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Abstract

In this paper, we consider a general single population model with delay and patch structure, which could model
the population loss during the dispersal. It is shown that the model admits a unique positive equilibrium when
the dispersal rate is smaller than a critical value. The stability of the positive equilibrium and associated Hopf
bifurcation are investigated when the dispersal rate is small or near the critical value. Moreover, we show the effect
of network topology on Hopf bifurcation values for a delayed logistic population model.

1. Introduction

The population dynamics can be investigated via reaction—diffusion systems or discrete patch models
[1, 3]. For some biological species, time delays such as the maturation time and hunting time may
have important effect on the population dynamics, and it should be included in the modelling pro-
cess. Therefore, various reaction—diffusion models with time delay and delayed patch models have been
proposed to understand the interaction between biological species [30, 40].

For reaction—diffusion models with time delay, time delay-induced Hopf bifurcations and double
Hopf bifurcations were studied extensively. For example, one can refer to [16, 18, 20, 31, 33, 43] and
references therein for results on Hopf bifurcations of reaction—diffusion models with time delay under the
homogeneous Neumann boundary conditions, and see [13, 14] for results on double Hopf bifurcations.
For the case of the homogeneous Dirichlet boundary conditions, delay-induced Hopf bifurcations were
studied in [2, 10-12, 19, 21, 37, 38, 42] and references therein, and the bifurcating stable periodic
solutions through Hopf bifurcation are usually spatially heterogeneous. Moreover, spatial heterogeneity
was recently taken into consideration for reaction—diffusion models with time delay, and the associated
Hopf bifurcations were investigated in [6, 9, 22, 24, 26, 34].

There are also extensive results on bifurcations for delayed patch models. For the spatially homoge-
neous environments, one can refer to [4, 15, 17] and references therein for dispersal-induced Turing
bifurcations, and delay-induced Hopf bifurcations were also studied extensively, see, for example,
[5, 29, 32, 36, 39]. Considering the spatial heterogeneity, Liao and Lou [27] investigated the following
two-patch model, which models the growth of a single species:

du

— =d (@ +apw) + pu [my — (=], >0,

dt

p (1.1)
U

7; =d (o1uy + opty) + iy [my — up(t — 1)1, t>0,
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Figure 1. The connection between two patches. (Left) Dispersion matrix (a); (right) dispersion
matrix (b).

where u; denotes the population density in patch j and time ¢, d is the dispersal rate, u is a scalar factor,
r represents the maturation time and ; is the intrinsic growth rate in patch j, which depends on patch j
and represents the spatial heterogeneity. Dispersion matrix A := (&)« in [27] is chosen to be

@oay=an=—lap=ay =1, or (D)a; =0p=-2,ap=0 =1,

where o (j 7 k) > 0 denotes the rate of population movement from patch k to patch j, and o7; < 0 denotes
the rate of population leaving patch j. Model (1.1) with dispersion matrix (a) (respectively, (b)) can be
regarded as a discrete form of Hutchinson’s model under the homogeneous Neumann (respectively,
Dirichlet) boundary condition. For case (a), the dispersion matrix satisfies —a; =), a; forj= 1,2,
which implies that the two-patch habitat is closed, and there is no population loss during the dispersal.
For case (b), the dispersion matrix satisfies —aj; > >, .. oy, and the species has population loss at the
boundary, see Figure 1.

A natural question is whether Hopf bifurcations can occur for model (1.1) when the number of patches
is finite but arbitrary, and in such a case, the connection among patches may also be complex. One can
also refer to [41, 45] for detailed discussions on complex connection among patches. In this paper, we
aim to answer this question and consider the following patch model:

du; "
—=d oy +uf (w,u(t—rt)), t>0, j=1,---,n,
dt kX:; Jk%k Aﬁ ( J> % ) (1.2)
u()=9( =0, te[-z,0].
Here u = (uy, - - - ,u,)", where u; stands for the number of individuals in patch j, n > 2 is the number

of patches, fi(-, -) is the growth rate per capita, d > 0 is the dispersal rate of the population and time
delay T > O represents the maturation time of the population. Moreover, A := (o)., is the dispersion
matrix, where o (j 7 k) > 0 denotes the rate of population movement from patch & to patch j, and or;; <0
denotes the rate of population leaving patch j.

