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The asymptotic mean value Laplacian—AMYV Laplacian—extends the Laplace
operator from R" to metric measure spaces through limits of averaging integrals.
The AMV Laplacian is however not a symmetric operator in general. Therefore, we
consider a symmetric version of the AMV Laplacian, and focus lies on when the
symmetric and non-symmetric AMV Laplacians coincide. Besides Riemannian and
3D contact sub-Riemannian manifolds, we show that they are identical on a large
class of metric measure spaces, including locally Ahlfors regular spaces with suitably
vanishing distortion. In addition, we study the context of weighted domains of
R™—where the two operators typically differ—and provide explicit formulae for
these operators, including points where the weight vanishes.
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1. Introduction

For any u € C%(R") and = € R", the second-order Taylor expansion of u at x yields
the identity

f u(y) — u(z) dy = c,r?Au(z) + o(r?)
B, (x)
as r | 0, where ¢, := 1/(2n + 4). Building upon this elementary observation, we

proposed in [21] a definition for the pointwise Laplacian of a locally integrable
function w defined on a general metric measure space (X, d, ) by setting

Aﬂu(x) = lim —][ u(y) — u(z) du(y) (1.1)
By (z)
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2 A. Minne and D. Tewodrose

for any = € X where the limit converges, see definition 3.1 for a rigorous definition.
The quantity A%u(z) is called the pointwise Asymptotic Mean Value (AMV for
short) Laplacian of u at x. We proved several results including maximum and
comparison principles for the operator Ai.

However, a disadvantage of Ai is that it—in general—is not a self-adjoint oper-
ator on L?(X, u), see [21, Theorem 5.3 and Remark 5.4]. To face this issue, we
consider in this paper a symmetrized version of Afw inspired by the symmetrized
r-Laplacian introduced by Adamowicz, Kijowski, and Soultanis [2], which we define
as

(Br(z))

(uly) ~ulz)) (1 + )

We call Aiu(m) the pointwise Symmetrized Asymptotic Mean Value (SAMV for
short) Laplacian of u at x. The Fubini theorem together with the symmetry of the
metric show that

) dp(y).

=lim —
rl0 212 B,.(x)

/X(Aiu)vdu:/ U(Aiv)du

X

for any u, v € L*(X, p) for which Azu and sz converge in L?(X, u1); see remark
3.6.

The primary goal of this article is to study for which instances the operators
Ai and Aft coincide, and in which sense they do. This coincidence depends on the
infinitesimal interplay between the metric and the measure. For that reason, the
asymptotic behaviour as r | 0 of the function

(B (x))
Or: (yy) — 1 — ———=
1(Br(y))
which we call the r-distortion of the space (see definition 2.10), plays a critical role.
Indeed, the assumption

sup |6, (z,y)| = o(r?)
yEB,.(x)

asr | 0 ensures that the pointwise equality Aiu(m) = Aiu(x) holds, see proposition
4.2. On smooth Riemannian manifolds equipped with the canonical Riemannian
distance and volume measure, this observation coupled with the classical volume
expansion of asymptotically small balls easily yield that the AMV and SAMV
Laplacians coincide almost everywhere, see proposition 4.3. A similar expansion
found by Barilari, Beschatnyi, and Lerario [7] implies that the same holds true on
3-dimensional contact sub-Riemannian manifolds equipped with the Popp volume,
see proposition 4.4; the case of general sub-Riemannian manifolds would be worth
a deeper investigation.

In our previous article, we also defined a weak AMV Laplacian [21, Definition
5.5]. We refine this notion in the present paper, and we additionally propose a
definition of weak SAMV Laplacian: see definition 3.10. In proposition 4.8, we
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prove that on a locally Ahlfors regular space, if

% <]ih(') 16:(-, )] du(?/)) dp(:) =0

as 7 | 0, in the sense of weak convergence of measures against compactly supported
continuous functions, then the weak AMV and SAMV Laplacians of any Lipschitz
function coincide if one of the two exists. This allows us to remove the curvature
assumption made in [2] where the coincidence between the weak AMV and SAMV
Laplacians was established for non-collapsed RCD(K, N) spaces with vanishing
metric-measure boundary, see remark 4.11.

The secondary goal of this article is to derive concrete formulae for the pointwise
AMV and SAMV Laplacians in weighted domains of R™, that is to say metric
measure spaces of the form (Q, d, u) where Q is a domain of R", d is a distance
on 2 and p is absolutely continuous with respect to the restriction of the Lebesgue
measure 2" to (2, with Radon—Nikodym derivative w [17]. In this context, there
are two different cases depending on whether w is strictly positive or zero at the
point x € Q.

If w(x) >0 we assume that w € C*(Q2) and that d satisfies a mild symmetry
assumption, (5.7). We show that in this case, if the matrix of limits of average
second moments

M (z) := lim ][ —(y — a?)zgy —7); dy
"o\ B @) " 1<ij<n

exists, then for any u € C?(Q),

Aiu(x) = %Tr(M(m)V%L(m)) + w(lx) (Vw(z), M (z)Vu(z)). (1.2)
If in addition one has
1 LB,
r 7{&@) ' Z"(Br(y)) ‘ =0 (1.3)
as r | 0, then
Adu(z) = 2w1(x)Tr(M(a;)V(qu)(x)), (1.4)

see proposition 5.3. In case d is associated with a norm, equality (1.2) has already
been established in [1] in an L sense (see § 2); in this case the limit matrix M ()
always exists and is independent of z. For the Euclidean distance, (1.2) was proven
in [21, Proposition 2.3]. It is likely that (1.4) also holds in an L{ . sense under an
appropriate L, . replacement of (1.3), but we do not investigate this question in
this paper.

If w(x) =0, we restrict our study to the case where d is associated with a
norm, hence we can assume without loss of generality that x = 0,, € 2. We also
assume that w is locally integrable, in which case the assumption w(z) =0 must
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be understood in a Lebesgue point sense. In proposition 5.8, we show that under
the infinitesimal evenness property

L — esssup |w(x) —w(—x)| =0 (r][ wd.f”) asr |0,
B, (0n)

QfeBr(On)

and the existence of a weak limit measure

i 2T n
YW O

setting M, := (fBl(On) vy Av(Y))1<i,j<n, We get

Aiu(On) = %Tr(Ml,V2u)(0n).
Under a natural comparability assumption in the spirit of [4, 5, 23] (see definition
2.1), we get an analogous result in the case of the SAMV Laplacian, see proposition
5.10.

Let us conclude this section with a last comment: proposition 5.1 shows that on
weighted Euclidean domains the SAMV Laplacian coincides with the usual weighted
Laplacian Au + (VInw, Vu) (also known as drifted Laplacian, or f-Laplacian, or
Witten Laplacian, see e.g. [11, 22] and the references therein) while the AMV
does not. This suggests that Ai is the natural AMV Laplacian to consider in
the future, in accordance with [2] where local minimizers of the Korevaar—Schoen
energy with target R [19] are identified as those Sobolev maps having zero weak
SAMV Laplacian.

2. Preliminaries

Throughout the paper, we write AMV as a shortform for “Asymptotic Mean Value’
and SAMYV for ‘Symmetrized Asymptotic Mean Value’. We keep a positive integer
n fixed and we denote by 0,, the origin of the vector space R", by d. the Euclidean
distance on R™, by w,, the Lebesgue measure of the unit Euclidean ball and by ¢,
the total surface measure of the unit Euclidean sphere.

We say that a triple (X, d, u) is a metric measure space if (X, d) is a metric space
and 4 is a fully supported Borel measure on (X, d) such that 0 < p(B,(z)) < +00
for any x € X and r > 0. In case X is an open subset of a space equipped with a
norm || - || and d is the canonical distance associated with || - ||, we write (X, || - ||, u)-

Let (X, d, ) be a metric measure space. We use classical notation to denote
function spaces on X, like C'(X) for the set of continuous functions, Lip(X') for the
set of Lipschitz functions, and so on. We set R := R U {£00}. We shall often identify
a p-measurable function f: X — R with its equivalence class under p-a.e. equal-
ity. For any p > 0, we let LP(X, ) be the set of p-integrable functions, that is,
p-measurable functions f: X — R such that [, [f[Pdu < +oo. We also let
L (X, p) be the set of locally p-integrable functions, that is, p-measurable
functions f: X — R such that any x € X admits a neighbourhood V such that
Sy 1fIPdp < 400. We let L>°(X, ) be the set of essentially bounded p-measurable
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(oo}

functions on X, and L{S (X, ) be the set of locally essentially bounded p-
measurable functions on X, that is, the p-measurable functions f: X — R such
that p-a.e. x € X admits a neighbourhood V such that the essential supremum of
f on V is bounded from above. In case X is an open subset of R™ and p is the
Lebesgue measure, we simply write LP(X), L} (X), L>(X), and L{® (X) respec-

tively. If A is a bounded Borel subset of X, we write 14 for the characteristic
function of A, and for any locally integrable function u : X — R, we set

