 24 B < Tpjimaxs (44)

Koy > max{ I, o + “f](t)Hw o] + ’fz(t)Hoo] , (45)

a>1.5, (46)

K=k + 1) /o (M) | @7)

b g max |02 (Viarmn [ O) (Vi )]z}

where A =0.5minf{1, A,,(M)}, Ay =max{1, 1, (M)}, Ay = L min{1, 1,,(Q) , @*, 1, (M)},

Ay =t max{2,4(Q,) . N?®, Ay M)} A3 =1— 2 . f (=N, — B -sgn(Qzo + Y ,_, %), and
£HO=5 [ak cos(kwt) + b, sin(kwt)].

Proof. See Appendix B. O

4.2. SMC-IOR based on hybrid trajectory

The SMC-IOR-D in the previous section achieves asymptotic stable tracking of the base attitude and
joint angle, but the vibration of the flexible link is not suppressed. In this section, we use the concept
of virtual control force to modify the original desired trajectory and generate a hybrid trajectory ¢, that
reflects both the flexible vibration of the link and the rigid motion of the system. Based on this, the
sliding mode control with input restriction, output feedback and repetitive learning based on the hybrid
trajectory (SMC-IOR-H) is designed to achieve the dual functions of motion tracking and simultane-
ous suppression of the links vibration. The virtual force F € R**! is introduced, and the error between
the desired trajectory and the hybrid trajectory is e, = q, — q,, which is generated by the second-order
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command generator €, + aé, + be, = F, where a,b € R¥ are the constant positive definite diagonal
matrix.

The hybrid error is defined as e, =¢q, — ¢, and the hybrid filter tracking error is defined as 5, =
¢, + Tanh(e,) + Tanh(v,). v, and e,, are the hybrid filter vectors. Then, the SMC-IOR-H is obtained as
follows:

(r,), =K,Sgn(Tanh(e,) + ae;) — (K + 1) Tanh(v,) + Tanh(e,) + Sat (QOZO, + Z Qkik,> , (49)

k=1
Tanh(v,) =p,, — (K + De,
p,, = —k'Tanh(e,) — (kK +2) Tanh(v,) —a'e;, , (50)
P, (0) =& +1) e (0)
e, =p, + o '(e, — Tanh(e,))
P,, =a 'Tanh(v,) — e, , (5D
P»,(0) =o' (Tanh(e,(0)) —e,(0))

Zor =Py, + Qoer
.o Po. 1+ 0, ’ (52)
o, = 0,(Tanh(e,) + Tanh(v,))
Zir =P + 0s€,
i =P Q. k=1,---N. (53)
pi, =0, (Tanh(e,) + Tanh(v,)) — Koz,

T
Defining the state variable as g, = [aT el & éT] , the equation of state is obtained from
Egs. (49)—(53) and Eq. (22) as follows:

q,=Aq,+BF +L,, (54)
0 0 1 0 0
0 0 0 1 0
where 4, = -1 - - i B, = , and L,=
—R,K; —R,R.b —R,,S» —R,Rya RxR,,
0 —b 0 —a 1
0
0
R;21R21 (G - qd) - RgzlSZIq
G
If L, satisfies the following conditions:
IL; (D)l < ] 1 _ Mo (N,) Vg R 55
la.l, ~ 2N P, 20 P

then the virtual force F is
F= —R;IBXTPsqS. (56)

In Eq. (56), R, > 0, and P, is the solution of Riccati equation P,A, + A'P, — P.BR.'B'P, + Q, = 0.
Constructing the Lyapunov function V(g,) = ¢7P,q,, V(g,) is derived and combining with Egs. (55) and

(56) yields V(g,) = = (47N.g, — Jn V)

|qs “2> <0, so the system is stable.
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Figure 4. Integrated sliding mode control with input restriction, output feedback and repetitive learning.

