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Abstract
The large number of patients with ankle injuries and the high incidence make ankle rehabilitation an urgent health
problem. However, there is a certain degree of difference between the motion of most ankle rehabilitation robots
and the actual axis of the human ankle. To achieve more precise ankle joint rehabilitation training, this paper pro-
poses a novel 3-PUU/R parallel ankle rehabilitation mechanism that integrates with the human ankle joint axis.
Moreover, it provides comprehensive ankle joint motion necessary for effective rehabilitation. The mechanism has
four degrees of freedom (DOFs), enabling plantarflexion/dorsiflexion, eversion/inversion, internal rotation/external
rotation, and dorsal extension of the ankle joint. First, based on the DOFs of the human ankle joint and the variation
pattern of the joint axes, a 3-PUU/R parallel ankle joint rehabilitation mechanism is designed. Based on the screw
theory, the inverse kinematics inverse, complete Jacobian matrix, singular characteristics, and workspace analysis
of the mechanism are conducted. Subsequently, the motion performance of the mechanism is analyzed based on
the motion/force transmission indices and the constraint indices. Then, the performance of the mechanism is opti-
mized according to human physiological characteristics, with the motion/force transmission ratio and workspace
range as optimization objectives. Finally, a physical prototype of the proposed robot was developed, and experi-
mental tests were performed to evaluate the above performance of the proposed robot. This study provides a good
prospect for improving the comfort and safety of ankle joint rehabilitation from the perspective of human-machine
axis matching.

1. Introduction
The ankle joint serves as a pivotal connection between the foot and the shank, enabling stabilization
of the body and maintenance of balance during activities like walking, running, and jumping [1, 2].
Research has shown that ankle joint dysfunction is often caused by traumatic brain injury, stroke, and
other neurological injuries, but it can also be caused by mechanical injuries such as ankle sprains [3].
After the ankle joint injury, it leads to excessive ligament relaxation and ankle joint instability, which
is easy to cause repeated sprains. If the ankle joint injury is not timely rehabilitation treatment, it will
affect the walking ability of patients and lead to muscle disuse atrophy, resulting in ankle joint dys-
function [4–6]. Its high incidence rate has led to ankle joint rehabilitation becoming a pressing medical
and healthcare issue that requires resolution. In traditional ankle joint rehabilitation therapy, physical
therapists typically conduct the rehabilitation training on the ankle joint. However, traditional treatment
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methods are plagued by several issues: a severe shortage of rehabilitation medical beds, a lack of pro-
fessional talent, and high rehabilitation costs. Moreover, there is a disparity in the professional technical
level of physical therapists, making it difficult to achieve uniform quality in treatment. The development
of ankle joint rehabilitation devices is urgently needed to address these issues and enhance patient care.
With advanced technology, innovative devices can revolutionize ankle joint rehabilitation, leading to
improved outcomes and better quality of life for patients.

Ankle rehabilitation mechanisms are usually designed based on the equivalent model of the ankle-
foot complex, which is mainly divided into three categories. The first category equates foot movement
to either a single DOF hinge joint model or a dual-rotation model. We discuss notable contributions
from researchers, highlighting their proposed mechanisms. Lin [7] developed a single-DOF robot for
ankle rehabilitation and evaluation, which can achieve three training modes, including passive trac-
tion, active tracking under constant external load, and control capability training. Saglia [8] proposed
a high-performance 3-UPS/U ankle rehabilitation mechanism with two DOFs that can meet the reha-
bilitation needs of dorsiflexion/plantarflexion and inversion/eversion. Agrawal [9] designed an ankle
movement correction biped rehabilitation robot with two DOFs, which can obtain the angular posi-
tion of the rotating axis through encoders and sensors. Vallés [10] proposes a 3-RPS parallel ankle
rehabilitation robot that has implemented passive, active assist, and active resistance exercises to train
dorsiflexion/plantarflexion, varus, and valgus ankle movements. The second category equates foot move-
ment to a spherical hinge model, divided into two modes: a fixed pivot point equivalence model and a
drifting pivot point equivalence model. Li [11] equates the ankle joint to spherical hinge model and
proposes a 3-DOF ankle rehabilitation mechanism, which adopts a series R mechanism and a 2UPS/RR
parallel mechanism. Flores-Salazar [12] proposed 2PUS+RR mechanism for inversion/eversion and
flexion/extension, adduction/ abduction movements. Chang [13] addressed strong coupling and poor
performance in ankle rehabilitation mechanisms by proposing a decoupled three-DOF ankle rehabil-
itation mechanism. Wang [14] introduced a redundant drive parallel ankle rehabilitation mechanism
with 3-RUS/RRR configuration, which can achieve rotational movements of the ankle joint in three
directions, offering better flexibility and stiffness suitable for rehabilitation exercises. Shi [15] proposed
a 4UPS-RRR parallel ankle joint rehabilitation mechanism. The center of rotation of the rehabilitation
institution can coincide with the height of the rotation center of the human ankle joint. Zeng [16] focused
on real-time alignment issues and proposed a self-aligning parallel ankle rehabilitation robot (PSAAR)
with “suitable passive DOF” to address joint rotation center alignment challenges. Dai [17] proposed
a new reconfigurable ankle rehabilitation mechanism that can perform static and dynamic rehabilita-
tion training, equating the ankle joint to a movable spherical joint model that can automatically match
the joint compound of the ankle, and the dexterity of the mechanism varies smoothly throughout the
entire working space. The third category equates foot movement to a dual-motion pair serial model.
Wang [18] proposed a novel 2-UPS/RRR parallel ankle rehabilitation robot with a movable platform
with adjustable rotation centers to accommodate the patient’s different ankle rotation centers. The third
category equates foot movement to a double U-pair hinge model: Zhang [19, 20] proposed high-fit ankle
joint models (UR, UU, and US) and presented a modular integrated design method, constructing a series
of generalized spherical parallel mechanism ankle joint rehabilitation machines. Dul [21] equated the
ankle-foot motion model to a spatial double-rotation serial mechanism, fully considering the influence
of the talus on joint movement. Two kinematics pairs were used to fit the ankle and the subtalar joint,
respectively, which is more reasonable than the spherical hinge model, but still has a difference compared
to the actual ankle structure.

Previous studies have employed various models to represent the human ankle joint within rehabilita-
tion devices, each with its own advantages. However, numerous studies have shown that the ankle-foot
motion axis continuously changes throughout the entire range of motion [22–27]. Leardini [28] used
visual motion capture technology to map the movement of the heel, talus, and fibula bones in the cadav-
eric specimen relative to the stationary tibia and found that most foot movements occur at the ankle
joint, also sketching out the passive rotation axis of the ankle. Beimers [29] utilized CT scanning tech-
niques to chart the movement of the foot between extreme positions and discovered that the inclination
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Figure 1. Bone structure of the ankle joint.

of the spiral axis during the extreme pronation and supination of the subtalar joint showed good consis-
tency, whether combined with dorsiflexion/plantarflexion or not. Sheehan [30] collected sagittal data on
the joints of the foot using cine-phase contrast magnetic resonance imaging technology and from this
derived a complete kinematics description of each joint, drawing out the instantaneous spiral axes of the
ankle, subtalar joint, and the root of the foot and tibia at different dorsiflexion/plantarflexion angles.

The designing an ankle rehabilitation robot based on the variations in the instantaneous axis of rota-
tion of the human ankle joint can significantly enhance the comfort and safety of ankle rehabilitation.
However, research capable of achieving a few DOFs parallel rehabilitation robot that fuses with the
human ankle joint axis is quite limited. In view of this, this paper proposes a novel ankle rehabilita-
tion mechanism from the perspective of the integration of the human-machine axis based on human
movement characteristics. Within a certain range, this mechanism can continuously rotate around any
axis within the spatial plane, meaning it can perform non-fixed-point rotation around instantaneous axis
of the ankle, thus improving the rehabilitation effect, making it safer, and preventing secondary injury.
Moreover, the mechanism offers a comprehensive range of ankle movements, including dorsiflexion,
plantarflexion, inversion, eversion, internal rotation, external rotation, and stretching. These movements
align with the basic movement patterns required for effective ankle rehabilitation.