]iudu ::,u(lA)/AUdu'

Assume that (X, d) is locally compact. Under this assumption, we shall often make
use of compact sets. We use the subscript ¢ to denote the restriction of a function
space to compactly supported functions: for instance, by C.(X) we mean the set
of compactly supported continuous functions. We recall that a Radon measure v
on (X, d) is a Borel measure which is locally finite and inner regular, meaning
that any 2 € X admits a neighbourhood V' such that v(V) < 400, and any mea-
surable subset A C X satisfies pu(A4) = sup{u(K) : K C A compact}, respectively.
The Riesz—Markov—Kakutani theorem states that the space of Radon measures
Rad(X) is the topological dual of C.(X). Therefore, we equip Rad(X) with the
associated weak topology, and we denote by — the convergence in this topology.
Lastly, for any f € L{ (X, u), we denote by fu the Radon measure defined by

loc

(Fu)(A) = /A fdu

for any measurable A C X.
Lebesgue points. Let (X, d, u) be a metric measure space. For any u € L{. (X, p),
we recall that € X is a Lebesgue point of w if there exists some real number u*(x)

such that

im o fuly) — ()] dpu(y) = 0. (2.1)
r]0 B (z)

We write Leb(u) for the set of Lebesgue points of u. It is easily checked that neither

the set Leb(u) nor the real number «*(z) for any = € Leb(u) depend on the choice

of a representative in the equivalence class of u. Moreover, the following hold.

(1) If (X, d) is locally compact, then for any v € C'(X) a simple argument based
on the Heine-Cantor theorem shows that Leb(u) = X and u*(z) = u(zx) for
any © € X.

(2) If (X, d, p) is infinitesimally doubling, meaning that

: M(B2r (l‘))

limsup —————+

rio - (Br(z))

for p-a.e. z € X, then u(X\Leb(u)) =0 for any u € L{ (X, p) and u*(z) =

u(z) for p-a.e. x € X. This follows from the Lebesgue Differentiation Theorem

for infinitesimally doubling metric measure spaces: see [15, Theorem 3.4.3 and
page 77].

< 400 (2.2)
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Comparability conditions. We now introduce a couple of definitions which
originate at least from [23]. They have also appeared in a different way in [4,
5].

DEFINITION 2.1 Comparability conditions. Let (X, d, u) be a metric measure
space.

(1) We say that p satisfies a comparability condition on A C X if for any x € A
there exist ro = ro(z), C = C(x) > 0 such that for any r € (0, ro), for p-a.e.
y € BT(I)7

1(Br(z)) < Cu(Br(y)). (2.3)

In case A = {x} for some x € X we often say that p satisfies a comparability
condition at x.

(2) We say that u satisfies a locally uniform comparability condition if any xg €
X admits a neighbourhood V' and two constants ro = ro(xg), C = C(xg) >0
such that the inequality (2.3) holds for p-a.e. x € V, for any r € (0, r¢) and
for p-a.e. y € By(x).

(3) We say that p satisfies a uniform comparability condition if there exist
1o, C > 0 such that for any x € X the inequality (2.3) holds for any r € (0, ro)
and p-a.e. y € By(x).

Observe that: (3) = (2) = (1).

REMARK 2.2. If (X, d) is locally compact, then the neighbourhoods in the previous
definition can be chosen compact. In particular, if p satisfies a locally uniform
comparability condition, it is not difficult to show that for any compact set K C X
there exists rx, C'x > 0 such that

M(Br(x)) < CK,“’(BT’(y))
for pra.e. x € K, any r € (0, rg) and p-a.e. y € B, ().

EXAMPLE 2.3. A metric measure space is doubling at scale 7y > 0 if there exists a
constant C' > 1 such that

p(Bar(z)) < Cp(By(x))

for any x € X and r € (0, ro/2). Any such space trivially satisfies a uniform
comparability condition (3), since for any y € B,.(x) where z, r are as above,

w(Br (7)) < p(Bar(y)) < Cu(Br(y)).

EXAMPLE 2.4. For any @ > 0, we say that a metric measure space (X, d, p) is
Ahlfors Q-regular if there exist C' > 1 and r¢ € (0, +00] such that

C @ < (B, (2)) < Cr? (2.4)

for any x € X and r € (0, rp). Non-trivial examples including fractal-type ones
may be found in [9, 18, 20], see also [8] where they are called fractional metric
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measure spaces. Ahlfors regular spaces are obviously doubling, hence they satisfy
a uniform comparability condition (3). Moreover, we say that (X, d, u) is locally
Ahlfors @Q-regular if any xy € X admits a neighbourhood V and two constants
ro = ro(xo), C = C(xp) > 0 such that

C 1?9 < u(B,(x)) < Cr@

for any x € V and r € (0, ro). In this case p trivially satisfies a locally uniform
comparability condition (2).

ExXAMPLE 2.5. Let us provide an example of a space which, according to the ter-
minology introduced in definition 2.1, satisfies (1) at any point but does not satisfy
(3). For any n € N\{0}, let C,, be the circle of centre x,, := (3n, 0) with radius 1/n
and Y1, .., Yn,n be distinct points on C,. Join each y, ; with x,, by the geodesic
segment between them and consider the set X C R? obtained as the union of all
these segments and [1, +00) x {0}. Equip X with the length distance d induced
by the Euclidean one on R? and with the Borel measure p defined as the sum
of the 1-dimensional Hausdorff measure and Dirac masses at each x,, y, ;. Then
p(Bs/2n)(xn)) < 1+ n+3/2 while u(Bs/2n)(Yn,i)) = 5/2 + 1/n for any n and any
i, hence (X, d, p) cannot satisfy (3).

Averaging operator. We recall now the definition and some properties of the
averaging operator.

DEFINITION 2.6 Averaging operator. Let (X, d, u) be a metric measure space. For
any r > 0, the averaging operator A, is defined by setting, for all f € L} (X, )
and p-a.e. v € X,

Af@)=f T

REMARK 2.7. Obviously sup,.g [[Ar||z~(x,u)—L>(xp) < 1. In addition, if f €
L (X, i), then any € X admits a neighbourhood V' and a radius 7o = ro(x)
such that || A, f|| e v,y < +oc for any r € (0, 70). Indeed, if W is a neighbourhood
of x such that || f||e(w,,) < +00, then there exists ro > such that By, (z) C W,
and for any r € (0, ro) and p-a.e. y € By, (),

A F ()] < 7{3 L HEIAE) <l <l <+
T y

hence we can take V = B, ().

LEMMA 2.8. Let (X, d, ) be a metric measure space and p € [1, +00).

(1) Assume that p satisfies a uniform comparability condition (3) with parameters
ro, C. Then, the operator A, is bounded from LP(X, u) into itself, with norm
at most CY/?, for any r € (0, o).

(2) Assume that p satisfies a locally uniform comparability condition. Then, for
any fe Ll (X,p) and x € X, there exist ro =ro(z, f), C =C(z, f) >0

loc
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and a neighbourhood V' of x also depending of f, such that for any r € (0, 1),

[1asrdu<c [ 1pdu< oc,
1% \%

Proof. (1) If u satisfies a uniform comparability condition with parameters rg, C,
then for any x € X and r € (0, 79),

- _duly)
ar(@) = /Br(x) (B (y)) s¢

This implies boundedness of A, from L'(X, i) to itself with norm at most C, see
[4, Theorem 3.3] for instance. Then, the Jensen inequality implies the case p > 1,
see e.g. [5, Theorem 2.9].

(2) Consider z € X and fe LI (X, n). By (4.2), there exist ro =ro(z, f),
C=C(z, f) >0 and a neighbourhood V of z also depending of f such that
[y If1P d,u < 400, Bap,(z) CV and p(B,(y)) < Cu(B,(z)) for p-a.e. y €V, any
r € (0, r9) and p-a.e. z € B,(y). The Holder inequality yields

(][ If(y)Idu(y)> < ][ F@)P du(y).
B,.(z) B, (z)
Then,

J A< | ]fg P anty 0 =[ [1mewl (f{g;;) dpu(y) du(2)
< [ /B y %du(y)

c /V F@)P duly)

REMARK 2.9 Adjoint of A,. Assume that a uniform comparability condition holds
with parameters rg, C. Then, for any r € (0, ro), the operator A* defined by

. . fy) du(y)
Arf() = /Br(z) (B (y))

for p-a.e. x € X, is bounded from LP(X, i) into itself for any p > 1. Indeed,

. B F) (B (x)) du(y) B .
A2 f(x) = ][B Ty s, Ty = CAn)

Moreover, the Fubini theorem and the symmetry of the distance easily imply that

Arf(w) = /Br(m) w(Br(y))

for p-a.e. x € X, for all f € L?(X, p). This means that A* is the adjoint of A, with
respect to the L? scalar product. More generally, we have that for any p, ¢ > 1 such
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that 1/p+1/g = 1, one has
[ argman= [ gtazmyan
X X

for all g € LP(X, ) and h € LI(X, p).