We remark that if there is no population loss during the dispersal (—o; =), goyforj=1,....n),
Hopf bifurcation can occur when the dispersal rate is small, large or near some critical value, see
[7, 23]. Therefore, in this paper, we consider model (1.2) when the species has population loss during
the dispersal. That is, the following assumption holds:

(HO) A := (ajx)uxn is irreducible and essentially nonnegative; and —o;; > Zk 4 g forallj=1,--- ,n,
and —a;; > ), . a; for some j.

Here, we remark that real matrices with nonnegative off-diagonal elements are referred as essentially
nonnegative matrices. Throughout the paper, we also impose the following assumption:

(H1) Forj=1,2,--- ,n, fi(x,y) € CYR x R, R), £(0,0) = m; > 0 and g(x) <0 for x > 0 with g;(x) =
fix, x).

Here, m; represents the intrinsic growth rate in patch j. The smooth condition that f;(x, y) € C*R x R, R)
is used to determine the direction of the Hopf bifurcation and the stability of the bifurcating periodic
solutions, and we do not include this part in the paper for simplicity. We remark that for the case of
population loss, we need to modify the arguments in [7, 23] to derive a priori estimates for eigenvalue
problem. Moreover, we show the effect of dispersal rate d and network topology on the Hopf bifurcation
values for the logistic population model.
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For simplicity, we give some notations here. For a matrix D, we denote the spectral bound of D by
s(D) := max{Reu : u is an eigenvalue of D}.

For u € C, we denote the real and imaginary parts by Reu and Zmyu, respectively. For a space Z, we
denote complexification of Z to be Z¢ := Z @ iZ = {x, + ix;|x;, x, € Z}. For a linear operator T, we
define the domain and the kernel of 7' by 2T) and .M T), respectively. For C", we choose the inner
product (u,v) = ZJ’LI uv; for u, v € C" and define the norm

n 1/2
e}, = (Z W) :
Jj=1

Foru=(uy, - ,u,) €R", wewriteu>>0ifu;>0forallj=1,--- ,n.

The rest of the paper is organised as follows. In Section 2, we give some preliminaries and show that
model (1.2) admits a unique positive equilibrium u, for d € (0, d,). In Section 3, we show the existence
of the Hopf bifurcation when 0 <d <« 1 and 0 < d, —d < 1, respectively. In Section 4, we apply the
obtained theoretical results to a logistic population model, discuss the effect of network topology on
Hopf bifurcation values and give some numerical simulations.

2. Some preliminaries

In this section, we cite some results on the properties of the spectrum bound s(dA 4 diag(m;)) and the
global dynamics of model (1.2) for ¢ = 0. The first one is from [8].

Lemma 2.1. Assume that (HO0) holds, and denote s(d) := s(dA + diag(m;)). Then s(d) is strictly decreas-
ing in d € (0, 00), lim,_.( s(d) = max, .;<,{m;}, and lim,_.., s(d) = —00. Moreover, there exists d, >0
such that s(d,) =0, s(d) > 0 for d € (0,d,) and s(d) <0 ford > d,.

This, combined with [8, 25, 28, 44], implies that:

Lemma 2.2. Assume that (H0)-(H1) hold, and T = 0. Then the trivial equilibrium 0= (0, - - - ,0)7 of

(1.2) is globally asymptotically stable for d > d,, and for d < d,, system (1.2) admits a unique positive

d
n

equilibrium u‘ = (u‘f, S, u )T > 0, which is globally asymptotically stable.