This paper is divided into six sections. In Section 2, the variation pattern of the ankle axis is mea-
sured using a motion capture system to determine the range of motion. Section 3 presents the design of
a 3-PUU/R parallel ankle rehabilitation mechanism, including inverse kinematics, complete Jacobian
matrix, singular characteristics, and workspace analysis. Section 4 analyzes the motion/force transmis-
sion characteristics of the mechanism. In Section 5, the performance of the mechanism is optimized
based on physiological characteristics to achieve optimal workspace and mechanical performance.
Section 6 describes the manufacturing process of the ankle rehabilitation robot prototype.

2. Analysis of human ankle joint motion
2.1. The axis of motion of the human ankle and foot
The ankle joint structure of the human body is complex, as shown in Figure 1. Anatomically, the ankle
joint can be divided into the tibiofibular joint and the subtalar joint. The tibiofibular joint encompasses
the interaction between the tibia, fibula, and talus. The articular surfaces at the bottom of the tibia and
fibula form the ankle mortise, which houses the talus. During dorsiflexion, the front end of the talus is
fixed within the ankle mortise, restricting relative rotation. Conversely, during plantarflexion, a gap is
created within the ankle mortise, allowing the talus to move freely. The subtalar joint, on the other hand,
is composed of the talus, calcaneus, and navicular bones. Its posterior part is formed by the articulation
of the protruding part of the talus with the concave part of the calcaneus, while its anterior part is
embedded within the navicular bone. Due to the interaction of these anterior and posterior parts, the
movement of the talus is somewhat restricted, endowing the subtalar joint with high stability.
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Figure 2. Positioning of landmark points.
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Figure 3. Axis of motion of the ankle joint.

During movement at the ankle joint, there is relative sliding between the bones. Therefore, we use a
motion capture system to treat the lower leg and foot as two separate segments, placing markers on the
dorsum of the foot and the area below the lower leg as shown in Figure 2. This allows us to measure
the axis of motion of the human ankle joint during plantarflexion/dorsiflexion movements. As shown in
Figure 3, it can be observed that the ankle joint does not move around a specific rotation center or axis,
but rather that the axis of rotation is constantly changing.

Based on the above analysis, it can be observed that plantarflexion and dorsiflexion primarily involve
movements around an axis nearly parallel to the X-axis, involving downward and upward movements of
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Table I. Range of motion of the ankle joint.

Movement Internal External Dorsal
patterns Plantarflexion Dorsiflexion Inversion Eversion rotation rotation extension
Range of motion 0 ∼ 30◦ 0 ∼ 30◦ 0 ∼ 20◦ 0 ∼ 10◦ 0 ∼ 25◦ 0 ∼ 25◦ 0 ∼ 20mm

the foot. Inversion and eversion are mainly lateral movements around an axis nearly parallel to the Y -
axis, involving the foot turning inward and outward. Internal and external rotations are notable diagonal
inward and outward rotational movements, involving the foot rotating internally and externally relative
to the ankle joint. This multi-angle comparison helps us comprehensively understand the changes in the
axis of motion of the ankle joint in different movement states. It is of great significance for accurately
diagnosing movement patterns, evaluating the effects of exercise training, and formulating rehabilitation
treatment strategies.

2.2. Range of motion of the human ankle and foot
The basic movements of the ankle joint are plantarflexion/dorsiflexion, eversion/inversion, internal rota-
tion/external rotation, and dorsal extension. Due to differences in human anatomical structure, the range
of motion at the ankle joint can vary slightly. According to statistical data [31] the range of motion for
the ankle joint is presented in Table 1.

In order to ensure the safety and effectiveness of ankle joint rehabilitation, it is crucial for the axis of
motion in the rehabilitation device to closely align with the human body axis. Taking into consideration
the axis and range of motion of the human ankle joint, we have developed a novel rehabilitation robot
that accurately replicates the precise axis of rotation of the ankle.

3. PUU/R mechanism description
This paper presents a novel axis-integrated 3-PUU/R serial-parallel ankle rehabilitation mechanism,
as shown in Figure 4, (P represents a prismatic pair, U represents a universal pair, and R represents a
rotational pair and the underlined letter denotes the driving joint) and the description of the mechanism
is presented as follows: the 3-PUU/R ankle rehabilitation mechanism consists of three identical PUU
limbs between a fixed platform A1A2A3 and a moving platform B1B2B3. Additionally, a revolute pair is
serially connected on the moving platform of the parallel mechanism, with the platforms denoted as
F1F2F3. The fixed and moving platforms are similar equilateral triangles, and each limb includes one P
pair and two U pairs. To distinction the U pairs, the one connected to the moving platform is referred to
as the fixed U pair, while the other one is referred to as the moving U pair. The axes of the i-th limb are
defined by ri1, ri2, ri3, ri4, and ri5, respectively. O-XYZ denotes the fixed coordinate system, P-XPY PZP

represents the moving coordinate system. Ai denotes the intersection point between the prismatic pair
of the i-th limb and the fixed platform, Ui denotes the center of the moving U pair of the i-th limb, and
Bi represents the center of the fixed U pair connected to the moving platform of the i-th limb. C-XoYoZo

is the coordinate system attached to the rotational platform on the moving platform, referred to as the
pedal platform coordinate system.

The 3-PUU parallel mechanism satisfies the following geometric relationships: The direction of the
prismatic pair is denoted by ri1, the direction of the first rotational axis ri2 is aligned with the direction of
the prismatic pair ri1. The second rotational axis direction ri3 is perpendicular to the first rotational axis
direction ri2, and initially parallel to the fixed platform. The third rotational axis direction ri4 is parallel
to the second rotational axis direction ri3. The fourth rotational axis direction ri5 is perpendicular to
the third rotational axis direction ri4, the angle between the axis ri1and the fixed platform is equal to
the angle between the direction of the fourth rotational axis ri5 and the plane of the moving platform.
The axis lines of the rotational pairs ri2 and ri5 in each limb intersect at points Di. The axis lines of ri3
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Figure 4. 3-PUU/R parallel mechanism.

and ri4 are both perpendicular to the axis line of the prismatic pair ri1. The three points D1, D2, and D3

determine a plane, which represents the middle constraint plane of the parallel mechanism. Under the
fulfillment of the aforementioned geometric conditions and with the structural dimensions of the moving
platform and fixed platform forming congruent triangles, the middle constraint plane is symmetric with
respect to the moving platform and a virtual fixed platform. As shown in Figure 4, the middle constraint
plane is symmetrical about both the moving platform and the virtual fixed platform, with the virtual
fixed platform having the same size and shape as the moving platform, forming similar triangles with
the fixed platform. The direction rd of the rotational pair on the moving platform is perpendicular to the
moving platform and is located at the center position.

3.1. DOFs analysis of the 3-PUU/R mechanism
The parallel portion is analyzed by selecting one of the limbs and establishing a limb coordinate system
as shown in Figure 5. The origin of the coordinate system of the i-th limb coincides with point Di, the
Xi axis is parallel to the ri3 axis, the Zi axis is collinear with the ri2 axis, and the Yi axis is determined
by the right-hand rule.

In the limb coordinate system D1-X1Y 1Z1, the kinematics screw representation of the PUU limb chain
is expressed as follows: ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

$11 = (0 0 0; 0 0 1)T

$12 = (0 0 1; 0 0 0)T

$13 = (1 0 0; 0 a 0)T

$14 = (1 0 0; 0 b c)T

$15 = (0 c −b; 0 0 0)T

(1)

where the parameters a, b, and c are only related to the position of the joint of the mechanism. According
to the screw theory, the reciprocal screw representation of the mechanism is derived as:

$r
1 = (1 0 0; 0 0 0

)T (2)
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Through the expression of the reciprocal screw, it can be seen that the reciprocal screw passes through
the origin D1 of the limb coordinate system, and its direction coincides with the X1 axis. This line of
constraint is perpendicular to ri1 and ri5, and it lies on the middle symmetric plane M. Since the 3-PUU
limbs of the planar mechanism are distributed symmetrically along a circle, all three lines of constraint
are located on the middle symmetric plane M. To clearly express the relationship between the constraint
screws, they are represented under a coordinate system OM-XMYMZM , where point OM is an arbitrary
point within the middle constraint plane M. The coordinate axes XM and YM both lie within the constraint
plane M, while the coordinate axis ZM is perpendicular to the constraint plane M, as shown in Figure 6.

