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Abstract

We investigate the discrepancy between the distributions of the random variable log L(o, f X f,X) and
that of log L(o + it, f X f), that is,

Dy (T) :=sup|Pr(log L(o + it, f X f) € R) — P(log L(c, f X f,X) € R)|,
R

where the supremum is taken over rectangles R with sides parallel to the coordinate axes. For fixed T’ > 3
and 2/3 < 0y < o < 1, we prove that

1
D, (T) < (log—T)o_ .

2020 Mathematics subject classification: primary 11F12; secondary 11K38.

Keywords and phrases: discrepancy, Rankin—Selberg L-functions, random variables.

1. Introduction

Let X(p) be independent random variables uniformly distributed on the unit circle,
where p runs over the prime numbers. The random Euler product of the Riemann
zeta-function is defined by £(o, X) = [],(1 — (X(p)/p”))~". The behaviour of p~" is
almost like the independent random variables X(p), which indicates that {(o-, X) should
be a good model for the Riemann zeta-function.

Bohr and Jessen [1] suggested that log{(o + it) converges in distribution to
log {(0, X) for o > 1/2. In 1994, Harman and Matsumoto [4] studied the discrepancy
between the distribution of the Riemann zeta-function and that of its random model.
For fixed o with 1/2 < o < 1 and any € > 0, they proved that the discrepancy

Dy /(T) := sup [Pr(log {(o + it) € R) — P(log (0, X) € R)|,
R
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2 X. Peng (2]

where the supremum is taken over rectangles R with sides parallel to the coordinate
axes, satisfies the bound D, ((T) < 1/(log T)4=2/C1480)~¢  Here, Pr(f(1) € R) :=
T 'meas{T <t < 2T : f(t) € R}. Lamzouri et al. [8] improved the result by showing
that Dy (T) < 1/(log T)”.

Dong et al. [3] analysed the discrepancy between the distribution of values of
Dirichlet L-functions and the distribution of values of random models for Dirichlet
L-functions in the g-aspect. Lee [9] investigated the upper bound on the discrepancy
between the joint distribution of L-functions on the lineo = 1/2 + 1/G(T),t € [T, 2T],
and that of their random models, where loglog T < G(T) < (log T)/(loglog T)?.

Let f be a primitive holomorphic cusp form of weight k for SL,(Z). The normalised
Fourier expansion at the cusp oo is f(2) = Y5 Ap(m)n*1/2e>™n2 where A7(n) € R,
n=1,2,..., are normalised eigenvalues of Hecke operators T'(n) with A,(1) = 1, that
is, T(n)f = Ap(n)f.

According to Deligne [2], for all prime numbers p, there are complex numbers a¢(p)
and S¢(p), satisfying

las(p)l = ar(p)Brp) =1,
A= apyIBpY vz 1), (LD

0<j<y

The function A¢(n) is multiplicative. Moreover, A¢(p) is real and satisfies Deligne’s
inequality |A¢(n)| < d(n) for n > 1, where d(n) is the divisor function. In particular,
|[A¢(p)l < 2. For Re s > 1, the L-function attached to f is defined by

Lis. f)= ) 40 [1(- af(p))_l(l —ﬁf(f))_l.

n s
n>1 p p P

For Re s > 1, the Rankin—Selberg L-function associated to f is defined by

o )= 1:[ (1- a‘f}(f:)z )_1(1 - ﬁ‘f;f)z )_1(1 - l%)_z = g(zs);”1 A’i’:)z.

