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Abstract

We consider a nearly unstable, or near unit root, AR(1) process with regularly varying
innovations. Two different approximations for the stationary distribution of such
processes exist: a Gaussian approximation arising from the nearly unstable nature of the
process and a heavy-tail approximation related to the tail asymptotics of the innovations.
We combine these two approximations to obtain a new uniform approximation that is
valid on the entire real line. As a corollary, we obtain a precise description of the regions
where each of the Gaussian and heavy-tail approximations should be used.
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1. Introduction

First-order autoregressive processes are found in a variety of settings, ranging from the
biological and natural sciences to financial and insurance applications. The analysis of such
processes has long been a topic of great interest in the time series community, where considerable
literature exists about the asymptotic properties of estimators for the regression parameter
and the corresponding hypothesis tests. From an applications perspective, one often seeks
conditions that would allow simple approximations for the distribution of these processes. We
consider two such conditions here: a regime that allows us to obtain a Gaussian approximation
and a condition on the distribution of the innovations that provides asymptotics for the extreme
tail distribution.

When the regression parameter is close to one, the first-order autoregressive process is known
as a nearly unstable (nonstationary) AR(1) process, sometimes also referred to as a process with
near unit root. Similar to the study of queues in heavy traffic, this asymptotic regime can be
used to derive approximations for the distribution of the process. One such approximation, due
to Cumberland and Sykes [11], states that the distribution of the nearly unstable AR(1) process
{Z,:n = 0}, given by Z,+1 = pZ, + &14+1, Zo = 2z, Zo = z and |p] close to 1, can be
approximated by an Ornstein—Uhlenbeck process, provided that E[£/] = 0, 02 = E[& 12], and
E[Ef] < 00. This result suggests the following approximation for its steady-state distribution:

D o
AN O —" 1.1
V2(1 = p) b

where Z is a standard normal random variable.
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A different set of results on general autoregressive processes (not only the AR(1) process)
considers the special case where the innovations (§;: i > 0) belong to some kind of heavy-tail
distribution (e.g. regularly varying). Typically, in the presence of heavy tails, it is possible
to obtain asymptotic expressions for the tail distribution of sums of random variables. Such
asymptotics are often tractable even in the more general setting of autoregressive processes,
and a considerable amount of literature exists in this context (see the comments at the end of
Section 2). Here we consider the case where the innovations belong to a regularly varying
distribution with index o > 2, for which the following asymptotic is known to hold for 0 <
p<1:

P(Zoo > ) ~PE > 0D p™ = (1= p) ' P > 1),  x—o00  (12)
n=0

(see [16, Lemma A.3] for a more general result).

Both approximations (1.1) and (1.2) apply to the model we consider here, the nearly unstable
AR(1) process with regularly varying innovations. Nonetheless, the two are very different
in nature, with the former providing approximations for moderate values of the tail and the
latter for values in the extreme tail. The main result we present gives an approximation
that is uniformly good on the entire real line, making it unnecessary to determine for each
value of x which approximation is appropriate. Moreover, we can easily determine from
our uniform approximation the exact point at which the behavior of Z, transitions from the
Gaussian approximation into the heavy-tail asymptotic, giving a precise notion of where each
of approximations (1.1) and (1.2) are valid.

The author has been informed through personal communication that a similar paper by José
Blanchet is in preparation. This paper discusses the more general AR (k) model and will provide
higher-order terms for the region where the Gaussian approximation is valid.

2. Main results

We consider a first-order autoregressive process of the form
Zny1 = pZy + Entis Zy =z, 2.1

where (§;: i > 0) is a sequence of mean O independent and identically distributed random
variables having distribution F', and z € R. It is well known that, provided |p| < 1, the process
(Z,,: n = 0) possesses a stationary distribution. In particular, by iterating (2.1) we obtain

n—1
Zy = an + Zplgn—iy
i=0

from which it follows that if Z, is a stationary version of the process then

00
b .
Zoo = Zpléi,
i=0

where ‘2’ denotes equality in distribution. When p is close to 1, the process is said to be nearly
unstable (nonstationary), and in this setting the distribution of the process can be analyzed by
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using a continuous time-scaled version of the process. Define (Y,,(z): ¢t > 0) according to

m< ) < > m( ) — 1=1,2,...,

. . L
Y, (t) = Ym<l—> for L <t< i
m m m

By setting p = 1 — 1/m and Z,, = \/m Y,,,(n/m), we can recover the discrete-time process
Zn = pZy— +§n, Zy =0.

It was proven in [11] that if E[£,] = 0, E[£2] = o2, and E[§}] < oo, then, as m — 00, Y, (1)
converges in distribution to Y (¢), where Y (¢) is a zero-mean Ornstein—Uhlenbeck process
satisfying Y (0) = 0, and

dY () = —-Y(t)dr + o dB(t).

This result suggests the approximation

P(Zoo > x) *P((1 — p) "1 ?Y(c0) > x) =1 — ¢<X—M>, (2.2)
o

where ®(t) = fi oo @ (u) du is the standard normal distribution function. This same approx-
imation for Z., can alternatively be derived via Lindeberg’s theorem (see [3, p. 357]). This
nearly unstable AR(1) process has received considerable attention since the mid 1970s, both
in the time series literature as well as the econometrics literature (see, for example, [6], [10],
[24], and the references therein).

When the innovations (&;: i > 1) are heavy tailed, say regularly varying, then a different
kind of approximation is available for the tail distribution of Z.,. In particular, under the
so-called balance condition

F(t) = pt L(t) and F(—t)~qt *L(t) ast— oo 2.3)

for some p € (0, 1]andg = 1 — p (by f(¢) ~ g(¢) we mean that lim;_.», f(¢)/g(t) = 1), we
can obtain the asymptotic equivalence when 0 < p < 1:

o0
P(Zoo > x) ~ F(x) Zpa", x — 00. (2.4)
n=0

More generally, if we consider a weighted infinite series of the form Y = Y °2, ¥;&;, when the
innovations are regularly varying with index « > 0, the following asymptotic is known to hold
under certain conditions on the coefficients (y;: i > 0):

P(Y > x) ~P(&1] > ) > _[pWH* + g, x — oo. 2.5
i=0

Early results in this direction are attributed to Cline [8], [9] (for the case 0 < « < 1) and can be
found in [21, p. 226]. Best possible conditions on the coefficients are given in [16], where in
particular we find that, when o > 2 and E[£1] = 0, (2.5) holds provided that Z?io %2 < 0.
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We refer the reader to [15] for a more complete compilation of results related to sums, series,
and products of regularly varying functions, and to [4] for a thorough treatment of regularly
varying functions and their properties.

In terms of the nearly unstable AR(1) process we are considering here, both (2.2) and (2.4)
provide approximations for the tail distribution of Z,. Clearly, as a function of x, the normal
approximation predicts a tail that decreases superexponentially as x — oo (since 1 — ® () ~
¢(t)/t), while the heavy-tailed asymptotic predicts a regularly varying tail. This apparent
inconsistency can be explained by observing that the regions for which each approximation
is valid are not the same; the normal approximation is known to be good for values of x of
order (1 — p)~1/2, while the heavy-tailed asymptotic refers to values of x in the extreme tail
x> 1=p)"Y. To give us a better idea of where the transition between the two different
behaviors occurs, we can solve (approximately) for the value of x for which (2.2) and (2.4) are
equal, that is,

2(1 —
‘% — log[x(1 = p)™'?] ~ —alogx + log L(x) + log((1 = p)™").

It follows from here that the solution x*(p) to this equation satisfies

1/2 172

x*(p) ~ k(1 = p)~ /“[log(l — p)|
as p /' 1, where x = o+/(0¢ —2)/2. This heuristic analysis can be done rigorously, and
Theorem 2.1, below, gives a precise statement of our result. Similar results in the context of the
M/G/1 queue were obtained in [19] and [18]. A careful analysis of the probability P(Z,, > x)
for values of x close to this threshold allows us to provide an approximation that is uniform
across all values of x, from where we can determine the exact regions over which each of the
two approximations holds.

