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Two general series identities involving
modified Bessel functions and a class of
arithmetical functions

Bruce C. Berndt, Atul Dixit, Rajat Gupta, and Alexandru Zaharescu

Abstract. We consider two sequences a(n) and b(n), 1< n < oo, generated by Dirichlet series

Sa) Ly b
n=1 A; n=1 H;

satisfying a familiar functional equation involving the gamma function I'(s). Two general identities
are established. The first involves the modified Bessel function K, (z), and can be thought of as a
‘modular’ or ‘theta’ relation wherein modified Bessel functions, instead of exponential functions,
appear. Appearing in the second identity are K, (z), the Bessel functions of imaginary argument
1, (z), and ordinary hypergeometric functions , F (a, b; ¢; z). Although certain special cases appear
in the literature, the general identities are new. The arithmetical functions appearing in the identities
include Ramanujan’s arithmetical function 7(n), the number of representations of 7 as a sum of k
squares r(n), and primitive Dirichlet characters y(n).

1 Introduction

Our goal is to establish two general identities involving arithmetical functions whose
generating functions are Dirichlet series satisfying Hecke’s functional equation. For
example, two of these arithmetical functions are r¢ (), the number of representations
of 7 as a sum of k squares, and Ramanujan’s arithmetical function 7(#n). Our general
theorems involve the Bessel function of imaginary argument I, (z) and the modified
Bessel function K, (z), defined, respectively, in (2.1) and (2.2).

One of the identities is a modular or theta relation in which, roughly, the exponen-
tial functions are replaced by modified Bessel functions. The other is a transformation
formula in which ordinary hypergeometric functions appear on one side. Certain
special cases, which we cite in the sequel, of each of the two primary identities have
appeared in the literature. However, the general theorems and the majority of the
examples are new.
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Arithmetical identities 1801

We consider the class of arithmetical functions studied by Chandrasekharan and
Narasimhan [9]. Let a(n) and b(n), 1< n < oo, be two sequences of complex num-
bers, not identically 0. Set

1.1 o(s) = i a)(:) , 0> 0y y(s) := i b!(;:), g>o0;,
n=1 n n=1 n

where, throughout our paper, 0 = Re(s), {1, } and {y,, } are two sequences of positive
numbers, each tending to oo, and 0, and ¢, are the (finite) abscissae of absolute
convergence for ¢(s) and y(s), respectively. Assume that ¢(s) and y(s) have analytic
continuations into the entire complex plane C and are analytic on C except for a finite
set S of poles. Suppose that for some § > 0, ¢(s) and y(s) satisfy a functional equation
of the form

(1.2) x(s) = (21) =T (s)9(s) = (27)*°T(8 - )y (8 - 5).

Chandrasekharan and Narasimhan proved that the functional equation (1.2) is equiv-
alent to Theorems 1.1 and 1.2 [9, p. 6, Lemmas 4 and 5], the first of which is due to
Bochner [8]. Hence, the validity of any one of (1.2) and Theorems 1.1 and 1.2 implies
the truth of the other two identities.

Theorem 1.1  The functional equation (1.2) is equivalent to the ‘modular’ relation

o0 6 o0
3 Sa(n)e = (27”) S b(n)e Tl 4 p(x),  Re(x) >0,

n=1 n=1

where

1
P(x) =5 fe (27)7 y(2)x~*dz,
where C is a curve or curves encircling all of S.
Recall that the ordinary Bessel function ], (z) is defined by [26, p. 40]
+2n
= ()" (52)
M = 2 i)

n=0

zeC.

Theorem 1.2 Let x >0 and p > 20 — 8 — 1. Then the functional equation (1.1) is
equivalent to the Riesz sum identity

b s Dx =1 )P
M 2, D)
L \p oo L\ @02
(1.4) :(%) Z:lb(")(m) Jo1p (47 /tnx) + Qp(x),

where the prime I on the summation sign on the left side indicates that if p = 0 and
x € {An}, then only S a(x) is counted. Furthermore, Q,(x) is defined by

L x(z)(@nr)"x?
1.5 = — 7d )
a3 Q (%) 2ni Je T(p+1+2) ‘

where C is a curve or curves encircling S.
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Chandrasekharan and Narasimhan [9, p. 14, Theorem III] show that the restriction
p > 20, — 8- 3 canbereplaced by p > 207 — & - % under certain conditions. Because
we later use analytic continuation, this extension is not important here.

Theorem 1.1 is not explicitly used in the sequel. However, Theorem 1.2 is the key to
our primary theorems, Theorems 3.1 and 10.1.

Our examples include the following arithmetical functions: r(#), the number of
representations of 7 as a sum of k squares; ox (n), the sum of the kth powers of the
divisors of #; Ramanujan’s arithmetical function 7(#); both odd and even primitive
characters y(n); and F(n), the number of integral ideals of norm # in an imaginary
quadratic number field.

2 Facts about Bessel functions

The Bessel function of imaginary argument I, (z) is defined by [26, p. 77]
) ( %Z) v+2n

(2.1) I,(z) = Z

T N C)
Sonll(v+n+l) s
whereas the modified Bessel function K, (z) is defined by [26, p. 78]

I,(z)-1,
2.2) K,(z) = TG e
2 sinvmw
K,(z) :=lim K, (z), neZ.

As special cases [26, p. 80],

(2.3) UPICIERY % sinh z,
(2.4) Ky (2) = /%e*z.

For v € C [26, p. 79],
(2.5) Kv(z) = K,V(Z).
For Re(v) > 0 [6, p. 329],

(2.6) lim 2" K, (2) = 27T (v).
The three foregoing Bessel functions satisfy the differentiation formulas [26, pp. 66
and 79]
d v v
(2.7) 7z (2"]v(2)) =2"J1-1(2),
z
d
(2.8) - (2'1,(2)) =2"1,1(2),
z
d
(2.9) = (2"Ky(z)) = - 2"Ky-1(2).
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We shall need their asymptotic formulas as z — oo, namely [26, pp. 199, 202, and 203],

(2.10) Jv(2) :\/Z(cos(z—éwr— iﬂ)+0(§)),
(2.11) L(z) =\/ 5 e (“O(Z))

212) K,(2) \/7‘2(1+o( ))

Lemma 2.1(26,p.417] Leta >0, Re(u) > -1, and v € C. Then,

/ K,(aVi2+2%) 2 g _2 F(y+1)

(t2 ZZ)V/Z abtlzv—p-1 K- ”71(az)'

Lemma 2.2 [26,p. 416] For a,b >0, Re(z) > 0,Re(y) > -1, andv e C
v—pu—1
o K,(avVZ2+x%) . b Nz AN —
[0 Ju(bx) = (22 + x2)"/2 Xt dx L Ky ya(zva? +b?).
3 The first primary theorem
Theorem 3.1 Let Re(v) > -1, Re(c),Re(r) > 0, and p > —1. Then,

r(P+1)Z a(n) f (x = An)P (2 +x) K, (4nr\/c2+x)dx

1 & b(n)
) (2m)P*lpycv=o-p-l nZ::l (72 + py ) (Orp-viD)/2 Kospri-v (4m Vit ””)
(3.1) + f Qp(x)(c* + x)"K, (471r\/ 2+ x) dx,
0

where it is assumed that the integral Q,(x), defined by (1.5), converges absolutely.