According to [6], for Res > 1,

o)

Apyr(n)
logL(s, f X f) = —_
oLl S X )= ), o
where
las(p)” +B(p)Plogp forn = p,
A =
sx1(1) {0 otherwise.
For automorphic L-functions, from [10],
X
2.0~ Crie— (1.2)
ot ogx
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Recently, Xiao and Zhai [12] studied the discrepancy between the distributions of
log L(o + it, f) and its corresponding random variable log L(c, f, X). In this article,
we investigate the discrepancy between the distribution of the random variable
log L(o, f X f,X) and that of log L(o + it, f X f). Define the Euler product

Lo, f % f,X) = ]:[ (1 - —af(p;ix(p))](l _ ﬁf(l’;iX(P))‘(l B X;f))z’

which converges almost surely for o > % Consider
Dy (T) :=sup|Pr(log L(o + it, f X f) € R) — P(log L(o, f X f,X) € R)|,
R

where the supremum is taken over rectangles R with sides parallel to the coordinate
axes. We prove the following theorem.

THEOREM 1.1. Let T >3 and 2/3 < 0g < o < 1, where T and o are fixed. Then,

Do(T) < ——
(log T)~

where the implied constant depends on f and o.

The proof follows the method in [8]. The range of o depends on the zero density
theorem of L(s, f x f) and L(s, sym? f) by noticing that L(s, f X f) = £(s)L(s, sym>f).
Unfortunately, the zero density of L(s, sym?f) can only be obtained nontrivially when
2/3 <o <1 (see [5]).

2. Preliminaries

This section gathers several preliminary results. Since several proofs are essentially
the same as those in [8], we omit their details. For any prime number p and integer
v > 0, we define by(p”) = la/(p)” + B(p)’|*. Thanks to (1.1),

lby(p"I < 4.

From probability theory, if the characteristic functions of two real-valued random
variables are close, then the corresponding probability distributions are also close. The
key to proving Theorem 1.1 is to demonstrate that the joint distribution characteristic
function of Relog L(o + it) and Imlog L(o + it) can be well estimated. For u, v € R,
we define

1 2T
DOy r(u,v) = T f exp(iuRelog L(o + it, f X f) + ivIimlog L(o + it, f X f))dt
T
(2.1)

and

O (u, v) := Eexp(iuRelog L(c, f X f,X) + ivIimlog L(c, f X X)) (2.2)
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LEMMA 2.1 [7, Lemma 4.3]. Lety > 2 and |t| > y + 3 be real numbers. Let % <og<
o < 1 and suppose that the rectangle {s : oy < Re(s) < 1, [Im(s) — 1| < y + 2} does not
contain zeros of L(s, f X f). Then,

b 0( loglf| mfo-)’
va(0'+lt) (0-1 _ 0-0)2

log L(s. f X f) = |

'Sy
where oy = min(o + 1/logy, (o + 079)/2).
LEMMA 2.2. Define N(co, T) as the number of zeros py = By + iyy of L(s, f X f) with
oo < By <landlys| <T. Then,
7>(1-00/G=2000+e 5 1/2 < 07p < 23/32,
N(og, T) = { T?60-00)/(1-400)+e  £5023/32 < o7y < 3/4,
T2(1-00)/o0+e for3/4 <oy < 1.
PROOF. Here, L(s, f X f) can be written as L(s, f X f) = (s)L(s, sym?f). The result is

easily obtained from the zero density of the Riemann zeta-function [13] and symmetric
square L-functions [5]. O

LEMMA 2.3. Let2/3 <o <1land3 <Y <T/2. Then, forallt € [T,2T],
br(p")

va(0'+it)

log L(s, f X f) = Z + 0, (Y I 1083 T)

p'<Y
except for a set D(T) with meas(D(T)) <y T103-3120)/(73-a)+ey,

PROOF. Take o =1(3+0) in Lemma 2.1. The result follows easily from
Lemma 2.2. O

The details of the next three results can be found in [12].