In the statements of the theorems given below and throughout the rest of the paper, we always
assume the following.

Assumption 2.1. (X;: i > 0) is a sequence of independent and identically distributed random

variables with common distribution F, where F satisfies the balance condition (2.3) with

a > 2 and L(-) is a slowly varying function. Furthermore, we assume that E[X1] = 0 and set
2 2

o- = E[X]].

Given the relation Zo, = Y e " Xy, we can consider directly the series Yoo = Yoo o p" X
in the statements of the results.

Theorem 2.1. Let Yoo = Y v2( p" Xp. Then, as p /' 1,

P(Y.
sup (Yoo > ) — 1] —> 0.

reR| @ (—xy/1 = p2/o) + 1(x = (1 = p)~V2)(1 = p*) =1 F (x)

Remark 2.1. Using Lemma 3.3 of [19], we can prove that the same asymptotic holds uniformly
forO < p < lasx — oo.

As a consequence of the uniform limit, we can obtain a very precise description of the
threshold at which the behavior of Y, transitions from the normal approximation into the
heavy-tailed asymptotic.
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Corollary 2.1. Define z(p) = k(1 — p)_1/2|10g(1 — ,0)|1/2, where k = o+/(a —2)/2. Then
the following assertions hold.
(a) Foranyc < 1l,asp /1,
P(Ys > x)
& (—xy/1 — p2/o)

Furthermore, if c = 1, (2.6) holds provided that SUpg<; <, L(#)/(log )c)("‘_l)/2 — 0.

sup — l‘ — 0. (2.6)
x=cz(p)

(b) Foranyc > l,asp /1,

P(Yoo > X)

| (L= p)TF ()

x>cz(p)

1‘ — 0. 2.7

Furthermore, if ¢ = 1, (2.7) holds provided that inf >, L(t)/(logx)©®~D/?2 — o

The main idea of the proof of Theorem 2.1 is to decompose Y, into two pieces, the first one
with a finite number of summands and the second one corresponding to the tail of the infinite
series. The analysis of the finite sum Yx = Zf:o p" X, can be done following the same
lines as the analysis of the random walk with heavy-tailed increments (see [5] for an extensive
study of such results, including the partial sums with nonidentically distributed increments). In
particular, the style of the proofs we give for the region where both the normal approximation
and the heavy-tailed asymptotic play a role, resembles in spirit the work done by Rozovskii [23]
in the random walk setting.

Theorems 2.2 and 2.3, below, give the asymptotic behavior of the partial sums Yk for
moderate and large values of x, respectively. The results we present below for the partial sums
are of potential interest in their own right, which is why the thresholds are given in terms of
a quantity related to the variance of Yg (note that var(Yg) = 028k (p)). The condition that
K — o0 in Theorem 2.2 is the minimum condition to guarantee that Sx(p) — oo, and,
therefore, a necessary condition for the partial sums to converge in distribution to a normal
limit.

Theorem 2.2. Let Yy = 3 X_ 0" X, and Sk (p) = S5, p?", where K — oo as p 7 1.
Then

wp P(Yx > x)
reD(p.K)| D(—x /0 /S (p)) + 1(x = Sk (p)/2) F(x) YK pon

asp /' 1, where D(p, K) = {x: x < Sk (p)'/?(log Sk (0))"/* loglog Sk (p)}.

When we consider values of x that belong to the heavy-tail domain, the condition that
K — oo becomes unnecessary. Moreover, not only can we obtain asymptotics for the
distribution of the partial sum Yk, but also for its maximum Yx = maxo<m<k Ym. We can
also easily add a nonrandom term to Y,,, say of the form pm+1z, which allows us to make the
connection with the first-passage time distribution of the original AR(1) process.

Define 7(x) = inf{n > 0: Z,, > x}. Then, for any z € R,

—-1—=0

P.(t(x) < K) = P, (Og}g[( Zn > x> — P(Vx > x).
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There is a considerable literature on the distribution and the expectation of such passage times in
the context of both autoregressive processes and their continuous-time counterpart, Ornstein—
Uhlenbeck processes. Related papers on the first passage time of the AR(1) process are [17]
and [2], where an exponential martingale approach and integral equations are used to derive
expressions for the distribution of 7 (x) and its expectation. Although we do not pursue this idea
here, it is possible that a truncated version of the exponential martingale considered in those
papers can provide approximations for the distribution/expectation of 7 (x) that are good in the
region of moderate deviations. The result we give below is readily applicable in the region of
large deviations of Y.

Theorem 2.3. Let Y,, = g’”“z + 3" 0" Xy and Yk = maxo<m<k Ym, where z € R is
fixed. Define Sk (p) = > n_o p*". Then, for any K > 0,

P(Yx > x)
xeC(p, )| F(x) 32, p*"
and
P(Y
sup POk >x) 1l = o0

xeClp. k)| F(x) Yop_ po"
asp /1, where C(p, K) = {x: x > Sk (p)"/*(log Sk (0))"/*v(p)} and v(p) — ccasp /' 1.

We end this section with a list of related results in the context of autoregressive processes
with heavy tails. The distribution of the maximum term of an autoregressive process with
innovations that are either exponential or regularly varying was studied in [13], where the
first passage times of such processes were also discussed. The extremes of moving average
processes with innovations belonging to the domain of max-attraction of the Gumbel distribution
(lighter than regularly varying) were studied in [12] and [22]. The stationarity/transience of
autoregressive processes with super-heavy-tailed innovations was studied in [25]. In [16] a
negative drift random walk with dependent step sizes given by a two-sided linear process with
regularly varying innovations was considered, and, as part of their analysis, close to minimal
conditions under which (2.5) holds were derived, including the case in which o > 1. First- and
second-order asymptotics for infinite weighted sums with regularly varying tails were given
in [1], and generalizations to more general subexponential distributions were given in [14].
Finally, partial weighted sums and their maxima, where the increments belong to a large family
of subexponential distributions, were considered in [7].

The rest of the paper contains the proofs of the results in this section. The main proofs are
contained in Section 3, and some of the more technical lemmas are contained in Appendix A.

3. Proofs

In this section we give the proofs of Theorems 2.1, 2.2, and 2.3. The proof of Corollary 2.1
is a direct consequence of Theorem 2.1 and Lemma 3.1, given below, so its proof is omitted.
The section starts with the proofs of Theorems 2.3 and 2.2, which correspond to the analysis
of the large and moderate deviations of the partial sums Y = Zf:o " Xn.

We start by pointing out that the statement of Theorem 2.3 is a special case of a more general
theorem from [5], so instead of giving a full proof we just need to show that the conditions for
that theorem are satisfied.
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Proof of Theorem 2.3. Write Y,,, = pf"“z + 3" 0" Xy and Yk = maxo<m<k Ym, Where
z e Risfixed. Let Z,, = Y vy 0" Xpn, Zk = MaxXo<m<k Zm,

K

1 } ) K
VO =g 2P e =Fo,  HEK+D=) "
n=0 n=0

The proof will follow once we show that the conditions of Theorem 13.2.1 of [5] are satisfied.
In order to understand the notation used in [5], we need to introduce some definitions. We say
that condition [ -, =]ygr holds if the functions V, V), and H defined above satisfy

KV(t)
im @ @——=
K—o00,t—00 H(K)Vy(t)

(To obtain this definition, we refer the reader to [5, p. 81] for the definition of [ -, =] and to [5,
p. 492] for the definition of [UR]). Note that, by Lemma A.1 in Appendix A,

K+ 1)V(t F(p™"t
lim sup sup M 1' = lim sup sup M -1/ =0,
1= 0<p<1 K>0 H(K + 1)Vo(2) 1= 0<p<1 K>0 F(I)Z pon
so condition [ -, =]yr is satisfied. Also,
K K
D41 =Y El(p"X)"1=0")_ p™ =0”Sk(p);
n=0 n=0
so, by Theorem 13.2.1 of [5],
P(Z P(Z
su %—1’—>0, sup K(K+>x)—1'—>o, (3.1)
xeC(p.K)| Yo F(p™"x) xeC(p.K)l Y _pg F(p7"x)

as p /' 1, where C(p,K) = {x: x > SK(p)l/z(logSK(p))l/zv(p)} for any v(p) — o0 as
p /1. By Lemma A.1 again we can substitute Zf 0 F(p~"x) by F(x) Zn o P*" in (3.1).
To incorporate the term p™*!z into the result, just note that

P(Yx > x) <P(jz] + Zg > x) = F(x — 2]) Z,O“"(l +o(1))
n=0

and

P(Yx > x) = P(—|z| + Zx > x) = F(x +|z]) Zp“"(l +o(1)).
n=0

Since z is fixed and x — oo for x € C(p, K), the statement of the theorem follows.
The main idea behind the proof of Theorem 2.2 is to split the probability P(Yx > x) into

two pieces, i.e.