Within the coordinate system OM-XMYMZM , the three constraint screws are described by:⎧⎪⎨
⎪⎩

$r
1 = (e1 e2 0; 0 0 e3)T

$r
2 = (d1 d2 0; 0 0 d3)T

$r
3 = (f1 f2 0; 0 0 f3)T

(3)

According to equation (3), it can be observed that the moving platform is constrained in terms of its
rotational DOF around the axis perpendicular to plane M and its two translational DOF parallel to the
moving plane M. By taking the reciprocal screw of equation (3), we obtain the instantaneous kinematics
screw of the moving platform as: ⎧⎪⎨

⎪⎩
$m

1 = (1 0 0; 0 0 0)T

$m
2 = (0 1 0; 0 0 0)T

$m
3 = (0 0 0; 0 0 1)T

(4)
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According to equation (4), it can be observed that the 3-PUU parallel mechanism has three DOFs,
which include rotational motion around any axis within plane M and translational kinematics along the
normal direction of plane M.

The middle constraint plane corresponds to the plane formed by the origins of the three limb move-
ment coordinate systems within the mechanism. The positions of the limb constraints pass through the
limb coordinate system origins, and their directions align with the coordinate system axes. Throughout
the kinematics of the mechanism, as long as no singular kinematics occurs, the positions of the limb
constraints consistently lie on the middle constraint plane. Therefore, the constraint effect of the limb
constraints on the moving platform of the mechanism remains unchanged, ensuring that the DOFs of
the mechanism remain constant. In conclusion, a parallel mechanism with 2R1T and three DOFs can
achieve continuous movement along any axis on the middle constraint plane.

A rehabilitation mechanism requires four DOFs to accommodate the range of changes in the ankle
joint axis and meet the rehabilitation demands of the human ankle joint. Therefore, this study incor-
porates a revolute pair in series with the mobile platform of a parallel mechanism to obtain a hybrid
serial-parallel mechanism with four DOFs, enabling movements such as plantarflexion, dorsiflexion,
inversion, eversion, internal rotation, external rotation, and stretching.

3.2. Inverse kinematic solution for the hybrid serial-parallel PUU/R mechanism
3.2.1. Posture description
The mechanism consists of both a parallel and a series part, with the parallel part having one translational
and two rotational DOFs, while the series part has one rotational DOF. In the parallel part, the orientation
of the moving platform of the 3-PUU mechanism is described by three parameters α, β, d, as shown in
Figure 7. The parameter for the series part is represented by γ. The origin O of the fixed coordinate
system O-XYZ is located at the center of the fixed platform, with the X-axis being perpendicular to A1A2

and passing through the center of the fixed platform, the Z-axis being perpendicular to the fixed platform,
and the Y -axis being determined by the right-hand rule. For the moving coordinate system P-XPYPZP,
the origin p is situated at the center of the movable platform, with the xP-axis being perpendicular to
B1B2 and going through the center of the movable platform, the ZP-axis being perpendicular to the
movable platform, and the YP-axis being determined by the right-hand rule. On the moving platform,
the coordinate system C-XoYoZo has its origin C on the vertical line of the origin, with the Xo-axis
parallel to the footrest F1F2, the Zo-axis perpendicular to the footrest, and the Yo-axis determined by the
right-hand rule. Initially, the X, XP, and Xo axes are parallel.

The projection of the coordinate axis Zp onto the XOY plane is defined as n. The angle α is the angle
between the coordinate axis X and n, while β is the angle between the coordinate axis Zp and the Z-axis.
The d represents the distance between point P and point O. The vector K is defined as K = n × Z.
Therefore, the moving platform coordinate system of the parallel mechanism is obtained by rotating the
base platform coordinate system around the line K by angle β. The pedal coordinate system placed on
the moving platform is then rotated by angle γ around the Zo axis.

In the parallel section, let K be the unit vector K= (kx, ky, 0), and the transformation matrix is as
follows:

ORp =
⎡
⎢⎣

k2
x · Ver (cβ)+ cβ kykx · Ver (cβ) kysβ

kxky · Ver (cβ) k2
y · Ver (cβ)+ cβ −kxsβ

−kysβ kxsβ cβ

⎤
⎥⎦ (5)

where, sβ = sin β, cβ = cos β, kx = cos
(
α+ π

2

)
, ky = sin

(
α + π

2

)
, Ver (cβ)= (1 − cos β)

The transformation matrix from the pedal platform relative to the base platform is as follows:

ORr = ORpR
(
zp, γ

)
(6)
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ORr = ORp

⎡
⎢⎣

cos γ − sin γ 0

sin γ cos γ 0

0 0 1

⎤
⎥⎦ (7)

3.2.2. Inverse kinematics
Taking the prismatic pair of the 3-PUU mechanism on the moving platform and the revolute pair on the
pedal as the actuation units, known with the positioning parameters α, β, γ, and d of the pedal on the
moving platform, solve for the length li of the prismatic pair and the rotation angle η of the revolute
pair on the pedal. In the parallel section, since the fixed and moving platforms of the mechanism are
not completely identical, as shown in Figure 7, the moving platform plane is represented by triangle
B1B2B3, and the virtual triangle B1’B2’B3’ symmetric about the middle constraint plane M is also shown.
At the center of the moving platform, a revolute pair connected in series with the pedal is set, and the
pedal plane is represented by triangle F1F2F3. To more clearly explain the geometric relationship of
the mechanism, the kinematics parameters between Figure 7 is presented in the form of Figure 8. The
origin P of the moving platform is about the symmetric point of the middle constraint plane M, which
is denoted as O. The pedal rotates γ around the Zo axis. Set the following parameters |Oo| = h, |oE| =
hr, |CP| = l, |oP| = s, |OP| = d. The radius of the moving platform is r, the radius of the fixed platform
is R, and range of the angle θ : 0 < θ<90.

Due to |MP| = |Mo|
∠OoP = π − β

2
(8)

According to Figure 8b, it can be obtained that:

h = (R − r) tan θ (9)
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In triangle OoP, applying the cosine theorem yields:

cos

(
π − β

2

)
= s2 + h2 − d2

2sh
(10)

P =
[

s sin
β

2
cos α s sin

β

2
sin α h + s cos

β

2

]T

(11)

The coordinates of the center point Ai of the fixed platform P on the fixed coordinate system are given
by: ⎧⎪⎪⎨

⎪⎪⎩
A1 = R · [ sin 30◦ − cos 30◦ 0

]T

A2 = R · [ sin 30◦ cos 30◦ 0
]T

A3 = R · [−1 0 0
]T (12)

The coordinates of the center point Bi of the moving platform U on the moving coordinate system
are given by: ⎧⎪⎪⎨

⎪⎪⎩
B1 = r · [ sin 30◦ − cos 30◦ 0

]T
B2 = r · [ sin 30◦ cos 30◦ 0

]T
B3 = r · [−1 0 0

]T

(13)

The coordinates of the center point Bi of the moving platform U in the fixed coordinate system are
given by:

Bi = ORP · BP
i + P (14)

Establishing the vector closed-loop equations for 3-PUU:

liLi = AiBi − |UiBi| eUB,i (15)

AiBi = OP + PBi − OAi (16)

Equation (15) is multiplied by itself on both sides of the dot, and the results obtained are collapsed
to give:

li
2 + 2 |U iBi| Li

T · AiBi − AiBi
T · AiBi + |UiBi|2 = 0 (17)
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Solving Equation (17) gives the inverse solution of the solution:

li = Li
T · AiBi ±

√(
Li

T · AiBi

)2 − AiBT
i · AiBi + |UiBi|2 (18)

where Li represents the unit direction vector of the prismatic pair, AiBi represents the direction vector
from point Ai to point Bi, li represents the distance of the prismatic pair, UiBi represents the direction
vector from point Ui to point Bi, and eUB, i represents the unit direction vector of rod UiBi.