It follows directly from the Perron—Frobenius theorem that s(d.A + diag(m;))(=0) is a simple eigen-
value of d.A + diag(m;) with corresponding eigenvector 5 >> 0 (or respectively, a simple eigenvalue of
d, A" + diag(m,) with corresponding eigenvector ¢ >> 0), where

=, ,n,)" where n;>0forall j=1,2,--- ,n, and anzl,
j=1

¢=(c1, - ,6)", where ¢;>0 forall j=1,2,--- ,n, and Zgjzl. 2.1)
j=1

Then, we have the following decomposition:
R" = span{n} & X, = span{g} ® X, 2.2)
where
X, = {xeR": (g,x) =0} = {[d.A + diag(m)) ]y :y e R"},
X, := {x eR": (n,x) =0} = {[d.A" + diag(m)] y :y e R"} . (2.3)
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To show the existence of Hopf bifurcation, we describe the profile of the unique positive equilibrium u?
asd — 0ord — d,. Clearly, u’ = (uf, - - - , u?)" satisfies

dZ it + uf; (u, ) =0, j=1,--- ,n. (2.4)

Lemma 2.3. Assume that (H0)-(H1) hold. Let u be the unique positive equilibrium of (1.2) obtained
in Lemma 2.2 for d € (0, d,), and denote

a:= Zajnfg_,-, b:= Z b’ (2.5)
j=1 j=1
where n =, - ,n,)" and ¢ = (¢, -+ , ¢,)" are defined in (2.1), and
af:(0,0 af:(0,0
= 0.0 b= O =12, . (2.6)
ox ay
Then the following statements hold.
(i) Let u'=(uf,-- -, uS)T for d =0, where u is the unique positive solution of fi(x,x) =0 for j=
1,--- ,n Thenu® is continuously differentiable for d € [0, d.).

(ii) There exists a continuously differentiable mapping d — (,Bd , ’;‘d) from (0,d,] to Rt x X, such that,
foranyd € (0, d.,), the unique positive equilibrium of (1.2) can be represented as the following form:

u'=pg'(d.—d) [n+d. - d) §']. 2.7)
Moreover,
" omn.c
ﬁd* — ZJ=1 IUJNS/ . O, (2.8)
~d.(a+D)
and & = (éfi*, e, Ej’*)T € X, is the unique solution of the following equation:
d, (d* > okt m,-%) + n;[m;+d.B* (a;+ b)) ] =0, j=1,--- ,n. (2.9)

Proof. We first prove (i). It follows from assumption (H1) that f;(x, x) =0 admits a unique positive
solution, denoted by uj‘.). Define

d Zzzl oyt + wf (e, )
d Y oty + ufo (i, 1)

G(d,u)=
d Z:=1 Oy Uy + ui(f;l(urn I/l,,)

Clearly, G(0,u") =0 and D,G(0,u’) = dlag( (a + b")), where D,G(0,u’) is the Fréchet derivative
of G(d, u) with respect to u at (0, u"), and

af; af;
af:ﬁ ,bf:i ,j=1,--,n (2.10)
Ol ) Wl
By assumption (H1), we see that
a;’+b;)<0forallj:l,---,n, (2.11)
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which implies that D, G(O, u°) is invertible. It follows from the implicit function theorem that there exist
d, > 0 and a continuously differentiable mapping

del0,d\] u(d) = (u(d), -, u,(d) >0

such that G(d, u(d)) = 0 and u(0) = u°. Therefore, u’ = u(d), and u? is continuously differentiable for
d €10, d,]. Note that G(d, u®) = 0 for d € (0, d,), and u? is stable. Then, by the implicit function theorem,
we obtain that u¢ is continuously differentiable for d € (0, d,). Here, we omit the proof for simplicity.
Now, we prove (ii). It follows from (2.2) that u“ can be represented as (2.7). Since u¢ is continuously
differentiable for d € (0, d,), we see that ¢ and £“ are also continuously differentiable for d € (0, d,).
Then, we will show that 8 and £ are continuously differentiable for d = d,.
It follows from (2.11) that

a+b<0, (2.12)

which implies that 8% is positive. Since
> ms+d.p* (a+5) =0,
j=1

we see that
(’71 [ml + d*ﬂd*(al + bl)nl] s s [mn + d*IBd*(an + bn)nn])T EXI,

and consequently £ € X, is uniquely defined.
Multiplying (2.4) by d,, we have

d |:d* Z oty + m_,uj:| + (d. — dyuym; + d.u; [ﬁ (u_,, u_,-) — mj] =0, j=1,--- ,n. (2.13)
k=1