P(Yx > x) = P(YK > X, 0max ot X, < y) —i—P(YK > X, Omax ot X, > y) 3.2)

<n<K <n<K

for some carefully chosen y. Since the innovations {X;} are heavy tailed, the second term will
give rise to the heavy-tailed limit (2.4), while the first term corresponds to the normal limit
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predicted by the Ornstein—Uhlenbeck approximation (2.2). The main technical difficulty lies
in the analysis of the first term, for which an exponential change of measure, giving rise to
complex asymptotics, is needed. The more technical parts of this analysis are contained in
Appendix A.

Before proceeding to the proof of Theorem 2.2 we give two results describing how the sum
of the truncated innovations is approximated by the normal distribution, and a third result that
will simplify the analysis of (3.2). Proposition 3.1, below, gives the behavior of the first term
in (3.2) for tail values larger than the natural range of the normal approximation, that is, larger
than O(Sk (p)'/?). The idea of the proof is to perform an exponential change of measure
(since the truncated innovations have finite moment generating function), and to analyze the
expression obtained. Proposition 3.2, below, gives this same approximation for tail values of
order Sk (p)l/ 2 Finally, Proposition 3.3, below, provides an expression for P(Yx > x) that
will greatly simplify the proof of Theorem 2.2.

Proposition 3.1. Let Y, = Yg —p" Xp, Sk (0) = X 0¥, and y = y(p, K) = Sk (p)'/%,
where K — oo as p /' 1. Also, define

B(p, K) = {x: Sk(p)"/? < x < Sk(p)"/*(log Sk (0))'/* loglog S (p)}.

Then, forall 0 <n < K andany0 <y < (¢ —2) A 1,

ix. (1" -y
P(¥is = o<ﬁ32?‘#nprfy)‘<l q’(wm))(”"(y )

as p /' 1 and uniformly for u € B(p, K).
Proof- Let({(K,n) ={0<i < K:i # n}, Wi(y) = p'X; | piXi < y, and Y[((yil =
Yicrmy Wi Then

P(Y > u, max ix; < ):PY(y)>u F(p~'y).
Kon jpax XSy Yg )iEI];[n) (™"y)

Define A;y(0) = logE[e®™ ], Fiy(x) =P(W® <x) = F(p~'(x A y))/F(p~'y), and
Fpiy(dx) = ef*~Aix@F,; | (dx). Note that

P(YI(('V’L > u)

=/~~/RFo,y(dU)O)"'FK,y(dwK)

=exp< > Al-,yw)) / /1; exp(— > ew,-)Fe,o,y<dwo)~-~Fa,K,y<dwK>

ie(K,n) iel(K,n)

7 () ~
= exp(—eu + > Ai)y(9)> Ele?TEa 17, > w),
iel(K,n)

where R = {(wo, ..., Wk): X iejk.n Wi > Ul f’l(gl =D icik.ny Vi- and {V,: n > 0} are
independent random variables with P(V; < z) = Fy; y(2). Define § = é(p, K, u, n) to be the
solution of the equation

—u+ Y A, @) =0.

iel(K,n)
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Choose 2+ y < 8 <o A3. By LemmaA.3,

-1
S 0<< “ ) ) = Low Yy (3.3)
oSk (p) Sk (p) 28k (p)

uniformly for u € B(p, K). By Lemma A 4,

, 2
exp( Z Ai,y(9)> l_[ F(p’y):exp(#l((p)—i-o(y(ﬁz))).

iel (K,n) iel (K,n)

Combining these two expressions we obtain

P(Y > u, max ix: < )
Kon 0<jK. g T =7

u’ —u )
= eXp<—WK() +o(y~ V)) E[e K" )l(Y }jn > u)l.

To analyze the remaining expectation, note that

1

Gy )
E[Vl] — E[Wl_(y)eewi ] —
E[CQWI- ]

= A}, @),

so our choice of 6 gives

EV = > A6 =u
iel(K,n)

~ ~ —1/2 ~
Define Vi = Vi — E[Vil, Bk = Yy EIVAL Uk = B> Xici iy Vi and G () =

P(Uxk < u). Lety < § < (¢ —2) A 1. Then, by a generalization of Esseen’s inequality
(see [20, Theorem 5.6, p. 151]),

C N
sup |Gk () = D) < — 573 Y BOViI*] 3.4)
u By iel(K,n)

for some constant C > 0. Therefore,

Ele—?Ux _”)1(Y(y) > u)]

= E[e—"BK UKl(UK > 0)]
SN )

=/ e BTG g (dr)
0

Aol)2
—GK(0)+93”2/ e VB TGy (1) dt
0

—<1>(0)+93”2/ e8¢ (1) dr + E(p, K, u, n),
0

where ¢(1) = e /2 /27, ®(1) = [*__ ¢(s) ds, and

o s S
E(p, K,u,n) = (2(0) — Gg(0)) +/ e’ <GK <A—> - CD(A—>> ds.
0 4B/? 6811!2

K
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By Lemma A 4,

E[‘;iz] _ p2i02 +o(piﬂy_(ﬁ_2)), E[|f/,-|2+5] _ O(Céyp(Z-i-B)i)’

which gives

Bg = Z (p2ig2 +0(piﬁy—(ﬁ—2))) — U2SK(,0) _ 0,2p2n + O(SK(,O)y_(lg_z)).

iel(K,n)
Combining (3.5) with (3.4) yields

C ~
E(o. Kou.ml < —75m D EIViP]

By iel(K,n)
dy K
e .
_ 0( p(2+3)z>
1+8/2 Z
Sk (p) =
=0@E"y™?).

Finally, straightforward computation gives
512 [ —iBY > 0BV
—®(0) + 0By / e Pk d)(z)dt:/ e "PKk "¢(r)drt
0 0
zeézBK/Z/OO 1 ef(t+9AB,1(/2)2/2dt
0 2w

— o Br /2 /OO ;e—wz/z dw
0512 21

= P Bx2q(—GBY/?).
Combining (3.3) and (3.5) gives

08 = (550 oSk @ (14 o( (5. )ﬂ_2>>(1+0<s (0)™)
S ST A Sk () e

u " ub-1
=——+4o| ——— |,
oSk (p)'/? Sk (p)P=3/2
from which we also obtain

é2BK u? " ub u? +o(y™)
= o = o .
2 2025¢(p)  \Sk(0F 1) T 2028k (o) O

Letz = u/y/02Sk(p). Then

Ay () ~(v
Efe 017 > w)]

— B2 (—0BY?) + 0Py )
= e /2P0 N (7 4 0P 1y* Py + O(eéyy_‘s)

= #/2H0T (D(=2) + 0Py P () + 0y )

_ /24007 ) g ¢(Z)Zﬁy2_’5) (¢(z)eéyzy‘5>>
e o( z)<1+0(—z¢(_z) +0 o))
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Since, foru € B(p, K), we have c; < z < c»(log y)!'/? loglog y for some constants ¢y, c; > 0
and z®(—z) ~ ¢(z) as z — oo, then

) (v - B Ao
Ele ka7 > )] = 720 @ (—2)(1 + 0P y*P) + 0?2y 7)),

Also, since yé = 0((log y)'/?loglog y), then both z# and eé»"z are bounded by slowly varying
functions of y, and the facts that 8 —2 > y and § > y give

A =(y) ~ (v _
Ee TR 01(FL) > w)] = /20 N (—2)(1 + 0(y 7).
‘We conclude that

P(Yiw>u  max  p/X;<y) = (1= ®@)(1+0(7),

which completes the proof.

