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SOME IMBEDDING THEOREMS FOR SOBOLEV SPACES
R. A. ADAMS AND JOHN FOURNIER

1. Introduction. We shall be concerned throughout this paper with the
Sobolev space W™?(G) and the existence and compactness (or lack of it) of
its imbeddings (i.e. continuous inclusions) into various L? spaces over G,
where G is an open, not necessarily bounded subset of #z-dimensional Euclidean
space E,. For each positive integer m and each real p = 1 the space W™?(G)
consists of all # in L?(G) whose distributional partial derivatives of all orders
up to and including m are also in L?(G). With respect to the norm

(L) Blloro = {5
le]

0lal<m

[D%u(x)|” dx}llp

Wm?(G) is a Banach space. It has been shown by Meyers and Serrin [9] that
the set of functions in C™(G) which, together with their partial derivatives
of orders up to and including m, are in L?(G) forms a dense subspace of

Wm?(G). Here, as usual, @« = (a1,...,a,) is an #n-tuple of non-negative
integers; |a| = a1+ ...+ a,; D= Dy, .. D, where D; = 3/dx;. Con-
sistent with (1.1), || - ||o»,¢ denotes the norm in L?(G).

The domain G is said to satisfy the cone condition if there exists a finite
cone C (the intersection of an open ball in E, centred at the origin, with a
set of the form {Ax:x € B, X\ > 0} where B is an open ball not containing
the origin) with the property that each x belonging to the boundary G of G
is the vertex of a finite cone C, contained in G and congruent to C.

For any G, bounded or unbounded, we have the natural imbedding

1.2) Wr2 (G) — L7 (G).

If G satisfies the cone condition there exist (the Sobolev imbedding theorem;
e.g., see [7]) imbeddings of the form

(1.3) wm?(G) — LU(G)

for p = qg=np/(n—mp) if n>mp, or for p < ¢ < ® if n < mp, and,
if G also has finite volume, for 1 = ¢ < p as well. If G is bounded and satisfies
the cone condition a well-known theorem of Rellich and Kondrachov [8; 10]
asserts that (1.3) is compact for all the above values of ¢ excepting only
g = np/(n — mp) if n > mp.

The compactness of these imbeddings is a useful tool (especially in the
case p = 2) for developing existence and spectral theory for partial differen-
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tial operators on G (especially elliptic operators with boundary conditions of
Neumann, third, or mixed type). The question therefore naturally arises
(e.g., see the final remarks in [5]) as to whether the Rellich-Kondrachov
theorem possesses extensions to unbounded domains G. For the subspace
W ?(G), defined as the closure in W™?(G) of the set of infinitely differ-
entiable functions with compact support in G, this question has been rather
thoroughly investigated (e.g., see [1;2;3; 6]) and this study has resulted in
the formulation in [3] of an analytic condition on (unbounded) G which is
necessary and sufficient for the compactness of the imbedding

(1.4) W2 (G) — L (G).

It is clear that no imbedding of type (1.2), (1.3) or (1.4) for unbounded G
can be compact if G contains infinitely many disjoint congruent balls, and,
in particular, if it satisfies the cone condition. In [6], C. W. Clark notes that
for the case m = 1, p = 2 and G contained in a cylinder of finite cross-section,
that (1.2) cannot be compact if G has infinite volume. In sections 2 and 3
below we generalize this, showing, for any G, that (1.3) cannot be compact
for any ¢ = p unless G has finite volume and, in fact, unless the volume of G
outside the ball of radius 2 with centre the origin tends to zero faster than
any geometric sequence as k tends to infinity. We show also that if ¢ < p
then Wm?(G) C L%(G) if and only if G has finite volume. In this case the
inclusion is, in fact, a compact imbedding.

Though necessary, the finiteness of the volume of G is not sufficient for the
compactness of (1.3) for ¢ = p (though it is sufficient for the compactness of
(1.4); see [3]) as is shown by the following example.