Distortion. We finally introduce a couple of notions which helps us formalizing
the infinitesimal relation between the metric and the measure of a metric measure
space. Compare with [16].

DEFINITION 2.10. Let (X, d, u) be a metric measure space. For any r >0, we
define:

(1) for any x,y € X,

(2) for any x € X,
zr(x) 1= Or(z,y)| du(y).
(2) ]ér(z)| (2, y)| dp(y)

We say that 6, is the r-distortion function of (X, d, p).

REMARK 2.11. In [16], the authors considered the r-deviation functions

1(Br(2))

Wpr™

vp(x):i=1—

which measure in a very rough way how much a metric measure space differs from
the Euclidean R™. These deviation functions may behave quite differently from the
distortion ones. For instance, consider a smooth Riemannian manifold equipped
with its canonical Riemannian distance and volume measure. At an interior point
x of such a space,

ve(z) = cS(x)r? +O(r*) asr |0,

where S(z) is the scalar curvature at = and c¢ is a dimensional constant (see (4.8)).
However, we show in the proof of proposition 4.3 that if y = y(r) € B,.(z) for any
r > 0, then

0r(w,y) = c(S(y) = S())r* + O(r*) asr |0,
where O(r?) does not depend on y. In particular, if the scalar curvature is constant
but non-zero, then v,.(x) = cr? + O(r*) but 4, (z, y) = O(r*).
3. Definitions

In this section, we refine the definitions of AMV Laplacian proposed in [1, 21] and
we put forward similar definitions for the SAMV Laplacian.
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Pointwise AMV and SAMYV Laplacians. In order to define the pointwise AMV
Laplacian of a locally integrable function u over a metric measure space (X, d, u),
in [21, Definition 1.1] we made the convention of choosing the representative @ of
u defined by

(z) :=lim u(y) dp(y)
rl0 B,«(w)

for any z € X where this limit exist and then to set

Adusc::i u —a(x)d . .
() ]{W () — () dpa(y) (3.1)

r2

However, this definition has a couple of disadvantages which we point out in remark
3.2. Therefore, we propose a new definition, formalized with the aid of Lebesgue
points, along with a similar definition for the SAMV Laplacian.

DEFINITION 3.1 Pointwise AMV/SAMV Laplacian. Let (X, d, u) be a metric

measure space and u € L}, (X, p) be given.

(1) For any = € Leb(u) and r > 0, we set
1 *
A ule)i= 55 £ uly) — (o) duly)
" J B (z)

If there exists a real number Aiu(a:) such that

lTiﬁ)l Afmu(m) = Aiu(m), (3.2)
then we say that u admits a pointwise AMV Laplacian ot x, and we call
Aiu(z) the pointwise AMV Laplacian of u at x.

(2) For any x € Leb(u) and r > 0, we set

et L ) o (14 OB
B ute) = g f () =) (14 S ) )

If there exists a real number Afbu(ac) such that

lriﬂ)l Airu(m) = Aiu(m), (3.3)
then we say that u admits a pointwise SAMYV Laplacian at x, and we call
Aiu(:z:) the pointwise SAMV Laplacian of u at x.

REMARK 3.2. Let us explain why we favour (3.2) over our previous definition (3.1).
A first reason is that unlike (3.1) this new definition does not require to choose
any representative in the equivalent class of u. A second reason is the following: If
x € Leb(u) then @(x) exists and is equal to u*(x). However, it may happen that a(x)
exists while x ¢ Leb(u). For instance, let u € L'(R) be the equivalent class of the
sign function R\{0} > x — z/|x|. Equip R with the natural distance associated with
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the absolute value. Then, @(0) exists and is equal to 0 while 0 ¢ Leb(u). Therefore,
according to (3.1) the function w is pointwise AMV harmonic on R, while (3.2)
yields that Afu(0) is not defined and w is pointwise AMV harmonic on R\{0} only:
this is in better agreement with the distributional Laplacian of u being equal to a
multiple of the derivative of the Dirac distribution in 0, as mentioned in the last
sentence of [21].

Strong AMV/SAMYV Laplacian. In [1] the authors proposed a definition of
strongly AMV-harmonic functions by appealing on compact sets. In order to work
in a more general setting, we define here a strong AMV Laplacian and a strong
SAMV Laplacian without involving compact sets. Let (X, d, 1) be a metric mea-
sure space. Consider u € L% (X, u). According to remark 2.7, any x € X admits a

loc

neighbourhood V' and a radius rg > 0 such that

2|\l oo (v, )
7«2

N

1A ull oo (B, (2).0) <

for any r € (0, r¢). This observation guarantees the well-posedness of the following
definition.

DEFINITION 3.3 Strong AMV Laplacian. Let (X, d, 1) be a metric measure space.
We say that uw e LS (X, u) admits a strong AMV-Laplacian if there erists a

loc

function v € LS (X, p) such that any x € X admits a neighbourhood V' such that

loc

. d
lrlfg AL u = vl[Lee (v =0,

in which case we say that Aiu = v is the strong AMV-Laplacian of u.

Let us provide a analogous definition in the symmetrized case. To this aim, we
assume that p satisfies a local comparability condition. Under this condition, for
any u € LS (X, p) and = € X, there exist C, o > 0 and a neighbourhood V' of
such that

X 2C|ull oo (v,
HAZJ'UHLOQ(BTO(I)) < 7,72”

for any r € (0, o).

DEFINITION 3.4 Strong SAMV Laplacian. Let (X, d, u) be a metric measure space.
Assume that p satisfies a local comparability condition. We say that u € L (X, w)

loc

admits a strong SAMV -Laplacian if there exists a function v € LiS (X, u) such that
any x € X admits a neighbourhood V' such that

. <d -
lrlﬁ)l HAH,T'U' - UHLO"(V,,U,) = 07

in which case we say that Aiu := v is the strong SAMV -Laplacian of u.

L?/L},.-AMV/SAMYV Laplacian. Let us consider p € [1, +00). Recall that
lemma 2.8 ensures that under a uniform comparability condition, the operator
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A, is bounded from LP to itself for any sufficiently small . As a consequence, also
Ad is bounded from LP to itself. Then, the following definition is well-posed.

M,

DEFINITION 3.5 LP AMV/SAMV Laplacian. Let (X, d, p) be a metric mea-
sure space such that p satisfies a uniform comparability condition. Consider u €
L} (X, p) and p € [1, +00).

loc

(1) We say that u admits an LP-AMYV Laplacian if there exists a function v €
LP(X, ) such that

. d _
lTlﬂ} ALt = vllr(x,m =0,

in which case we say that A‘iu := v is the LP-AMV Laplacian of u.

(2) We say that v admits an LP-SAMYV Laplacian if there exists a function v €
LP(X, ) such that

lim | A5 = vl o =0
in which case we say that A/‘iu :=wv is the LP-SAMV Laplacian of u.

REMARK 3.6. Let u, v € L?(X, u) be both admitting an L?-SAMV Laplacian.
Since

Ad u(x) = / o () (u(y) — u(2)) du(y)
X

for any r > 0 and p-a.e. x € X, where

1 ! L

the Fubini theorem implies

@ = [ (@ d
X ’ X ’

hence from letting r | 0 we obtain

/X(Aiu)vdu:/xu(AZU)du. (3.4)
Let us now provide a definition of LP -AMV Laplacian and L} -SAMV
Laplacian. In this case we assume a locally uniform comparability condition.

DEFINITION 3.7 L - AMV/SAMV Laplacian. Let (X, d, u) be a metric measure
space such that p satisfies a locally uniform comparability condition. Consider u €
Ll (X, p) and p € [1, +00).

loc

(1) We say that u admits an LY -AMV Laplacian if there exists a function v €
LY (X, p) such that for any © € X there exists a neighbourhood V of x such

loc

https://doi.org/10.1017/prm.2023.118 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.118
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that

. d _
lrl%l [AL - u = vllLevp) =0,

. . d e .
in which case we say that Aju := v is the L? .

-AMV Laplacian of u.

(2) We say that u admits an L} -SAMV Laplacian if there exists a function
ve Ll (X, ) such that for any x € X there exists a neighbourhood V of x

loc

such that

. Ad
lr%l [AL u = vllLev,p) =0,

-SAMV Laplacian of u.

i which case we say that Afbu == 1is the L}

REMARK 3.8. By lemma 2.8, the locally uniform comparability condition guaran-
tees that for any = € X there exist a neighbourhood V' of  and a constant ry such
that Afwu € LP(V, ) for any r € (0, 79).