4.3. Multiple flexible suppression control based on linear quadratic optimal method

As analyzed above, the state equation g, at the fast time scale # is shown in Eq. (21). The performance
index function is constructed as

J;=05 / (4/Qsq, + T, R;T,) diy. (57)
0

In Eq. (57), symmetric matrix @, > 0, R; > 0. The optimal control of the fast subsystem is designed as

Ty =—R; 1B/T Pq;, (38)

where P is the solution of the Riccati equation P;A; +A;P; — P;B;R;'B/P; + Q, =0.

Then, ISMC-IOR is composed of SMC-IOR-H, virtual force Eq. (56), fast sub-controller Eq. (58)
and motor general controller Eq. (18). The overall scheme of this controller is shown in flowchart Fig. 4,
where the blue dashed area is the fast subsystem controller and the red dashed area is the slow subsystem
controller. According to the above analysis, the implementation of the ISMC-IOR does not need the
dynamic model information of space robot and the motion speed information of base and joint, and can
meet the requirements of limited driving torque of FBFLFJ space robot.

5. Simulation

Taking the FBFLF]J space robot shown in Fig. 1 as an example, the simulation is carried out. The size of
the base is [, = 1.5 m, the mass of the base is m, = 40 kg, the inertia moment of the base is J, = 30 kg - m?
and the elastic coefficient of the base is k, = 500 N/m. The density of link B, is p; = 3.5 kg/m, the den-
sity of link B, is p, = 1.1 kg/m, the length of the link is /; = 1.5 m and the bending stiffness of the link is
EI, = 100 N/m?. At joint i, the motor rotor rotational inertia is J,; = 0.1 kg - m? and the joint elasticity
coeflicient is k,,;, = 50 Nm/rad, i = 1, 2. Before the controller is turned on, the FBFLFJ space robot base
and joints do not move, and the base, links and joints do not vibrate. Its initial configuration is g,(0) =
0m,g@=[1.1 07 14] rad,§00=[0 0 0 0] m,q, 0 =[07 1.4] rad,4(0) = Om,
g =[0 0 0] rad,800)=[0 0 0 0] m,g,0)=[0 0] rad.Let0s be the simulation ini-
tial moment. At this time, turn on the controller so that the FBFLFJ robot base and joints track the
following desired trajectory:

g,=[1 08 1.2] rad.
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Figure 5. Trajectory tracking curve of the FBFLFJ space robot base attitude under two control
conditions. (a) ISMC-IOR-NV. (b) ISMC-IOR.

In order to illustrate the vibration suppression effect on the flexible vibration of the base, links and joints
and motion control effect of the base and joints of the FBFLFJ space robot, ISMC-IOR is used to conduct
a simulation study, where the controller parameters are K, = diag(20,0.5,0.9) ,k' =20, =5,0, =
diag(10,90, 30),0, =diag(2,2,2),N =3,a=>b=diag(5,5,5). The saturation function thresholds
are B, = 20, B, = B; = 40. The flexible vibration of the FBFLF]J space robot base, links and joints affects
the system control accuracy. In order to verify the effect of flexible vibration on the system control accu-
racy, the flexible suppressors in ISMC-IOR, i.e., the fast sub-controller t,, and the SMC-IOR-H are
turned off, and the ISMC-IOR without vibration suppression (ISMC-IOR-NV) consisting of the SMC-
IOR-Dand 7, = + K.) t,, — K.7 is used for simulation studies. For fairness, all control parameters
remained unchanged. The control conditions are divided into ISMC-IOR-NV and ISMC-IOR.

Figure 5 shows the FBFLF]J space robot base attitude trajectory tracking under two control conditions,
and Fig. 6 shows the FBFLF]J space robot joints trajectory tracking under two control conditions.

As can be seen from Figs. 5(a) and 6(a), without the flexible vibration suppressor, although the base
and joints can track the desired trajectory, they have an obvious vibration trend after stabilization. Among
them, joint 1 showed vibration in 0.5-1.5s, and after 20s, both the base and the joints have different
amplitudes of vibration. From Figs. 5(b) and 6(b), it can be seen that by turning on the flexible vibration
suppressor and using ISMC-IOR for controlling, not only the base and joints can accurately track the
desired trajectory, but also the vibration of the base and joints has been significantly suppressed.