Example 1. Let G be the union of infinitely many disjoint balls B, of radius 7.
Define u; on G by

wy = 10 if x ¢ B,
T (vol. By)teif x € B,

For ¢ = p, {u,;} is bounded in W™?(G) provided {r,} is bounded. However
{u;} is not precompact in L?(G) no matter how rapidly 7, tends to zero as j
tends to infinity. Together with Theorem 2 below the method of this example
can be used to show that (1.3) cannot be compact if G has infinitely many
components.

In section 4 we establish (see Theorem 5) a sufficient condition for the
compactness of (1.2) for suitably regular G. Theorem 5 is almost a converse
of the necessary condition for compactness obtained in section 3. The method
involves construction of nonstationary flows in G in terms of which the
volume decay of G at infinity can be conveniently expressed. Theorem 5
generalizes the Rellich-Kondrachov theorem to many bounded domains (not
satisfying the cone condition) as well as unbounded domains.
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2. Finite volume. In this section we show that if there is a compact
imbedding

(2.1) Wra(G) — LU(G)

for some ¢, then G has finite volume. For ¢ < p we show that there is not
even an inclusion (2.1) unless G has finite volume.

Consider a tesselation of E, by n-cubes of side . K will always denote a
cube in the tesselation under discussion. NV (K), called the neighbourhood of K,
will be the cube of side 3% concentric with K and having its faces parallel
to those of K. F(K), called the fringe of K, will be the shell N(K) ~ K.
Let u denote #-dimensional Lebesgue measure and let A > 0.

Definition. K will be called \-fat if
(KN G) > M(FK) N G).
If K is not \-fat it will be called \-thin.

THEOREM 1. Suppose that there is a compact imbedding of the form (2.1)
for some q¢ = p. Then for each N > 0 every tesselation of E, by cubes of fixed
stze contains only finitely many \-fat cubes.

Proof. Suppose for some A > 0 that we have a tesselation of E, by cubes
of side % containing an infinite sequence {K,;}“;_; of A-fat cubes. Passing to
a subsequence, if necessary, we can arrange that the neighbourhoods N (X})
are disjoint. Clearly for each K there is a function ¢x in Co”(N(K)) with
|¢x(x)| = 1 for all x, and

¢x(x) =1, forallx € K,
|Dpr(x)| S M, forallx € E,, 0 = |a] = m,
where M is a constant depending on #, m, and %, but not on K. Let ¢; = ¢; - ¢x;,
where the positive constant ¢, is chosen so that

Swerazer [ @i

= ()WwE;NG) =1
But then

||‘l’a'”pm.p.0 = (cy)’ Z

<|a|<m *L(Kj) Nne
=< const. (¢;)"u(N(K;) N G).

| D%¢r; (x) |7 dx

Since K, is N\-fat
rWV(E) NG) = uwE,; NG) + u(FK;) NG)

(Y usn0r- (14
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Hence ||¥,||Pn5,¢ < const. (c;)?~% Because ¢ = p and ¢; = h™/? for all j we
have that {y;} is bounded in W™?(G) and bounded away from zero in L(G).
Since the functions y; have disjoint supports {y;} cannot be precompact in
L?(G). This contradicts the assumption that (2.1) is compact. Hence there
can be no such sequence of A-fat cubes. This completes the proof.

Remark 1. This method also shows that if there is a continuous imbedding
of the form (2.1) for some ¢ > p then for any A > 0 and any tesselation of E,
by cubes of fixed side there is € > 0 such that u(K N G) = € for all \-fat
cubes K. For suppose to the contrary that there is a sequence {K,}”;_; of
Mfat cubes with u(K; M G) — 0 as j tends to infinity. If ¢; is defined as in
the above proof we have ¢; — ® and ||[{4|ns.e — 0 as j— ©. But {y,} is
bounded away from zero in L?(G), contradicting the continuity of (2.1).

