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APPROXIMATION OF FUNCTIONS
BY POLYNOMIALS IN C[—1, 1]

Z. DITZIAN AND D. JIANG

ABSTRACT. A pointwise estimate for the rate of approximation by polynomials,
) = Puo)] < € My (fun™ om0 ™),

for0 < A < 1,integerr, ¢ = V1 —x? and §,(x) = n~! + p(x), is achieved here.
This formula bridges the gap between the classical estimate mentioned in most texts on
approximation and obtained by Timan and others (A = 0) and the recently developed
estimate by Totik and first author (A = 1). Furthermore, a matching converse result and
estimates on derivatives of the approximating polynomials and their rate of approxi-
mation are derived. These results also cover the range between the classical pointwise
results and the modern norm estimates for C[—1, 1].

1. Introduction. Polynomial approximation of functions in C[—1, 1] has been in-
vestigated extensively. The direct result was proved by Timan, Dzjadyk, Freud and Brud-
nyi, (see [5] and [7]), each extending the previous work. They proved that for every
function f € C[—1, 1] there exists a sequence of polynomials of degree n, P,, satisfying

(1.1) [f(x) = Pa)] < COW (fon~ (07" + V1 = x2)) = Cow' (f.n '8a(x))

where
(1.2) (1) = Sup [Aufllcr-1.1
0<h<t
and
(1.3) ALf(x) = { E;ZO(—I)k(;)f(x+(k— %)h) if [x+ %[ <1
0 otherwise.

Recently, it was shown [4, Chapter 7] that there exists a sequence of polynomials of
degree n (the best polynomial approximants to f in C[—1, 1] would do) that satisfy

(1.4) If = Pullq-1.1 < COI,(F,n7")

where

(1.5) Wl (f, 1) = |sl[lp(HA;,JHC[_I,H; o) =V1-x2).
h|<t
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APPROXIMATION OF FUNCTIONS 925

We will show that for every f € C[—1,1] and 0 < X\ < 1 there exists a sequence of
polynomials of degree n satisfying

(1.6) () = Pa®)| < Clr, M (F, 171800 )

where 6,(x) = n~! + /1 — x2 and

1.7 W lfo0) = Sup (185 fllcr-1105 () = VI =),

The inequality (1.6) actually coincides with (1.1) when A = 0 and with (1.4) when A = 1.

Converse inequalities for both (1.1) and (1.4) of the weak-type variety were proved.
We will show that the existence of a sequence of polynomials P,(x) satisfying

(1.8) @) = P < C¥(n 6,0 ),
with ‘P(¢) an increasing function satisfying
(1.9) Yur) < Cu"+ DY) n, t>0
where C is independent of 1 and ¢, implies

(1.10) Spf ) SCENE Y (n+ 1Y (Y.

0<n<t!

This result includes results of Timan and others for A = 0 and a result of Totik and the
first author for A = 1. One has to emphasize that while results by Ditzian and Totik in
[4] apply to the case A = 1 for 1 < p < oo, we have no hope of proving a general result
(i.e. forp # coand 0 < X\ < 1), as in the case A = 0 such a result was proved to be
impossible (see [6] and [1]).

Results about the approximation of the derivatives and an estimate of the derivatives
of the approximating polynomials will be given in Section 6.

2. The direct estimate. The direct result already stated in the introduction as (1.6)
will be stated and proved here utilizing a crucial lemma which will be proved in the next
section.

THEOREM 2.1. For 0 < X\ < 1, an integer r, and any f € C[—1,1] we have a
sequence of polynomials P,(x) of degree n satisfying

(2.1) [f(x) = Pu@)] < Clr N (fun "6 ).

where §,(x) = n~' +v1 —x2.

For the proof we will need the following lemma.
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LEMMA 2.2. For 0 < X\ < 1, an integer r and a function f € C[—1, 1] we can
construct a function Gn(x) such that

2.2) [f(x) = Ga(x)| < MW\ (f, 0 '6a(x)' ),
and
2.3) 5 |GV < MW, (o 600! ),

where 6,(x) = n~ '+ /1 — x2.