As can be seen from Equation (18), each branch drive has two solutions. Considering interference
issues and the structure of the mechanism itself, only the negative square root in the formula can be
considered as the inverse solution for this mechanism, thus the solution is unique.

The unit direction vector of eCP:eCP = [ sin β cos α sin β sin α cos β ], then the coordinates of point
C, the origin of the pedal coordinate system, in the fixed coordinate system are:

C = P + l · eCP (19)

The angle of rotation η of the pedal platform is the angle between the XO axis of the XPYP plane in
the moving platform coordinate system and the XP axis, as shown in Figure 8c. Therefore, η = γ.

After determining the structure size parameters of the mechanism, the posture of the mechanism can
be determined given the four parameters α, β, γ, and d of the mechanism. The length parameters of each
link and the rotation angle of the pedal platform can be obtained according to the above inverse solution.

Since the initial axis of rotation of the human ankle joint is oblique, adjustments to the position
of the mechanism are required before rehabilitation can be performed on the human body. As shown
in Figure 8a, the �oEP is an isosceles triangle, therefore, the angle between line PE and the middle
constraint plane M is:

∠PEM = π

2
− β

2
(20)

The line PE is perpendicular to the moving platform plane M, which means that the angle between
the moving platform of the mechanism and the middle constraint plane M is β/2. For example, when it
is necessary to meet the human body axis of 7◦ with the X-axis on the coronal plane and 25◦ with the
X-axis on the horizontal plane, taking the mechanism parameters α= 25◦ and β= 16◦ can satisfy the
adjustment of the initial posture of the mechanism.

hr = hg

cos β
(21)

where hg represents the height of the ankle joint for different individuals, and hr denotes the distance
from point p the origin of the moving system to point E.

According to the Pythagorean theorem:

d =
√(

hg + hr + h
)2 + (hg × tan β

)2 (22)

By using Equation (22), we can obtain the appropriate angle pose adjustment for different ankle
heights. It fulfills the requirement for initial rehabilitation pose adjustment under the left/right foot
rehabilitation mode needed by patients with diverse conditions.

3.2.3. The complete Jacobian matrix
The Jacobian matrix of a parallel mechanism is a critical method for analyzing its kinematics perfor-
mance and singularity. It represents the mapping relationship between the joint input speeds and the
output speeds of the moving platform. Utilizing screw theory, the full Jacobian matrix of this parallel
mechanism has been established.

The output kinematics screw of the moving platform can be written as $p=
[
ωT vT

]T , where ω denotes
the instantaneous angular velocity of the moving platform, and v represents the instantaneous velocity
vector that is affixed to the moving platform and coincides with the origin O of the base platform.
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The output kinematics screw of the moving platform can be represented as a linear superposition com-
bination of the kinematics screws of each PUU limb, considering that each PUU limb has 5 DOFs:

$p = ḋi$̂i1 + θ̇i2$̂i2 + θ̇i3$̂i3 + θ̇i4$̂i4 + θ̇i5$̂i5, i = 1, 2, 3 (23)

where ḋi represents the linear velocity of the prismatic pair in the i-th limb, θ̇ij denotes the angular
velocity of the j-th kinematics pair unit kinematics screw in the i-th limb, and $̂ij refers to the unit screw
of the j-th joint in the i-th limb.

By taking the reciprocal screw of the limb screw system, it is found that the 3-PUU parallel mecha-
nism has three constraint inverse screws, which pass through points Di on the constraint plane and are
parallel to the axes ri3 of the revolute pair. Since the limb constraints and the limb screw kinematics
pairs are mutually inverse, it follows that:

$̂
T

ri1
$p = 0 (24)

where $̂r11 =
[

s13

E1 × s13

]
, $̂r21 =

[
s23

E2 × s23

]
, $̂r31 =

[
s33

E3 × s33

]
.

By writing the three limbs in matrix form, we obtain

Jc$p = 0 (25)

where Jc =
⎡
⎢⎣

(E1 × s13)T s13
T

(E2 × s23)T s23
T

(E3 × s33)T s33
T

⎤
⎥⎦ denotes the Jacobian matrix of the Jc constraint.

If the actuation joint of the i limb is locked, the rank of the constraint screw system increases, yielding
a new constraint wrench screw $̂ri2, which is oriented along axis UiBi with an intercept of 0.

The actuation force of the i-th limb can be represented as:

$̂
T

ri2 = [ si6 Bi × si6

]
(26)

where si6 represents the unit vector along the direction of each link UiBi.
Multiplying both sides of Equation (23) by $̂

T

ri2, we have:

$̂
T

ri2$p = $̂
T

ri2

(
ḋi$̂i1 + θ̇i2$̂i2 + θ̇i3$̂i3 + θ̇i4$̂i4 + θ̇i5$̂i5

)
, i = 1, 2, 3 (27)

Since the limb actuation screw $̂ri2 of the limb is reciprocal with all the other moving screws except
for the moving screw, it follows that:

$̂
T

ri2$p = ḋi$̂
T

ri2$̂i1, i = 1, 2, 3 (28)

The kinematics of the prismatic pair in the limb is represented by $̂i1 = ( 0 si1 ), and therefore, it can
be determined that:

[
s16 s26 s36

B1 × s16 B2 × s26 B3 × s36

]T

$p =
[

s16 s26 s36

B1 × s16 B2 × s26 B3 × s36

]T
⎡
⎢⎣

0 s11

0 s21

0 s31

⎤
⎥⎦

T

ḋi (29)

The Equation (30) is arranged in matrix form:

Jx

[
v

ω

]
= Jlḋi (30)
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Then:

Ja

[
v

ω

]
= ḋi (31)

where Ja =
⎡
⎢⎣

s16
T

s11·s16

(B1×s16)
T

si1 ·si6
s26

T

s21·s26

(B2×s26)
T

s21 ·s26
s36

T

s31·s36

(B3×s36)
T

s31 ·s36

⎤
⎥⎦ represents the mechanism actuation Jacobian matrix.

By combining Equations (25) and (31), we obtain the completed Jacobian matrix of the mechanism
as:

q̇ = J$p (32)

where J =
[

Ja

Jc

]
6×6

, q̇ = [ ḋ1 ḋ2 ḋ3 0 0 0 ]T, q̇1, q̇2, q̇3 represent the input speeds of the three

prismatic pairs, respectively.

3.2.4. Singularity analysis
The singular configuration of the series-parallel hybrid mechanism is only related to the 3-PUU parallel
part, and the R pair in series does not affect it, so only the 3-PUU parallel part is analyzed. Based on
the relationship between the input velocity and the output velocity of the mechanism complete Jacobian
matrix, the singularity of the mechanism is analyzed. Utilizing equations (30), the 3-PUU mechanism
under study is considered singular when either matrix Jx or Jl, or both, are rank-deficient. We will
discuss the following three different cases:

1. The condition for the first singularity is:

rank (Jl) < 3and rank (Jx)= 3 (33)

When this singularity occurs, the moving platform loses one or more degrees of freedom, and the
mechanism must meet the following conditions:

Ei
TLi = 0 (34)

where Ei represents the unit direction vector of the UiBi links, and Li represents the unit direction vector
of the prismatic pairs.

In this case, vector Ei and vector Li are perpendicular to each other. There are two configurations
of the 3-PUU mechanism. The first position is shown in Figure 9a, in which the moving platform and
branch will interfere. This situation should be avoided in the actual situation, although by changing
the size parameters of the mechanism, as shown in Figure 9a, the singularity will also occur, but the
overall size of the mechanism is relatively extreme at this time. In practice, the situation when the first
singularity occurs is shown in Figure 9b.

The first singularity also occurs when the mechanism meets the following conditions:
Li = 0 (35)

In this case, the length of the prismatic pair is 0. When the problem of interference is considered in
a practical situation, the conditions required by formulas Li = 0 do not occur.