Proposition 3.2. Let Yk , = Yk —p" Xy, Sk (p) = Zf:o 0 andy = y(p, K) = Sk (p)'/?,
where K — oo as p /' 1. Also, define

Ap, K) = {x: x < Sx(p)'/?}.

Then, forall0 <n < K andany0 <y < (¢ —2) A 1,

; u
P(Yx , > u, max TX: < >= 1 — o —— 14+o0(y77
( Ko 02Kz’ =7 < (U\/SK(P)>>( o)
as p /' 1, uniformly foru € A(p, K).

Proof. We start by writing

P(Y > u, max Ix. < )
Ko 0sj2k.jan =7

_ _ ix.
=PYk > u) P(YK’,, > u, Osjrfnlg?gj#np X; > y)

—P(Y 0<P( ix; ))
Ykn > u)+ Ogjléllg?(j#np i>y

To analyze the second term, note that
K
Jx . < iy,
P<05j1;11§§j#np Xj> y) < P(_L%{p Xi > y}>
=
K
D F(p™'y)
i=0

K
0<F(y) > p“’)
=0

= 0(Y*F(y)), (3.6)

IA

where the second equality is justified by Lemma A.1. Now, to analyze P(Yx , > u), we will
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use a generalization of the Berry—Esseen theorem. Define Q; = p’ X; and
Bk = Z var(Q;) = Z p¥o?.
0<j<K, j#n 0<i<K,i#n

Fix y <& < (@ —2) A L. Then E[|Q;[*™°] = p@+J E[|X;|**?] < oo for all j. Then, by
Theorem 5.6 of [20, p. 151],

K
—1/2 C
sup [P(Yg n > u) — ®(—uBy /)| < P Y ENQ; ]
u .
K j=0

for some constant C > 0, where @ is the standard normal distribution function. To obtain a
bound for the error, note that

248 E[|‘(1| ] 2+98)j
E g} 0 J
Bl+3/2 Z [| J| ] [GZ(SK(p) 2n)]1+8/2 ]X:

K j=0
K
_ O(SK(p)‘l“WZp(M”)

j=0

=0(™).

It follows that s
P(Yg.n > u) = D(—uBg?) + 0y,

which combined with (3.6) gives

j —1/2 -8 25
P(YK'” T o<k pIXj = y) = C(-uB )+ 0O +yFG)).
Since Bx = 02(Sk (p) — p**) = 02y%(1 — p**y~2), then, by using the inequality

(1—10)73?

l<d-n""<1+4 fort > 0,

we obtain

cp(-i) > &(—uBg %)

oy
( <1+2y2<1 =y 2>3/2))
LI |M| |M|,0
oy 20y3(1 — p2ny=2)3/2

Uy 3CD( u/(oy))
Since, for u < y, we have

¢<_i> > cp(-l) >0 and q&(m)luly_3 =0y,
oy o oy
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it follows that
_ u
o(—uBg'?) = @(——)(1 +o(y™)).
oy

8

Finally, noting that y=° = o(y~") and y2F(y) = o(y™7) gives

P(YK,n>u, max ijjgy):CD(

0<j<K. j#n >(1+0(y )N+ oY)

u

_5
u

= @(——) (1+o0(y77)).
oy

We now use the two previous results to obtain an expression for P(Yx > x) suitable for the
proof of Theorem 2.2.

Proposition 3.3. Ler Sk (p) = Y X_ 0%, y = y(p, K) = Sk (p)'/?, and
D(p. K) = {x: x < Sk (p)"*(log Sk (p))'/* loglog Sk (p)}.

where K — oo as p /' 1. Then, forany0 <y < (@ —2) A1,

K o0 _
P =0 = (o(=2 )+ 3 [T oS0 porx, e an ) o)
n=0"Y

oy

as p /' 1, uniformly for x € D(p, K).

Proof. Define
Ny=#0<j<K:p'X; >y}

We start by noting that Yx = Yk 41,k +1 in Propositions 3.1 and 3.2, so by these results we obtain

P(Yg > x, Ny =0) = @(—i>(1 +0(77)).
ay

We can bound P(Yx > x, N, > 2) as follows:
P(Yx > x, Ny >2) <P(Ny > 2)

=P< U (' X; > yyNn{p’X; > y})

O<i#j<K

< > FWF(p Ty

0<i#j<K

K _ ) 2
(Z F(p’y))
i=0
- K 2
o(For(3))
n=0

=00 F(»Y,

IA
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where the last equality is justified by Lemma A.1. We now proceed to bound P(Yx > x,
Ny =1). Define Yg , = Yk — p" X, and note that

P(Yk > x, Ny = 1)

P(Y >x, p"X, >y, max Ix; < )
K P AXn >y OSjSK,j;ﬁnp ji=y

Y —t, Ix; < )P "X, €dt
K’”>x 0= TR X0 = 3) PO X € 4D

f ( (- ”) P(p" X, € dt)(1 +o(y™")),
y

where the last step is justified by Propositions 3.1 and 3.2. Combining the estimates for
P(Yx > x, Ny =0),P(Yx > x, Ny =1),and P(Yx > x, N, > 2), we obtain

P(Yx > x) = < (——) + Z / < 0 ) P(p" X, € dt))(l +0(™7))

+ 0O F(y)? ).

Il
i Ma I Ma 1M~

Finally, note that, for x € D(p, K), we have x < y(log y*)!/*(loglog y?). Define L(y) =
(log y)'/%(log log y?). Then

X K poo (x—1
o) A e

O'y -0 y
K 00 A
> Z/ @(-M) P(p" X, € dr)
n=0"Y oy
K Lo)y-=DY\ = _ 00 o
=Z<<I><——)F(p ")+ / P WF(p "(yL<y>+oyu>>du)
ot o (1-Ly)/o
K
>
_,; (b "L () /1 oy, B0

Liy)—1 1 S
=Pl ——— | —= F(p™ .
( ( . > 2)2 (p™"yL(y)
n=0
Since yi(y) — oo and i(y) — oo, then, by Lemma A.1,

yHF(y)? _ 0( yF(y)? >
D(—x/(@))) + Xop_g ;7 P(—(x = 1)/(6) P(p" X, € di) F(yL(y) Yop_g p

Note that

y? (1= p* K1 —p%)  1-p% «a
= < —_ —
YK oo (1= pe KDY (1 —p2) = 1—p2 2

asp /1.
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It follows that

yHF (y)? O (YPFWEN\ (T YPLO?PLyY
— = X =0 —_— | = o = = o(y )
F(yL(y)) Y ,—o p*" F(yL(»)) L(yL(y))

This completes the proof.

We are now ready to give the proof of Theorem 2.2, which includes the asymptotics of
P(Yx > x) for both the region where the normal approximation is valid and the region where
the transition from the normal approximation into the heavy-tailed asymptotic occurs.