PROOF OF THEOREM 2.1. Using Lemma 2.2, we approximate f — G, by the poly-
nomial 0. We now follow [4, Chapter 7] to approximate G,,. We first approximate G~
by P,,—1. We need a trigonometric polynomial kernel 7,, which satisfies

2.4 T,(x) >0, / i T,(x)dx = 1 and
/" |x12’+3T,,(x)dx < 23,
(Such polynomials are constructed in (5, p. 57]). We now define P, ,_; by

Prr1(0) = /_ "" Gob (cos((arccos X) — t)) To(1) dt.
Denoting
2.5) M) = [t|(lf] + V1= x2) and 8,(x) = (),
we now have
L) = 600 (G () = Payer ()|
6y [ [ / ;((mosx)_n GO (u) du]T,,(t) dt'.

—T

Using straightforward computation, we have
A (x) > |x(1 —cost) FV1—xZsint| = ‘x - cos((arccosx) + t)(
(see [4, p. 80]), and hence

1
I(x) < /j,r |x — cos((arccos x) — 1)

8 (0" A1 ()G (1) du

X
T.(t) dt.
/cos((arccosx)—t) "( )

We recall (7.2.5) of [4], that is,
8a(x) < 9 max(n’f*, 1)5,(u)

and
AL () < 10t max(n®r?, 1)6,(u)
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for u between x and cos((arccos x) — t), and the elementary estimate
A(x) < [#|(e] + V1 — x2) < |t|(n|t] + 1)ba(x).

These estimates now imply

L) = /:r |x — cos((arlccos x) —1)| chs(arccosx)—t) lnle] + 1)(2::53)
X [6,(t)" G (u)| du|T,(2) dt.
Using Lemma 2.2 and
2.6) W) ~ Ko (1)
where
@7 K (1.0) = inf (If = gl + 71108,
we have

16,0)GY )| < MW, (f,n ™60 (w)' )
<M\n'K, ,» (f, n_’én(u)'“_x))

r(1-2)
<MK, (f, n"(‘s—"(”)) 6,.(x)""*>)

On(x)
< MI"((fsE:; )KH) * ‘)Kw (f.n8ny =)
(8" )i

We can now write

ror — — n 1
In(x) < Mon wsﬂ*(f’" () A) /—n |x — cos((arccos x) — 1)|

o+ (3265) "+ (325 ) an

< My (fn”'600' ) [ Jelale] + DT + DT
< M4n’_lw;x(f,n_lé,,(x)l_A).

X T.(t)dt

,/cos((a:ccosx)—t)

We have in fact completed the proof of our theorem for the case » = 1. For r > 1 we
continue the process dealing with &, (x)"~! (Gﬁ,"”(x) —Pur (x)) instead of §,(x)"G"(x)
and obtaining the estimate for G{'~?(x) using

Gpr1(X) = /0 X(Gf,’_”(u) = Pyro1(w) du = Gy P(x) — /0 “Poyi(u) du+ C,
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and
6202 (Grr1(X) = Prp2(0)| < M2, (f, 07 60(0)' ).

o

Repeating the process, we have

|Gu(x) = Prar1(0)] < Cul (Fin 600 )
S CW(foar— D760 ).

As the result is valid for all n, we have proved our theorem pending the proof of
Lemma 2.2. (]

3. Construction of the auxiliary function G,. Inthis section we will prove Lemma
2.2 using the technique employed in [2] and [4]. For the sake of completeness and as the
situation here is simpler and somewhat different we will give the complete proof.

PROOF OF LEMMA 2.2. First we choose £ = £(n) such that 4! < n?> < 4, and
then we write

-1
Gu(x) = Wofs )+ Y i1 — Presgnik ), (%)
3.1 " k=—t+1

+ ¥, (f, () +Y_ (), (%)

where
(32 f&) = //01/’.../()1/’12(—1)1'*‘ (;)f(x+jr(ul +o ) duy - -duy,

e = 7(n) = n 12 W sgnik,
Y(x) € C*(R), ¥(x) = 1forx <1,
0<W¥(x <l1forl <x<3and¥(x)=0forx>3

Y(475(1 - ) k<-—1
i) = { w(44(1 +x)) k>1
1 —‘Pl(x)-‘l"_l(x) k=0.