Proof Assume that p > 20, — 8 — 3. Multiply both sides of (1.4) by
(c2 + x)’V/ZKV (4717'\/ 2+ x) , ¢, r>0,

and integrate over 0 < x < oo. Let F;(8,p,v) denote the left-hand side, and let
F>(8, p,v) and F5(4, p, v) denote, in order, the two terms on the right-hand side that
we so obtain.

First,
1 % ’
Fi(8,p,v) = “A)P(c? + x) 72K, (4nrV/ e d
(8, p,v) T(p+1) A,.zs:x a(n)(x )P (c* +x) ( arve +x) x
(3.2)

p+1)2 a(n) f (x = Ap)P(c* +x)” V2K, (4nr\/c2+x)dx
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Second, after we invert the order of summation and integration by absolute
convergence on the right-hand side, we are led to the integral

I1(8,p,v) := /0 x(TPI2 (2 4 x)_v/2]5+,,(47'[\ /tax)K, (47'[r\/ 2+ x) dx

oo K,(4nrv/'c? + u?)
_ S+p+1 v
(3.3) —2/; U P Jsep (4mu/pin) EFDIE du.
Apply Lemma 2.2 with

p=38+p, a = 4nr, and b=4n/p,.
Hence, from (3.3), for § + p > -1,

(471\/#—,,)5+P (\/(4nr)2 + (4my/in)? )H_P_l

(4mr)Y c

1(8,p,v) =2

x Ky_5-p-1 (c\/(4nr)2 + (471\/#—”)2)
(3.4) :M(ﬁ 4y @8- /2 5
. 2mrYcv=8-p-1 n) v=8-p-1 (4ncm) .
In summary, with the use of (2.5) and (3.4), we have

1 >, b(n)
F,(68,p,v) = Z (2 + ) G2 Ky_s-p-1 (47‘[c\ /12 + y,,)

(Zﬂ)erlerv—é—p—l

(3.5) n=1
= 1 i b(f’l) K (47‘[C 2 )
(2ﬂ)P+1rVCV*5*P*1 = (1‘2 + ‘un)(5+p—v+l)/2 d+p+1-v V Un ).
Third,

(3.6) (8, p,v) = fo ™ Qu)(& + ) K, (47 ) d.

We now gather together (3.2), (3.5), and (3.6) to conclude (3.1), which we have
proved for v, 7, ¢ > 0. However, in view of (2.12), we see that by analytic continuation,
(3.1) holds for Re(v) > -1, and Re(c), Re(r) > 0. The conditions p > 20 — 8 — 3 and
0 + p > —1 can be discarded by analytic continuation in p. ]

4 The special case p =0

We consider Theorem 3.1 in the special case p = 0.

Theorem 4.1 Let Re(v) > -1 and Re(c),Re(r) > 0. Assume that the integral below
converges absolutely. Then,

L $ & (47rr\/c2+/\,,)

— K,_
271 £ (2 + A,) D2

1 - b(n)
Z (2 + ) (6-vD/2 Ksi1-v (47'[6\/1’2 + [,[,,)

= o1
2nrveY oyt

+ fom Qo(x)( +x)7"?K, (4711'\/ 2+ x) dx.
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Proof First, set

u
u=4nrvc?+x =dx-= du.

8m2r?

Hence, in turn, using (2.5) and (2.9), we find that

fm(c2+x)_v/2Kv (4nr\/m) dx:[m ( u )W(L)Kv(u)du

An 4mr\/ct+A, E 8m2r2
.2 [oo u"K, (u)du
(4rr)2=v Janr/c24a,
=2(4nr V‘Zfoo w K (u)du
( ) 4nr\/c2+ A, V( )

o [ da, _,
=— 2(47‘[1’)v 2 A‘n,m % (u +1K—v+1(u)) du
=2(4mr) " (4mr/c? + X)) VP Ky (4nr/ 2 + )y)
1
:5;4—(c2+—An)"(”‘n/zf(v_1(4nr\/c2+-An).
r

Thus, the sum on the left-hand side of (3.1) reduces to

oo a(n)
l(czT)(v—szH@tmm ).

n=

1
2nr
The remaining part of the proof is immediate after setting p = 0 in Theorem 3.1. =

Before giving examples in illustration of Theorem 4.1, we offer remarks on previous
work. Theorem 3.11is new. The first author’s paper [3, p. 342] contains the first statement
and proof of Theorem 4.1 [3, pp. 342-344]. Our proof here is completely different from
thatin [3]. Theorem 4.1 was also established via the Voronoi summation formula in [4,
p. 154]. The special case, § = 1, of Theorem 4.1 was first established by Oberhettinger
and Soni [22, p. 24] in 1972.

To illuminate the equivalence of the functional equation (1.2), the modular relation
(1.3), and the Riesz sum identity (1.4), Chandrasekharan and Narasimhan [9] examine
the three identities with particular arithmetical functions. For more details about the
functional equations associated with these arithmetical functions, and for calculations
of Qo (x), see their paper [9].

In the examples below, we refer to calculations made by Chandrasekharan and
Narasimhan [9] to illustrate Theorem 1.2. In particular, we use a few of their deter-
minations of Q,(x).

5 Example: r(n)

Let r¢(n) denote the number of representations of the positive integer n as a sum of k
squares, where k > 2. Then,

quyziri?, o> k)2,
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satisfies the functional equation
(5.1) 7T (s) 8 (s) = 2T (k2 - $) G (k)2 = 5).

Thus, in the notation of (1.2),

o(s) =v(s) =2°C(s), a(n)=b(n)=rr(n), d= g, and A, =p, = g

From the functional equation (5.1), {x(0) = -1, and furthermore (;(s) has a simple
pole at s = k/2 with residue 7¥/2/T(k/2). It readily follows from (1.5) that

xP . (27x)k/2 xP
T(p+1) T(p+1+k/2)

(5.2) Qp(x) = -
Applying Theorem 3.1, we find that for Re(v) > —1, Re(c¢),Re(r) > 0,and p > -1,

F(p+1) Z ri(n) f (x —n/2)P(c* + x)7"K, (47Tr\/c2+x)dx

~ 1 & re(n) T
- (2m)PHipycv-k/2-p-1 nz::l (72 + n/2)(k/2+p-v+1)/2 Kijzepri—y (4mC\/12 + 1/2)

ol xP (27x)k/2 xP ) )2
(5.3) +f0 (_F(p+1) + F(p+1+k/2))(c +x) "°K, (47rr\/52+x) dx.

First, making the trivial change of variable x = *, and applying Lemma 2.1 with
a =4nr, z=c,and y = p, we find that

(5.4)

= xP V2K 2 _
—[0 F(p+1)(c +x)7V (4ﬂrm)dx——

Second, again making the trivial change of variable x = t?, and applying Lemma 2.1
with a = 47r,z = ¢, and y = p + 3k, we find that

2p+l

(4mr)picv—p-1

Ky_p_1(4mrc).

oo xp+k/2
; 7F(p+l+k/2)(c +x) 2K (4ﬂrVC2+x)dx
2p+k/2+1

(5.5)

= (4rr)p k2ol cv=p=k[2-1 Ky—p-kj21(47rc).