LEMMA 2.4. Let 2/3 <o <1, 128 <y <z and {b(p)} be any real sequence with
|b(p)| < 4. For any positive integer k < log T/201og z,

%f:T Z lljf(’]z’)f di < k!( Z (b;%)z)k+rl/3_

y<psz y<p<z

2k

Moreover,

b(p)X(p)
E(Z p)X(p

x 2k) <l ( Z (b(‘;?_)z )k.

y<p=<z p

Y<p=z

PROPOSITION 2.5. Let 2/3 <o < 1 and Y = (log T)* for a fixed A > 1. There exist
a; = ay(o,A) > 0and a| = aj(0,A) > 0 such that

. ( Z b(p”) . (log T)'=
T Z yp'@+in| = Toglog T

logT )
loglog T

)<< exp(—al
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and

_ (log)'™*
~ loglogT

Z by(p")X(p)”

, logT
) < exp( —-a) )
yp*o 1

oglogT

d

LEMMA 2.6. Let Y be a large positive real number and |z| < Y=/, Then,

p'sY

br(p")X(p)” )))

VpVG'

E(L(cr, f X f,X)F) = ]E( exp (z Re( D

p'sY

+ O(E(IL(U,f x f, X)|Re(z)))%)‘

Moreover, if u, v are real numbers such that [u| + |v| < Y712, then

CD(rf"d(u, V) = E( exp (iu Re( Z —bf (py)X(p)v) +iv Im( Z —bf (POX(p) )))

f vpro = vpre

lu + V|
+ 0( Yo7 )

LEMMA 2.7. Let 2/3 <o <1 and Y = (log T)* for a fixed A > 1. For any positive
integer k < log T/(20A loglog z), there exist ax(c) > 0 and a,(o) > 0 such that

1 2T bf(pv)
T . Z yp(@+in)

p'sY
5

Here the implied constants are absolute.

2% ( % )Zk

and

Z by(p")X(p)’

VPVO'

)<

p'sY

PROOF. By using Lemma 2.4, the lemma follows easily from the method in
[8, Lemma 3.3]. O

LEMMA 2.8 [11, Lemma 6]. Let2/3 <o < 1 and Y = (log T)* for a fixed A > 1. For
any positive integers u, v such that u + v < log T/(6A log log T),

1 by(p”) \ be(p") \
Tf]i (Z va(0'+il)) (Z va((r—it)) dt

p'sY p'sY
br(PXPY N e PIXY VY Y
-5 3 PR3 P ) o )

with an absolute implied constant.

https://doi.org/10.1017/50004972724000790 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000790

6 X. Peng (6]
PROPOSITION 2.9. Let 2/3 <o <1 and Y = (logT)Y* for a fixed A > 1. For all

complex numbers zi, zp, there exist positive constants az = az(o,A) >0 and
ay = ag(0,A) > 0 with |z1], |z2] < az(log T)” such that

1 br(p” be(p”
? f eXp (Zl Z fVE(I:H')I) T2 Z fvgffi)t) ) dt
AT) Al =y VP

ool 3 PN, 3 BT o 2T )

4% Vo - 4
= vp = vp loglog T
with an absolute implied constant. Here, A(T) is the set of those t € [T,2T] such that

b \
> P |
ypv(a'ﬂt)

p'sY

(logT)'~~
loglog T

PROOF. The proof is the same as that of [8, Proposition 2.3] by using Lemma 2.7,
Proposition 2.5 and Lemma 2.8. ]

PROPOSITION 2.10. Let2/3 < 0g < 0 < 1 and A > 1 be fixed. There exists a constant
as = as(o, A) such that for |ul, |v| < as(log T),

1
(I)o' , — (Drand , + 0(—)’
7, v) = O (u, v) oz T
with the implied constant depending on o only.

PROOF. Follow the general idea of the proof of [8, Theorem 2.1]. Let B = B(A) be a
large enough constant. Let Y = (log T)5/“~?/3_ By Lemma 2.3,

br(p”) 0( 1 )

log L(s, f X f) = Z (log T)B/23

V(o +it)
=p

forall t € [T, 2T, except for a set D(T) of measure 7'~ for some constant d(c) > 0.
Define C(T) = {t € [T,2T],t ¢ D(T)}. Then,

Dy r(u,v)

T

1 bs(p” be(p” 1
L[ cofiure S 220 i S B o )
T Jo L ypr L yp (log 7)