Substituting
u=pd, —d)[n+(d. — d]

into (2.13), where 7 is defined in (2.1) and & = (&, - - - , £,)T € X, we see that (8, §) satisfies, for all
j: l, -ee,n,

pi(d,B,§):=d (d* Y kit m@-) + 0+ (d. — d)§] (m; + d.q;(d. B. §)) =0,
k=1

where
i (“j’ u,-) -m
———  d#d,
qi(d, B, &)= d.—d (2.14)
Bla+b)m, d=d.
with u; = B(d, — d)[n; + (d. — d)&;]. Define p(d, B, &) : R x R x X, — R" by
p(d’ :3’ E) = (pl(d’ :375)5 te »Pn(d: ﬁ’g))T .

Then (d, u) solves (2.4) if and only if p(d, 8, &) =0 for (8, &) € R x X,. Clearly, p (d*, B, &d*) =0, and
the Fréchet derivative of p with respect to (8, §) at (d., B%, ") is

d, ZZZI oV +myvy 4 (a) + bl)’ﬁf
d, Y i, Vi + mavy + (ar + by)mye

)

Dygp (d.. % E) [e.v] =d.

d* ZZ:I iV + m,v, + (an + bn)nie

where e e Randv = (v,,--- ,v,)" € X,. Since & + b < 0 from (2.12), we see that Dy ep (d*, B, §d*) is
bijective from R x X; to R". It follows from the implicit function theorem that there exist d; < d, and a
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continuously differentiable mapping d € [d,, d,] — (B” §d> € R x X, such that p (d, /§"’, §d> =0, and

B¢ = % and éd = &% for d = d,. The uniqueness of the positive equilibrium of (1.2) implies that ¢ = 8¢
~d
and $d =§ ford € [d,,d,). Therefore, B¢ and E" are continuously differentiable for d € (0, d,]. O

3. Stability and Hopf bifurcation

In this section, we consider the stability of the unique positive equilibrium u¢ and show the exis-
tence/nonexistence of a Hopf bifurcation for model (1.2). Linearizing (1.2) at u“, we have

dv . . .
o= dAv + diag(f; (u!, u!)) v + diag(ua’) v + diag(u/b!) v(1 — 1), 3.1
where
df; df;
| VI /| 3.2)
Doy T 0V ()
It follows from [40] that the solution semigroup of (3.1) has the infinitesimal generator A.(d)
satisfying
AV =V,

and the domain of A,(d) is
KA () = [W € Cc N CL: W(0) € T, W(0) = dAW(0) + diag (£ (1c', u')) W(0)
+diag(ufa!)¥(0) + diag(u!/b))¥(—1)}
where Cc = C([—7, 0], C") and CL. = C'([—7, 0], C*). Then, we see that u € C is an eigenvalue of A, (d),

if and only if there exists @ = (¢, - - - , ©,)7(%£0) € C" such that
A(d, i, T)@ := dAg + diag(f; (u!, u!)) @ + diag(u/a)) ¢
+ ¢ " diag(u!b}) ¢ — up =0. (3.3)

Here, the dispersion matrix A may be asymmetric, and the environment can also be spatially hetero-
geneous. Therefore, one cannot obtain the explicit expression of u?. By Lemma 2.3, we obtain the
asymptotic profile of u? as d — 0 or d — d.. Then, the following discussion is divided into two cases:
D0<d,—d<«land(I)0<d < 1.

3.1. The case of 0 <d, —d K 1

In this section, we will consider the existence of a Hopf bifurcation for (1.2) with 0 < d, — d < 1. First,
we obtain a priori estimates for solutions of (3.3).

Lemma 3.1. Assume that (., T4, ¥,) solves (3.3) for d € (0,d,), where Reu,,t,>0, and ¥, =
(Wars - s Yan) (#0) € C". Then there exists d, € (0, d,) such that 7 Ha 7 is bounded for d € [d,, d.).