It follows that if there is such a continuous imbedding then either

(a) there is a tesselation of E, by cubes of fixed side and an ¢ > 0 so that

k(KN G) = efor infinitely many cubes K in the tesselation, or

(b) for every A > 0 and every tesselation of E, by cubes of fixed side there

are only finitely many A-fat cubes.
In case (a) the volume of G is infinite; indeed p{x € G: N < |x| £ N + 1}
does not tend to zero as N tends to infinity. In case (b), as we shall see in
theorems 2 and 4, G has finite volume and uf{x € G: N < |x| £ N + 1} tends
more rapidly to zero as NV tends to infinity than any geometric progression.
Clearly many domains fall between these cases and for such domains there is
no continuous imbedding of the form (2.1) for any ¢ > p.

If an unbounded domain satisfies the cone condition then the Sobolev
imbedding theorem provides imbeddings of the form (2.1) for some values
of ¢ > p. Such domains come under case (a). We have no examples of un-
bounded domains falling under case (b) for which there is an imbedding of the
form (2.1) for some ¢ > p, but our methods do not rule out this possibility.

THEOREM 2. Suppose that there is a compact imbedding of the form (2.1) for
some q = p. Then G has finite volume.

Proof. Tesselate E, by cubes of side 1 and let A = [2(3" — 1)]~L. Let P be
the union of the finitely many A-fat cubes in the tesselation. Clearly
w(P N G) < o, Let K be a \-thin cube. Let K; be a cube in F(K) for which
w(K; M G) is maximal. Then

rENG) = m(FK)NG)
SAB =D uEiNG) = uEK:1NG)
because F(K) contains only 3" — 1 cubes. If K; is also A-thin, select
K, C F(Ky) with p(K1 N G) = 30K N G).

Suppose that an infinite chain {K, K, K, ...} of \-thin cubes can be

constructed in the above manner. Then for each j

1

1
ENG) =51E;NG) =55
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so that u(K M G) = 0. Let P,, denote the union of the cubes K for which
such an infinite chain starting at K can be constructed. Then u (P, N G) = 0.

Let P, denote the union of the cubes K for which some such chain ends
on the jth step (i.e., K, is M-fat). For each K C P, select a particular chain
of length j starting at K and ending at some A-fat K,. For how many K in P,
can a particular A-fat cube K’ occur as the end K;? Any such K must lie in
the cube of side 27 + 1 centred on K’. Hence there are at most (27 + 1)” such
cubes. Therefore

w(P;NG) = K%;)_M(K N G)
__2:/ Z (K:ﬂG)

< B LY > W& NG)

27+ 1)"
= (];; ) (P N G).
Hence X.%ap(P,MNG) < . Since E,=PUP ,JUP,UP,U... we
have u(G) < . This completes the proof.

THEOREM 3. Suppose W™?(G) C LUG) for some q < p. Then G has finite
volume. In particular G has finite volume if there is a (continuous) imbedding

of type (2.1) for some g < p.

Proof. Again tesselate E, by cubes of unit side and let A = [2(3" — 1)]L
Let P be the union of the A-fat cubes in the tesselation. We claim that
(P N G) < 0o, If not, there is a sequence {K;}®;—1 of A-fat cubes with
S®1u(E ;N G) = ®©, We want the neighbourhoods N (K ;) to be disjoint.
This can be arranged as follows. Let L be the lattice of centres of cubes in
the tesselation. Break up L into 3" disjoint sublattices {L;}3";,; with each
L, having period 3 in every coordinate direction. For each j let T'; be the
set of cubes in the tesselation with centres in L;. For some j we have clearly

Z K NG) = o0.