Now, put (5.4) and (5.5) into (5.3) to deduce that

n) fn: (x —n/2)? (2 +x)"?K, (4711’\/ 2+ x) dx

1 o0
TPENEIHA

~ 1 >, re(n) s
- (2m)PHirycv-k/z-p-1 nZ::l (72 + n/2)(k/2+p-v+1)/2 Kijzepri—y (4mC\/12 + 1/2)

2P+l (27‘[)k/22p+k/2+1
- (47r)P+icv=p-1 Ky-p-1(4mre) + (47r)P+k/2+1cv=p=k[2-1

Kv—pfk/z—l (47‘[1’6) .
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Next, appealing to Theorem 4.1 and (5.2) in the case p = 0, we deduce that

1 el Tk(n) .
2 n=l WKv—l(‘lﬂrm)

1 ad re(n)
- Kijpary (4716\/72 + 12
2 ev—k/2-1 nZZI (72 + n/2)(k/2-v+1)/2 k/ze1—y (4TC\/ 1% + 1 [2)

(5.6) + /000 (—1 + r((zlﬂx])cl;;) ) (+ x)‘V/ZKV (4nr\/ 2+ x) dx.

Now, use (5.4) and (5.5) in the case p = 0. If we define r,(0) = 1 and use (2.6), we see
that (5.4) in the case p = 0 can be written as the term for # = 0 in the series on the
left-hand side of (5.6), whereas (5.5) in the case p = 0 can be considered as the term
for n = 0 in the series on the right-hand side. Multiplying both sides of the resulting
identity by 277, and replacing v by v + 1, we conclude that

Z :kn}/g)v/zK (4mr\/c?* +n/2)
- ri(n)
(5.7) = k/2 Z (r2+n/k2)(k/2 575 Keppv(4me /P < n2).

The identity (5.7) was also established by the first author, Lee, and Sohn [7, p. 39,
equation (5.5)]. For k = 2, (5.7) was first proved by Dixon and Ferrar [12, p. 53, equation
(4.13)] in 1934. A different proof for k = 2 was given by Oberhettinger and Soni [22,
p- 24].

6 Example: o,(n)

Let 03 (n) denote the sum of the kth powers of the divisors of n, where it is assumed
that k is an odd positive integer. The generating function for o¢ (1) is given by

oo

n), o>k+1,

Ck(s) = C(s)C(s = k) =

and it satisfies the functional equation
61) (21)T(s) ¢k (s) = (1) F D2 (27) A=) (k41— 6) e (k +1-5).

In the notation of the Dirichlet series and functional equation in (1.1) and (1.2),
respectively,

a(n) = or(n), b(n)=(-1)* V26 (n), Ay=pp=n, 8=k+1
Now, Qo (s) is the sum of the residues of

T(2)2)(z - k)x?
R(z) = T(z+1)
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(In Chandrasekharan and Narasimhan’s paper [9], they utilize a different convention
for Bernoulli numbers, and so our representation for Q takes a different form from
theirs.) Observe that R(z) has simple poles at z = 0, -1, k + 1. Using Euler’s formula,

n-1 (271’)2’132”

2n) = (-1 , >1,

CCan) = (- TS
where # is a positive integer and B,, denotes the nth Bernoulli number, we readily find
that

B 2 )R (1) (kD/2g, ki
(6.2) Qo(x) = k+1 81’k‘x + ( T[) ( ) k+1X ’

2(k+1) 2 2(k+1)T(k +2)

where

0, otherwise.

1, ifk=1,
Ok = {

Applying Theorem 4.1 and employing (6.2), we find that

L %K%l (4nr\/ cz+ n)

21r & (2 + n)(D2

1 oo (_1)(k+1)/20.k(n)
o ev—k—2 ’; (2 + n)(kr2-0)]2 Koy (4”C V1t ”)
/oo Bii ~ 61,kx N (zﬂ)k+1(_1)(k—1)/sz+1xk+1
o \2(k+1) 2 2(k+1)T(k+2)

(6.3) x (c* + x)_”/sz (4nr\/ c2+ x) dx.

Let I1, I, and I3 denote, respectively, the three integrals on the right side of (6.3).
In each instance below, we initially make the change of variable x = t*. First, by
Lemma 2.1,

(6.4)

B oo B 1
kel f (¢ +x)"K, (471r\/ 2+ x) dx =2~ K, (4nrc).
0

I = =
! 2(k+1) k+1 4mrcv!
Second, apply Lemma 2.1 with a = 4717,z = ¢, and y = 1. Hence,

(6.5)
2

81]( 2 _
I, =-——>= & +x)"PK, (4nrV 2 + x ) xdx = -8, x ————K,_,(47rc).
2 2 Jo ( ) V( ) O P 2(47rc)

Third, we apply Lemma 2.1 with a = 277, z = ¢, and p = k + 1. Therefore,
2 k+1 -1 (k—l)/ZB oo
I; :( ) (D) k1 f (c® +x)"PK, (4nrm) 1 dx
2(k+ DT (k+2) 0
B (_1)(k—1)/23k+1
C4m(k +1)rk+2cv-k-2

(6.6) K,_x_2(4mrc).
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In summary, putting (6.4)-(6.6) into (6.3), we deduce that

Lol k(4 )

2nr 52 (2 +n)(v-D/2

oo _ (k+l)/2
! > (-1) % (1) Kivav (4ncv r2 o+ n)

T opvev-k-2 Z(r2+ n)(k+2—v)/2

Bin 1
k+1 4mrcv? Ky (drre)
2 (-)D2By
(67) — 81)]( WKV_2(47TYC) + 47'[(k " l)rk+2CV_k_2 Kv—k72 (47T7’C).

We now put (6.7) in a more palatable form. From (6.1),

{(0) =000 = _% ' _fk:i B 2(11?111)’

by [13]. Define

B+
6.8 0)=-Cx(0) =~ .
( ) Uk( ) (k( ) 2(k+1)
Thus, by (6.8), the first expression after the series on the right-hand side of (6.7) can
be expressed as the term for n = 0 in the series on the left-hand side. Similarly, the last
expression on the right-hand side of (6.7) can be represented as the term for #n = 0 in
the series on the right-hand side of (6.7). Thus, we can write (6.7) in the simplified

form
212 %KV 1(47Tr\/m)
oo k
T Dprvevk- Z:: rzl):;)lziz; S)’QK"”“’ (4ﬂcm)
(6.9) - 61k WKV_Z(MUC).

Multiplying both sides of (6.9) by 277, and replacing v by v + 1, we deduce that
Z ok (1) (4711’\/ 2+ n)

(2 +n)2""
(6.10)
Sk 1 & ()*D2gy(n) ST
= e K,_1(4mre) + | r;) (2 + )2 Kii1—v (47rc r2 + n) .

This identity appears to be new. If we let ¢ — 0 in this identity, employ the limit
evaluation [6, p. 329]

lim /7K, (2m/cf) = %F(—v)n"ﬂ"/z,

and replace v by —v — 1, then we obtain the first equation on page 4794 of [5] for -1 <
Re(v) < 1. The restriction Re(v) < 1 can then be removed by analytic continuation.
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In a three-page fragment published with his lost notebook [24, p. 253], [2, p. 95],
Ramanujan offered a kindred formula to (6.10). If « and j3 are positive numbers such
that aff = 7%, and if s is any complex number, then

ﬁia_s(n)ns/sz/z(Zna) - \/EZG_S(n)nS/ZKS/z(Znﬁ)
(6.11)
_ ir (%) {(S){ﬁ(l—s)/Z _ 06(1—5)/2} 4 ir (_%) {(_S){ﬁ(lJrs)/Z _ (X(1+s)/2}.