2. The second singularity occurs under the following conditions:

rank (Jl)= 3 and rank (Jx) < 3 (36)
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Figure 9. First kind of singular position.

Figure 10. Second kind of singular position.

When this singularity occurs, the moving platform can still move even if all the drives are locked and
the moving platform cannot resist one or more forces or torques even if all the drives are locked. This
singularity occurs when the matrix Jx satisfies:

bi × Ei
T = 0 (37)

where bi represents the vector from the center of the moving platform to the center point of Bi.

According to the complete Jacobian matrix obtained above, each row in the driving Jacobian matrix
Jx represents a wrench screw coaxial with the corresponding limb prismatic pair. When the rank of Jx

decreases, the mechanism will have driving singularity. For the 3-PUU parallel mechanism, this means
that the three driving wrench screws become linearly related, which occurs when these three screws are
either coplanar and intersecting, coplanar and parallel, or coaxial – these positions constitute the driv-
ing singularity configurations. Given that the three limbs are arranged obliquely with a 120◦ rotational
symmetry, only the configuration where the driving force wrenches are coplanar and intersecting is theo-
retically possible. However, in this case, the moving and fixed platforms of the 3-PUU mechanism are in
a parallel state, as shown in Figure 10. The moving and fixed platforms are equilateral triangles. During
driving singularity, the length of the prismatic pair would be 0. Considering the practical situation, the
driving singularity will not occur.
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Figure 11. Limb singularity.

At this time, the three middle connecting links of the moving platform are parallel to the plane where
the moving platform is located. At this time, when all the drives are locked, the moving platform of the
mechanism can have a small movement.

3. The third singularity occurs under the following conditions:

This singularity is a little different from the previous two in that it requires the mechanism to satisfy
some special conditions on the dimensional parameters. When this singularity occurs, the mechanism
must meet the following conditions:

Ei
T = 0 (38)

For the 3-PUU parallel mechanism proposed in this paper, when the third singularity occurs, when
the third singularity occurs, the two link lengths between two universal joints in the same limb become
0. That is, two universal hinges on the same limb coincide. It is clear that this singularity is not possible
in practice.

By this method, in addition to the above three kinds of singularities, the 3-PUU parallel mechanism
studied in this paper has other singularities, which cannot be obtained by analyzing whether the matrices
Jl and Jx in the formula are full rank, such as constraint singularity.

Referring to the method of Fang [32], the singularity problem of parallel mechanism is analyzed,
which can be divided into three types: limb singularity, platform singularity, and driving singularity. The
driving singularity is in the same position as the singularity in Figure 10 above, and only the remaining
two are analyzed below.

Limb singularity refers to the linear correlation of the kinematics screw within a limb, which leads
to the rank reduction of the limb kinematics screw. Taking the first limb as an example for analysis,
when the mechanism kinematics, as shown in Figure 11. When the limb kinematics screw $11, $12, and
$15 are collinear, the mechanism limb singularity occurs. In such a case, the limb coordinate system is
established, as shown in Figure 11c, with the origin located at point E, where the axis of ri2 is parallel
to that of ri5 and intersects with the constraint plane. The zm axis is oriented in the same direction as the
prismatic pair axis, the xm axis is aligned with the revolute pair axis r13, and the ym axis is determined by
the right-hand rule. According to the screw theory, at this moment, the limb provides two constraints,
which is an addition of a couple of constraints $r12 along the ym axis, which restrains the rotation around
the ym axis, thus reducing the DOFs of the mechanism.

To reveal the relationship between the limb singularity of the parallel mechanism and its param-
eters, the kinematic screws of joints Ri2, Ri3, and Ri5 are expressed in Plücker coordinates: (si2; si20),
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Figure 12. Mechanism platform singularity.

(si3; si30), (si5; si50). The angle of rotation between -si2 and -si5 around si3 is denoted as δi, which can be
solved using MATLAB atan2 function, as follows:

δi = atan2 (((−si2)× (−si5)) · si3, (−si2) · (−si5)) · 180/π (39)

When any of the angles ϕ1, ϕ2, ϕ3 reaches 180◦, the limb singularity occurs. When the moving
platform is parallel to the fixed platform, the following geometric conditions are easily obtained:

δi = 2θ (40)

During the rehabilitation exercises for ankle joints, it is crucial to ensure that the mechanism remains
free from any limb kinematics singularities across the entire range of rehabilitation movements. The
angles of the mechanism need to meet certain requirements.

Firstly, the relationship between the rotation angle β of the moving platform and the angle δ1 between
the central axes of the revolute pairs ri2 and ri5 when the limb singularity occurs is analyzed. After a
certain rotation of the mechanism moving platform, draw a straight line ρ1 parallel to the fixed platform
at the intersection point E of the constraint plane and the central axis, and a straight line ρ2 parallel to
the moving platform. At this moment, it can be observed that δ1 = 2θ + β. When the mechanism fixed
platform and moving platform are parallel, we obtain β = 0◦, δ1 = 2θ is also obtained. During a limb
kinematics singularity of the mechanism, the angle between the central axes of revolute pairs ri2 and ri5

is 180◦, which corresponds to δ1 = 2θ + β = 180◦. Therefore, to avoid limb kinematics singularities in
the mechanism, it is essential to ensure that the angle δ1 between the central axes of revolute pairs ri2

and ri5 in the ankle joint rehabilitation mechanism is less than 180◦, hence θ should be less than 180◦.
Therefore, it is essential to ensure that the mechanism does not encounter limb kinematics singularities
during the rehabilitation exercise by carefully selecting the mechanism parameters θ .

The platform constraint singularity refers to the linear correlation of the constraint screw system
of the moving platform, thereby increasing the DOFs of the mechanism. In this paper, each limb of
the 3-PUU mechanism exerts a constraint on the moving platform, with these three constraints located
within the same plane. Under the action of these three constraints, the mechanism has a 2R1T kine-
matics. However, if the three limb constraints are relatively positioned at one point or are parallel, the
three constraints become linearly correlated, resulting in a reduction of the number of constraints on the
moving platform. This situation is known as a platform singularity. In this case, the constraints of the
mechanism intersect at a single point, as shown in Figure 12a, and the mechanism gains an additional
rotational DOF perpendicular to the constraint plane M, transforming into a 3R1T parallel mechanism,
as shown in Figure 12b.

Due to the 120◦ rotational symmetry of the mechanism, it suffices to analyze a single range.
The constraint forces are shown in Figure 12c, where the intersection point of the constraint forces
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Figure 13. Relationship between mechanism platform singularity and angular displacement.

from the first and second limbs is G. The coordinates of G in the global coordinate system can be
expressed as:

OG = (OD × s13)× (OE × s23)

s22 · (OD × s13)
(41)

where OD represents the coordinates of the center point U1 in the global coordinate system, and OE
represents the coordinates of the center point U2 in the global coordinate system. The distance from
point G to the constraint force provided by the third branch, denoted as dGM , can be obtained by the
following formula:

dGM = |OF × s33 + (−OG)× s33| (42)

where OF represents the coordinates of the center point U3 in the global coordinate system. When
dGM = 0, it indicates that the three constraint forces intersect at a single point in a coplanar condition,
resulting in a constraint singularity.

The relationship between the mechanism parameters and the angular displacement of the moving
platform at the time of platform singularity is shown in Figure 13.

In conclusion, when designing rehabilitation mechanisms, in order to prevent the occurrence of limb
kinematics singularities and platform constraint singularities, it is necessary to ensure that the angle of
rotation of the moving platform β and the angle δ1 between the rotational axes ri2 and ri5, satisfy the
relationship as shown in equation (43).

θ + β

2
< 90◦ (43)

3.2.5. Workspace
We solve the workspace with the prismatic pair travel as a constraint and use a cylindrical coordinate
system to describe its workspace, where hg at each layer is composed of a polar coordinate system. The
parameters α represents the polar angle, and parameter β represents the polar diameter, and selet β= 0
as the pole of the polar coordinate system. The final workspace of the mechanism was obtained, as
shown in Figure 14. It was found that the range of kinematics meets the requirements and that there is
no singularity within the internal workspace.