Proof of Theorem 2.2. Fix 0 < y < (@ —2) A1, and let y = Skx(p)!/?. Then, by
Proposition 3.3,

K .0 _
P(Yk > x) = <¢<_i> + f <I><— u ”) P(p" X, € dt))(l +oy™)
oy 0"y oy

as p /' 1, uniformly for x € D(p, K). Let

Z(x, p. K) = d>(—aiy) 1(x = WFW) Zp“"

K
I(x,p,K)=Zf ( e )P(p”Xnedn,
n=0"Y

and J(x,y):/ <I><—(x t))F(dz).
y oy

Then, it only remains to prove that

I(x,p, K) = 1(x = y)F(x) 2K pon
Z(x,p,K)

sup
xeD(p,K)

as p /' 1. Firstlet w = w(y) = oy(clogy)!/?, with 0 < ¢ < 2(¢ — 2 — y), and use the
equivalence @ (—x) ~ x’lqb(x) as x — 0o to obtain

YGRS (G NE@) YK po

K
x<w Z(x,p, K) Z(F(p‘ y)+ F()p™")

= o(-w/(oy) =
(log )2 F (y) & )
= 0 —
<¢((c log »)17%) ;,”
= O((log y)'/2y* <12 F (y))
=o(y ),

where in the first equality we used Lemma A.1. To analyze the supremum over the remaining
values of x, let G(p, K) = {x: w < x < y(log y2H)1/2 loglog y2} (note that, for sufficiently
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large values of y, we have y < w < y(log y*)!/? log log y?) and note that

I(x,p, K) = 1(x = y)F(x) 2K ) pon

sup
xeG(p,K) Z(x,p, K)
- J(x,y) = F(x) I(x,p.K)—J(x,y) Y h_op*" 37
T x€G(p.K) F(x) xeG(p,K) F(x) Zf:o pon

To bound the first supremum in (3.7), integrate by parts and use a change of variables to obtain

J(x,y) — F(x)
xeG(p.K) F(x)
B O(—(x — ) /(e F () + ff?x_y)/((,y) ¢ ) F(x + oyu)du — F(x)
T reGOR) F(x)
— E[F(yv(_ﬁc+oyZ)) _1} ’
xeG(p.K) F(x)

where Z is a standard normal random variable. It follows that

J(x,y) — F(x)
xeG(p,K) F(x)
F 4
< sup EHM—I‘IQHS;)] (3.8)
xeG(p,K) F(x) oyloglogy
F(y vV 4
+  sup EH v +oy ))—1’1<|Z|>;)1|, (3.9)
xeG(p.K) F(x) oyloglogy

where we used the fact that, when |Z| < x/(cyloglog y) and x € G(p, K), we have

1
x—i—oysz—oy—x >w(l—— | >y
oyloglogy loglog y

for sufficiently large values of y. Note that (3.8) is bounded by

’F(x —x/loglogy) 1'}

F(x +x/loglogy) |
F(x)

F(x)

sup max{
x€G(p,K)

which converges to 0 by basic properties of regularly varying functions. The expectation in

(3.9) is bounded by B
F
sup ( _(y) + 1)2@(—;)
xeG(p, k) \ F(x) oyloglogy

which, by Potter’s theorem (see Theorem 1.5.6(ii) of [4, p. 25]), is in turn bounded by

X a+6 X w a+s w
w0 A(3) (o) =) (o)
xeG(p,K) \Y oyloglogy y oyloglogy

(clogy)'/?
loglog y
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for some constants A, A’ > 1 and § > 0. Since the above converges to 0 as y — 0o, we have
shown that B
J(x,y) = Fx)

sup o

xeG(p.K)

To analyze the second supremum in (3.7), integrate by parts to obtain

I, p, K) — I (e, ) K pon
F(x) Y "

_ o o (_ (x — y)) o F 0™y —Fo) Yo P
x€G(p,K) oy F(x) Y, p*"
L () [ 96 = 0/ i Flo™") = FO g ) dr

F(x) Yo 0"
YK G F(o™t) — F(t) X pn
F(t) Yop_g o

su
xeG(p,K)

< s J(_x,y) su
F(x)

 xeG(p,K)

’

1>y
which converges to 0 by Lemma A.1 and the observation that J(x, y) ~ F(x) uniformly for

x € G(p, K), as proven above. This completes the proof.

With asymptotics for the partial sums Yx we can now give a proof of our main result,
Theorem 2.1. The idea of the proof is to choose a large enough K and make sure that the tail
Yk 11 P X; is not contributing significantly to the asymptotics of Yoo.

Proof of Theorem 2.1. Let Yg = Zf:o p"Xpand Tg = D02 k| p" X, where K = (1 —
p) 2. Define Sk (p) = Zf:o o and

K
+ 100 = Sk () HF@) Y ™

X
Z(x,p,K) = ——=—
(o0 10 ( oJ_SK(p>> Z

Then, by Theorem 2.2,
P(Yx > x) = Z(x, p, K)(1 + o(1))

as p /' 1, uniformly for x € D(p, K) := {x: x < Sg(p)"/*(log Sk (p))/* loglog Sk (p)}. It
can be verified that

K
Z(x,p, K) = F(x) ) p™ (1 +0(1))
n=0

as p /' 1, uniformly forx € C(p, K) :={x: x > SK(,o)l/2(log SK(,O))UZ loglog Sk (p)}, so,
by Theorem 2.3,
P(Yx > x)=Z(x, p, K)(1 4+ o(1))

as p /' 1, uniformly for x € R. Define

) _
Z(x. p) = ¢(—’”Tp> F1Gx > (1= p) V(1 = pN) ' Fx).
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By LemmaA.5, our choice of K givesP(Yx > x) = Z(x, p, K)(14+0(1)) = Z(x, p)(1+0(1))
uniformly for x € R. Then, for any x € R,

P(Yso > x) =P(Yx + Tx > x)

= / P(Yxk > x —t)P(Tx € dr)

—00

- /OO Z(x —t, p) P(Tx € dt)(1 + o(1))

=E[Z(x — Tk, p)I(1 + o(1)).

We will show that E[Z(x — Tk, p)] = Z(x, p)(1 + 0(1)) as p / 1, uniformly for x € R.
Lety =( — p)_l/z, and note that, forx < y, Z(x, p) > CD(—\/E/G) > 0. Then, using the
inequality |®(a) — ®(b)| < |a — b|, we obtain
E[Z(x — Tk, p)] = Z(x, p) ‘

Z(x, p)

_ — 2 ) B
o) o )

sup
x<y

o

< sup C(E[
x<y
2 _
< supC(EnTKug + y2F<y))

x<y

for some constant C > 0. Since a > 2, y?F(y) — 0. To see that E[|Tx|]y~! — 0 as well,
note that

2 2 i

E[T

(E[ITKI]) _ BTl var(Ty) 1 3 o var(X,) < o2p2K+D (3.10)
= 2 2 2 - ’

y y y Y skt

2 ..
where pX < e K(1=P) = ¢=¥" To analyze the supremum for values of x > y, we split it as

follows:
E[Z(x — Tk, p)] — Z(x, p)' El|Z(x = Tk, p) — Z(x, p)|1(|Tk| < x/log y)]
sup < sup
x>y Z(x, p) x>y Z(x, p)
E[|Z(x — Tk, p) — Z(x, p)|1(|Tk | > x/log y)]
-+ sup .
x=y Z(X, p)

Let w = w(y) = 1/logy. For the first term, we use the inequality |®(a) — ()| < ¢p(a A
b)|a — b| for a, b > 0 to obtain

oy EUIZG = T p) = Z(x, pI1( T | < xw)]
e Z(x. p)

- Sup<E[I<I>(—(x — Tg)/1 = p?/o) — ®(—xy/1 = p2/0)|1(ITk| < xw)]
_xzy (1 —PO‘)_IF(X)
EH% - 1'1(—xw <Tx <(x—y) /\xw):|

FX)P((x —y) Axw < Tg < xw))

(1= p)®(—xy/1 = p2/o)
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(qs(—(l_w)“l )E[IT RAR A (3.11)
o o F(x)
I:"(x—xw)_1’ ‘F(x—{-xw)_lH yzﬁ(x)l(x(l—w)<y)>

F(x) ®(—xy/1— p2/o)

(3.12)

< sup
XZy

+ max{

The maximum in (3.12) converges to 0 by basic properties of regularly varying functions (since
w — 0), while the second term is of order y2F (y), which also converges to 0. Finally, the
supremum in (3.11) is of order