Note that (6.11) is not a special case of (6.10), and also note that (6.11) is valid for
all complex s, whereas k in (6.10) is a positive odd integer. The beautiful symmetry
involving the modified Bessel functions is apparent in both (6.10) and (6.11). However,
in (6.10), there is symmetry in the binomial powers, whereas in (6.11), the symmetry
is in the powers of the summation index.

Unaware that (6.11) was first established by Ramanujan [24, p. 253], Guinand [17]
gave the first proof in print in 1955. The identity (6.11) is now known as Guinand’s
formula or the Ramanujan-Guinand formula. See also [7, pp. 25-27] for a proof.
Letting s = 0 in (6.11), we obtain a well-known formula of Koshliakov [7].

The identities (6.11) and (6.10) are remindful of the Fourier expansions of real
analytic Eisenstein series, which are defined on the modular group SL,(Z). For
Re(s) >1land z = x + iy € H| define

E(s,z) =% > J

—oo0<c,d<oo |CZ + d|25 .
(c,d)=1

S

The Eisenstein series E(s, z) has a Fourier expansion that is given in terms of series
involving modified Bessel function K, (z), namely [21],

1/1(25—1) 1-s 4\/} =
v(2) 7 Ty &

E(s,z)=y"+ m*~201_ss(m)K _1(2mmy) cos(2mmx),

where
v(o) =71 (5) o)

7 Example: 7(n)

Recall that the Dirichlet series for Ramanujan’s arithmetical function 7(n)

_ s~ 1(m) 13
(71 f(s)_,; s o> >
satisfies the functional equation
(7.2) x(s) = (2m)T(s) f(s) = (2n) "2 T(12 - 5) f(12 - 5).
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In the notation of (1.1) and (1.2), the function x(s) is an entire function, and so
Qo(x) = 0. Clearly,

(7.3) An =y =n, 6=12.

First, apply Theorem 3.1. For Re(v) > -1, Re(c), Re(r) > 0, and p > —1, we have

F(P+1) 2 (”)[ ”)P(Cz+x)_v/2Kv (47‘[1’\/ Cz+x) dx

T(n) K13+p—v (47TC\/m) .

(27-[)p+1rvcv 13- Z:: 24 ) (B34p-v)/2

Second, applying Theorem 4.1 and replacing v by v +1, we deduce that, for
Re(v),Re(c),Re(r) > 0,

(7.4)
o 1(n) S 7(n)
nZ::l DL K, (471r\/ 2+ n) Tz z:: ) (T Kiz—y (47TC\/ 2+ n) .

The identity (7.4) was first established by the first author, Lee, and Sohn [7, p. 40,
equation (5.7)].

8 Example: primitive characters y(n)

Let y denote a primitive character modulo q. Because the functional equations for the
Dirichlet L-series

L(s,x) =

are different for y even and y odd, we separate the two cases.
Suppose first that y is odd. Then, the functional equation for L(s, y) is given by
(11, p. 71]

(8.1

—-s . _(%_S)
x(s) = (g) T(s)L(2s-1x) = —ZT(\/%() (:) F(% —S)L(Z—Zs,x),

where y(n) denotes the complex conjugate of y(#), and 7(y) denotes the Gauss sum

q .
(8.2) (x) = x(n)e* /4,
n=1

Hence, in the notation of (1.1) and (1.2),

a(n)=ny(n n:—iT(X)n*n = :n: :§
(8.3) a(n)=nx(n), b(n) NG x(n),  An=pn 2 5=">.
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Furthermore, x(s) is an entire function, and consequently Qy(x) = 0. Applying
Theorem 4.1, multiplying both sides of the resulting identity by 277, and replacing v
by v + 1, we conclude that

i:: (CZJrZZX/%KV(AIM c2+n2/(2q))

oo

~it(y) 5 nx(n)
rvcv73/2\/q = (7’2 + nZ/(zq))(S/va)/Z
which we believe to be new.
Second, let y be even. Then, the functional equation of L(s, x) is given by [11, p. 69]

Ks/p-y (4mmen/ 12+ n%[(2q))

—s s)
(8.4) X(s)::(;[) T(s)L(2s, y) = T(X)(q) T(L-s)L(1-257).

Vi
Hence, by (1.1) and (1.2),
(8.5) - b(n) = T Mz = " 5]
: a(n) = x(n), b(n)= NG —Z=x(n), Ay = = 2w 077

Furthermore, y(s) is an entire function, and consequently Qo(x) = 0. Appealing to
Theorem 4.1, multiplying both sides of the identity so obtained by 27, and replacing
v by v + 1, we conclude that

S n) 2, 2
Z:: WKV(ALM\/C +n2/(2q))

_ (x) 3 x(n) KI/Z_V(AMCW)’

rvcv—l/Z\/q four (7.2 + n2/(2q))(1/2—v)/2

which we also believe to be a new identity.

9 Example: ideal functions F(n) of imaginary quadratic number
fields

Let F(n) denote the number of integral ideals of norm # in an imaginary quadratic
number field K = Q (\/ —D), where D is the discriminant of K. Then, the Dedekind
zeta function

(k(s) = ii’:), o>1,
n=1 n
satisfies the functional equation [10, p. 211]
(01) (j%) L(s)Ck(s) = (\2/%) (- 9)0(-5),

We note from (1.1) and (1.2) that

a(n)=b(n)=F(n),  Ay=pn=n//D,  b6=1
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The function {k(s) has an analytic continuation into the entire complex plane where
it is analytic except for a simple pole at s = 1. From [10, p. 212],

©2) lim(s ~ 1) (<) = W

where h(K), R(K), and w(K) denote, respectively, the class number of K, the regula-
tor of K, and the number of roots of unity in K. Furthermore, from (9.1) and (9.2),

(9.3)

vD 1 (1—5):@._2”h(K)R(K):_h(K)R(K)

—0 27 sT(s)

For simplicity, setd = /D, h = h(K), R = R(K),and w = w(K). From (9.3) and (9.2),

1 I'(z) ., 2, _ hR 2mhRx
(9.4) Qo(x)—szer(“l)dﬁ((z)x dz = - T,

By Theorem 4.1 and (9.4),

1 & F(n) 2
2mr 54 WK‘H (4nr 2+ n/d)
_ 1 oo F(n) 2
_27T1’VCV—2 nzzl (1’2 + n/d)(Z*V)/Z K2—v (4ﬂcm)

(9.5) + fow (—h—R + ZHZRx) (+ x)_"/sz (4ﬂr\/ 2+ x) dx.

w

Separate the integral on the right-hand side of (9.5) into two integrals, denoted by I;
and I,, respectively. First, by Lemma 2.1, as we did in our calculation in (6.4),

(9.6)
oo 1
L= _hR f (c? +x)"K, (47rr\/ 2+ x) dx = —h—RiKv_1(47rrc).
w Jo

w 2mrev1
Second, by Lemma 2.1 with the same calculation as in (6.5),
(9.7)

2mhR [ /Ty hR
Lo _/0 (S +x) K, (4nr 2 +x) dx = —————K,_,(4nrc).

w 2w mr2cv2

Suppose that we define (perhaps for the first time in the literature)

(9.8) F(0) = %R.
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Then, substituting (9.6) and (9.7) into (9.5) and employing the definition (9.8) to
identify (9.6) and (9.7) as the terms for n = 0 on the left- and right-hand sides below,

we find that
1 & F(n) >
TZ (2 +n/d)-D/2 Ky- 1(4”’ ¢ *”/d)
- ) :
(9.9) Ry 7;) (r2+n/d)(2*V)/2K2_V (4nc r +n/d).