We will only estimate (2.2) and (2.3) forx € I, = [-1+47% 1, -1 + 4 ¥ with k =
1,....,—1land forI}; = [-1,-1 +47] as the estimates for [3/4, 1] are symmetric to
that in [—1, —3 /4] and since the estimates in [—3 /4,3 /4] are very simple. (We note that
the first term of (3.1), i.e. Wo(x)f:1(x) spoils the symmetry of the expression G,(x) but
this will not negate the above as "supp Wo(x) C [—3/4,3/4].) We further observe that
supp Wk (x)(1 — We1(x) C [—1+47% 1, —1+3 -4 and (supp ¥, (x)) N [—1,1] =

[—1,—1 + 3 - 47]. Therefore, we can write forx € I, = [-1+4%', —1+4 %] and
1<k<(—1,
3.3) lf(x) - G,,(x)| < max [f(x) —ij(x)| < Sup (K,’f(x)i

J=kk+1 0<h<r;
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where

Af(x) = fx+ ) — f(x) and Af (x) = A (K5 'f ().

Since for x € I,

A
Sup h/<p(x+%h) < Sup h/2"KDN < prpm1p—k1-Y

0<h<m 0<h<ty

we have

3.4 [f(x) — Go(x)| < Sup |Af (x + fh)‘
0<h<n, 2

<Sup  Sup  |AL_ ) f (O
£ 0<n<2in12-k1-2)

< Swp Al = (f2n ).

0<n<2n716,(x)' >

Forx € I; = [—1,—1 +47¢], we note that when / < 2

h/<P(x+ %h)’\ < h/‘P(—-l + gh)A < h/(l B (-—1 . %h)z)/\/z
o) () e

and as 0 < h < 7, the condition & < 2/r means that n=2 < 4/r. We can now write for
x€l

3.5) 09— Gu(o)] < Sup. IA,f(x)l = Sup A,,f(x+ 2h)‘
0<h<t,

< SUP Sup /2 | n¢(0>f(§)i

1-x
& o<nsiyy,

1. () rsi)

< w;A (f, 2n‘16,,(x)1"\).

'S

We now use Thorem 4.1.2 of [4] with the step weight ¢* (which satisfies the conditions
on step weights there) to obtain

(3.6) Wi (f,2h) < Cwu(f, h)

where C is independent of f and h. This implies (2.2) for n > ny. To obtain (2.2) for all
n we increase the constant.
For the estimate (2.3) we first recall that for 7 > 0

® o RAVEA Y
6.7 ol <3 (1) (5) e
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Using (3.7) and earlier considerations (see (3.5)) we obtain for x € I}

r r -
69l = ool <mi {3 (7)) sup (Eireo
j=1\J 0<h<r,
<7 @O W (207 8a(0)! ).
Using (3.6) and 7; ! < 2n? < 6n6,(x)"! for x € I} we have
G| < Crrn8,(0) "W (fon 600 ).
To prove 2.3)forx € I, 1 <k < { — 1, we write
3.8) Gn () = fr,(0) + Va1 ) (frr () — £, (0)).
For x € I, we show using the technique employed in proving (3.4)
FOW] <77 @) Sup AL < M(ndu) ") W (f.n 1640 )
0<h<my
and
Vik?. (x)l < M(nan(x)_l)rw;x (f, n_lé,,(x)l_’\)

with M independent of k and f.
Since for x € I;
W )] < M4 < My (nbu()™")"

we have to show only
3.9) @) — £ ()] < M3(n8u(0)") Wl (fon 600 )
for 0 < s < r. For s = 0 we derive this estimate following (3.4) and using
[fre ) — fro @] < [ (0) — fO] + |fr., (0 — f ().
For s = r we already obtained the estimate as we may write
5700 = £, 0] < 7] + 17 @)l
For other s (3.9) follows using the estimate
18l ctasy < Al — @) *l|gllctass + & — @ ||l ctan]

(see Lemma 2.1 of [2]) where A is independent of [a,b] and g, a = —1+47%! b =
—1+4*and

8(x) = fr,(x) = fr,, (®). n
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APPROXIMATION OF FUNCTIONS 931

4. Estimate on derivatives of polynomials. In the proof of the converse results we
need an estimate on the derivatives of polynomials.