(_x2(1 —w)*(1+ p))EnTKu
202y?2 y3F(x)
x2(1—w)?(1 + p)\ opXt!
<_ 2022 )yzﬁm
21— w1+ p)\ F(y) o™
(_ 207 )F(ty) y2F(y)
<_ 2(1 —w)2(1 + '0)>At_°‘+1 oe
202 Y F(y)

sup exp
x=y

< sup exp (by (3.10))

xzy

< supexp
=1

< sup exp
1>1

— 0,
where to obtain the last inequality we used Potter’s theorem (see Theorem 1.5.6(ii) of [4,
p-25]) with 6 = 1 and A > 1 a constant. It only remains to show that the supremum involving
|Tx| > xw converges to 0. To do this, simply note that
EllZ(x — Tk, p) — Z(x, p)I1(|Tk | > xw)]

up

ny Z(X 10)
< (E[|<b( (x = Tg)y/1 = p?/o) = ®(=xy/1 = p?/0)|1(|Tk| > xw)]

(1 —p*)~1F(x)

—}-EHF(X —TOITk =x—y) 1‘1(|TK| > xw)})
F(x)

(1 = pMP(Tk| > xw) [ F()
< ig};( Foo + <F(x) + 1) P(|Tx| > xw)). (3.13)

x>}

Note that, for any t > yw,

P(Tx >1) <P

/-\

U {p”Xn > (1 — ﬁ)pM—K—l)/z})
n=K+

F((1—pp~* o)

\MEE

( (t(1—p)p~ " Zwmﬂ)

m=0

O(F(t(1 — /p)p X" — p*H™.
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Using Potter’s theorem (see Theorem 1.5.6(ii) of [4, p. 25]) with § = o — 2, we obtain

P(Tx > 1) = O(F(1)(1 = /p) 20> KD (1 = p*/2)~1) = 0(F(1)e 27 y%).
It follows that (3.13) is of order

(F<xw>e2y2y4 L FOFaue "y
u = =

x>y F(x) F(x)

This completes the proof.

) = 0w %27 y4) = o(1).

The last result of this section gives the precise threshold at which the behavior of P(Y > x)
transitions from the normal approximation into the heavy-tailed asymptotic. Just as the results
obtained for the M/G/1 queue in [19], the transition is very sharp and depends on the slowly
varying part of F.

Lemma 3.1. Let
xy/1— p? B e
Z(x,p) = @(—T) +10x = (1= p) A = p)) 7 F (),
and define z(p) = k(1 — p)_1/2|log(1 — p)|'/2, where k = o /(e — 2)/2. Then the following
assertions hold.
(a) Foranyc < 1l,asp /1,
Z(x, p)

O (—xy/1 — p2/o)

Furthermore, if c = 1, (3.14) holds provided that supy, ., L(t)/(log x)@=b/2 _ .
(b) Foranyc > l,asp /1,

sup
O<x=<cz(p)

- 1‘ - 0. (3.14)

Z(x, p)
x>cz(p) (I —=p") = F(x)
Furthermore, if c = 1, (3.15) holds provided that inf,>, L(t)/(log x)@D/2 5 o0,

1‘ - 0. (3.15)

Proof. We start with part (a), for which we need to prove that

(1 —p9~1F(x)
sup — 0.

(1—p)12<x=cz(p) P(=xy/1 = p?/0)

Lety = y(p) = (1 — ,0)_1/2, and note that z = z(p) = ky(logy
®(—z) = z¢(2)/(z* + 1) to obtain

wp L= p*) " F(x)
vex=ez (—x+/1 — p2/o)

wp (L= p) ' F)(2(1 = p) + 1)
vsvsez x(1 = p)12¢(—xy/1— p2/0)

2
sup C'yL(x) exp(# — (-1 logx)

y=x=cz

2)1/2 Use the inequality

<

IA

IA

1 2 ,2
C'y sup L(t)max{exp(—2 — (o — l)logy), exp(% — (o — l)log(cz)>}
o oy

y=t=cz
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2,2 2
o ck-logy
<C"y sup L(r)max{y @ “,exp(a—zg—(a—l)log(yaogy)l”))}

y=t=cz
—(1=c*)(@-2)
=C" sup L(t)max{y @2, > -
o oy
That the expression above converges to 0 when ¢ < 1 follows from the fact that L(x) =
Supg<, <y L(?) is slowly varying. When ¢ = 1, just note that
1 1 L(z)

——— sup L(t) ~——F= sup L(t) S ————.
(log )@ D72, 52, ® (log )@ D72, 5,2, W= (logz)@=b72

For part (b), we need to prove that

O(—x+/1— /o)
sup
x>cz(p) (1 —p%)~ lF(x)
We use the inequality ®(—z) < ¢(z)/z to obtain

d(—x+/1— p? /0) “w Cop(xy/1—p?%/o)

xSl>lcz (1— a) 1F()C) _x>czx(1—p) 1/2F(x)

2
x“(L+p)
=C - @ -1l
R A ( 20732 +@—1) 0gx>
C’ 21+ p)
< e —— 55— +(@— DI
~ yinfyse; L(2) exp( 2022 +(@—1) Og(cz))
C//

< —(=D@=2) (]gg y)@—D/2.
= W L0 (log y)

The same arguments used above give the result.

Appendix A. Technical lemmas

The first two results, Lemmas A.1 and A.2, refer to properties of regularly varying functions
that are used on multiple occasions in the proofs above, and are potentially of independent
interest.

Lemma A.1. As x — 00,

K &=, _
F n
sup sup —Z" 0 Flo") 1‘ — 0.
0<p<1 K>0 F(x) Z
Proof. Fix M > 1. Then
K = _ K =
F(p™"x 1 F(p™
sup Zn —o F(p ) < sup Zpom M — ]'
K>0 F(x) Z Opan K>0 Z o pan P (x)
K
1 L(p™
< max{ sup =K Zpa" M — 1}
0<K<Mllog p|~! 2_n—0 P*" 120 L&)
K
1 L(p™""x
wp | L 1“
K=Mllogpl~! 2n=0 P 120 Lo
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{ L(tx)
< maxj sup -1},
1<t<eM L(x)
1 o L(p™"x)
S AL e R
K=Mllogp|=! 3" P8F1 T pon )

To analyze the second term, note that, for K > M|log ,0|_1,

i Lo
e L(x)
Milog p| ™! K _
< L(rx) — an n| Lo _nx) 1
= S Te 2. A ) L) |
I=i=e n=0 n=M|log p|~1+1
from which we obtain
Zf:() F(Pinx) _ 1‘
k>0 F(x) Zf:o Jolll
K
L(t 1—p*% L(p™
< [HO iy wp SEL 3 peHED
1<t<eM L(x) K>M]log p|~! 1 L(x)

n=M/|log p|~1+1

For the last sum, fix 0 < § < o —2 and use Potter’s theorem (see Theorem 1.5.6(ii) of [4, p. 25])
to obtain, for some As > 1,

o Lo ™) o on [ L(p™"%)
e _1‘5 2w ( L) H)

n=M/log p|~1+1

K

2

n=M/log p|~1+1

00 00
< A(S Z p(a—8)n + Z Ioan
n=M]|log p|~!1+1 n=M]|log p|~1+1

S Aae—(a—S)M(l _pa—5)—l +e—0{M(l _pa)—l
< C(l _ p(x—S)—le—(a—S)M'

It follows that

K = —
F(p™ L(t 1—p“
sup sup —Z" o Fpx) 1| < sup { sup () — ‘ —p_a C’e_(“_‘g)M}
0<p<1 K>0 F(x) Z O<p<lll<r<eM L(x) 1 - /0“
sup L) ‘ & _(le@oM,
1§t§eM L(x) o — 1)

Since M > 1 was arbitrary, and the supremum converges to 0 as x — oo for any fixed M, the
result follows.

LemmaA.2. For0 < p < landy > 0, define

F(p™(x Ay))

» _ n n _ () —
Wy =p"Xn | 0" Xy <y and F,y(x)=P(W,;” <x)= Flp—y)
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Then, forany2 < B < a A3 and any 0 < ¢ < c(log y)'/>(loglog y)/y, where ¢ > 0 is a
constant, we have

¢2p2n02

)
Ble?™ 1= 1+ =—— +o("y ),

s ) _
E[WeYn ] = ¢p?'a? + 0(0"Py'F),

) _
E[(W) 2 ] = p¥62 4 0(p™ y>F),

asy — oo.