Lastly, multiplying both sides of (9.9) by 27+ and replacing v by v + 1, we conclude
with the identity

Z;} c2+n/d)v/2 (47rr c2+n/d)

(9.10) - i F(n)

rvev-l = (1’2 + n/d)(l—v)/Z

K, (47‘[6 r2 + n/d)

The identity (9.10) was first proved in 1934 by Koshliakov [19, p. 555, equation (15)],
who used the Abel-Plana summation formula.

10 The second primary theorem

Theorem 10.1 For Re(v) > -1, p> -1, §+p+Re(v)+1> 8% >0, and Re(\/a) >

Re(\/ﬁ) >0,

pﬂ)i ”)fA:o(t—ln)P%H(oc,ﬁ;t)dt
2 FT(v+d+p+1) & b(n)
(2m)+2  T(v+2) 15 \/Ap, + a4, + B

v é -

Vi a0 T

X
VA + &+ /A, + B Vo \[au, +

VA /A B\
VA + o+ \/4p, + B

Q 0 \/a_ v+l - ,
(10.) ‘2(5(+1)>(ﬁ+£) - [T Qe p o

szl(v—(S—p+2,1—6—p;v+2;(

where
03 o= s (V{5 ) s ({5 )

where it is assumed that Q,(0) exists, and where 1 F\(a, b; ¢; z) denotes the ordinary
hypergeometric function.
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Proof Replace x by ¢ in (1.4), multiply both sides of (1.4) by

d
7H 7;t>
= Ha,fi1)

where H(a, f3; t) is defined by (10.2), and finally integrate with respect to ¢ over (0, c0).
We see that the left-hand side becomes

(10. 3)

Sa(n [Tu-Ly g ® H(a, fs)dt = = Fi (0 p) + Fala fp),

(P+1 n=1 (2 )

where

oo o [t (8+p)/2
Fi(a,B,p) = ;b(n) /0 (/4) Js+p (471 ‘unt) H(a, B t)dt
and
(10.4) (o, By p) = fome(t)H(oc,/S; )dt.

First, examine F;(a, 8, p). Integrating by parts while using (2.7) in the form

L (0D 5, (aVF)) = SO (aVE),

we find that
[ee) b N
Fi(a. B p) = Z (6(::2/2 / (O, (4” ) H(“ Bst)

oo b o d +
Z%f (g () Hi i)

n=1 Uy
(10.5)

= b(n _
_znnzl y(5+(p z)/z / {2 5ot (41 unt) H(a, Bs 1),

where we have used the asymptotic formulas (2.10)-(2.12), the hypothesis § + p > 0,
and the existence of

l}i%bﬂ (71\/;(\/&— \//_3)) Ky (7T\/Z(\/5Jr \/ﬁ)) >

which is explicitly calculated in (10.8).
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We next employ an integral evaluation from [6, p. 315]. For Re(yu) > -1,
Re(p +v) > -1, and Re(n(z + w)) > [Re(n(z — w))| + |Im(&)],

fooo M, (Ex) L ((z = w)x) K, (n(z + w)x)dx

:T(/,t+v+1) (&/2)* VE +4m2z2 —\/E + 4m2w? ’
T(v+1) /& +am222\/8 + 4mw? \\/E + 4222 +\/& + 4m2w?

2u
1 1
" (\/£2+4n222 " \/fz+4n2w2)
VE +4n2z2 —\/E + Am2w? )2)

10.6) x,F|v—u,—u;v+1;
106 1( ot (\/£2+4n222+\/52+4n2w2
The Hankel inversion of the formula given above with the same kernel, that is, J,,, was
given by Koshliakov [20, equation (1)] and is a generalization of an integral evaluation
by Fock and Bursian [15, pp. 361-363], arising in their study on electromagnetism (see
also [14, equations (31) and (33)]).

In the integral on the extreme right-hand side of (10.5), make the change of variable
t = x* and then apply (10.6) with & = 47, /i, p=8+p—1,z=/a, w= \/F, and v
replaced by v + 1. Thus, for Re(v+ § + p) > -1 and & + p > 0, we find that

o b(n)
Fl(‘x /3 P)——Z”Z (5+P 1)/2
2T(v+8+p+1) (21 /)"
I(v+2) V16n2u, + Amta\ /1672, + 4m2 B

v 28+2p-2
VApn + o — /4 + B " 1 . 1 i
X

Vs + o+ 4p, + 8 V16n2u, +4mra \/16n2u, + 472

\/W—\/—4ﬂn+ﬁ)2)}

VAn +a+/4p, + f

2 T(v+8+p+) & b(n)

@i T(r+2) & i s a/an < B
(\/W‘\/‘*HT) ( | ) | )25+zpz
VB + &+ A, + B Vi ta  \fap, + B

szl(v—8—p+2,—8—p+1,v+2,(

VApn + o — /4y + 8 2
VApn + o+ /4y, + ’

Second, by the definitions of I, and K, in (2.1) and (2.2), respectively, and by the
use of the functional equation and reflection formula for I'(z), we find that

(10.7) ><2F1(v—&—p+2,—8—p+1;v+2;(
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iyt ({3~ B)) o (5B
i GVEVE- VBT Gia e B)
t—0 2sin(r(v +1)) T(v+2) r'(-v)
) . \/a—\/ﬁ v+l
2sin(z(v+1))(v+DI(v+ DI (=v) \ Va + /B

1 \/_ \/— v+1
20v+) \Va+/B)

(10.8) =

Utilizing (2.11), (2.12), and (10.8) in performing an integration by parts in (10.4), we
deduce that, for Re(v) > -1,

] \/a_\/ﬁ v+1
2(v+1) (\/&+\/ﬁ) 2 (0)

Fy(a, B,p) =~

(10.9)

~ [ QO (75 (Ve - VB)) Kyt (wE (Va + V/B)) e

where, for Re(\/&) > Re(\/ﬁ ), the boundary term at oo vanishes, since by (2.11) and
(2.12), respectively, as t — oo,

o (VTa—/15)

(10.10) L(n(Vta - \/1B) ~

m/2(Vta - \/1B)
and
(10.11) Ky (n(V/ta ++/tp)) ~ VD

2(V/ia +\/1B)

Finally, from (10.3), (10.7), and (10.9), we deduce that

i ”)Anw(t—ln)P%H(a,ﬁ;t)dt

p+l -

1 \/&—\/B v+1

_2(v+1)(\/&+\/ﬁ) 2 (0)

B 2 FT(v+8+p+1) & b(n) VA, + o —/4pn + B v
(2m)0*20 T(v+2) 1 Ay + /by + B\ S + & + SR, + B

28+2p-2
1 1
X +
(\/4””“ \/4Mn+ﬁ)
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\/4yn+(x—\/4‘un+ﬁ)2
VApn + o+ /4y, + B

x 2 F V—5—P+2,1—5—p;v+2;(
- f Q) () H(a, B t)dt.
0
The proof of Theorem 10.1 is now complete. [ ]

11 The special case: p =0

When p = 0 in Theorem 10.1, by (10.10) and (10.11), the left-hand side of (10.1) reduces

to
ia(n) f; %H(a,/}; £)dt - —ia(n)H((x,ﬁ;A,,).