THEOREM 4.1.  Suppose for a polynomial of degree n we have the estimate
@.1) Pa)] < M(n16,0) w(n 620! ),  |af < 1
where (3 is a real number and w satisfies
4.2) w(ut) < C' + Dw(), wpw>0,t>0.
Then for £ > 3 +s(1 — )
4.3) PO < My (n7'6,0)"  w(n 6,0 ), Jal < 1

where My depends on M, C, ¢, s, 3 and X\ but not on x, P, or n.

PROOE. Let us begin by estimating | P, (x)|. It follows from [5, p. 70 (2)] that for a
trigonometric polynomial 7,(x) we have

T/(1) = 22242 /_” To(t + ) Hp ()R (1) it

where K, , and H, , are trigonometric polynomials,

sin 2

~ i 2m
Roum(u) = (Sinz ) and |Hy m(u)| < 1.
2

We recall [5, p. 57] that
/ Roum(u) du < c(m)n®™",

and hence we have
IT!()| < C1(m)n /j Tt + )| S ()

with S,,,,(#) an even positive trigonometric polynomial of degree (n — 1)m satisfying

T 1\"
—_ Y ~ | - —
4 [ Sun@du=1and /j’rlul Spm(t) d (n) , 0<y<2m—1.
We set T,,(f) = Pp(cost), and hence

4.5) |TH(D)| = |Pi(cost) sint]
< Ci(mn [ |Pu(cost +w)|Sum(w) du

gMc,(m)n/_:(%(i- +|sin(t+u)[))ﬂ

x w(n ! (n~" o+ [sinGe + )" ) Su(u)
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We have

L4 | sin(e + w)|
14 |sing|

L+ |sint| +|sinul

<

: - <1+n|sinu| <1 +nlul,
=+ | sing|

and setting 7 = ¢ + u or calculating directly,

14 |sint]

T <1 +n|u|.
~ + | sin(t +u)|

Therefore, we have
w(n'l (n“1 + | sin(t + u)l)l_/\) < w(n_l(n_l +| sint])! ~A(1 + n|u|)1_’\)
< (14 +nu) ) w(n (" + | sing)! )

and
(n_l(n_l +| sin(t+u)|)>[3 < -0~n]u|)lﬁl(n“‘(n_l +] sintl))ﬂ.

Using the above estimates in (4.5) and | sinf| = v/1 —x2, we have for 2m — 1 > || +
Is|(1—X)

PLOIVT =22 < Min(n™'6,00) w(n 8,00 )
X [ Sum()(1+nlu)) (1 + (1 +nfu)’) " du
< Mzn(n_lé,,(x))ﬁw(n_lé,,(x)“*).
We now observe that for 1 —x? > ﬁ we have v 1 — x2 > %(n”l +1/1 — x2), and hence

1

|P(x)| < M3(n"5n(x))ﬁ_lw(n“'é,,(x)l‘*) forl — x> > -

We set a so that 1 — n’—z = a and obtain
[P (x)] < M4(n_](n_1 + \/(1_2*—:t_i))ﬁ_lo.z(n_l(n_1 + \/22——7)“), x| <a
or
(4.6) |PL(an)] < Ms(n'6,0)" w(n” 16,0, xl <1,
and therefore, iterating (4.6), we have
4.7 IPOa'n)] < Mo(n'6,0)" w(n 6,0 ), x < 1.
Hence for |x| < a’

4.8) L PO@] < My (n718,) " w(n 18,01 ).
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Condition (4.2) now implies for 0 < ¢ < 1,

w(ty) < w(t)

)y — r

4.9)

(with C of (4.2)), and therefore, setting
11 = n"'6,(x)!* for |x| < a’
and t = n***, and recalling 3 — £ + (1 — \)s < 0, we have

lpﬁf)(x)l S M8n2+(1-)\)s—ﬁ6n(x)ﬁ—£+(1—)\)sw(n~—2+)\)
< Mon® B y(n=2), x| < d’.