REMARK 3.9. The Holder inequality implies that if v admits an L}, -AMV Lapla-
cian, then w admits an L -AMV Laplacian for any ¢ > p which coincides p-a.e.
with the L -AMV Laplacian. This remark holds in the SAMV case too.

Weak AMV/SAMYV Laplacian. Let us now define a notion of weak AMV Lapla-
cian and weak SAMV Laplacian. We focus on locally compact metric measure
spaces (X, d, p) such that p satisfies a locally uniform comparability condition.
Under these assumptions, remark 2.2 implies that if K is the support of a function
p € C.(X), then there exists rg > such that for any r € (0, rg),

‘/ Afwgpdu‘ + ‘/ Afwgodu‘ < +o0.
K K
Then, the following definition is well-posed.

DEFINITION 3.10 Weak AMV /SAMYV Laplacian. Let (X, d, u) be a locally compact
metric measure space such that p satisfies a locally uniform comparability condition.
Letuw € L}, (X, i) be given.

loc

(1) We say that u admits a weak Asymptotic Mean Value Laplacian (weak AMV
Laplacian for short) if there exists a Radon measure AfLu such that

d U Ad
(AL yu)p— Aju
as r | 0, in which case we say that Azu 1s the weak AMV Laplacian of u.

(2) We say that u admits a weak Symmetrized Asymptotic Mean Value Laplacian
(weak SAMV Laplacian for short) if there exists a Radon measure AZu such
that

(A5, ) p— Afu

as r | 0, in which case we say that Aiu is the weak SAMV Laplacian of u.
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REMARK 3.11. A corresponding definition for the distributional AMV/SAMV
Laplacian can be made for smooth manifolds by considering weak convergence in
the dual of C2°(X) instead of the dual of C.(X).

We point out that if v admits a weak SAMV Laplacian and ¢ € C.(X) admits
an L?-SAMYV Laplacian, it follows from (3.4) that

/@d&iuz/(&i’rw)udu.
X X

The connection between the weak and L, Laplacians is the following.

PROPOSITION 3.12. Let (X, d, u) be a locally compact metric measure space
such that p satisfies a locally uniform comparability condition. Assume that u €
L, .(X, ) admits an L} -AMV Laplacian Aiu for some p € [1, o0]. Then, u
admits a weak AMV Laplacian which is absolutely continuous with respect to p
with Radon—Nikodym derivative equal to Aiu, The same holds with AMV replaced

by SAMV.

Proof. Consider ¢ € C.(X) with support K. Let ¢ be the conjugate exponent of p,
ie. 1/p+1/q = 1. Then, for any sufficiently small r > 0,

d d d d
‘/X @(Au,ru—AHu)du’ < /K|ap|‘AH’Tu—AHu‘d,u

<Nl agae o 1A% rw = Al e -

The last term tends to zero as r | 0, hence lim,|q fX gpAfwu dp = fX @Aiu dge.
The SAMV case is proved the same way. O

Some functions admit a distributional or weak AMV Laplacian but no L} -AMV
Laplacian. Here is an example.

EXAMPLE 3.13. Consider (R, de, £') and wu(x) = z/|z|, defined to be zero for
x = 0. Then, an easy computation shows that

T — rsgnx
Af;lwu(m) = rs
0, r < |x|.

> |zl

Let V be any open neighbourhood around the origin on which v is p-integrable.
Then, there exists an € > 0 such that (—e, €) C V, and we can assume without loss
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of generality that 3r < e. Then, for p € (1, +00),

||A?(217Tu - UHLP(V) 2 ||A?‘217ru - UHLP([7€’5D

> 1A% ull Lo(—e.d) = 1ollo (-

1 € 1/10
> 7‘73 (/ ({L‘ — T)pd$> — ||'UHLp([_€7E])
2r

1
> 5 (e = 20)Q2r = 1)) — [[o]l o)

P/ .y

> — ||UHLP([75,6]) — 400, r | 0.

r3
This shows that u does not admit an L} -AMV Laplacian for any p € (1, +00). This
result trivially extends to p = co. Instead, u has a distributional AMV Laplacian

which can be shown to be the distributional derivative of the Dirac delta at the
origin divided by three [21, p. 21].

4. Equality between the AMV and SAMYV Laplacians

In this section, we study some contexts where the equality Aﬂ = Aﬂ holds in a
suitable sense.

Topological groups. We recall that a topological group is a set G equipped with
a group law - and a topology 7 with respect to which the maps (g, h) — ¢ - h and
g+ g~ ! are continuous. A left-invariant distance d on a topological group (G, -, 7))
is a distance on G which induces the same topology as 7 and such that

d(g-z,g-y) =d(z,y)

for any g, x, y € G. When a topological group (G, -, 7) is locally compact, it
admits a unique—up to a positive multiplicative constant—mnon-zero Borel mea-
sure p, called Haar measure, which is finite on compact sets, quasi-regular, and
left-invariant in the sense that

(g - A) = p(A)
forany g € G and A€ 7.

PROPOSITION 4.1. Let (G, -, T, u) be a locally compact topological group equipped
with a Haar measure p and metrized by a left-invariant distance d. Then, the
following hold:

1
loc

(1) Foranyu e L
if and only if Afmu(m) does, in which case

(G, p) and any x € Leb(u), one has that A, .u(x) converges

d _ Ad
Alu(z) = Aju(z). (4.1)
(2) Foranyp € [1, 4+00), a function u € LP(G, p) admits a L} -AMV Laplacian

if and only if it admits a LY -SAMV Laplacian, in which case

loc

Aiu = Aiu L-a.e. (4.2)
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Proof. For any z € G, r > 0 and y € B,(x), since d is left-invariant,

Y- =t B, (z) = B;(y),

and since p is left-invariant, this implies that

M(Br(x)) = U(Br(y))' (4'3)

Then, for any u € L'(G, p) and any = € Leb(u), one has AY u(z) = szru(x) for
any r > 0, from which (4.1) follows as r | 0. Moreover, (4.3) ensures that yu trivially
satisfies a uniform comparability condition. |

Riemannian and sub-Riemannian manifolds. We provide in the next propo-
sition a general criterion to get that Ai and Az coincide. We phrase this result in
terms of the r-distortion function d,(z, y) introduced in definition 2.10.

PROPOSITION 4.2. Let (X, d, ) be a metric measure space. For any © € X and
r >0, set

ea(r)i= sup |5,(a,p). (4.4)
yEB, ()

Letw € L}, (X, i) be given. Then, for any x € Leb(u) such that

loc
ex(r)=0(r?), r|0, (4.5)
it holds that
lriﬁ)l |Ai,,,u(ac) - Airu(xﬂ =0. (4.6)
In particular, if © € Leb(u) satisfies (4.5), then Afwu(x) converges if and only if
Afbmu(m) does, in which case Afu(x) = Aiu(m)
Proof. For any = € Leb(u) and r > 0,

A ) = A u) = 55 f s p)l) —w @) ). ()

Then,
d Ad €2(r) *
AL ru(@) = AL u(@)] < =5 lu(y) — ()] dp(y)-
2r® Jp. (@)
The conclusion follows since fBr(x) lu(y) — u*(x)|du(y) — 0asr | 0. g

Thanks to proposition 4.2 we can immediately show that AZ and Ai coincide on
regular enough Riemannian manifolds. Indeed, let M be a smooth n-dimensional
manifold equipped with a C? Riemannian metric. Let px be the associated Rie-
mannian volume measure. As is well-known (see e.g. [13]), the scalar curvature of
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(M, g) is a continuous function Sy : M — R such that

1(Br(x))

wWpr™

=1—c,Sy(x)r* +0(r*) asr |0 (4.8)

for any z € M, where ¢, := (n+2)71671 and O(r*) depends only on curvature
terms of g at  — in particular, if K is a compact subset of M, then O(r*) can be
made independent of z € K.

PROPOSITION 4.3. Let M be a smooth manifold equipped with a C? Riemannian
metric g. Let p be the associated Riemannian volume measure. Let u € Lj, (M, )
be given. Then, for p-a.e. © € M,

lriﬁ)l |Ai,,.u(a:) - Airu(xﬂ =0.