Hence, we have our second main theorem.

Theorem 111 Assume that Re(v) > 1 and Re(\/&) > Re(y/B) > 0. Also assume that
d+Re(v) +1> 0, >0. Suppose that the integral on the right side below converges
absolutely and that Qo (0) exists. Then,

ad Ly 202m)T(v+ 8 +1)
’;a(n)H(oc,/S,)Ln) = T(v+2)

5 b(n) (\/4yn+oc—\/4‘un+ﬁ)v+l
n=1 \/4/4n +0C\/4,”n +/3 \/4/471 Taty 4."Ln +ﬁ

X( 1 X 1 )25—2
Vadln + o \[4p, + B

VA + o —\/4p, + B ?
VApn + @ +/4pn +
Q) (va-vBY" e, |
(1L.1) T (\/a+ ﬂ) N fo Q) (x)H(a, B x)dx,
where H(a, B; t) is defined by (10.2).

XzFl(V—8+2,l—8;V+2;(

Next, we show that Theorem 4.1 from [5] can be obtained as a special case of
Theorem 11.1. To that end, divide both sides of (11.1) by (/& - \/B)"*!, and let & - .
In the course of doing so, we need the limit

o 20 (58 (V= V) Kt (/T (/5 + V)

o} (Va /By
()" o K (2 A0B)
O R e ore
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where the definitions of I, and K, in (2.1) and (2.2), respectively, were used. On the
left side of (11.1), by (2.8) and (2.9), the series converges absolutely and uniformly with
respect to a for 0 < \/a < g, for each fixed € > 0. Thus, we can interchange summation

and the limit as « -  on the left-hand side of (11.1) to find that

hmz Hl(ﬂ\/z(\/a—\/l_?))le(ﬂ\//\_n(\/aJr \/E))

‘x_)ﬁn 1
13) = G > a(n)APK, (2 /AaB).
T T(v+2) & o

We also take the limitas & — f§ inside the integral on the far right side of (11.1) by using

a similar argument with A, replaced by x in (11.2). Hence,

lim [ Q) (x)Iy41 (ﬂﬁ(\/a— \/E)) Ky (ﬂﬁ(\/a+ \/E)) dx

a—=p Jo

v+1
(11.4) = ( ) e f QO( )x (v+1)/2Kerl 27'[\/@)(1)6

Next, recall that , F; (g, b; ¢;0) = 1. Thus, it remains to evaluate the limit

lim (VA + o +\/4p, + ﬁ)_v_
b A+ o A+
(e ) ()
Va-\/B Vit e\ fap, + B
i (VA + o +\/4p, + [3)72 -
a—p VApn +on/4pn + 3

20-2
v+1 1 + 1
x(\/a"-\/ﬁ) (\/4/4n+0C \/4,Un+ﬁ)

ol

~(4pn + B)° \ 2(4ps + B)

(11.5)

Bringing together (11.3)-(11.5), we conclude that

( ) Z A(v+l)/2K 27_[ /Anﬁ)

T(v+2) iz
25 v-2 —Sﬁ(V+1)/2r(v+6+1) b(n)
I(v+2) Z 1 (4pn + B)or!

(g)v+1

(1L.6) T'(v+2)

[ Q)5 VK, (2B dx.
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-V

Lets = Zﬂ\/ﬁ. Multiplying both sides of (11.6) by 2/s and by (%) - ['(v +2) and then
integrating by parts with the aid of (2.9) and (2.12), we conclude that

2°& >, b(n)
- (v+1)/2 / _~38+v+l_0 v
S ;a(ﬂ))tn + Kv+1(S An) =2 v s F(V+5+1) = (167T2#n +52)8+v+1
2 o]
+ = / Q4 (x)x V2K, 1 (sv/x)dx
s Jo

- b(n)
_A386+v+1_0 v
=2 s’ T(v+8+1)) (1672, + s2)5071

n=1

+f0°oQ0(x)x"/2KV(s\/;)dx.

We hence obtain Theorem 4.1 from [5] as a corollary of Theorem 11.1.

Corollary 11.2  For Re(v) > -1, § + Re(v) + 1> o}, and Re(s) > 0,

© | N

Z a(n))tslerl)/szJr](S /An) :236+v+1n_65vr(v £ +1) Z b(n)
n=1

= (16712#,, + 52)6+v+1

+ f Qo(x)x"?K, (sv/x)dx,
0
where it is assumed that the integral converges absolutely.

Corollary 11.2 was also established in [5, Theorem 4.1].

12 Example: r(n)

Recall (5.1) and (5.2). Applying Theorem 11.1 with & and f3 replaced by 2« and 2,
respectively, and v replaced by v — 1, for Re(v) > 0, we find that

oo

A0 (v (V- V) (5 (3 V) -

_ D(k2+v) & b(n) Jira—/n+p\
nk22K0(v+1) (o nray/n+ B\t a+\/n+p

S
—

k-2
1 1
X(\/n+(x+\/n+/3)

) ) vVn+a—~/n+p ?
><2F1(v—k/2+1,1—k/2,v+1,(n+“+\/m))

\/a_ ﬁ ' <
() [ eieon (v (- )
(12.1) x K, (ﬂ 2x (\/& + \/B)) dx.
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To evaluate the integral in (12.1), we use an integral in [16, p. 717, equation 6.576, no. 5],
namely, for a > b,Re(2v) > A —1,and Re(1) <1,

(12.2)

oo b'T 1- /\+2v T 1-1 _ _ 2
f x’AKv(ax)Iv(bx)dx— ( ) ( 2 )ZFI(I Ar2v 1-2 l'b )
0

, v+ — ).
2“11"(1/ +1)al-A+v 2 2 a?