N-fat KET;

Let {K,} be an enumeration of the \-fat cubes in T';. Then {K,} has the
desired properties.
Choose an integer 7; so that

i1
2> wKiNG) <4
i=1

Recall the functions ¢« used in the proof of Theorem 1, and let

i1
‘l’l = 2_1/1);1 k.
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Because the sets N (K ;) are disjoint,

i1
[ m@ras =13 [ joxepa
G i=1 G
Because K; is A-fat,

fa léx: (®)|P dx < w(N(K) N G) < (1 + %) (KN G).
Thus

11
f [¥a(0) [ dx < % (1 + 1)2 rENG) <2 <1 + l).
e} A= A
Similarly, for |a| < m
f,, [D*Y1(x)|” dx < 2 (1 + %) M.
On the other hand
i1
S n@lraz @S skine 2 2,
G =

Now choose 7, so that
12

' > wK,NG) <2
1=11+1
and let
i2
va= (1Y Y e

i=1i1+1

As above, we have for |a| = m

f |D*Pa(x) [P dx < 2M_”(_1§j;1_/>\_) ’

and also
f |Ya(x) | da = (3)%/Po20—am),
G

Proceeding in this fashion we obtain a sequence {¢;}® .1 of C* functions with
disjoint supports such that for |a| < m

f v as <

2¢/p
f |¥;(x)| dx = (%) 9it—a/m)
G

Then ¢ = 3%, ¢; € W™?(G) buty ¢ L(G).

This contradicts our assumption that W™?(G) C L*(G). Therefore
p(P NG) <o, and, by the argument of Theorem 2, u(G) < . This
completes the proof.

2MP(1 + + 1/
i

and
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Of course if p(G) < @ then for all ¢ < p, there is a continuous imbedding
of the form (2.1). Moreover the usual proof of the compactness theorem for
the case of bounded G uses only the property u(G) < . So for ¢ < p we have
the circle of implications:

r(G) < ®© = (2.1) is compact = (2.1) is continuous
= (2.1) exists = u(G) < ™.

3. Rapid decay. Suppose that there is a compact imbedding of the form
(2.1) for some ¢ = p. By Theorem 2, G has finite volume. In this section
we show that u{x € G: x| = R} tends very rapidly to zero as R tends to
infinity.

First we extend the notions of neighbourhood and fringe introduced in the
previous section. Fix a tesselation of E, and let Q be a union of cubes K in
the tesselation. Define

N(@Q) = U N(K),
KCQ

F(Q) = N(Q) ~ Q.
Given & > 0, let A = §[3"(1 + 8)]~!. Suppose that all the cubes K in Q are
A-thin. As K runs through the cubes inside Q the sets F(K) are contained
in N(Q) and cover N(Q) at most 3" times. Therefore

w(@NG) = ch:qu(KﬂG)

A D w(FE)NG)
KCQ

IIA

= 3@ NG)
= 3"\k(@NG) + u(F(Q) NG
Since u(G) < % we can transpose and get

KQN6) S 725 u(FQ) N G) = 3w(F(Q) N G).

For any set S C E, let Q be the union of the cubes K of our tesselation
whose interiors intersect .S and define F(S) = F(Q). If S is at a positive
distance from the finitely many \-fat cubes, then all of the cubes in Q are
A-thin and

3.1) LENG) = w@NG) = wu(FE)NG).

THEOREM 4. Suppose that there is a compact imbedding of the form (2.1) for
some q = p. For eachr =2 0let G, = {x € G: |x| > r} and let S, be the surface
{x € G: |x| = r}. Let A, denote the n — 1 dimensional surface area of S,. Then

(a) given €, 6 > O there exists an R so that for r = R,

p(G,) Soufx €G:r—e = |x| 7},
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(b) if A, is positive and ultimately non-increasing as r tends to infinity, for
each € > 0, A,/ A, tends to zero as r tends to infinity.

Proof. Given € > 0 tesselate E, by cubes of side & = ¢/24/n. Then any
cube K whose interior intersects G, is contained in G,_3. and

FG,) Clx€eG:r—e=|x| =r}.