In particular, for p-a.e. x € M, one has that Af“,u(ac) converges if and only if
Ad wu(zx) does, in which case Adu(z) = Aiu(x)

T

Proof. Let n be the dimension of M. For any € M and y € B, (x), thanks to (4.8)
we find that

1(Br(y)) _ 1—caSy(y)r® +0(r?)

w(Br(z)) 1 —cnSg(x)r? +0(r)
=(1—c,5, + O(r4))(1 + cnSg(a:)r2 + O(r4))
1= ea(Sy(y) — Syl@))r + O(rY)

y)r?
y) —

—~~

as r | 0, where we choose O(r*) uniform over points in the closed ball B(x).
Since S, is continuous it is uniformly continuous on Bi(z) hence it admits a
non-decreasing modulus of continuity w. Therefore,

ew(;) S Cn < sup |Sy(y) — Sg(x)|> +0(r?) < cuw(r) + O(r?)

r yE B (x)

as r | 0. This shows that (4.5) holds at any « € M.
Let us show now that (M, g) satisfies the infinitesimally doubling condition (2.2).
Thanks to (4.8), for any x € M,

p(Bor() o i(Bar(®)) _wnr™ 1= enS,(2)(20)° + O(r)
W(B,(@)  wa2r) alB, (@) 1= cnS, ()2 + O(rT)

as r | 0, where we choose O(r*) uniform over points in the closed ball B;(z), hence

i MB2r (@) _ o
10 p(By(x)) '

From (2.2) we get that p-a.e. point & € M is a Lebesgue point of u, hence the result
follows from proposition 4.2. O
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Let us pass now to the context of sub-Riemannian manifolds. We recall that a
sub-Riemannian structure on a manifold M is a pair (D, g) where D is a bracket
generating subbundle of the tangent bundle T'M, i.e. Lie brackets of vector fields
tangent to D span the full tangent bundle, and ¢ is a smooth metric defined on
D. Such a structure yields a well-defined distance d called the sub-Riemannian
(or Carnot—Carathéodory) distance. More precisely, d(p, ¢) is the infimum of the
length of Lipschitz curves tangent to D (also called horizontal curves) joining two
points p and ¢. Here the length of the curve is computed with respect to the metric
g. We refer to [3] for a complete introduction to sub-Riemannian geometry.

In this context, the analysis made in [7] yields the following.

PROPOSITION 4.4. Let (M, D, g) be a 3-dimensional, contact sub-Riemannian
manifold equipped with the Popp volume u. Let u € L}, (M, ) be given. Then,
for p-a.e. x € M, it holds that

17{{8 |Ai’,’,u(1’) - Ai,ru’(‘r)' =0.

In particular, for p-a.e. x € M, one has that Ai,ru(x) converges if and only if
Aﬂ cu(z) does, in which case ASu(x) = Aiu(m)
Proof. From [7, Theorem 1] we know the following for any = € M,

1(By(x))

P 1—cr(@)r* +003) asr |0, (4.9)

where ¢, and ¢; are positive constants and x depends smoothly of x. Then, the
proof of proposition 4.3 carries over and yields the result. O

Spaces with suitably vanishing distortion. We investigate now the case of
spaces where the distortion functions 4, satisfy more subtle assumptions. We begin
with the following elementary lemma. Recall that z,(x) is defined in definition 2.10
as the average of |9, (z, y)|.

LEMMA 4.5. Let (X, d, ) be a locally compact metric measure space. Then, for any
u € Lip(X), ¢ € C(X), and r > 0,

~ Lip(u Zr
’/ Ai,ru - Ai,ru) d/i’ < 2()/){ |(p|7d

Proof. The result follows from a direct computation:

oA 1 u(y) — u(e)
[ o=t <5 [ e f, S ) au

Lip(u)
< T/X ()] o) |0 (z, )] > dpe(y) dp(z)

\“§W/|<>Bmﬁ&wwhmww@>

r

_ L) /| dyu(a).
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As an immediate corollary, we obtain the following result by letting r | 0.

COROLLARY 4.6. Let (X, d, u) be a locally compact metric measure space such that
zr € L}, (X, p) for all v > 0 small enough. Assume that

Zr

7;1—\0 asr | 0. (4.10)

Then, u € Lip(X) admits a weak AMV Laplacian if and only if u admits a weak
SAMV Laplacian, in which case Aiu = Azu.

REMARK 4.7. If u satisfies a locally uniform comparability condition, then z,. €
Li (X, p). Indeed, this assumption and the local compactness of (X, d) imply

that there exist 7o, C' > 0 such that for any x € X, r € (0, r¢) and any compact
neighbourhood K of x,

/ o d < (14 Ot (User Bo(F)) < 400,
K

We are going to apply corollary 4.6 in the context of locally Ahlfors regular spaces
(see example 2.4 for the definition). Let @ be a fixed positive number. We set

7Q/2
WO i= =——————
eI+
where I' is the classical Gamma function; if ) is an integer n, then wg coincides
with the Lebesgue measure of the unit Euclidean ball in R™. For a locally Ahlfors
Q@-regular metric measure space (X, d, u), we define

1(Br(x))
0 =
r(@) wor?
for any x € X and r > 0, and
1-6,
Mo = K
r

Each p, is a signed Radon measure. We let

[1—06,]

lpr| = p
be the associated total variation measure. Here is the main result of this paragraph.

PROPOSITION 4.8. Let (X, d, u) be a locally compact, locally Ahlfors Q-regular
metric measure space satisfying

lpr| — 0 asr | 0. (4.11)

Then, u € Lip(X) admits a weak AMV Laplacian if and only if v admits a weak

SAMV Laplacian, in which case Azu = A,‘iu.
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To prove proposition 4.8, we need the following lemma.

LEMMA 4.9. Let (X, d, i) be a locally compact metric measure space satisfying a
locally uniform comparability condition. For any compact set K C X, there exist
ri, Cx > 0 depending only on K, and another compact set K' C X containing K
such that for any f € L3S.(X, 1),

sup  [[Af = flloee (i) < Crllflloe (k7 p)- (4.12)
re(0,rk)

Proof. Let K C X be a compact set. The local compactness of (X, d) ensures that
there exist rx > 0 and another compact set K’ C X containing K such that

U Bri(2) c K.

zEK

Consider f € L° (X, p). For p-a.e. v € K and any r € (0, rg),

W @)
/w (uusr(y)) u(Br(w))) duw)

fly) — f(=)
s /BT(I) w(Br(y)) duw)

/Bm) (M(Br(y)) M(Br(x))> du(y)

1) = f@)] 4 du(y)
s /B @ MB(y) duly) + 17 (@)l /B,,.@ (B (y)) !

A7 f (@) = f(2)] =

_|_

<2/ llzoe )
Br(z

d
1l e ( /B,\m WS(Z,))) " 1)

d
= Fllrery (3 /Bm ;@L(z)) ' 1) '

By remark 2.2, the locally uniform comparability condition implies that

dU(y) /
/Br(x) w(Br(y)) S Cx

for some C% > 0 depending only on K. We obtain the desired result by setting
Ck = 30}{ + 1. ]

We are now in a position to prove proposition 4.8.
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Proof of proposition 4.8. By example 2.4 our space fulfils a locally uniform compa-
rability condition, and by remark 4.7 we infer that 2, € L{ (X, ). Hence corollary
4.6 shows that we only need to prove that

Zr

as r | 0. Take p € C.(X). Up to decomposing ¢ as ¢ — ¢~, we do not lose any
generality in assuming that ¢ is non-negative, what we do from now on. Let K be
the support of ¢. Let rx, Cx and K’ be given by lemma 4.9. Consider r € (0, rx).
Observe that if z € K and y € B,.(z), then

|(Br(y)) — w(Br(x))| _ 10(y) — 0r ()]
w(Br(y)) er(y)

(16-(y) = 1] + [1 = - (2))])

|00 (2, )| =

1
0-(y)
< g (10,0 =11+ L= 0,(0)])

where we have multiplied and divided by erQ to get the second equality and we
have used the local Ahlfors regularity property on K’ to get the last one. Then,

o= [ owf Do anem

. 0,) — 1
< wg' O ( [ e@ P uty) ute)
+ [ = )

By (4.11), the second term on the right-hand side converges to 0 when r | 0. Let
us show that also the first one converges to 0. We have

/X 7{9(@ . et =1 4y ) = /so(:c) [|9(T—1] (z) du(x)
= [ et .

Since x ¢ K’ yields B,.(z) Nsupp ¢ = §) which in turn implies that A*¢(z) =0, we
may replace the previous integral over X with an integral over K’. Then,

e f &) =1 4,14 dpa(a)
X B,(z) r

< [ 1@ - e a4 [ B,

r
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0, —1
< CH<P||L°<>(X,#)/ 6, ~ 1| |d,u
K/ T

6, —1
| |

r

< C|\<P||L°°(X,u)/ P
X

where we have used (4.12) to get the second inequality and we have set ¥(-) :=
(1 —d(-, K")/p)* for p > 0 small enough to ensure that ¢ € C.(X). By (4.11), we
get

0, —1
lim/ wgduzo. |
rl0 Jx T

REMARK 4.10. In [16], the authors introduced the following definition: a met-
ric measure space (X, d, u) has vanishing metric measure boundary if p, — 0 as
r | 0. It would be interesting to study whether a result like proposition 4.8 may be
obtained with (4.11) replaced by this weaker assumption.