1 (T be(p” b(p” 1
_f exp(iuReZ AL +ivim Y ) )dt+0(—24).
T T = va(crﬂt) = va(o'ﬂt) (IOg T)B/ —

1
== f exp(iuRelog L(o + it, f X f) + ivImlog L(o + it, f X f))dt + O(T ™))
Cc(T)
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[7] Rankin—Selberg L-functions 7
Let A(T) be defined as in Proposition 2.9 and take z; =i(u—iv)/2 and

Zp = i(u + iv)/2 in Proposition 2.9. From Proposition 2.5 and Lemma 2.6, the integral
above is

1 b(p” be(p” 1
= — f exp (iu Re Z {,E(I:H)t) +ivIm Z {,((ii)t))dt + 0( B)
T Jac =P =P (log T))

= E( exp (iu Re Z M +ivIm Z be(p")X(p)” )) N 0( 1 )
p<Y

va(0'+it) va(0'+it) (log T)B

p'sY

= O™y, v) + 0( =

o)
(log T)B-1)°

LEMMA 2.11 [8, Lemma 7.2]. Let A > 0 be a real number. Let y(y) = 1 ify > 1 and 0
otherwise. For any ¢ > 0,

1 et —1ds
X()’)Sffys — fory>0.
7T Je) As s

We cite the following smooth approximation [8] for the indicator function.
LEMMA 2.12. Let R={z=x+iy € C:m; <x <my,n; <y <ny} for real numbers

my,my,ni,ny. Let K >0 be a real number. For any z = x + iy € C, we denote the
indicator function of R by

~ sin?(rK(x —my))  sin®(K(x — my))
18(2) = Wica(2) + O K —m))? | (xK(x—mn)?

sin(7K (y — ny)) . sin?(7K (y — I’lg)))
(nK(y — ny))? (nK(y —np))* /’

where
Wi 2(2) lRefK fKG(“ )G(V )( ) £ (1) o (9)
= — — — e mymy\U) Jnyny(V
K.R < 2 0 0 K K 1,112 1,72
) du dv
_ pArilux+vy) Frngamy @) fry (V) — —.
u v
Here,
2u
G(u) = — +2(1 —wyucot(nu) foru € [0,1],
b8
and
—2miau __ e—2ﬂi,3u
fap(u) = 5 fora,p eR.

LEMMA 2.13. Let 2/3 <0 < 1. Let u be a large positive real number. There exist
constants ag = ae(f, o) and ag = ag(f, o) such that

2/0-2
E(exp(iuRe log L(, f X f,X))) < exp ( - aﬁbi )
ogu

https://doi.org/10.1017/50004972724000790 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000790

8 X. Peng [8]

and

2jo-2
E(exp(iuImlog L(cr, f X f,X))) < eXp(_ s Liog )
u

PROOF. Follow the general idea of the proof of [8, Lemma 6.3]. We denote the Bessel
function of order 0 by Jy(s) for all s € R. Note that for any prime p, E(eReX(?)) =
E(e#™X(P)) = Jo(s). Since log(1 + 1) = t + O(#>) for |f| < 1,

|E(exp(iuRelog L(o, f X f,X)))|

= 'E( exp (iu Relog(l:[ (1 - %ﬁrx(m)_l(l - 'Bf(%ix(m)_l(l - XIS([:) )_2)))‘

Jo(uﬂzip))‘.

< T 2o (M2 rex + of 2 )) = expeonire [

p>ulle p>utle

For |s| < 1, we have Jy(s) = 1 — (s/2)*> + O(s*). By using (1.2), for some constant
ag = ag(f,0),c > 0, the product above is

W2 Ajf(p) w2 u2o-2
o5 5 (ol <o)
exp{ 2 Z ( G + G exp| — ae Tog

>l

The second inequality can be derived similarly. |

3. Proof of the main theorem

Let R be a rectangle with sides parallel to the coordinate axes. Define ¥7(R) =
P(log L(o + it, f X f) € R) and Y(R) = P(log L(o, f X f,X) € R). Let

R =RN[-(logT),(log T)’] x [-(log T)*, (log T)*].