Proof. We start by noting that the balance condition satisfied by F guarantees that
E[|X{]Y] < oo forany 0 < y < «. Choose B < y < min{a, 3}. The first step of the
analysis is to write

¢2

) N
E[e®™ ] =1+ ¢E[W] + = E[(W)2]
o) 2
+E|:C¢Wn) 1 ¢W,§y) _ %(W,EY))Z},

) A )
E[W, " e ] = BW;1 + g BLOW,")1 + BIW,Y @ — 1 - g W),
) )
EI(W)2e?™ ] = E[(W,)?] + E[OW) 2 eW — 1]

The first two moments of W,Ey ) can be computed to be

E[W)] = p—f(E[xu - / uF(du)) = O(yF(p™"y)),
F(,O ")’) p "y
2n [ee)
E[(W)?] = p—_(E[X%] - / uzF(du)) = p26+ 0 F(p~"y).
F(IO "y) p"’y

Note that F(x) = o(x~Y) as x — 00, S0 combining the estimates above we obtain

2 o 2
(¥) pto .
E[e?" =1+ ¢T + 0(¢p"yy1 (1 + ¢y))
» 2
+ E[ed’wn’ —1—gw — —"52 (W,f”)ﬂ,

) _ ) ) 5
EIW," e ] = ¢p™"a® + 0(p" y' 7 (1 4+ ¢y)) + EIW,” @@ — 1= gW, ),
) _ , )
E[(W)%e™Y ] = p?02 + 0(p" y* ) + ELW,M)2 @M — 1)),

Next, we derive bounds for the remaining expectations. Let g (1) = ¢/ —1—1—12/2—- - -—t¥/ k!
fork € {0,1,2,...}. Weuse the identities g (1) = r%e%1 /2 and g»(r) = t3e%2 /6 for some &1, &
between 0 and ¢ to obtain

3
Ellg2(o W) < %EDW&’H%QWJ”H < %)}&E[(Wé”)zl(w,?) < —é)]

¢’ D30 W (o o L
+FE[(WJ )led W 1<W,R > 5)]
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Similarly, using g1 (¢) = 2efi /2 and go(t) = ref3, we obtain
2
) y e ) l ) l
E[W," 16wl < —"’2 E[|w,§”|31<|w,£”| < Eﬂ +2¢E[(W,5y)>21<w,§” < _Eﬂ
¢’ )1
+ S E AT RUAES )|

Finally,
E[l(W)2go (e W) < ¢eE[|W,E”|31<|W,§”| < %)} + E[(Wé”)zl(m‘” < —%)}

+¢E|:(W()))36¢W,Ey)l<w(y) > l>:|
n n (z) .

We now analyze each of the three expectations appearing in the expressions above. First, note

that
, 1 Py 1\ F(dx)
E[|W,E”|31(|w,§”| < —>] = p3"/ |x|31<|p"x| < —)—_n
¢ —oo $) F(p=y)

p3n P (yA1/$)
= / P F(dx)
F(o™"y) J_p=n/p

3n/,—n 3—y  pp "(yAL/9)
P e™/é) /
F(p™"y) —pn/
o = G=)
< ———E[X1I’]
F(y)

= 0(p"" ¢" 7).

Next, we bound the second expectation as follows:

|x|” F(dx)

—n

E ery) Zl(Wrgy) _l)} — 2n /'0 Y 21( n _1>de)
[( ) STe) 1T L T\ T T ) Fey
pZn ( L ( p—n ) /_pn/¢ )
— S nEl — — 2xF(x)d
F(p™y) P ] —o0 R dx
_ o(ﬁ(p”) +p2"/°° xF<x>dx)
¢ )
=0 —2F<p—_n>>
(o2 (%

=o0(p" 9?7,

where in the third equality we used the balance condition satisfied by F and in the fourth
equality we used Karamata’s theorem. To analyze the last expectation, recall that W,gy) < y,80

) 1 : 1
E[(W,ﬁ”)%‘i’wn 1(W,E” > 5)} <e? E[(W,E”)H(W,E” > —)}

¢

:e¢yp3n/p yx31(pnx - l)ﬂ
oo é) F(p™"y)
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xV dx

_ oMy /"_"y
F(p™"y) P (yAL/$)
_ MYV ENX ]
F(p™"y)
= Y =3 ,ny o9y 3=y
= 0(@@" "p e (@) 7).

Note that, for the range of values of ¢ that we consider, we have

e (By)>7 < ecoen P ogloe) (¢(log y) 2 (log log y)) 7 =: L(y),
where i( y) — oo is slowly varying. Combining the estimates derived above we obtain
EW @@ 1 — W) = 0@ p" L)),
EfW e — 1 = gW)] = 06" p" Ly,
E[(WO)2 e — 1)] = 06" 2p" L(y)),
which in turn yield

¢2)02n02

E[e?" ] =1 + + o™ Y17V (1 + ¢y)) + O 9" L(y)).

. ) _ _ A
EIW e = ¢p0” 4+ 00" y' 7 (1 + ¢y)) + 07~ 0" L(y)),
) _ _ ~
EL(W)2eWn ] = p262 4 0(0" y277) + O(¢7 20" L(y).

The statement of the lemma follows by noting that p"? < p"f and ¢ < y~!L(y), where L is
slowly varying, and using the fact that y#~¥ L(y) — 0 for any slowly varying L.

The following two results, Lemmas A.3 and A.4, give asymptotic expressions for the change
of measure parameter and the moments of the resulting tilted random variables used in the proof
of Proposition 3.1.

Lemma A.3. Sety = y(p, K) = Sk (p)'/?, where Sk (p) =35, p*and K — ooasp /' 1.
Let W = piX; | p'Xi < y, Fiy(x) = POWY <x) = F(p'(x A y))/F(p~'y), and

) A
A y(0) =1lo E[engy . Define & = 6(p, K, u, n) to be the positive solution to the equation
B} g

—ut Y AfL©O) =0,

where [ (K,n) ={i: 0 <i <K, i #n}. Then, forany0 <n < Kand0 <y < (¢ —2) A1,

and, as p /1,
9 9 u’ n = 0
P o25% (p) Sk (p)

uniformly for u € B(p, K) = {x: Sk (p)'/* < x < Sk (p)'/*(log Sk (p))'/* loglog Sk (p)}.

Proof. We start by noting that the balance condition satisfied by F guarantees that
E[|X{|#] < oo forany 0 < B < a. Choose 2+ y < B < a A3. Fix0 < & < 1, and

deﬁne
eié‘ - —2 (1 :l: 8<. u ))/)
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We will show that

—u+ Y Aj,(0-) <0 and —u+ Y A} (6;c)>0.
iel(K,n) iel(K,n)

To simplify the notation, let S = Sk (o) and recall that K — 00,50 S — ocoas p 1. Note
that y — oo as well, and, for u € B(p, K),

Gis =

(log $)'/21oglog § . (log $)/?1loglog S \"

0285172 te S1/2
_ (logy)'/*log(2log y) <1+8<(210gy)”210g(210gy) v
- oy y

_ Cllogy)!/?loglog y)
B y

for some constant C > 0. Therefore, by Lemma A.2,

)
, E[Wi(y)eGiEWiy ]
S AL O = /i

)
iel (K,n) ielk.ny Ele%=Vi]
Z 9i€p2i02+0(piﬁyl—ﬂ)
14 602.0%02/2 4 o(pify=F)

iel(K,n)
= ) [0sep0” + 0062.0") +0(pP y'7F)]

iel(K,n)
— Gigaz(s _ p2n) + 0(9:?:8 Zp4l) +0(yl_ﬂ Zpﬁl)

i=0 i=0
= 01,025 + O(Oxc +601,.5) +0(SCH/2),

Substituting the definition of 04, into the expression above and noting that61, = O (u/S), gives

Y 3
S AL (Bee) = u(l + g<%> ) + 0((%) + <%> S) +o(SC-P)12)

L ol() o)
_ u(l + (%)y[HO(W)D

where in the last step we used the fact that S'/2 < u < §'/2(log §)!/? loglog S. Therefore,

14
—ut Y A;,y<0i€>=iu<§) (& + o(1)).

iel(K,n)

Since ¢ > 0 was arbitrary, the statement of the lemma follows.
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Lemma Ad. Let Sk (p) = Y00 0™, y = ¥(p, K) = Sk (0)'%, W = p'Xi | p'X; <y,

Fiy) = POW <2, Aiy(0) = logBe™™ ), and Fyy(dx) = =A@ F, (d).
Suppose that V; is distributed according to F, b.i y( ), where 6 = G(p, K, u, n) is the positive
solution to the equation

—u+ Y A 6) =0,
iel(K,n)
where K — ocoasp /' 1, 1(K,n)={i:0<i <K,i #n}, and
u e B(p, K) = {x: Sk(p)"/* < x < Sk(p)"/*(log Sk (p))"/* loglog Sk (p)}.