REMARK 4.11. For K € R and N € [1, +00), an RCD(K, N) space is a proper
(hence locally compact) metric measure space satisfying a synthetic notion of Ricci
curvature bounded below by K and dimension bounded above by N; we refer to
[6, 14], for instance, for a nice account on these spaces. According to [12], an
RCD(K, N) space (X, d, i) is called non-collapsed if N is an integer and pu = £V,
Non-collapsed RCD(K, N) spaces are locally Ahlfors N-regular; this is a conse-
quence of [12, Theorem 1.3]. By [10, Theorem 1.2] (see also [2, Theorem 3.7]),
any non-collapsed RCD(K, N) space with vanishing metric-measure boundary sat-
isfies (4.11). Building upon this, Adamowicz, Kijowski, and Soultanis proved in
[2, Corollary 3.9] that the weak AMV and SAMV Laplacians coincide on such a
space. Our result provides the same conclusion in a setting where no curvature-
dimension condition is assumed. In this regard, it would be worth investigating the
validity of (4.11) in contexts which are not RCD, like sub-Riemannian or Finsler
spaces.

5. Weighted Lebesgue measures

In this section, we study the context of weighted Lebesgue measures where the two
notions of pointwise Laplacian do not coincide. We first focus on points where the
weight is positive, before tackling points where the weight vanishes.

5.1. Positive weights

We begin this subsection with a straightforward result.

PROPOSITION 5.1. Let 2 C R"™ be an open set equipped with the Fuclidean distance
de, and p = wL" L Q where w € CY(Q). Consider (2, de, ). Then, for any x €
Q such that w(x) >0, any u € C*(Q) admits a pointwise AMV Laplacian and a
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pointwise SAMV Laplacian at x, and
1

A:’fu(x) = m(Au(m) + 2(VInw, Vu)(z)), (5.1)
Adu(r) = ﬁ(mw +(VInw, Vu)(z)) - (5.2)

Proof. The first equality was proved in [21, Proposition 2.3]. Let us prove the
second equality following the same lines. Let 79 > 0 be such that B,,(z) C Q and
w(y) > w(x)/2 for any y € By, (x). Then, for any r € (0, ro),

Aifru(z) = % (Aftfru(x) +1(r)). (5.3)
where
_ L wle) — ()W)
0= [, ) —u) g s
We claim that
I(r) — m asr | 0. (5.4)

Once this claim is proved, (5.2) follows from letting = | 0 in (5.3) and using (5.1).
We now prove (5.4). Since w is C!, a first-order Taylor expansion shows that for
any 0 <r <ro/2,y € By(x), and z € B,(y),

w(z) = w(y) + (Ry(2),y — 2)
for some Ry (z) € R™ such that

|R,(2)| <C:= sup [Vw().
EEB (x)

so that
wly) 1 (5.5)
HBWD) (B, ) (14 5y Fp, 0 (Ry(2)w = 2) )
Now
1 20
it By =z < = 0 (5.6)
and Z"(B,(y)) = L™ (B, (x)), hence we get
-t u(y) —u(x — 7Au(aj) as T
1) = = o) ]{w) W) = ule) dy = 50 9) Lo
O

https://doi.org/10.1017/prm.2023.118 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.118
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REMARK 5.2. Proposition 5.1 shows that if w > 0 everywhere in €, then Afj
coincides with a dimensional constant times the classical weighted Laplacian
of (R™, d., w.Z™) (also known as drifted Laplacian, or f-Laplacian, or Witten
Laplacian, see e.g. [11, 22] and the references therein), namely

Au+ (VInw, Vu).

Moreover, working in exponential coordinates, it is not difficult to show that (5.1)
and (5.2) extend to the setting of weighted Riemannian manifolds (M, g, wu) where
f is the canonical Riemannian measure and w : M — (0, +00) is a smooth map.

We now study the case where the Euclidean distance on (2 is replaced with a
more general distance d. To this aim, for any x €  and r > 0, we set

r2

M"(z) = (M:J(x) = 1 ][B ( )(y—f)i(y_x)j dy)

1<i<j<n

In case d is associated with a norm, the change of variable £ = (y — x)/r shows that
the matrices M7 (z) are all equal to the second-moment matrix

We will also work under the assumption that balls for d are symmetric with respect
to the vector space structure of R™, in the sense that for any x € 2 and r > 0 such
that B,.(z) C Q, for any v € R™,

1<i<j<n

x+4v € By(r) <= x—v € B.(x). (5.7)

This is trivially satisfied when d is associated with a norm. But it may fail in
general. For instance, set

|177y|, ‘Tay<07

1

§|a€—y\, xay>07
§y7$7 x<07y>07
1

§x—y, y<0,z>0.

Then, d is a metric on R such that id. < d < 2d. and B, (0) = (—r, 2r) for any
r>0.
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A large class of distances d which satisfy (5.7) without being associated with a

norm is given by the following: For o = (g, ..., o) € {1, 2}", set
Do (x) := (a, ..., z0m™)
for any « = (z1, ..., z,) € (0, +00)™. Set

da(2,y) = [|@a(z) — Paly)ll

for any z, y € (0, +00)™, where || - || is any [P-norm on R™. Then, d,, is a distance
on (0, +00)™ which always satisfies (5.7); it is associated with a norm if and only
if oy = ... =, =1, because otherwise homogeneity fails.
Our next result makes use of zZ" | i.e. the average of the absolute value of the
distortion function, defined for any r > 0 by
n
Z;%" (.’1?) — 7[ _ Z (BT(x)>
Br(x)

' 2B,

‘ dy. (5.8)

for any x € R™.

PRrROPOSITION 5.3. Let Q CR™ be open with respect to a distance d satisfying
(5.7). Forw € CY(Q) set p:= wL" L Q. Consider (2, d, ). Let x € Q be such that
w(x) > 0.

(1) Assume that the limit M (z) :=lim, o+ M"(z) exists. Then, any u € C*()
admits a pointwise AMV Laplacian at x, and

Aiu(x) = %TT(M(:L‘)vzu(:ZZ)) + (Vw(x), M (x)Vu(x)). (5.9)

(2) If in addition
22" (x) = o(r) (5.10)

asr | 0, then u admits a pointwise SAMV Laplacian at x, and

~ 1
-~ 2w(x)

Tr(M(x)V(wVu)(z)). (5.11)

Proof. Step 1. We first prove (5.9). To this aim, we claim that for any r > 0,

LM (B (z))w(z)
p(Br(z))

<M”(m)Vu(x),Vw(x)>) + O(r). (5.12)

Azyru(ac) = (;Tr (Vu(z)M"(z))

w()
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Once this is proved, (5.9) follows immediately since pu(B,(z))/ L™ (Br(z)) — w(zx)
as r | 0. Let us prove (5.12). By a second-order Taylor expansion of u and a first-
order Taylor expansion of w, for any y € B,.(x) we infer that

n

(u(y) — u(@)w(y) = > _[wu](z)(y — z);

i=1

+ Zl [w;ij +wiuj| (z) (y — )iy —x); + O(T‘S)

where O(r3) is independent of y and where we have denoted by w; the partial
derivatives of u, by w;; the second-order partial derivatives of u, and similarly for
w. Integrate with respect to y € B,.(z) and then divide by r?u(B,(z)). Then, the
left-hand side becomes AY u(x). Due to antisymmetry, assumption (5.7) implies
that the first term on the right-hand side vanishes when integrating w.r.t. y over
B, (x). Then, we get

Step 2. Now we prove (5.11). Observe that

A/d“au(x) = % (Ai’ru(x) +1(r)) (5.13)
where
=1 u(y) — u(x _wl)
1) = [ ) o) s
We claim that
I(r) — AY.u(z) = %TI‘(M(’I)VQU(’JJ)). (5.14)

Once this claim is proved, letting r | 0 in (5.13) yields (5.11), since a direct
computation gives

1
2w(x)

Tr(M(z)V(wVu)(z)) = %TF(M(Z‘)VQU(Z‘)) +
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Thus, we prove (5.14). Thanks to (5.5) and (5.6), we get

1 1
)= 5T om) /Brm (wly) = (@) Zrp Gy ¥
1

FTTOm) | 10, 0 )

_ ]ir(m) (u(y) — u(x)) (1 - m) dy]

1 1 ZL"(B,(2))
:7Adnrux——][ u(y) —u(z (1— dy|.
rrop) |t T I T I g )
(5.16)
Now using that u is Lipschitz, we get
1 ][ ( L"(By()) )
— u(y) — u(x 1-— dy
r? Br<x>( W=D 1= 2B, )
Lip(u) ][ ‘ L (B (x ‘
2 Jow OV 2 Bw)
cLnw) |y 2B,
r By () LB (y))
= Lip(u)=~ T(x) —~0 asr]oO
by assumption (5.10). Then, (5.14) follows from letting r | 0 in (5.16). O
REMARK 5.4. It follows from the previous proof that
~ 1
Aiu(:c) =35 (Aiu(x) + A u(z)) . (5.17)
REMARK 5.5. Let || - || denote the infinity matrix norm. By the Jensen inequality,
el s f | (=) dy<1
By(x) " 1<i<j<n

for any r > 0, so the sequence {M"(z)},~¢ is bounded and therefore it admits a
set of accumulation points {M,} as r | 0. This set is a singleton if and only if the
limit M () := lim, ;o M"(z) exists. If this is not the case, then A%u(z) and Aﬂu(z)
may be understood as multivalued:

Aiu(m) = {;TI"(MQ(:E)V2’LL(CE)) +

1
5 V(o). Mo o) Vulo) |

Ad = ! r x wvuh\r .
Bule) = { 5oy T V0T 0)
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28 A. Minne and D. Tewodrose
5.2. Vanishing weights

We are now interested in the pointwise AMV and SAMV Laplacians at a point
where the weight vanishes. With no loss of generality, we assume that this point is
the origin 0,,. We let || - || be a norm on R™.