Using Lemma 8.4.3 of [4],
PP < MignPuwn™?) |x <1,

which, combined with (4.8), implies (4.3). »

5. The converse result. In this section we will prove a converse result that will
unify the result of [4] for the particular case p = 0o with the classical converse result for
polynomial approximation (see [S] and [7]). Of course for 1 < p < oo only the result in
[4] stands.

THEOREM 5.1.  Suppose for f € C[—1, 1] and some given A\, 0 < X\ < 1 there exists
a sequence of polynomials satisfying

(.1 [f(x) — Pu®)] < Mw(n™'8,(x)' )

where w(t) is an increasing function satisfying (4.2) with s = r, that is,
wpt) < Cp" + Duw(?)

for any p >0, t > 0, with C independent of i and t. Then for anyt > 0

(5.2) WA SME Y (n+ D)l

0<n<t!

We will also need the following lemma from [5, p. 58].

LEMMA 5.2. Suppose 0 < uy < upyy < -+ < uyp such that2 < uk/uk~1 <4 and
suppose that w(u) is an increasing function. Then

4
(5.3) Suwuy <M Y (m+ 1) lw@ ™.
k=i

[3u<n<u,
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PROOF OF THEOREM 5.1. The proof of our theorem, i.e., of (5.2), starts in a way quite
similar to that of the cases A = O[5, p. 73] and A\ = 1 [4, p. 83]. We write for x and h

satisfying
(5.4) I(xh,\r)z[x—-fh Mx+Lh A]c[—l 1
: e A M S :
| AR D) < AL (f — Poo)(0)] + | A u Py ()]
5.5)

r r Ar r)
SV, max | = P©] +h e max PO,

and recall that when I(x,h, \,r) ¢ [—1,1], Ay )f (x) = 0. Given x and h for which (5.4)
is satisfied, we choose an integer £ which is ma)uma] satisfying

(5.6) 2727+ o) T > 3.
We will show that for such an ¢ and € € I(x, h, A, r) (satisfying (5.4)) we have
5.7) h<27(27 4 p(6) 7 < 24rh
and
1., _ _
(5.8) 537+ e) <270+ 0@ <227+ p0).

To prove the inequalities on the left of (5.7) we use (5.6) and prove the inequality on the
left of (5.8). The latter is evident for p(x) < 27! as p(€) > 0 and 2r + 1 < 3r. The
inequality p(x) > r2~ ! implies rhp(x)* < ¢(x)?. To show this we write, using (5.6),

2 2 1 1 1-X _ 1 _
2h < 22727 +p) T < Se@ (54 1) @' S S
The identity p(£)? = p(x)? + (x — €)(€ + x) implies
1
P(€)? > p(x)* — the*(x) > p(x)* — Eso(xf = EW)Z,

which, using V2 < 3r, completes the proof of the left side of (5.8) and therefore of (5.7).
To prove the inequality on the right of (5.7), we observe that the choice of £ as maximal
satisfying (5.6) implies

27 (27 + () N < 12,

and we complete the proof of (5.7) when we prove the right hand side of (5.8) (for £ €
I, koA, 1) C[=1,1]). If p(€)? < %rhcp(x)’\, we recall that

1
@) > min(|1 — x|, |1 +x]) > -;-hsou)* > 30(©) or (&) < V3.
If p(£)* > 3rhp(x)*, we write

P < 00 +2|€ — x| < ()? + rh(x)* or p(£)? < 3p(x).
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We now use (4.2), (5.7) and the fact that w is increasing, and obtain

5.9 _ < —ln—t _ g 1=a
G99 max | —Pu(© <M _max w(27Q7 +1-€)'7)
< Mw(24rh) < Myw(h).