Figure 7(a) and (b) shows the error convergence rate under ISMC-IOR-NV and ISMC-IOR control
conditions, which are calculated by the formula log ||q —q, |, and the unit is log(rad). Therefore, the
smaller the error convergence rate, the higher the control accuracy of the controller. Furthermore, to
verify the high-precision characteristics of the repetitive learning controller in ISMC-IOR, the integrated
sliding mode control for motion and vibration (ISMC) algorithm without repetitive learning controller
is used to control the FBFLFJ space robot to track the desired trajectory ¢,. The slow sub-controller
in ISMC is (r(,_,)r = M(ijh + Aé, + Azs,) + Cq + k, where, s, = e, + Ae,. The control parameters are
A1 = A, = L. The rest of the parameters are identical to those of ISMC-IOR. Figure 7(c) shows the error
convergence rate under ISMC.

As can be seen from Fig. 7(a) and (b), the minimum error convergence rate is about —3.2 when the
flexible vibration suppressor is turned off, while the minimum error convergence rate is about —4.7
when the flexible vibration suppressor is turned on, and the accuracy of ISMC-IOR control is signifi-
cantly higher than that of ISMC-IOR-NV. It shows that the flexible vibration seriously affects the control
accuracy of the system, and the ISMC-IOR proposed in this paper can improve the control quality of
the system. In addition, it can be seen from Fig. 7(c) that the system error convergence rate mean value
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Figure 6. Trajectory tracking curve of the FBFLFJ space robot joints under two control conditions.
(a) ISMC-IOR-NV. (b) ISMC-IOR.

under ISMC is about —2.8, which is significantly lower than the error convergence rate mean value of
—3.8 under ISMC-IOR, see Fig. 7(b); therefore, ISMC-IOR has higher control accuracy than ISMC in
tracking repetitive signals, calibrating the effectiveness of the repetitive controller. In order to clarify the
error convergence under the three control conditions, the error convergence values for the three control
cases at any moment are analyzed according to Fig. 7, as shown in Table I.

As can be seen from Table I, the error convergence value of the system under ISMC-IOR control is
the smallest, which proves the effectiveness of the controller proposed in this paper in high-precision
tracking control.

In order to verify the effect of the control algorithm proposed in this paper on the flexible vibration
suppression of the base and joints of the system, the following simulation analysis is conducted. Figure 8
shows the flexible vibration curves of the base under the two control conditions, and Figs. 9 and 10 show
the flexible vibration curves of joint 1 and joint 2 under the two control conditions.

As can be seen from Fig. 8, the amplitude of the base reached 0.1 m when turning on the controller.
With ISMC-IOR-NV control, the amplitude of the base was maintained at 0.0014 m after 20-30s,
while with ISMC-IOR control, the amplitude of the base gradually decreased and was suppressed to
within 0.0005 m at 30s. The vibration frequency was also decreased. From Fig. 9(a), it can be seen
that under the ISMC-IOR-NV control, the amplitude of joint 1 reached 3 rad at 2 s and maintained at
1 rad after 10s. The amplitude of joint 2 reached 1.2 rad at 2 s and maintained at 1.8 rad after 10 s. From
Fig. 9(b), it can be seen that under the ISMC-IOR control, the initial amplitude of the joint 1 is 1.2 rad,
which is maintained within 0.17 rad after stabilization; the initial amplitude of the joint 2 is 0.6 rad,
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Table I. Tracking error convergence value under three control conditions.

No. Control conditions 15s 20s 25s 30s Average
1 ISMC-IOR-NV —2.10 —1.95 —1.90 —2.00 —1.99
2 ISMC-IOR -3.10 -3.20 —2.90 —3.00 —3.05
3 ISMC -2.20 —2.25 —-2.35 —-2.25 —2.26

lgllq-qdll
b

I
[5%)

- 5 10 15 20 25 30 -0 5 10 15 20 25 30
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(0 0

-1

:'E
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0 5 10 15 20 25 30
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Figure 7. Tracking error convergence rate of the FBFLFJ space robot under three control conditions.
(a) ISMC-IOR-NV. (b) ISMC-IOR. (c) ISMC.

which is maintained at 0.1 rad after stabilization. Both of them are significantly suppressed compared
to the ISMC-IOR-NV control. It shows that the flexible vibration suppressor proposed in this paper can
effectively suppress the flexible vibration of the base and joints.