DEFINITION 5.6. Let w be a Lebesgue integrable function defined on a neighbourhood
Q of 0,,. We say that w is a vanishing weight at 0, if w(z) > 0 for L™-a.e. v € Q
and 0,, € Leb(w) with w*(0,) = 0.

For any Radon measure v on R”, we define the second-moment matrix of v as
M, = </ Yiy; dl/(?/)) - (5.18)
B1(0-) 1<i j<n
5.2.1. Infinitesimally even weights

DEFINITION 5.7. We say that a weight w is infinitesimally even at 0,, if it is £ -
essentially bounded in a neighbourhood of 0,, and such that

L — esssup |w(z) —w(—z)|=o0 (7’][ wdf") asr | 0.
B,.(0,,)

z€B,(0y,)
Our first result is the following.

PROPOSITION 5.8. Consider (€, || - ||, wZ™) where w is a vanishing weight at 0,
of domain Q0 which is infinitesimally even at 0,. Set p:=wL". Assume that the
blow-up probability measures

weakly converge to some Radon measure v supported in B1(0,).! Then, the point-
wise AMV Laplacian at 0, of any function u : Q — R two times differentiable at
0,, ezists and satisfies

Allu(0,) = %Tr(MVVZu)(On). (5.19)

LObserve that

L :
7][ z;z; dp(z) = / yiy; dvr(y)
T B, (0n) B1(0n)
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Proof. From the Taylor theorem, there exist a neighbourhood Q' C Q of 0,, and
functions h;; : Q" — R such that liIBI hi;j(z) = 0 and

u(@ Z 8031 Z 311833] n)Ti%j + Z hij(x)ziz;

i,7=1

for any x € €. Then, for any r > 0 such that B,(0,,) C &,

"L du 1
(-1 _ )
A u(0,) E oz, (On)r2 ]{Br(on)xl du(z)

1 « 0%u 1
2 4= Ox;0x; (0")7T2 ]fgr(on) i du()

T Z ]é(o : hij(@)aiz; dp(z). (5.20)

1,]= 1
Step 1. We fix i, j € {1, ..., n} and show that

1

lim hii(x)x;x; du(xz) = 0. 5.21
i s f, Pl dute) (5.21)

Fix ¢ > 0. Then, there exists ¢ € (0, ro) such that |h;;(z)| < € for any « € Bs(0,,).
For any r € (0, 9),

1

1
— ][ hij(x)z;z; du(z)
B (0,)

<7f sy ()]l 5] da() < e,
" JB,.(0

n

r2

where we have used that |z;| <7 and |z;| < r to get the last inequality. This yields
(5.21).
Step 2. We fix i € {1, ..., n} and show that

1
lim — i d =0. 5.22
"0 72 ]ir(on) % du() (5:22)
Observe that
1
][ x;dp(x) = —/ xyw(z) de (5.23)
B.(0,) fBT(On) w(z)dz /g, 0,)
and
1 1
zyw(z)de = 3 zyw(z)dr + = 5 z;w(z) da
BT‘(O’H) B’I‘(O"L) B (O’Vl)
1 1
= 7/ row(x)dr + = / —ziw(—z") da’
2 /B0, 2 /B0,
1
= 7/ zi[w(x) — w(—x)] dz, (5.24)
2 JB.(0n)
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where we have used the change of variable 2’ = —z in the second integral to pass
from the first line to the second. Set Sy, (r) := L™ — esssup,cp, (o, [w(*) — w(-2)|.
Then,

1
2r?| fB,.(O,,L) w(z) dz|

5]
- zidp(z)| =
2 JB.(0,)

/ xi[w(z) — w(—z)] da
B, (0,)

o
< zil|lw(x) — w(—z)|dz
27“2| fBT(On) w(x) dx\ ( BT(On)| || ) ( )‘ )
< S (1) 1dz
2r| fBr(On) w(y) dy| B, (0,)
Sw(r)

2r| JCBT(on) w(y) dy|

where we have used |z;| <r and |w(z) —w(—x)] < Sy,(r) to get the second
inequality. Then, (5.22) follows from the infinitesimal evenness assumption on w.
Step 3. We fix i, j € {1, ..., n} and show that

lim — ][ zixjdp(x) = / yiy; dv(y). (5.25)
B, (0,) B1(0n)

Performing the change of variable y = x/r, we have

1
2

1

o854 = BTG g, "0

= / vy, dvr(y) — yiy; dv(y) asr | 0.
Bl(on) Bl(on)

O
REMARK 5.9. By the Prokhorov theorem, the probability measures {v,} always

admit accumulation points in the weak topology of measures as r | 0. The assump-
tion made in the previous proposition demands that there is a unique limit. If this

is not satisfied, then Aﬂ[“u(()n) may be understood as multivalued, namely we get

AE-\lu(07b) = { %Tr(M,;a VZu) (On)}

where {7, } are the limit points of {v,.} as r | 0.

A version of proposition 5.8 also holds in the case of the SAMV Laplacian, but
under slightly different assumptions.

PROPOSITION 5.10. Consider (€, || - ||, w.Z™) where w is a vanishing weight at 0,
of domain Q which is infinitesimally even at 0,,. Assume that p:= wL" satisfies
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a comparability condition at 0, that the weight

A0 (B (0,))
() = = <1+ F ())> (5.26)

is infinitesimally even at 0, and that there exists a Radon measure U on B1(0,)
such that

D)t N\ s
(u(&(m)))‘g LB1(0n) =: 1 0. (5.27)

Then, the pointwise SAMV Laplacian at 0, of any function u :  — R two times
differentiable at 0, exists and satisfies

< 1
Allly(0,) = 3 Tr( M5V ?u)(0,,). (5.28)
Proof. Let u: Q) — R be two times differentiable at 0,,. Using the Taylor theorem

like in the proof of proposition 5.8, we get that for any small enough r, it holds
that

I - 71 () da:
Ak g 21(B,(0n)) /,_r;r(on) e

n 1 / ~
4 z;x;w(x) de
Z 833 8.73J (BT(O’VI)) Br(on) ! ( )

,j=1

n

1 ~
s WﬂT<on>hij<x>xixjw<x> e O

ij=1
Fix i, j € {1, ..., n}. For any ¢ > 0 there exists 6 € (0, ) such that |h;;(z)| < e
for any « € Bs(0,,). For any r € (0, §),
1
72 (B;(05))
<1
= r2u(B,(0,))

€ ~
/B o )w(a:)dx < (14 C)e/2,

/ hij(x)zx;0(x) de
By (0n)

[ i@l iz
BT(O’VL)

S 4(B,(00)

where we have used the local comparability condition at 0,, to get the last inequality.
This yields

1:?8 m /B o hij(z)z;z;w(x) de = 0. (5.30)
Moreover, we have that
lim 2;/ x;w(z)dx = 0. (5.31)
r10 720(By(0,)) J 5 (0,,)
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Indeed, acting like in (5.24) we get

~ 71 x:[w(x) — O(—x T
/BT(On)osiw(:L')dx 2/3 o () (—z)] da.

r

Set Sg(r) == L™ —esssup,ep, (o, [0(z) — w(—=)|. Like in the previous proof, we
obtain

1 .
7B, (0,)) /an) mib(z) dz

where we have used the local comparability condition at 0,, to get the last inequality.
Then, (5.31) follows from the infinitesimal evenness assumption on .
Lastly, acting as in the previous proof and using the definition of 7., we obtain

Sﬁ,(?") (1 + C)S{[,(T)
< < .
2r| fg, 0,y w@)dz| = 4Ar| fy () d(z)dz]

that
lim%/ iz (r) de :/ yiy; do(y) (5.32)
r10 72u(Br(0)) J B, (0,) B1(0,)
for any i, j € {1, ..., n}.
The conclusion follows by letting r | 0 in (5.29) and using (5.30), (5.31) and
(5.32). O

REMARK 5.11. A simple computation shows that

by — % (w + MMLBI(OR)> . (5.33)

In this way, it clearly appears that there exists rp > 0 such that the measures
{Ur }o<r<r, are uniformly bounded, thanks to the local comparability condition at
0,, of u. Therefore, like in the non-symmetrized case (see remark 5.9), the Prokhorov
theorem implies that the measures {7, },~0 admit limit points in the weak topology

of measures as r | 0. If these limit points are not unique then A,‘L'HU(O) may be
understood as multivalued, namely

A,‘L'“u(on) = {;TI‘(MQQ VQU)(On)}

where {7, } are the limit points of {Z,.} as r | 0.