Given § > 0, define A as above and take R large enough that the finitely
many A-fat cubes are all contained in the ball of radius R — e centred at the
origin. Then for » = R all the cubes K whose interiors intersect G, are \-thin,
and (a) follows from (3.1).

For (b) choose R, so that 4, is non-increasing in [Ry, ). Fix ¢/, § > 0 and
let e = 3. Let R be as in (a). If » = max{R, + ¢, R} then

A+erSlf’+25A ds < £Gred
= e s =

€

§g,u{x€G:r§ lx| £ 7+ €

5 r+e¢
=;f A,ds £ 64,.

Since ¢’ and § are arbitrary, (b) follows. This completes the proof.

COROLLARY. If there is a compact imbedding of the form (2.1) for some ¢ = p
then for all k

lim ¢’ (G,) = 0.
Proof. From (a), we have that u(G,r1) = 6u(G,) for given § > 0 and all
sufficiently large 7. Thus u(G,) tends to zero more rapidly than e¢~*” for any k.

Remark 2. The argument used in the proof of (a) works for any norm
pon E,. For (b), we need in addition to have that 4, is well defined and that

yvrt€
px€Gir S plx) Sr+ ¢ = A, ds.

T

This is true, for instance, when p(x) = max |x,|.

Remark 3. For the proof of (b), it is sufficient that 4, have an equivalent,
positive, non-increasing majorant. That is, there should exist a positive,
non-increasing function f and a constant M > 0 so that for all sufficiently
larger, A, = f(r) = MA,. Indeed, if there is such a majorant then (a) and (b)
are equivalent.

It is easier to determine whether a domain satisfies the conclusions of
Theorem 4 than it is to determine whether it satisfies those of Theorem 1.
We now show, however, that Theorem 1 is sharper than Theorem 4.
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Example 2. (A horn) Let f € C'([0, ®©)) be positive and non-increasing,
with bounded derivative f’. Let G be the horn-shaped domain in E; given
by G=1{(,0,2):2>0,r <f(z)}] where (r,0,2) are cylindrical polar
coordinates. Let p be the supremum norm on Es, i.e.,

p(w,y,2) = max (|x], |y}, |2]).

Then for all sufficiently large s, 4, = 7[ f(s)]2. Clearly G satisfies conclusion
(b) of Theorem 4 if and only if

3.9 l'mw
©.2) AT
The monotonicity of f implies that conclusion (a) of Theorem 4 also holds if
and only if (3.2) does.

We shall see later that, for domains of this type, the natural imbedding

(3.3) wm?(G) — L*(G)

is compact. (In fact the techniques of [4] can be used to show this.)
Example 3. (A bihorn) Let f be as in example 2 above, satisfying (3.2) and
also f’(0) = 0. Choose a positive, non-increasing function g € C'([0, ®))
satisfying
(@) g(0) = f(0)/v2,¢(0) =0,
(b) g(s) £ f(s) foralls = 0,
(c) g is constant on infinitely many disjoint intervals of unit length.
Let 2 = +/(f? — g?). Consider the domain

G={(00,2):r<g(k) ifz=20, r<h(—2)ifz<0}.

Once again we have that 4, = [ f(s)]? for all sufficiently large s, and that G
satisfies the conclusions of Theorem 4.

Tesselate E, by cubes of side 1 with faces parallel to the coordinate planes,
one of the cubes being centred at the origin. There are infinitely many \-fat
cubes with centres on the positive g-axis, for A < 4. By Theorem 1 the natural
imbedding (3.3) is not compact.

Theorem 4 fails to reveal this fact because its conclusions are global con-
ditions and the compactness of (3.3) seems to depend on the local properties
of G.

=0 foralle>0.