To estimate |P(2’,)(§) , we write, recalling P{”(¢) = 0,

{
P& = ;{P;?@) - PO}
As

|Py(x) = Pyt (9] < [Pye(x) — ()] + |Pyser () — £ ()]
< 2Mw (27165 (01 7),

Theorem 4.1 with 3 =0, £ = s = r and n = 2* implies

P (6) — Py (O < My (2"‘(2“" + ¢(§))>;'w(2~k+1 (2741 4 (p(ﬁ))l-/\)
<M, (Z_k(Z'k + @({)))—rw(z—kﬂ (2—k+1 + Lp({))l—’\)'

Therefore, using (5.8) and (4.2), we have

W@V |PO©)
<H (27 + o) PO

r ¢ —
<M (2704 0©) L (2742 +0©)) w(27H(2F +0©)' )

k=1

< Msl’ ké (2-"(2"‘ + w(g))‘"*)_'w@*(z““ + <p(€))H).

We now set in Lemma 5.2 u; ! = [2"‘(2_"+<p(§))14], and observe that 2 < u; /uy_y <
2 - 217% < 4. We further recall, using (5.7), that u;' < u;' < h~!, and hence we can
write

(5.10) K@ PR

< M3H’ > (27560 ) w(276 ()Y
[275 Q7,4+ () A 1>h

<M"Y, (n+Dwin™).

0<n<h-!

Combining (5.9) and (5.10), we complete the proof of our theorem. ]
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6. The derivatives of the approximating polynomial. In this section we will esti-
mate ) — P in terms of the estimate of f — P, in analogy to a classical result of Timan
and others (see [5, p. 74, Theorem 5]). The L, case will also be stated and proved. We
will then estimate P{" in terms of the estimate of |f(x) — P,(x)|.

THEOREM 6.1. Suppose for some f € C[—1,1] and 0 < A < 1 there exists a
sequence of polynomials P, satisfying

(6.1) [f(x) = Pa)| < Mw(n™'6,(0' ), |x] <1

where §,(x) = n~! + /1 — x2, w({) is an increasing function satisfying (4.2), withs = r

and % kK~ 'w(k™!) < 0o. Then f has locally r continuous derivatives and
k=1

(6.2) oM IFP0) — PPl <My S K wk ™).

k>nép!

PROOF. Following the standard technique, we write
(28
f =P+ (Pyp— Py
i=1

. . Y . .
Furthermore, using Lemma 5.2 withu; ! = 5}; (—2-,‘;+<p(x)) ,and letting ¢ there increase

to infinity, the inequality Zn"‘w(%) < 00, which implies Y~ n“w(%) < 00, assures us
of the convergence of the series above. Using Theorem 4.1 (and (4.2)), we have

|PS) (x) — P, ()]
<M, (2"'rz“1(2_"n_l + <p(x))) z.u(Z"""n'l(2“‘“n‘1 + ap(x))luA).
The convergence of Zn’#lw(%) now implies local uniform (in (xp — 6,x + 6) C

[—1+4,1 — 6]) convergence of

e8]

> (P — P, (),

i=1

and therefore, (f — P,)” exists locally. We can now write

[V (f = P < @V 2 [P, = P31
S (p/\r i(zAin—lézi"(x)) ~r(_,‘)(z-in—1(52",,()C)l4/\)
i=1

< fj(2-"n—'521,,(x)1—*)"w(zf"n—‘52.»,,(x)'**)

and this completes the proof of our theorem. ]

The analogue for L, was not stated explicitly in [4] or anywhere we know of, so for the
sake of completeness, we are stating it here.
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THEOREM 6.2. Supposef € L,[—1,1], 1 <p < oo,
(6.3) E(f), = inf [|[f — Pallz,1-1.11
(P, polynomial of degree n) and
S(n+ 1Y E, (), < oo.
Then f” exists locally in the L, sense and

(6.4) e U = POV S M Y (k+ 1 Ee(f)y.

k>n

PROOF. We follow exactly the classical proof using the series 3°2°,(Ppi, — Ppi-1,)
where Py is the best polynomial approximant to f in L,[—1, 1]. Local L, convergence
and the estimate (6.4) itself are guaranteed by the estimate (4, Theorem 8.4.7], i.e.,

(6.5) " PPl Li-1.0 < Cr'||Pul|, 1.1y

for all n-th degree polynomials, P,, which implies

00 o0}
" _
wi}—:l(P;i” — R LyI-11] = 1—21 e = P2l

IN

2C;(2in)’E2;,l(f)p

< C Yk + 1) E(f),. .

k>n

THEOREM 6.3. Suppose for some f € C[—1, 1] and some 0 < X\ < 1 the sequence
of polynomials P, of degree smaller than n satisfies

(6.6) () = Pa()] < M, (fon'80(0)' )
for the r-th modulus of smoothness w; A(f,1). Then

(6.7) lp PP @] < Min8,() "W (f,n 16,00 ).