Suppose that E[|X1|2+5] < oo and E[X%] = o2 Let 17, = V; — E[Vi]. Then, for any
O<y<(@—=2)A1,

E[V?Z] = p%0? +0(p Ty 77),

E[|V;[*F] = 0(? p® 1),
2

exp( Z Ai,y(é)) 1_[ F(P_iY)=eXP<#K(p) +0(y_’”)),

iel (K,n) iel (K,n)

uniformly for x € B(p, K) = {x: Sk (p)'/* < x = Sk (p)'/*(log Sk (p))"/* loglog Sk (p)}-
Proof. Choose 2+ y < B < o A 3. We start by noting that

)
E[Wl_(y)eewi’ ]
E[eéwf(y)]
Hw )
E[(Wi(y))zeewi ]
E[e/”]

y y A A
E[‘/l] = / 9 ; y(dz) f ZeQZ—Ai,y(Q)F‘i,y(dz) =
—00 —00

y y A N
E[V?] = / ZFy; ,(d2) = f 2" A OF, ((do) =
—00 —0o0

Since 6 = O(u/S), then 0 satisfies the conditions of Lemma A.2 for all u € B(p,K). It
follows from Lemma A.2 that

é2i02+0 ip,,1-p o )
BV = 07O HOWTY ) g2y ppifyloh),
140%p%02/2 4 0(pPy=F)
p262 4 o(pify2P)
1+620%62/2 1 o(pPyF)

E[V?] = p*a? 4+ o(pPy*P).

Therefore,
E[V] =E[V] — ELVi)®* = p* 0 + 0(p” y*7F) = p* o* + 0(p' Ty 7).
To bound the 2 + § moment, note that
E[|V;|*"] = E[|V; — E[V;]|*]
= fo Mo - E[V;1[He 2@ F, | (dz)

e 62) 246
W E[|W;”" —E[V/]|7™°]
Ele ]
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e i 2481,
= —————Ellp'X; — BV 10 X; < )]
E[e"" [F(p™'y)

< e™E[lp' X; + 0(0p*) >

— O(Géyp(2+6)i).
Finally, for the third statement of the lemma, we use Lemma A.2 again to obtain
exp( > Ai,y<é)) [T Fee'»
iel (K,n) iel (K,n)
Ay () )
= [1 B 1F(oy)

iel(K,n)

62 p2i 2 . o
= 11 <1+ = +o(p’/’y—f‘))<1—F<p—'y>)
iel (K,n)

62 2 52 ,
= l_[ <1+ '02 +0(,o’ﬁy_/3))

iel (K,n)

62 2 52 .
:exp< Z 10g<1+ ,02 +0(P’ﬁ)’_ﬁ)>>.

iel (K,n)

Using the identity log(1 +¢) =1 + O(t?) and noting that 62 = o(y~P) gives

H2 2i 2
) log(1+ +0(piﬂy‘5)>= > (9 £2 +0(pi’3y"3)>

. ) 2
i€l (K,n) iel(K,n)

éZ 252

) K
6o 2n -8 ig
= Sk(@) —p™) +oly E P
=

5252
= TSK (0) + oy PSk (p)).

Finally, by Lemma A.3,

A20_2
— k() + o(y P Sk (p))

B—IN\2 ;2
=( " +o(< . ) )) 7Sk (p) + 0(yP Sk ()
028k (p) Sk (p) 2ok

u2 u b
= S 9
2028k (p) +0(<SK(,0)> K(p))

where the last step follows by noting that u/Sk (p) > y~! foru € B(p, K). Noting that

u_\ (log Sk (0))?/*(log log Sk (0))” 1 -
(Sm)) Swe) = Sk (0) P22 - 0<SK(p>V/2) —o

completes the proof.
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The last result shows how large K must be so that the tail ) 2, | p" X,, becomes negligible
in the asymptotic behavior of Y.

LemmaA.5. Let K > (1 — p)~2, Sx(p) = Z,If:() "

K
—el__* N an
Z(x,p,K)—cb( wm)““ > Sk (p) >F(x);)p ,
and
_ 52
Z(x. p) = q><_x_v10_f’) F1Gx > (1= p) (1= p ' Fx).
Then, as p /' 1,
Zo.p.K) —1‘ )
xeR Z(X, /0)

Proof. We start by pointing out that our choice of K gives

-1
pK — eKlogp _ o—K(1—p) < e~=07" 0o

as p /' 1. Also, note that, since Sx (p) = (1 — ,oz(K'H))(l — ,02)_1 < (- ,0)_1,

|Z(X,,O)—Z(X,,0,K)|
<|o( =) - o(*55)
1 — p2(K+D) o
F(x)
(1 —p%)

Since |®(a) — ©(b)| < ¢ (la| A |b])|a — b|] whenever a and b have the same sign, then

® xy/1 = p2 ® xy/1=p2
’ <0\/1 — pAKAD ) - ( o >‘
- ¢<|x|,/1 _ >
- o /1_ 2(K+1)
N W N

o 2(1 — p2(K+l))3/2 o

+ 1Sk () <x < (1 —p) V) — p*EFD1(x > Sk (0)'/?)]

1 lx|v/1 = p?

o

Next, note that, for x < (1 — p)’l/z, Z(x,p) > d>(—ﬁ/a) > 0, so
Z(x5 10) - Z(xv P, K) ‘

sup
x<(1—p)~1/2 Z(x, p)
<C s <p2<K+1>¢<|x|J1 - p2> VL= p? F(SK<p)1/2)>
B x<(1—p)~1/2 o o I—=p
( p2t+D) F((1—p)~"?)
<C + 1,

for some constants C, C’ > 0; in the second inequality we used the facts that ¢ (|z])|z| is
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bounded and Sk (p)'/?> ~ 1/3/2(1 — p). Since pX — 0 and z?F(z) — 0 as z — oo, then the
supremum above converges to 0. To analyze the supremum over [(1 — p) /2, o), note that

Z(xv 10) - Z(x5 p’K)‘

sup

x>(1—p)~1/2 Z(x, p)
C"  ( akan (1T =2\ Ixly1—p>  p*EFDF(x)
< swp P K + _
x>(1—p)~1/2 Z(x, ,0) o o 1-— P

A

C”p*K+D V1= 2\ IV =0 ke
sup = +C'p
x=(1—p)-12 (1 = p*) = F(x) o o

for some other constant C” > 0. Since p*X — 0, it only remains to verify that the last
supremum converges to 0 as well. To do this, fix 0 < § < 1 and note that 1 /F (x) = o(x*19)

as x — 00, SO
w p2K+D ¢<|x|\/W) /T = p?
(e (e

w=(1—py-1r2 (1 = p¥)~LF (x)

2 1 — 2
_ o(sz(l — P2 sup  xlad exp(_x d-p )>)

x=(1-p)~1/2 20
= o(,oZK(l —p)@eD2 gy ltadd exp(—i))
= (14p)!12 20°
= o(exp(—ZK(l —p)+ Wuog(l — ,0)|))
=o(1).
This completes the proof.
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