In order to analyze the vibration of the flexible links of the FBFLFJ space robot under the two control
algorithms, the following simulations are performed. Among them, Fig. 10 shows the first two orders
of modal vibration curves of the link B; under two control conditions, and Fig. 11 shows the first two
orders of modal vibration curves of the link B, under two control conditions.

From Figs. 10(a) and 11(a), it can be seen that under ISMC-IOR-NV control, the 1st order modal
coordinates of link B, are maintained at 0.002 m at 20-30s, and 0.001 m at 20-30 s for the 2nd order
modal coordinates; the 1st order modal coordinates of link B, are maintained at 0.012m, and 0.017 m
for the 2nd order modal coordinates. As shown in Figs. 10(b) and 11(b), under ISMC-IOR control, both
the 1st and 2nd order modal coordinates of the link B; are suppressed to within 0.001 m; the 1st order
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Figure 8. Flexible vibration curve of FBFLFJ space robot base under two control conditions. (a)
ISMC-IOR-NV. (b) ISMC-IOR.

(b)

1.5
0.1
1 0
-0.1
20 25 30
< 05
£
S
-0.5
-4 : . : : : -1 : : : ‘ :
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t/s t/s
1
0.1
-0.1
20 25 30
2
=, 0
S
-0.5 1
-2 : : : : : -1 : : : . :
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t/s t/s
ISMC-IOR-NV ISMC-IOR

Figure 9. Flexible vibration curve of FBFLFJ space robot joints under two control conditions.
(a) ISMC-IOR-NV. (b) ISMC-IOR.
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Figure 10. Flexible vibration curve of FBFLFJ space robot link B, under two control conditions.
(a) ISMC-IOR-NV. (b) ISMC-IOR.

modal coordinates of the link B, are suppressed to 0.0025 m and the 2nd order modal coordinates are
suppressed to 0.001 m. Compared with the ISMC-IOR-NV control, the modal vibration of both links
under ISMC-IOR control is effectively suppressed.

In order to quantitatively analyze the suppression effect of the controller proposed in this paper on the
flexible vibration of the system, the vibration of all the flexible variables of the system with the flexible
suppressor on and off is analyzed in combination with Figs. 10 and 11, as shown in Table II.

As can be seen in Table II, the ISMC-IOR proposed in this paper has the obvious function of
suppressing the multiple flexible vibrations of the system. Compared with ISMC-IOR-NV, the vibra-
tion suppression performance of the base, joints and links of the FBFLFJ space robot controlled by
ISMC-IOR can be improved by 50%, 85%, 94.44%, 44.44%, 37.50%, 80.77% and 94.12%, respectively.

In order to verify the torque limitation of the proposed algorithm, the driving torque required
for ISMC-IOR control is analyzed and the simulation results are shown in Fig. 12. It can be seen
that the maximum upper bound of the real-time moment is (t(,j)r = [50 60 40]T. According to
Koi + K 424 B; < (Tyjimn) - it is obtained that (Tpomn), = 62, (Toimn), = 62.5, (Ty2mn), > 62.9. The
moment in the simulation satisfies the constrained relation (ruj,,«)r < (r(,j,,»,max)r, where (t(,j,,-)r is the element

corresponding to vector (T,,j)r ,i=1,2,3, so the moment constraint requirement is satisfied.
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Table I1. Vibrations of the FBFLFJ space robot base, joints and links at 20-30s.