*

Moreover, ignoring a scalar factor, ¥, can be represented as follows:

'ﬁd:rdn—i_wd’ wde(Xl)C’ VJZO,
(3.4)

194113 = llnll3,
where 1 is defined in (2.1), and r,, w, and ¥, satisfy

limr,=1, limw,=0, lim =1.
dod, ¢ > isd, ¢ ’ d>d, V=0
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Proof. We first show that |u,| is bounded for d € (0, d,). Substituting (@4, T4, ¥,) into (3.3), we have
d Z W Var + (M;I, M]d) Yaj +ulal Yo +ulbip e — pg; =0, j=1,--- ,n. (3.5)
k=1
Multiplying (3.5) by ¥, ; and summing the result over all j yield
d Z Z W g Wax + Zﬁ(uﬁ, U Yas* + Z wlal |, * 4 e Ha Z U W * = Z [¥a;* =0.
j=1 k=1 j=1 j=1 j=1 j=1
Since [|¥,113 = 713, we see that, for d € (0, d,),

<  max (ud, u? max  |u’a’ max  |u’b?| + nd, max |ay
Il ™ del0ds )1 Zjzn 1 (s 157)| +de[o,d*1,1s/5n| 41 +delO,d*J<I§isn| b1+ nd, ls/:ksn| il

which implies that |u,| is bounded for d € (0, d,).
Clearly, ignoring a scalar factor, ¥, can be represented as (3.4). Note from (3.4) that ||[¥ |12 = |93
Then, up to a subsequence, we can assume that

lm p, =y, lim ¥, =lm G +w) =9 (3.6)
with Rey >0 and ||¢”[|3 = ||p|3. This, combined with (3.3), implies that
(d.A + diag(m)y" —yy¥* =0,

and consequently, y is an eigenvalue of d,A + diag(m;). Then, by [35, Corollary 4.3.2], we have y =
s(d,A + diag(m;)) = 0. This, combined with (3.4) and (3.6), implies that ¥ = 7, and consequently,
limr,=1, }irdn w;=0. 3.7

d—dy

Then multiplying (3.5) by d,, we have

0=d |:d* Z A Way + mjwd,j] +(d, — dymppy; +d, [Js (M;I, ”]d) - mj] Vi,
k=1

- dal gy + da b — dp iy, j=1 n (338)
Plugging (2.7) and (3.4) into (3.8), we have, forj=1,--- ,n,

0=d (d* Z way + m,de) +(d. — d) [m; + d.q; (d, B, €)] (ran; + way)
k=1

—dypta (rany + way) + do(d, — DB (a! + ble ) [, 4 (dy — DE'] (ram; + way) » (3.9)

where g;(d, B, &) is defined in (2.14). Note that g is the eigenvector of d,A” + diag(m;) with respect to
eigenvalue 0. This, combined with (2.3), implies that

Z (d* Z WpWa + m/WdJ) s=0, Z Wa;G;=0.

j=1 k=1 j=1
Then multiplying (3.9) by ¢; and summing the result over all j yield
wa B s (@l bl ) (rany 4 wyy) [0+ (d. — D]
d,—d ra 2 i)

Yo 5 [my+dog (d. B, €°)] (ramy + way)
drg 3, M

+ . (3.10)

Ha is bounded for d €

This, combined with (3.7), implies that there exists d; € (0, d,) such that p

[dl,d*)' D
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By Lemma 3.1, we have the following result.
Theorem 3.2. Assume that (H0)-(H1) hold, and a — b < 0, where G and b are defined in (2.5). Then
there exists d, € [d,, d,), such that
o (A (d) C{x+iy:x,yeR,x <0} for d €[d,,d,) and T > 0.