REMARK 5.12. If w is even, then so is w. Indeed, in this case, obvious changes of
variable show that

(B, () = /B ey = /B RCE L

= [ w9 dy = (B (@)
B (0n)

from which evenness of @ follows from the definition in (5.26).
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5.2.2. Weights w(-) = |- |* Proposition 5.8 may be applied to the case of weights
w(-) = |- |* where | - | is the Euclidean norm and « > 0.
COROLLARY 5.13. Take o > 0 and set w(-) := | - |* where | - | denotes the Euclidean

norm. Consider (R™, d., p) where p:= wZ™. Then, for any u: R™ — R two times
differentiable at 0,, the pointwise AMV and SAMV Laplacians of u in 0, exist and
are given by

Adu(0,) = mmmn), (5.34)
Afﬁu(on) - 2:(71—:—(34:6;;?71—’——1-&2)Au(on)’ (5:35)

where A 1= )" 0y 1is the classical Laplacian.

Proof. The weight w is continuous, hence 0, is a Lebesgue point with w(0,) = 0.
Moreover, the infinitesimal evenness of w is trivially satisfied because w is even.
Finally the a-homogeneity of w implies that the measures {v, },~¢ are constantly
equal to the measure

y= "1 g B (0,),
On—1
hence proposition 5.8 applies and yields

Aleu(0,) = %Tr(Ml,Vzu)(On) (5.36)

where we recall that M, is defined in (5.18). Let us compute M,. If n =1,

1 1
1+« 1+«
2 «@ 2 «
dy = dV = — -
/1y|y| (y) - /_1ny| (y) Sy

Assume now n > 1. Consider ¢, j € {1, ..., n} such that ¢ # j. Then, the map
y — yy;ly|® is odd, so

/ viy;ly|* dy = 0.
Bl On)

Moreover, the invariance of the Lebesgue measure under exchanging coordinates 6;
and 0, yields

1
/ y?lyl"‘dy:/ yily\o‘dy:// retnteR do(6) dr
Bl(On) Bl(On) 0 Sn—1
1
- / 62 do(0)
n+a+2 Jen

where o is the usual surface measure on S*~!. Since

> /SH 9?d0(9)=/8n71 1012do(6) = p_1

1<i<n
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we get

02 9) — On—1 )
/gn—l nda( ) n

In the end, for any n > 1,

n -+ «

M,=—
nn+a-+2)

n

and the result follows.

For the SAMV Laplacian, consider @ as defined in (5.26). We want to apply
proposition 5.10. The weight @ is even by remark 5.12. Thanks to (5.33), in order
to prove (5.27), one is left with computing the limit as r | 0 of

T.?’l

(B ()

for any = # 0. This follows from the Lebesgue differentiation theorem:

r’ - 1
W(B(0) (“’" Jim v () dy) ~ elewn

S, 2
V—2 12 on .

Finally, computing the second order moments w.r.t. to o, simplifying and putting
back into (5.28) gives (5.35). O

Consequently,

5.2.3. Separable weights After proposition 5.8 it is natural to consider the class of
separable weights, defined as follows.

DEFINITION 5.14. We say that a wvanishing weight w of domain € is separa-
ble in a neighbourhood of 0, if there exist >0 such that B,(0,) CQ and
fe Lo, r], £, ge LY(S"L, o), such that w(x) = f(|z|)g(z/|x]) for L"-a.e.
x € O\{0,,}. We say that f (resp. g) is the radial (resp. angular) part of w.

PROPOSITION 5.15. Consider (Q, de, w.Z™) where w is a vanishing weight of
domain  which is separable in a neighbourhood of 0,. Let f and g be the radial
and angular parts of w, respectively. Set p = wL" and

vi=(c;9)0
where o is the normalized surface measure on the sphere S"~' and

1
CWZAf@W“@GWﬁW)

Then, the following hold.

https://doi.org/10.1017/prm.2023.118 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.118

SAMV and AMV Laplacian in metric measure spaces 35
(1) For any function w two-times differentiable at 0,, the AMV Laplacian
Aleu(0,) exists and satisfies
1
Afeu(0,) = 3 Tr(M,V?u)(0,,) (5.37)
if and only if
<Vu(0n),/ 0g(0) d0(9)> =0. (5.38)
Sn—l

(2) For any function u two-times differentiable at 0,, such that Vu(0,) =0, the
AMV Laplacian A%u(0,,) exists and satisfies (5.37).

3) If Jsuoi0g(0)do(0) = 0y, then for any function u two-times differentiable at
0y, the AMV Laplacian Affu(On) exists and satisfies (5.37).

Proof. We only prove the first assertion since the others are direct consequences.
Acting as in the proof of proposition 5.8, we get that Af;u(()n) exists and satisfies
(5.37) if and only if

"\ du 1
lim» —(0,)— x; dp(x) = 0.
rl0 P 8:52 7”2 B, (0,)

Thanks to (5.23), we know that for any i € {1, ..., n},

1 1
— x;dp(z) = / yiw(ry) dy
r? B (0,) TfB 0 W w(ry) dy ( B1(0,)

from which the separation assumption yields

1 o dufa [y frp)p™ dp fon ., 0:]g(8) — g(—0)] do a(f)
% B,(0,) 1dule) = rfo (rp)pdp Jsn-1 9(0) da(0)

Now

| ots@) —a-01ac0) = [ 0.00)as0) = [  b9(-0)d0(0)
_ Q/SH 0:9(0) do (6)

where we have used the change of variable 8/ = —6 in the second integral to get the
last term. Thus,

i )pn T d 2 _,0,9(0)d
= 61‘1 r B(0,,) ’rfo ’I“p pdp i=1 axl fSn 1 g )da(e)
[ ot ap (U0 2 o 09(0)00(0))
B rfo (rp)pdp fgn—l 9(0)do(0)
(5.39)
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This immediately shows that if (5.38) holds, then Affu(On) exists and is given by
(5.19).
Assume now that (5.38) does not hold. Then,

ci= ‘<Vu(0n), 2 /Sn_l 09(6) da(9)>' > 0.

Let m € (0, 1) be the median of the measure f(rp)dp on [0, 1], so that

m 1 1 1
/ f(?"p)dp=/ f(rp)dp = 5/ f(rp)dp.
0 m 0
Since f is non-negative and f;l flrp)pnttdp = mntt f; f(rp)dp, we get

Jo frp)p™dp _omt Lo frp)dp  mm [ F(rp)dp _mt

r [y farp)pdp [y f(rp)pdp o [} frp)pdp ~ 2

where we have used fﬂl1 flrp)pdp < fnlz f(rp)dp to get the last inequality. Then,
from (5.39) we get

"L Ou 1 mntl
—(On)—][ x; dp(x)| > ¢ — +o0
=1 axz r2 Br(on)
asr | 0, so Affu(On) does not converge. a

When n = 2, the Fourier theory easily yields a concrete equivalent form of the
sufficient condition given in (3).

COROLLARY 5.16. Assume n = 2 and consider (€, de, w.Z™) and u as in the previ-
ous proposition. If there exist ¢ > 1 and ¢(-) € Span({cos(m ), sin(m-) };,>2) such

that

g(e") =c+ (),

then for any function u two times differentiable at Oz, the AMV Laplacian Af;u(Og)
exists and is given by (5.37).

Proof. Let h € L*(R) be 2r-periodic and such that g(e'*) = h(t) for any ¢ € R. Since

/Sl ag(a)da(e)/o% eitg(eit)dt/;” () de

then

/S1 0g(0)do(0) =0y <= (x):
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Since g is non-negative, so is h, hence (x) is equivalent to
h=c+¢y

where ¢ > 1 and ¢ € Span({cos(m-), sin(m-)},,>2), thanks to the Fourier theory.
U
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