4. Motion/force transmission performance index
Performance index for force transmission encompasses input transmission performance index (ITI),
output transmission performance index (OTI), input constraint performance index (ICI), and output
constraint performance index (OCI). These indices can be used to evaluate the kinematics performance
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and stiffness of mechanisms, allowing for the optimization of the mechanism parameters based on the
force transmission performance index. Next, we will analyze these four indices in detail.

4.1. Input transmission performance index
The input transmission performance of the mechanism can be characterized by the power of the actuation
force exerted by the limb along the direction of the actuation joint. Each PUU limb is equipped with
five kinematics screws, denoted as $ij(1 ≤ i ≤ 3, 1 ≤ j ≤ 5), as shown in Figure 5. The unit kinematics
screws of the five kinematics pairs in the i-th limb collectively form the kinematics screw system {Hi}
of that limb.

{Hi} = {$i1 $i2 $i3 $i4 $i5

}T (44)

When all the screws in the limb {Hi} are linearly independent, there exists a unique screw that is
reciprocal to all the screws in the limb screw system, which yields:

$ci ◦ $ij = 0 (45)

$ci is the constraint screw provided by one of the limbs of the PUU mechanism, passing through a
point Di on the intermediate constraint plane and parallel to $i2, known as the constraint wrench screw.
When we select P pair of the limb as the driver and lock it, the rank of the kinematics screw system
decreases. By solving for the inverse screws of the remaining four kinematics screws, we can determine
the actuation screw of limb i.

$Hi ◦ $ij =
{

0, j �= 3

1, j = 3
, i = 1, 2, 3, j = 1, 2, · · · , 5 (46)
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Figure 15. Geometric parameters of the 3-PUU parallel mechanism.

It can be obtained:

$H,i =
(

0 e b − a; ac 0 0
)T (47)

We define the input transmission performance of limb i as the power generated by actuation wrench
screw $H,i on the actuation joint screw $i1. The index of ITI represents the ratio of instantaneous power
to maximum power, that is:

εi =
∣∣$H,i ◦ $i1

∣∣∣∣$H,i ◦ $i1

∣∣
max

(48)

The minimum value of input transmission performance for the three limbs is calculated based
on equation (49), where ε= min{ε1, ε2, ε3} is selected as the optimal index for input transmission
performance.

4.2. Output transmission index
The output transmission performance can be described as the power of the actuating screws of the limbs
to moving platform. Therefore, the force screw system acting on the moving platform of the 3-PUU
parallel mechanism {

$m

}= [ $c,1 $c,2 $c,3 $H,1 $H,2 $H,3

]
(49)

Since the coordinates of point {$m} are defined with respect to a fixed coordinate system {O},
it becomes necessary for points $c,i and $H,i to also be described within a fixed coordinate system.
Consequently, it is required to solve for the coordinates of points Di and Ui. The coordinates of point Ui

can be obtained through the inverse kinematics of the 3-PUU parallel mechanism. The determination
of the coordinates of Di poses challenges in the analytical solution using the kinematics screw theory.
Therefore, in this study, the coordinates of Di are calculated using a geometric method.

Through the geometric relationship of the 3-PUU parallel mechanism, we take plane �A1
′A2

′A3
′ as

the symmetric plane of plane M with respect to point �A1A2A3, as shown in Figure 15. Assuming that
points A1

′, A2
′, and A3

′ are fixed on the moving platform, by coordinate transformation on the coordinates
of the center point P of the moving platform, the coordinates of these three points in the fixed coordinate
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Figure 16. Mechanical analysis of a 3-PUU parallel mechanism.

system {O} can be acquired. According to the geometric constraints, the angle between vectors AiAi
′ and

IAC,i is:

ϕi = arctan 2
(∣∣AiAi

′ × IAU,i

∣∣ , AiAi
′ · IAU,i

)
(50)

Based on Equation (39) and the unique geometric features of the 3-PUU parallel mechanism, the
coordinates of point Di in the fixed coordinate system {O}can be determined as

ODi = OAi + |AiDi| IAU,i = ODi +
∣∣AiAi

′∣∣
2 cos ϕi

IAU,i (51)

In order to obtain the kinematics screw $KT,i of the moving platform that corresponds to the i-th limb
actuation screw $H,j, one can lock the i-th limb actuation screw and solve for the inverse screws of the
remaining five limbs individually.

$KT,i =
{

$c1 $c2 $c3 $H,j $H,k

}r (52)

In the equation, let i, j, k = 1, 2, 3 and i �= j �= k. According to the definition of the inverse screw,
it is evident that the lead screw $KT,i is in the same plane as each wrench screw within the
assembly{ $c,1 $c,2 $c,3 $H,j $H,k }. Assuming that $H,j intersects with the middle constraint plane M at
point K j, as shown in Figure 16a, then if $H,k intersects with the middle constraint plane M at point Kk,
it follows that the kinematic screw $KT,i represents the motion rotating around the axis where the vector
K jKkis located.

For the i-th limb of the 3-PUU parallel mechanism, the criterion for assessing output transmission
performance is the power delivered from the actuation wrench screw $H,i to the kinematics screw $KT,i on
the moving platform. The OTI demonstrates the proportional relationship between instantaneous power
and maximum power, which is to say:

ηi =
∣∣$H,i ◦ $KT,i

∣∣∣∣$H,i ◦ $KT,i

∣∣
max

= dH,i sin σi

dH,i max

= GiHi

BiGi

(53)
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where, angle σi represents the angle between GiHi and BiGi. In Equation (45), it is only necessary to
solve for the distance from point Bi to screw $KT,i, and $KT,i can be expressed as:

$KT,i =
(
ST

KT,i; ST
0KT,i

)T (54)

The coordinates of point oST,i, the foot of the perpendicular from the origin O of the fixed coordinate
system to the screw $KT,i

OoST,i =
ST

KT,i × ST
0KT,i

ST
KT,i · ST

KT,i

(55)

The solution for da,i max can be simplified as shown in Figure 16b.
Therefore:

da,i max = ∣∣SKT,i × oST,iBi

∣∣ (56)

Let η= min{η1, η2, η3} be taken as the output performance index for optimality.

4.3. Input constraint performance index
The performance constraint of the mechanism input can be described as the power output of the limb
constraint during the constrained kinematics process. Each PUU limb has five actuation screws. By cal-
culating the inverse screws through these five actuation screws, we can determine the constraint screws
of each limb. If these five actuation screws are sequentially set as driven and a driven one is fixed, an
additional actuation screw is generated every time a lead screw is calculated in the screw system. As
a result, a total of five additional actuation screws are obtained. These actuation screws do not pro-
duce power output on the limb constraint kinematics, and their calculation can be performed using
Equation (46).

$R,ij =
{

k=1,··· ,5∏
k �=j

$ik

}r

− {$c,i

}
(57)

In the equation,
∏k=1,··· ,5

k �=j $ikrepresents the set of $ikwhen k = 1, · · · , 5 and k �= j.
By further solving the inverse screws $RR,i for these five screws, we obtain the reciprocal screws that

are constrained by the constraint force screw $c,i.

$RR,i =
{

$R,i1 $R,i2 $R,i3 $R,i4 $R,i5

}r (58)

For limb i of the 3-PUU parallel mechanism, its input constraint performance can be defined as
the power output of the constraint wrench screw $c,i while acting upon the actuation screw $RR,i in its
corresponding screw kinematics. The ICI is then used to measure the ratio between instantaneous power
and maximum power. That is:

μi =
∣∣$c,i ◦ $RR,i

∣∣∣∣$c,i ◦ $RR,i

∣∣
max

= |cosψ | (59)

Letμ= min{μ1, μ2, μ3} be designated as the optimal indices of the input constraint performance.
It is found that due to the axes of $c,i and $RR,i being consistently aligned, their angle ψi is zero. This
ensures that the constraint wrench screw of the 3-PUU parallel mechanism consistently aligns with the
direction of the constraints, causing the power output of the limb constraint screw on the actuation screw
to always be at its maximum. Consequently, μ is perpetually equal to 1.