Obviously, using Theorem 2.1, there exist P, satisfying (6.6). We stated (6.6) to stress
that it is those P, that satisfy (6.7).

PROOF.  Following the proof of Theorem 7.3.1 of [4], we write

£
P = B PP = B~ PO+ Y~ PR
k=1
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where 2¢ <n < 2% As

Wil 1) < COLP( + DWu(f, 1)
for all f, i1 and ¢, we have, using Theorem 4.1,

lpHDPHD ()| < M, [nr+15n(x)—(r+1)(l—/\)wrw (f,n 60 )
i
+3 QK (K 4 ¢)—(r+1)(1—A)w;A(f’ 27k 4 S0)1—A)]

k=1
(6.8) < Man™ 8, (x) VI (Fn 600! ).

Recalling [4, Theorem 8.4.8], we observe that it is sufficient to estimate
@ (L + p)I=VPI(x) and P (x) only for x € [—1 +4r2n72, 1 — 4r’n~%]. We now
write
[n—erAr(n—l + (p)(l—)\)rpflr)(x” < In—rwkr(n—l + (P)(l—k)rpﬁlr)(x) — A;*(%+¢)"*%P"(x)l
+ ]A;A(%ﬂa)lai(i)n —-H)|+ IA:O/\(%.HD)I—A 'l_‘f(x)l

=L+L+ 13.
Clearly
I < W (fon "800 ).

Moreover, for § = x + (5 — )p(@)*(5 + ¢ (x)) "M oandx € [—1+42n72,1 — 4202
we have

A7 o) < p(6) <Ap(x), 0<j<r,
and hence, using w;AU, ut) < C(u" + l)w;x(f, t), we have
-1 1-)
I <2 max [Pu(§) —f(§))] < M, (Fin~"u(gn' )
< Maul(fon'6a(0)' ).
Following Theorem 7.3.1 of [4], we estimate

(l—)x)r|

L <noV@(n 7+ o) PP x) — PO
<@ +00)" e — ¢ [Pr V)

1A 1-
where 1, € € (x — %cp’\(x)(% + ap(x)) Lx+ écp’\(x)(% + Lp(x)) %) Forx € [—1+
4r°n=2,1 — 4rn"?], the above estimate and (6.8) yield the desired result. .
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7. Remarks.

REMARK 7.1. In Theorems 2.1, 4.1, 5.1 and 6.1 we needed a condition on the func-
tion majorizing |f(x) — P,(x)| while for the analogues on L,[—1,1], 1 < p < cono
condition was imposed on E,(f). The technical reason is that in Theorem 8.4.7 of [4]
such a condition is not needed and in our Theorem 4.1 it is.

For the behaviour w(f) = r* we may obtain the following corollaries.
COROLLARY 7.2. Forf € C[—1,1], a < rand 0 < X < 1 the conditions
7.1 @ =P <C(n7' e + VI =)' ) = (18,0
and
7.2) wi(f, ) < Cit®
are equivalent.

COROLLARY 7.3. Forf € C[—1,1],r < xand0 < A < 1(7.1)implies the existence
of f© locally, f" € A. Cpo and

1.3) A=A — PP < G e+ VT )T

COROLLARY 74. Forf € C[—1,1]and o < r the condition (7.1) or
SV () — Pa)] < Cn™
and
(7.4) (1= 2 M f ()] < Cih®
are equivalent.
Corollary 7.4 is proved in a way similar to the treatment in [3].
REMARK 7.5. For A = 0, Theorems 2.1 and 5.1 yield a somewhat different proof
of the Timan, Dzjadyk, Freud and Brudnyi result. One should note, examining the proof

for A = 0, that we do not use theorems on az;(f ,1). We do, however, use the direction
and methods of proofs developed in [4].
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