Performance improvement of
No. Flexible variables ISMC-IOR-NV  ISMC-IOR  ISMC-IOR over ISMC-IOR-NV

1 gy/m 1.0x 107° 0.5x107° 50.00%
2 oy /rad 1.000 0.150 85.00%
3 o, /rad 1.800 0.100 94.44%
4 811/m 1.8x 107" 1.0x107° 44.44%
5 81,/m 0.8 x 107 0.5x107° 37.50%
6 8y1/m 0.013 25%x107° 80.77%
7 8,,/m 0.017 1.0x107° 94.12%
b
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Figure 11. Flexible vibration curve of FBFLFJ space robot link B, under two control conditions.
(a) ISMC-IOR-NV. (b) ISMC-IOR.

6. Conclusions

(1) For the actuator saturated space robot affected by multiple flexible vibrations of base, links and
joints, the modeling method of dynamic model of FBFLFJ space robot is analyzed. On this basis, a
singular perturbation decomposition scheme of the model is proposed. Then, according to the rigid
flexible subsystem, we propose an algorithm of integrated sliding mode control with input restriction,
output feedback and repetitive learning.
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(2) The simulation results show that the flexible vibration significantly affects the control accuracy
of the system, and the rigid controller without suppressing the flexible vibration cannot control the
FBFLF]J space robot system to perform the accurate tracking task. In contrast, the controller proposed
in this paper can make the system track the desired trajectory with —3 orders of magnitude accuracy
while suppressing the multiple flexible vibrations of the system base, links and joints 50%-80% and
37% performance improvement were achieved. The control algorithm enables the space robot system
to work with limited input torque and can also deal with the lack of model information and speed
information.
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Appendix A: Proof of Lemma 1

Proof. Define the intermediate variable s = Tanh(e) 4 we;, then 5 =s 4-§. Substitute 5 into Eq. (42)
and take the integral to obtain

/Ln(r)drsf |s<r>|T<V,,<r>|+
0 0

+ D Isi®) (fui0)] = Koi) + Y Kolsi(0)] — s (0) f,(0) (59)

i=1 i=1

d
w‘ — KO,-,-> dr

|| represents a new expression after taking the absolute value of each element of vector or matrix
£, + [£.0]  and 0 =0, Eq. (59) satisfies ; L,() dr <&, Proof
complete. . O

NR. According to Ky; >

Appendix B: Proof of Theorem 1
Proof. Case I |(Qozo + Y, Quix),| > B; forall i.

Define auxiliary function P,(f) =&, — [, L;(r) dr and variable [, tanh 7 sech’ zdz. P,() >0 is
obtained from Lemma 1 and Eq. (45), in combination with fovi tanh 7 sech’ tdt > 0, the Lyapunov
function V, is constructed as

3 3 .

- - vi 1 1
V,= E In(cosh ¢;) + E /0 tanh 7 sech® rdr + Ee}ef + znTM(S, @n+P =yUy, (60)
i=1 i=1

where y, = [Ln"(e) Fn'(v) e/ 3" /P, ]T ,Ln(e) = [/In(coshe;) +/In(coshe,) +/In(cosh e3)JT, and
T
Fn@v) = [\/ ;! tanh 7 sech? rdr \/ J,? tanh 7 sech? rdr \/ /s tanh 7 sech? ‘L'd‘L'] . O

According to the value of stability condition X, A, and Eq. (60), we get

A ”.)’1 ”2 =V (t,yl) <Ain ||y1 ”2 . (61)
Derive from Eq. (60), and according to Egs. (33)—(39), we have
N
Vi=Vy+P +9"- [Nd —B-Sgn (Qozo + Z ka'k> — K,sgn(Tanh(e) + aef)] , (62)
k=1
Vi = — Tanh’ (¢) Tanh(e) — Tanh’ (v) - Tanh(v) + a e (I; — Sech’(e)) (3 — Tanh(e) — Tanh(v))
—efe + W'N—Kn"M@&,q)n—n"MG@,q) (I, — Sech’(e)) 1. (63)

Substitute f, () and P, () = &, — fot L,(7) dr into Eq. (62) to get vV, =V,. By substituting Egs. (41),
(46) and (47) into Vy, and according to A3, we have