4. Flows. In this section we prove that the natural imbedding
4.1) wme(G) — L (G)

is compact for a class of domains which includes the horn of example 2 (when
(38.2) is satisfied). We need a sequence {Hy}*y-1 of subdomains of G for which
the imbedding is known to be compact, and we require the volume of G to
decay very rapidly in each branch of Gy, the complement of Hy in G. Another
way to state this second property is that the volume should increase rapidly
as we flow towards the origin through Gy.
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Definition. By a flow on G we mean a C! map ¢ : U — G, where U is an
open set in G X E; containing G X {0}, and where ¢(x, 0) = x for all x in G.

For fixed x in G the curve t— ¢(x, ) is called a streamline of the flow.
For fixed ¢ the map ¢,: x — ¢ (x, ¢) sends a subset of G into G. We shall be
concerned with the Jacobian det ¢, (x) of this map (where ¢, denotes the
Frechet derivative). Sometimes it is required of a flow that ¢, , = ¢, 0 ¢,,
but we do not need this property and so do not assume it.

Example 4. Take G to be the horn of example 2 with (3.2) satisfied. Define

(z— 1) >
r,0,2,1) = (rf——~,0,z —t) fort < z.
The flow is toward the plane z = 0 and the streamlines diverge as the domain
widens. This indicates that ¢, is a local magnification for £ > 0. Indeed

2
det ¢,/ (r,0,2) = (ﬂ%ﬂ) —00 asg— 0.
In this case the magnification is just 4,_,/4, because the speed of the flow
in the z direction is constant. Thus the local properties of the flow reflect the
global behaviour of the volume and cross-sectional area of G.

For N=1,2,...let Hy ={(,0,2) € G:0 < 2 < N + 1}. The natural
imbeddings W™?(Hy) — L? (Hy) are known to be compact because these sets
are bounded and satisfy the cone condition. This compactness together with
the above properties of the flow are sufficient to force the compactness of
(4.1) for our horn.

THEOREM 5. Let G be an open set in E, for which
(@) there is a sequence {Hy}"n=1 of open subsets of G such that for all N the
imbedding W'? (Hy) — L? (Hy) is compact;
(b) there is a flow ¢ : U — G such that if Gy = G ~ Hy then
(i) Gy X [0,1] € U for each N,
(i1) ¢, s one-to-one for all t,

< M for all (x,t) in U,

(iii) la—"t é(x, )

(c) the functions dy () = supscoy |det ¢,/ (x)|~! satisfy
1) dy(1) >0 as N — ®©, and,

1
(ii) f dn(t)dt —>0as N — o0,
0

Then the imbedding (4.1) is compact.

Proof. Let ¢ € C'(G). We want to estimate fGN]‘//(x)Idx. For each x in Gy
we have

V) = i) — [ 2w an
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Now
J el sa [ 1w det v as
< dy() f¢ R
< V) | WOl dy.
And

dx

fGN ' fol;% ¥($.(x)) dt

<) Toe) | £ o]

< f af wusniras

< dNu)dth IV9(6.(x))] ldet ¢/(x)| dx

gM{J;ldN(t) dt}{LIW(y)]dy}-

Letting 65 = max(dy(1), Mfé dy (t)dt) we have

S e <o [ v@l+ 9@ ds 5 sl

and §y — 0 as N — 0,
Now suppose that u is real-valued and belongs to C*(G) N\ W'1(G). The

distributional partial derivatives of |u|? are
D;(julp) = p - |ulr~1- (sgnu) - Du.
By Holder’s inequality

S 1@ 5 plIDllog.cllel P ose < plullPrnc

Therefore |u|? € W'1(G) and by the theorem of Meyers and Serrin [9]
there is a sequence {¥,}® ;=1 of functions in C*(G) N W'1(G) so that ¢; — |u[?
in Wt1(G). Then

J; |u(x)[” dx = lim fG ¥,(x) dx

< lim sup 5Nl]ll/j] l1,1.6
I

= oul| [#f”|l1.1.6

< const. dy||%||"1..¢-
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For complex-valued « in C'(G) M W?(G) we can apply the above argument
to the real and imaginary parts of # to obtain the Poincaré inequality

(4.2) f |u(x)|” dx < const. oy||#|| 15,0
G,

N

Since C1(G) N\ W'?(G) is dense in W'?(G), inequality (4.2) holds for all # in
Wie(G).