Using (5.2) and (12.2), wherein we make the change of variable t = \/2x and note that

A=1-k,a=n(/a+Vb),and b = n(/a — /), we deduce that
waQ(')(x)Iv(ﬂ 2x(\/3—\/ﬁ))Kv(n 2x(\/a+\/ﬁ))dx

k(2m)k/? L
:2r§12+)k/2)f0 < (1v/2x (V= VB) ) K (V2 (Va+ V/B) ) dx
ok/2-1 k)2 o
:—zk/ﬁlrmk/z) (e (Va - VB)) Ky (it (Va + /B)) dt
ket (n(Va-VB) T (5 )T <>.F(k+vkm(ﬁ
2

) r(1+k/2) 22-kT (v +1) (n(\/a+\/_))v+k 22 Ja
(12.3)

:zklr(lzc*")(\/a_\//_g)v( 1 )kp k+vk~v+1(\/_
k2T (v+1) \ Va+/B) \Va+\/B e

Invoking Euler’s formula [1, p. 68, Theorem 2.2.5]

S

)
)

*%

ax
S

2F(a,bs6x) = (1-x) %, F (c—a,c — b %)
in (12.3), we find that

'/OOOQ(')(x)I,,(n Zx(\/E—\/B))KV(n 2x(ﬁ+\/ﬁ))dx
) (S L |
nfPT(v+1) \ a+\/B) \Va+\/B 2 72 U\ Va+ B
:21-kr<s+v><¢a—ﬁ>l-k(ﬁ—ﬂ)”( 1 )
nk/ZF(v+1) \/&4-\/3 \/a-l,-\/ﬁ

k ko (va-BY
X2F1(1_2+V,1_2’v+1)(\/&+\/ﬁ))

T(k+v) (\/_ \/—)(1 1 1

ST (v ) \VarJB) \Va  VB)  JaB
(12.4) ><2F1(1—]2€+v1—2 v+1(ﬁ ﬁ))
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Now put (12.4) in (12.1). To obtain the final equality below, we define ¢ (0) = 1. To that
end,

> rm)L, (mv/n (Va - /B)) K. (m/n (Va + VB))

n=1

_ T(k2+v) & n(n)  (Vara—/neBY
AN (v + 1) nran/nt P\ ra+/n+p

k-2
1 1
X(\/n+oc+\/n+ﬁ)

x o Fy v—k/2+1,1—k/2,v+1,(n+a+\/m))

1 (Va-VBY,  T(E+) (ﬁ—ﬂﬂlg)“ 1
v\ Va+./B ak22MT (v + 1) \ a+ /B \ Ve B
x ,F 1—k+v,1—§;v+1;(M) )

3

2 Ja+ /B

Thus, with simplification,

5 o, (1 (v ) . (i (4 V)

_ 1 (Va-/B V+ T(k/2+v)
v\ Va+.\/B mk/22k-1T (v + 1)

B ) (¢_¢_/5)

S nta/ntp\Jnra+/nip

(12.5)
o, ! le_kwl_k.vﬂ. Visa-y/nr )’
Viva u+p) T\ 277 2\ mrarneg) |

By a different method, the identity (12.5) was also established in [6, Theorem 1.6].
Letting v = 1/2 in (12.5) yields [6, Corollary 4.4]

i: rli;;) e ™ EVB) sinh(ny/n(Va - VB))
= —71(\/&— \/E) - 2”(,(%)/21" (?) ni)rk(n) ((n+ )70 _ +ﬁ)(1‘k)/2),
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whereas dividing both sides of (12.5) by (« — )" and then letting a — 8 gives

(12.6) > re(n)n:K,(2m/np) = BT ( : ;) » k(n) -
n=0 27Vt n=0 (n+ )2

The special case k = 2and v = 1/2 of (12.6) was employed by Hardy [18, equation (2.12)]
to prove his famous result while investigating the Gauss circle problem, namely, as

X — 00,

Y ra(n) —mx = Q(x'h).

13 Example: Ramanujan’s tau-function 7(n)

Let 7(n) denote Ramanujan’s famous arithmetical tau-function. Recall the associated
facts and parameters given in (7.1)-(7.3). Then, from Theorem 11.1, for Re(v) > —13/2,

i (n) I, (ﬂﬁ(\/a— \/B)) Ky (77\/E(\/EJr \/ﬁ))

n=1

202m)7 P13 4v) & 7(n) Van+a—\/4n+p "
B I(v+2) miVAn+ay/An+ B\ VaAn+a+\/4n+ B

(13.1)

1 1 2 Van+a—\/4n+p ’
n+a—+/4n
><(\/411-!—0c+\/411-1—/3’) ZFI(V_IO’_II;V+2;(\/411+(X+\/4n+ﬁ) )

Letting v = -3 in (13.1) and using (2.3) and (2.4), we are led to

1 ad T(n)e-nﬁ(ﬁﬂ/?)sin m/n(v/a -
LS h(n/n(Va - /B))

2(2m)r(25)2) & () Vanva-Jan+g\"
B I(3/2) n=l \/4n+oc\/4n+/3 \/4n+oc+\/4n+/3

(13.2)
22 2
1 1 o [ VA e fAn+ B
) (\/4n+¢x " \/4n+/3) b (_21/2’_11’3/2’(\/4n+(x+\/4n+ﬁ) )

Employing [23, p. 461, no. 107]

2Fi(a,a+1/2;3/2;z) = z(lel)\/Z {(1 _ \/E)I—Za —(+ \/2)1_241} )

with a = —11, we find that

(13.3) 2F1(—21/2,—11;3/2;z):—Fi/z{(l_\/g)ﬁ_(pr VaE).
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With (13.3) in (13.2) and with considerable simplification, we deduce that

”’) eV (Var/B) smh(n\/ﬁ(\/&—\/ﬁ))

U‘l HMS

1 1

(13.4) = Z:: ( (4 N ﬁ)23/2 (4n + 06)23/2 ) .

If we differentiate both sides of (13.4) with respect to & and simplify, we find that

& i _ 3 5.21-23 & Jart(n)
QL 2 2. (4n + a)25/2°

n=1 n=1

which, with « = s?/(4n?), gives [5, equation (7.4)]

3 e/ = ety (2)$ st

o] 2 ) i3 (s? +16m2n)25/2°

14 Example: primitive Dirichlet characters

Let y denote a primitive character modulo q. Depending on the parity of y, we separate
two cases. First, consider odd y. Recall that the functional equation for the associated
Dirichlet L-series is given in (8.1), the Gauss sum 7() is defined in (8.2), and the
relevant parameters are given in (8.3). Consequently, by Theorem 11.1 and the fact that
Qo(x) =0, for Re(v) > -5/2,

S )t Jp (Va- VE) | o T (V= V) )

+1

:—in‘3/2r("+5/2) () i ny(n) \/— +a- \/an +ﬁ
V2qT (v +2) n:l\/(z;ﬂ )\/(2n2+‘8) \/7+a+\/7+ﬁ

1 1
+
V() J(2+p)
x 2 Fy v+1/2,—1/2;v+2;(\/2” \/zn +/3)
q

—m—3/2r(v+5/2) i ni(n) (\/*“" \/%uﬁ)
V2qr(v+2) n:l(ﬁ-t-oc)(znz-rﬂ) (\/ +(x+\/2;‘2+[3)

2n2 _ 212
(141) x2Fy V+1/2)—1/2;V+2;(\/ : Vi 2+/3)
\/2L+ +\/2n +ﬁ

X
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Letting v = —1/2 in (14.1), using (2.3) and (2.4), appealing to the trivial fact that
2F1 (0, —1/2;3/2;X) = 1,

and multiplying both sides by 7/« — 8/+/2q, we deduce that

{50
~ -in?1(2)\/a - B ny(n)
o YL ()

(/F- wwﬂ)li
(e B

_iar(0 (e ) & ni(n)

m 7o (2n% + aq) (2n% + Bq)”

Next, let y be even. Recall that the functional equation and relevant parameters are
given in (8.4) and (8.5), respectively. Therefore, by Theorem 11.1, for Re(v) > -3/2,

3 ks ( Z (V& V)| o | T (V3 V) ) -
(V5 ra-VFp)

i x(mye BilVEVE) g

(14.2)

\/_F(v +3/2)