4.4. Output constraint performance index
The output constraint performance of the mechanism can be described as the power generated by the
limb constraint during the restricted kinematics of the moving platform. This reciprocal screw represents
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the constraint kinematics screw $KC,i of the moving platform under the constraint of the constraint screw.

$KC,i =
{

$c,j $c,k $a,1 $a,2 $a,3

}r (60)

where, i, j, k = 1, 2, 3 and i �= j �= k.
At this moment, $KC,i is a general kinematics screw that can be expressed as:

$KC,i =
(
ST

KC,i; ST
0KC,i

)T (61)

The maximum work power exerted by the constraint wrench screw on the moving platform is:∣∣$c,i ◦ $KC,i

∣∣
max

=
√

h2
KC,i + d2

c,i max (62)

where hKC,i can be determined using the same method as that for solving Equation (52), with the approach
being identical to that used for da,i max.

hKC,i = ST
KC,i · S0KC,i

ST
KC,i · SKC,i

(63)

The output constraint performance of the i-th limb can be understood as the power generated by the
constraint screw $c,i in suppressing the kinematics screw $KC,i of the moving platform. The OCI then
describes the ratio between the instantaneous power and the maximum power, that is:

ςi =
∣∣$c,i ◦ $KC,i

∣∣∣∣$c,i ◦ $KC,i

∣∣
max

(64)

Select ς = min{ς1, ς2, ς3} as the optimal performance index for Output Constraint

4.5. Optimal parameter valuation
From the definition of performance index, it is evident that a smaller indices value signifies less power
generated by the actuation force in the direction of kinematics or a smaller amount of power done by the
constraint force in the restricted direction of movement. This suggests poorer kinematics performance of
the mechanism, potentially even approaching singular configuration. The local transmission index (LTI)
is employed to describe the minimum value of the transmission performance index when hg is fixed
and the two kinematics parameters, α and β, are varied. The local constraint index (LCI) describes the
minimum value of input and output constraint performance under the same conditions. For the 3-PUU
parallel mechanism, we can ascertain its suboptimal performance posture within the kinematics space
by analyzing the behavior of LTI and LCI across the space. This approach allows us to identify postures
within the 3-PUU kinematics space where its performance is lacking and to optimize the kinematics
parameter hg when the mechanism is at its poorest performing posture, ensuring stable operation across
various working conditions.

Based on the analysis of the performance indices ITI, OTI, ICI, and OCI for the 3-PUU parallel
mechanism in Section 3.3, we can obtain the LTI κ and the LCI χ for the 3-PUU parallel mechanism as
follows:

κ = min {ε, η}
χ = min {μ, ς} (65)

The values of κ and χ indices have a greater capability for force/motion transmission and a supe-
rior performance in terms of force/motion constraints. The fundamental structural parameters of the
3-PUU parallel mechanism size parameters are shown in Table 2, while the range of kinematics param-
eters for the 3-PUU parallel mechanism has been set to α ∈ [0◦, 360◦], β ∈ [0◦, 46◦], and hg = 60 mm.
Figure 17 reveals the analysis results of the local transmission performance index and the local constraint
performance index for the 3-PUU parallel mechanism within the specified range of motion.
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Table II. Parameters of the 3-PUU parallel mechanism.

Parameters R/(mm) r/(mm) e/(mm) γ/rad
Value 195 110 155 π/3

Local transmission performance index (LTI) 

(a) (b)

Local constraint performance index (LCI)

Figure 17. Local performance index.

Due to the symmetrical arrangement of the limbs within the mechanism, and their uniform distribu-
tion along the circular path on both the moving and fixed platforms, the LTI contour map also exhibits
a 120◦ rotationally symmetric distribution around the circular path. According to the legend colors, as
the color of the contour lines approaches red, the κ and χ values of the mechanism decrease, while as
the color moves towards pink, the κ and χ values increase. By analyzing the LTI and LCI performance
contour maps of the 3-PUU parallel mechanism, we discovered that when α ∈ {60◦, 180◦, 300◦} and
β > 46◦, the kinematics performance of the mechanism deteriorates, however, it still manages to stay
away from singular positions. This indicates that the better the force/motion transmission performance
and force/motion constraint performance, the more capable the mechanism is of performing full-circle
movement.

5. Ankle joint rehabilitation robot parameter optimization
5.1. Determination of the size parameter range
The 3-PUU/R hybrid parallel mechanism is selected as the ankle rehabilitation device, and the selection
of its dimensional parameters needs to meet the wearing requirements of the human body while ensuring
the range of ankle joint motion. The relevant dimensions of the lower limb of the human body are
presented in Table 3. Based on the analysis of the overall structure, to achieve a compact design with
a simple structure, the following three parameters need to be optimized: (1) the distance R from the
connection point of the fixed platform prismatic pair to the platform center; (2) the distance r from the
center point of the lower U joint on the moving platform to the platform center; (3) the length |UiBi| of
the link; and (4) the angle θ between the prismatic pair and the platform:

Firstly, the constraint relationship between the moving platform size and the patient foot width was
analyzed. Considering that the patient’s foot is fixed at the center position of the moving platform, the
structural dimensions of the U pair itself must also be taken into account, as shown in Figure 18a.

According to the width of the human foot, the relationship that the size of the moving platform should
meet is shown in Equation (66).

2 × r × sin 60
◦ − h − hu ≥ H (66)
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Table III. Human lower limb part relevant parame-
ters.

Structural Name Size Range
Calf length ht 324–420mm
Ankle height hg 60–75mm
Foot width H 86–106mm
Foot length L 223–271mm

B1

B2

B3

hl

r

r

R

M

h

hg

s

O

p

R

θ

θ

hr

p

Moving platform dimension parameters

(a) (b)

Relation between parameters

Figure 18. Relationship among the mechanism parameters.

Figure 19. Relationship between the angle β and the R of the fixed platform.

2r cos 30
◦ − h −

√
hl

2 + hw
2

2
≥ H (67)

where H represents the footprint width of a human body; h for the distance between U and the footprint;
hu for the width of the U component.

By substituting the relevant parameters into Equation (67), the mechanism parameter r ≥ 90mm can
be obtained. Under the condition that the size and angle of the fixed platform remain unchanged, the
relationship between the angle of the moving platform of the mechanism and its size can be analyzed
based on the kinematics of the mechanism, as shown in Figure 19. Under the premise that the angle is
greater than 46◦, the size of the moving platform should meet 90mm ≤ r ≤ 130mm.

The parameter θ are determined based on the constraint condition of platform singularity during the
analysis of mechanism singularity. When the constraints of the three limbs coincide at one point, an
occurrence of increased DOFs and control instability. The relationship between mechanism parameter
θ and the angle β, obtained from the mechanism singularity analysis, is presented in Equation (68):
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2θ + β < 180◦ (68)
Finally, the parameter θ is determined to be 55◦ ≤ θ ≤ 65◦ according to the constraint conditions.
Under the condition that the angle θ and the size of the moving platform r remain unchanged, the

increase of the fixed platform parameter will lead to the increase of the mechanism parameter hg. The
relationship between parameters R and mechanism parameters r, θ is shown in Figure 19.

(R − r)× tan θ + hr + hg ≤ ht (69)
By substituting the relevant parameters into Equation (69), the mechanism parameter R ≥ 180mm can

be determined. Subsequently, the relationship between the obtained mechanism angle β and the fixed
platform R, as shown in Figure 18, was obtained through kinematics analysis.

Through the aforementioned two constraint relationships, the final constraint condition for determin-
ing parameter R is set as 180mm ≤ R ≤ 230mm.

As shown in Figure 18, the length of the link hg between the two U pairs satisfies the following
relationship: hg < |UiBi|. Additionally, the relationship between the angle β of the mechanism and the
length |UiBi| of the link is shown in Figure 18, which is derived from kinematics inverse. This leads to
the final determination of constraint condition 148mm ≤ |UiBi| ≤ 165mm.