Finally, let {#,}® ;-1 be bounded in W1?(G). To show that {«,} is precompact
in L?(G) it suffices, by a diagonalization argument, to prove that

(i) the sequence {u;|z,}~ ;-1 is precompact in L? (Hy), for all N, and

(ii) for every e > 0 there exists NV such that [|u,]|0p,e, < € for all 5.
But (i) is true by assumption (a) of the theorem, and (ii) follows from the
Poincaré inequality and the fact that 6 — 0 as N — . Thus the imbedding
Wir(G) — L?(G) is compact. For m > 1 the imbedding W™?(G) — W?(G)
is continuous and so the composition W™?(G) — L?(G) is compact. This
completes the proof.

Remark 4. We note that in example 4

_ s — t)}*2
dy(t) = sil;r%{ 70s) Z1lforallt=0.

Also
lim dy(t) = 0if ¢ > 0.

N-oowo
By dominated convergence
1
lim | dy(t)dt = 0.
Noo Y 0

The assumption that f 7 is bounded guarantees that the speed

[¢]
a ¢(x: t)

is bounded. Theother hypotheses of Theorem 5 are easily verified, so that the
imbedding (4.1) is compact.

Remark 5. 1t is easy to imagine more general domains to which Theorem 5
applies, although it may be difficult to specify a suitable flow. There appears
to be such a flow, for instance, in a connected domain with infinitely many
horn-like branches, as long as the volume decays rapidly enough in each
branch. Indeed, for unbounded domains in which the volume decays mono-
tonically in each branch, Theorem 5 is essentially the converse to Theorem 4.
That is, we can apply the argument of Theorem 4 separately to each branch
and show that, if the natural imbedding (4.1) is compact, then for all ¢ > 0

Arﬁ

4.3) lrl_gln i 0,
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where A4, is the cross-sectional area of the branch. If the domain is sufficiently
regular it will carry a flow, such that, as in example 4, the magnification in
each branch will imitate the behaviour of 4,_,/4,. Since 4, is monotonic and
(4.3) holds, Theorem 5 applies and the natural imbedding is compact.

Remark 6. Theorem 5 can also be applied to bounded domains. Consider,
for example, a domain like the horn of example 4 except that it is centred on
a bounded spiral rather than the z-axis. Such a domain carries a flow much
like the one in example 4, and by Theorem 5 the natural imbedding (4.1) is
compact. The usual compactness theorem does not apply to this domain,
however, because it does not satisfy the cone condition.

As another example consider a bounded domain which satisfies the cone
condition except in neighbourhoods of one point where it has a cusp. Imagine
a flow out of this cusp and let Hy consist of all points in the domain distant
at least 1/N from the tip of the cusp. Again Theorem 5 can be used to show
that the natural imbedding is compact.

Remark 7. The proof of Theorem 5 can be modified to work with weaker
hypotheses than (b) and (c). There are domains which appear not to satisfy
(b) and (c) but for which some modified argument works. For instance, there
are horns for which the natural imbedding is compact although f fails to be
monotonic or even to have an equivalent non-increasing majorant. Most of
the changes are fairly obvious, however, and we omit the details.

Remark 8. Finally, are there compact imbeddings of the sort W™?(G) —
L%(G) for G unbounded and ¢ > p? By Theorem 2 such a domain would have
to have finite volume and could not satisfy the cone condition. It does not
even appear to be known whether there are any such domains for which there
is a continuous imbedding of the above sort with ¢ > p. If, however, such a
continuous imbedding exists, then a standard interpolation argument shows
that the imbedding W™?(G) — L™(G) is compact for all » < q.
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