(0 3. k(n)
F(v + 2 e 12 n2 v+2
" bV e )
2
\/M +a- \/M +8
(14.3) o F | v+3/2,1/2v + 2 2‘12 2‘12
oTat \/T +5
Letting v = —1/2 in (14.3) and using the evaluation [16, p. 1067, Formula 9.121, no. 7]
1+x
(14.4) 2Fi(1,1/233/25x) = 71 ( ),
2Vx -Vx
we obtain, after considerable simplification,
(14.5)
o ) -z (VarvE) g r(x) 2 +aq
nz::l e v \/_(\/— \/—) Z(") 71 fq )

Equations (14.1)-(14.3) and (14.5) are new. If we differentiate both sides of (14.5)
with respect to « and simplify, we obtain

5 x(me - Ly A0

1 2n2 +aq’

which can also be derived by letting v = —1/2 and r = m\/2a/q in [5, equation (9.6)].
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Similarly, differentiating both sides of (14.2) with respect to « and simplifying, we
arrive at

i ﬂX(I’l)e_ﬂn\%ﬂ — l(zq) \/&T(X) Z n%(”)

n=1 n=1 (2112 + “q)z

which also follows upon letting v = —1/2 and r = m\/2a/q in [5, equation (9.3)].

15 A generalization of a theorem of Watson

The functional equation of the Riemann zeta function is given by [13, p. 14]
7T (s/2)¢(s) = IPT((1-5)/2)¢ (1 - 5).

Hence, replacing s by 2s, we see that it can be transformed into the form (1.2) with
8=1/2,a(n) =b(n) =1,and A, = y, = n*/2. Note that in (1.5),

1
Qo(x) = —5 ¥ 2x.

Employing (12.2) with x replaced by /x, and then with v replaced by v + 1, and letting
A=0,a=n(/a++/B),and b = n(v/a-/B), we find that Theorem 11.1 yields, for

Re(v) > -1/2,

1 va- /B " nn -
4(v+1)(\/a+\/ﬁ) ZI"H(\/—(\/_ \/—)) v+l (\/E(\/a-ﬁ-\/ﬁ))
Ty (VaVB)T (YA VY
V2nT(v+2) (\/&+\/—)"+2 zFl(v 3/2,1/23v 2’(\/E+\/B))

L VA +3/2) & (Vs a -2+ p)"
\/_F(V+2) e 1(\/21’12 +(x+\/21’12+ﬁ)v+2

V2n?+a—/2n+ B ’
\/2n2+(x+\/2n2+[3 '

x o F (v +3/2,1/2;v + 2;(

Replacing « by 2« and f by 23, we find that

oy () (& V) o o (5 )

Ty (Ve-vB) (ﬁ—ﬂ)z
e D) i i) 2F1( 3/2,1/2v +2; NI/
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L Te3p) & (Vi rao e p)
Vrl(v+2) i3 (Vv a+ n2+ﬁ)v+2

2
(15.1) ><2F1(V+3/2,1/2;v+2;(\/n2+0€—\/n2+/5) )

Ny oy

Dividing both sides by (v/a —/b)"*!, letting & — B, multiplying both sides of
the resulting identity by 2(v + 1)T'(v + 1)(2\/3)”“, replacing v by v—1 and 8 by
z?/(4n*), and rearranging, for Re(z) > 0, we recover an important result of Watson
[25, equation (4)]:

1

%I‘(v) +2n§::1(;nz)va(nz) = I‘(%) F(v+ E)

1 > 1

2v

Xz —+2§ —_— .
{ZZV+1 —~ (ZZ +4n2712)"+% }

We now provide a generalization of yet another identity of Watson [25,
equation (6)].

Corollary 15.1 Let K(k) denote the complete elliptic integral of the first kind defined

by

2 de
15.2 K(k) = —_—, 0<|kl<1
(15.) k)= [ e SRR
For Re(y/a) > Re(y/B) >0,

1o (70 (V& VB)) Ko (0 (v +VB))

_ 1 . (\/E—\/ﬁ)z +y+log(\/3+\/ﬁ)—log4
(Vo ++/B) Va++/B 2

e )4

(15.3) + i

n=1

(Vi ra+/n+B) \\Vaia+y/n+p) | 2n

Proof Corollary 15.1 follows by analytically continuing (15.1) to the region Re(v) >
—3/2 and then letting v — —1. Since the argument is similar to that given in Section 5
of [6], we discuss it only briefly here.

Let g(n) denote the nth summand in the series on the right-hand side of (15.1). It
is not difficult to show that, as n — oo,

2 - ((X—ﬂ)w'l
g( ) (271)2”3 :
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Therefore, for Re(v) > -1,

oo

zg(n) =2, (g(n) - (EXZ;)[Q: )+ (“2_25)3V+ {(2v +3).

Substituting this in (15.1) and rearranging, we find that, for Re(v) > -1,
5 b (5 VB)) o o (5 )
f(v+3/2) (\/E_\/B) 2F1(V+3/2,1/2,V+2,(M)2)

:2\/ﬁr(v+2)(\/&+\/ﬁ) Ja+/B

\/_F(V+3/2) Z( (o —ﬂ)v“)
/AT (v +2) (2n)2+

T(v+3/2) (Va+/B)""! ) 1
V) 2 et a1 (Va+B) "

+ (\/&_ \/E)VH

(15.4)

Observe that both sides of (15.4) are analytic in Re(v) > -2 with a removable
singularity at v = -1, because

N CEETE) (Va+/B)"! b3 1
1 (ﬁr(v+2) 22v+3 ((2v+3) 4(v+1)(\/5+\/ﬁ)v+1

(15.5) = g + %log(\/&+ \/E) -log2,

which can be seen from expanding each side of (15.5) in Taylor series about v = —1.
Thus, letting v — —1 on both sides of (15.4) and using (15.5), we arrive at (15.3), where
we used the identity [16, p. 908, Formula 8.113, no. 2]

F( 11x)—3Ku)
241 2 2 - T >
where K(x) is defined in (15.2). ]

As previously indicated, the identity (15.3) is a generalization of the following
identity of Watson [25].

Corollary 15.2  For Re(B) > 0,

(15.6)

ziKo(nﬁ):n{ +zz(ﬁ2+4ﬂznz Ziﬂ)}wﬂog(ﬁ)_logh
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Proof Ifweleta — fin (15.3) and use the trivial facts
hm Io(n(v/na—+/nB))Ko(n(v/na +/np)) = Ko(2m\/np)

and K(0) = %71, we obtain (15.6). ]

Each of the identities (13.1), (14.1), and (14.3) can be analytically continued in the
same manner as that for (15.1) for Corollary 15.1.
Letting v = —1/2 in (15.1), and using (2.3), (2.4), and (14.4), we obtain

(e S e )

f¢_1g() f¢— g(iﬁ)

A rearrangement of (15.7) leads to

(15.7) =

eff(\/&+\/ﬁ) mm
> (Va- f>+f2 sinh(

% (va-vi)

2n° + o
(159 :Mlog() 5l (2n2+/3)

Using the elementary Maclaurin series

—log( 1—x):z . lxl <1,

in (15.8), we conclude that
1-e V2 1 & 2n° + «
z 1 - log | =
VAR "g( eﬁ) 22 "g( ) NP (2n2+l3)
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