Finally, the overall optimal range size parameters of the ankle joint rehabilitation mechanism were
obtained, as shown in Equation (70).⎧⎪⎪⎪⎨

⎪⎪⎪⎩

180mm ≤ R ≤ 230mm

55◦ ≤ θ ≤ 65◦

90mm ≤ r ≤ 130mm

148mm ≤ |UiBi| ≤ 165mm

(70)

5.2. Optimization of ankle joint rehabilitation mechanism
5.2.1. Design index
Considering the transmission performance and constraint performance of the mechanism, the optimal
design is carried out. The local design index (LDI) is defined:

LDI = min {LTI , TCI} (71)
The higher the value of LDI in a mechanism, the better its transmission and constraint performance at

that pose. To evaluate the global transmission and constraint performance of the mechanism, the good
performance workspace (GPW) is defined where LDI ≥ 0.7. Within GPW, the mechanism has good
performance and is far from singularity [33]. Subsequently, we define the global design index (GDI) of
the mechanism over the entire GPW as:

GDI =
∫

LDI · dWa∫
LDI · dWb

(72)

where dWa denotes the GPW with LDI ≥ 0.9, dWa denotes the GPW with LDI ≥ 0.7.
The higher the GDI value, the better the overall transmission/constraint performance of the mecha-

nism within the GPW.

5.2.2. Dimensional synthesis
Optimize the 3-PUU mechanism with three parameters: r, R, |UiBi|. There is no analytical expression
between these design parameters and the overall performance index. Liu [34] proposed a method based
on performance mapping which can intuitively display the relationship between them, thus enabling the
optimization of the mechanism design.

First of all, the three parameters are processed without dimension, and the results are obtained:

D = (r + R + |UiBi|)
3

(73)
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Table IV. Results of overloading for 3 Experimental setups.

p q r1 r2 r3

A 0 3
2

√
2 0 3 0

B 0 0 0 3
2

3
2

C 15
34

√
6 0 15

17
18
17

18
17

r1

r3

r2

A

B

C AAAAA

BBBBBBBBBBBBBBB

C

A
3 3

3
r1

r2

r3

p

A

B
C

0

3/2

q

3

0

15/17

18/17

p

3/2

18/17

Three-dimensional drawing

(a)
(b)

Two-dimensional drawing

Figure 20. Parameter design space.

r1 = r

D
, r2 = R

D
, r3 = |UiBi|

D
(74)

Based on the human wearing requirements and the optimal range size parameters of the ankle joint
rehabilitation mechanism, the following are obtained.⎧⎪⎪⎪⎨

⎪⎪⎪⎩

0< r1, r2, r3 < 3

r1 + r2 + r3 = 3

r3 < r2

1.2r1 < r3

(75)

Through Equation (75), by taking r1, r2, and r3 as coordinate axes, a planar area ABC can be deter-
mined, which represents the parameter design space for the ankle joint rehabilitation mechanism, as
shown in Figure 20a. Within this parameter design space, each point corresponds to a set of dimensions
for the mechanism. Using this parameter design space, one can establish the relationship between the
optimization index and the geometric parameters of the mechanism.

The two-dimensional form of parameter design space of rehabilitation mechanism is shown in
Figure 20b. The data relationship between (r1, r2, r3) and (p, q) is as follows:

From the relationships in Table 4, we can express the connection between (r1, r2, r3) and (p, q) as
follows:

⎧⎪⎨
⎪⎩

r1 = √
6

3
p

r2 = −√
6

6
p + √

2
2

q + 3
2

r3 = −√
6

6
p − √

2
2

q + 3
2

(76)
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Good performance workspace (GPW) Global design index GDI

GDI(a) (b)

Figure 21. Mechanism performance.
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Figure 22. Ankle joint rehabilitation prototype.

According to the definitions of GPW and GDI, the optimal design diagram of rehabilitation
mechanism in the parameter design space is shown in Figure 21.

It can be seen in Figure 21a and Figure 21b that the indices of GPW and GDI are better when the
indices are closer to the right end of p value and the q value is closer to the lower end. The optimal region
parameters for the design parameters are when p > 0.9 and q < 0.2. Choosing p = 0.9513 and q = 0.1484,
according to equation (76), we get: r1 = 0.7767, r2 = 1.2166, r3 = 1.0067. Combining Equation (74),
setting D = 450 mm, gives us r = 120 mm, R = 195 mm, |UiBi|= 155 mm. The optimal design size of a
group of rehabilitation mechanisms is obtained.
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Part rotation angle θ�of parallel mechanism

(a) (b)

Rotation angle γ�of serial R pair

Figure 23. Range of motion of the ankle rehabilitation mechanism.

(a) (b) (c)

(d) (e) (f)

Plantarflexion Dorsiflexion Inversion

Eversion Internal rotation External rotation

Figure 24. Unit speed and direction.

6. Prototype and experiment of ankle joint rehabilitation robot
This paper utilizes the Inovance model AM401-CPU1608TN programable controller, which fully sup-
ports the IEC61131-3 programing system and supports EtherCAT real-time bus and synchronized
motion control. It is equipped with high-speed IO ports, making it well-suited for high-speed applica-
tions. In the parallel section, the Inovance model MS1H4-10830CB-A334R 100W servo motor is used,
achieving linear motor motion through the servo driver and synchronous belt reduction. In the R joint, the
Inovance model MS1H4-05B30CB-A334R 50W servo motor is used, with the servo motor driving the
turntable to complete the rotation of the R joint, all utilizing the Inovance model SV660NS1R61 driver.
A six-dimensional force sensor produced by Ten-Kun Sensors is used for force and torque acquisition.
The sensor features high rigidity, high resolution, low coupling, high precision, and a high protection
level, with a maximum force load of 400 N, a maximum torque of 35 Nm, and an accuracy of 0.1–0.5%
F.S. The ankle joint rehabilitation robot is displayed, as shown in Figure 22.
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The same subjects as in chapter 2 were selected for the ankle rehabilitation training experiment,
and the human ankle axis obtained in chapter 2 was used to make the mechanism move according to
the ankle axis to verify the rehabilitation training effect of the mechanism. The ankle joint was trained
with different rehabilitation exercise models, and the relationship between angle change and time was
obtained, as shown in Figure 23. The variation curve of velocity and axis direction over time is obtained,
as shown in Figure 24.

Based on Figure 23, it can be seen that the mechanism can meet the angular range requirements of
different rehabilitation exercise modes. From Figure 24, it can be observed that the speed curve of the
mechanism is generally consistent with the direction curve of the axis, indicating that the mechanism
can move in accordance with the human ankle axis.

7. Conclusions
Based on the characteristics of ankle motion axis, this paper proposes a novel ankle joint rehabilitation
mechanism from the perspective of human-machine axis fusion. Within a certain range, the mechanism
can be continuously rotated around any axis in the spatial plane, that is, it can be rotated around the
instantaneous axis of the ankle joint at a non-fixed point, thereby improving the rehabilitation effect,
making it safer, and preventing secondary injuries. First, we used the motion capture system to iden-
tify and calculate the axis of human ankle joint motion. A 3-PUU/R serial-parallel ankle rehabilitation
mechanism was designed based on the motion mode and range of human motion axis, and the kinemat-
ics analysis of the mechanism was carried out, including the mechanism kinematics inverse, complete
Jacobian matrix, singularity, and workspace. Secondly, based on the motion/force transmission index
and constraint index, the motion performance of the rehabilitation mechanism is analyzed, and it is
proved that the rehabilitation mechanism has good transmission performance and constraint perfor-
mance. Thirdly, the size range of the ankle joint rehabilitation robot is determined based on the needs of
human wearing, and then the dimensional synthesis of the mechanism is carried out with r, R and |UiBi|
as the optimization parameters. Finally, the prototype of ankle joint rehabilitation is manufactured. The
ability of the mechanism to achieve motion matching the axis of the human ankle joint was verified
through experiments.

The proposed mechanism holds promising potential for enhancing the comfort and safety of ankle
rehabilitation, ultimately leading to improved patient outcomes. Further research and development in
this field will contribute to the advancement of ankle rehabilitation techniques.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/
S0263574724001462.
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