According to Lemma 2.3 and Proposition 2.5, for some constant a; > 0,

_ ~ log T
W (R) = W (R) + 0( exp( Wioglos T))

Similarly to [12], by using Lemmas 2.6 and 2.11, we can obtain the relationship
between ¥(R) and ¥(R): for some constant a}, > 0,

W(R) = ¥(R) + 0( exp( - “91;;1%))'

Let S be the set of rectangles R c [—(log T)?, (log T)*] x [—(log T)?, (log T)*] with
sides parallel to the coordinate axes. Then,

log T
Do (T) = sup [¥7(R) — ¥(R)| + 0( exp( - mL)).
RS loglog T
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In light of Lemma 2.12, choose K = ag(log T)?, for some ag > 0, and |m,|, |m5|, |n1],
Iny| < (log T)3. Then it follows that

2T

Yr(R) = % . Wk r(log L(o + it, f X f))dt + E; 3.1

and, in addition,

E, < Ip(K,my) + Ir(K,mp) + Jp(K, ny) + Jr(K, ny),

where
1K, m) = 1 f” sin’(7K (Re log L(a'.—l- it, f X f) —m)) i (3.2)
T Jr (@KRelogL(o +it, f X f) — m))?
and
In(Kom) = 1 fZT sin’(7K(Im log L(o + it, f X f) — n))
’ T Jr  (K(ImlogL(o +it, f X f) — n))?

First, we treat the main term of (3.1):
1 2T

) _1 K rK oy %
7 WK,R(logL((Hn,fxf))dz_ERej; fo G(?)G(})

_— du dv
X (Do 7 e, =271V) fony iy (W) frry 7y (V) = Do 7 2ttty 27) fin, iy (W) frry 1y (V) e
where @ 7 is defined by (2.1). Since 0 < G(u) <2/m and |f,p(u)| < mulB — al, by
Proposition 2.10,

% :T Wi x(log L(o + it, f X f))dt = B(Wx g(log L(cr, £ X f,X))) + O((log;T)z)'
Moreover,
Y(R) = E(Wgr(og L(o, f X f,X))dt) + E,.
Here,
Ey < Irana(K, my) + Lana(K, m2) + Jrand (K, 1) + Jrana (K, n2),

where

)
and

ik )
Hence,

Y7 (R) = Y(R) + E3, 3.3)
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where
1
Ey=E +E +0(—),
’ : g (log T)?
Notice that

sin“(rKx)  2(1 — cos(2nKx)) 2 f
B =5 | K- 2mv) dv. 34
(mKx)? K2(2nx)? K ), ( v) cos(2mxv) dv (3.4)

To bound E;, we use (3.4) to rewrite (3.2):

1 2T 2 K
(K, m) = Re(? fT 5 fo (K - v) exp(2riv(Re log L(cr + it, f X f) — m)) dv dt)

2 ¥ ,
=Rez f (K —v)e "™ d,, +(27v, 0) dv.
0
From Proposition 2.10,

2 K —2nivm g rand 1
Ir(K,m) = Reﬁ jo‘ (K —v)e Q" (2mv, 0) dv + 0((10g—T)9)’

uniformly for all m € R. Lemma 2.13 implies that
1
I T(K , m) < E .

The bound J7(K, n) < 1/K can be obtained using the same method. Therefore,

1
El < E (35)

Then, using (2.2), (3.4) and Lemma 2.13,
2 K
Lana(K,m) = E(Ff (K —v)cos(2av[Relog L(o, f X f,X) — m])) dv
0
R 2 fK(K ) —Zn'ivmq)rand(z O)d < 1
= REe— - 5 e}
X J, v)e o (2mv v X

uniformly for all m € R. Similarly, we can obtain J,ng(K, n) < 1/K, uniformly for all

n € R. Thus,
1
E < e 3.6)
Combining the estimates with (3.3), (3.5) and (3.6),
1
D (T) « ———,
(log T)”

which completes the proof.
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