. 2
Vi < —hs | Tanh(e)||” — A | Tanh ) I — A5 [le; | = A5 lInl* + o (llzl) llzl1* / (4k,) = =y lIzl*,
(64)
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Pzl

4k,
continuous positive semidefinite function on the attraction domain D = {y1| Izl < o (2«/)\.3](,1) } and
that there exists a domain of attraction S; C D as

where y = A3 . According to the stability condition Eq. (48), it can be seen that y llzll* is a

S, = {y1 eDhy |y | <)L,2[,0"<2 )L;k)]} (65)

According to the invariance-like theorem which is detailed in theorem 8.4 by Khalil [31], it can
be seen that Vy,(0) € S;. When, t — oo, y llzII* = 0. Combined with the definition of vector z and the
expression of vector 5 in Eq. (41), it can be seen that when t — 00, e(?), e,(?), v(¢), 5(1), é(t) — 0.

Case IL. |(Quz0 + S, ka'k)[.| < B; for all i.
Introduce variable Z; =z, —z; (k=1,---N) ,let

ZS = Qala()
ENRSNI T : (66)
z; = (ko)™ O, [ak sin(kwt) — b, cos(kwt)]
Since Z; = —(kw)’ z}, the closed-loop system variables are as follows:
ZLO = Qoﬂ
. . 67)
L+ Ko’z =00 (k=1,---N)
Construct the Lyapunov function V, as
: S 1 1
V, = ; In(cosh ¢;) + Z}: /(; tanh t sech® rdr + Ee]{ef + EnTM(S, Qn+P,
] ~T ~ ] N T 1 ~ 2 2~T~ T
+ Eonozo—lr 3 szzk+ 3 Zk o’ % =y, Usy,, (63)
k=1 k=1
where y, = [Ln"(e) Fn'(v) e o' P, % % ... Zy # ... #7]". According to the
value of stability condition A,; and A,,, combined with Eq. (68) we have
2 2
Jar 3" = Valtya) <2 [ (69)

Take the derivative of Eq. (68), substitute the right side of the resulting equation into Egs. (34), (35),
(39) and (67), and according to f,(¢) and P,(f) =&, — fot L,(t) dt, we have

. 1.
V, =Tanh’ (e) - & + Tanh’ (v) Sech’ (v) v + ¢/ ¢, + EnTM(ﬁ, 1
. N . ) N .
+0' MG, Q0+ P+ g+ Y G+ Y Kofz=Va. (70)
k=1 k=1

According to Egs. (63) and (64), we get Vy < -y llzlI?, and its continuous semi-positive definite on
the domain of attraction D, according to the stability condition Eq. (48), we get the domain of attraction
S, CD as

S, = {y2 €Dy [ys| < An |:,0" (2 xgk)]} : an

Based on the invariance-like theorem, Vy, (0) € S,. When t — 00, e(t), ex(t), v(t), n(t), é(t) — 0. Proof
complete.
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Appendix C: Acronyms description, as shown in Table III.

Table I11. Acronyms description.

Acronym Notes

FBFLFJ Flexible-base flexible-links flexible-joints

SMC Sliding mode control

SMC-IOR Sliding mode control with input restriction, output feedback and repetitive
learning

SMC-IOR-D Sliding mode control with input restriction, output feedback and repetitive
learning based on the desired trajectory

SMC-IOR-H Sliding mode control with input restriction, output feedback and repetitive
learning based on hybrid trajectory

ISMC Integrated sliding mode control for motion and vibration algorithm without
repetitive learning controller

ISMC-IOR Integrated sliding mode control with input restriction, output feedback and
repetitive learning

ISMC-IOR-NV Integrated sliding mode control with input restriction, output feedback and

repetitive learning without vibration suppression

Cite this article: X. Fu, H. Ai and L. Chen (2023). “Integrated sliding mode control with input restriction, output feed-
back and repetitive learning for space robot with flexible-base, flexible-link and flexible-joint”, Robotica 41, 370-391.
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