Proof. If the conclusion is not true, then there exists a positive sequence {d,};°, such thatlim, ., d, = d.,,

and, for [ > 1, A(d;, u, T)¥ = 0 is solvable for some value of (g, Ty, ¥,,) With Repq,, Impny, > 0, 74, >

0and 0 # ¥, € C". Note from the proof of Lemma 3.1 that { d’L—‘_”d’ } and {|u,|};2, are bounded. Then,
* =1

we see that there exists a subsequence {d,, }72, (we still use {d,};2, for convenience) such that

lim Ma, y — M*’ lim (e—tdl(Reu,[l)’ e—irdl (Imp,dl)> — (O'*, 6710*) ) (311)

=00 d, — I—00

where
oc*el0,1], 6" €[0,2m), u* € C(Reu*,Zmu*>0).

It follows from Lemma 3.1 that lim,_,, 4, = 1, lim,_.,, w,, = 0. By (2.7) and (3.2), we have a]f’ =aq;
and bf = b, for d = d,, where g; and b; are defined in (2.6). Then, substituting d = d;, (g = Ly, T4 =1y,
and w, = w,, into (3.10) and taking [ — oo, we see from (2.14) and (3.11) that

p mis{lm; + d.B%n; (a;+ b)) 1+ d.f%n; (a; + bjo*e ™) }

W= " : (3.12)
d, Zj:l ;S

By (2.8), we have

Z nisi{ [m+d.8%n; (a;+ b;)] =0.

J=1

This, combined with (2.5) and (3.12), yields

di [~ I ) = * n iSj
B (a+a bcosé)—Reﬂ ;71/5‘/20’ (3.13)

Imu* Y0 0+ Bo*bsin6* =0.

It follows from (H1) (see also (2.12)) that a + b <0.Thenif & — b < 0, we have

o b
Zz<min{b,—b}§0and “1<-2 1.
a

This, combined with the first equation of (3.13), yields

b
——oc*cosf* >1,
a

which is a contradiction. This completes the proof. O

From Theorem 3.2, we see that if @ — b < 0, then the positive equilibrium z is locally asymptotically
stable for 0 < d, — 51 « 1, and Hopf bifurcations cannot occur. Next, we show the existence of a Hopf
bifurcation fora — b > 0. Clearly, A, (d) has a purely imaginary eigenvalue . = iv(v > 0) for some 7 > 0,
if and only if

H(d, .0, 9):=dAg + diag(f; (u!,u)) ¢ + diag(u/a]) ¢

+ e "diag(u/bf) ¢ —ivep =0 (3.14)
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is solvable for some value of v > 0,6 € [0, 27r) and @(7%0) € C". Ignoring a scalar factor, ¥(#0) € C"
in (3.14) can be represented as follows:

Y=rm+w, weX)c, r=0,
113 =Pl +r )y (s +) + Wil = I3 (3.15)
j=1
Then, we obtain an equivalent problem of (3.14) as follows.

Lemma 3.3. Assume that d € (0,d.). Then (v,0,¥) is a solution of (3.14), where v = (d, — d)h > 0,
0 € [0, 2m) and ¥ satisfies (3.15), if and only if (w, r, h, 0) solves the following system:

F(w,r9h799d):(F1,l7"' ,Fl.n’FZ’Ff))T:O’
(3.16)

weX)e, r=0, h>0,0€[0,2m).

Here, F(w,r,h,0,d): (X))c X R* = (X))¢ x C x R is continuously differentiable, and

Fl‘i(w, r, h,@,d) = d (d* Zajkwk +m/W,) - (d* —d)Fz(W, r, h’e’d)

k=1
+ (d* - d) [mj + d*% (d’ ﬂd’ gd) - ld*h] (rnj + Wj)
+du(d. — B [+ (. = DE] (af + be™) (rm +wy)

n

Fyw,r,h,0,d):="Y g [m+d.q; (d. B, &) — id.h] (rn; + w;) (3.17)

=1

+ ) gd Bl + (d, — d)E" (a + ble™) (r; +w;) .

j=1

Fsw,r,h,0,d):= (% = Dl +r Y 0 (w;+ W) + [wll,

j=1
where q;(d, B, ) and a;’, b/d are defined in (2.14) and (3.2), respectively.
Proof. Multiplying (3.14) by d,, we have

0=d |:d* Z ey + m./%] + (d. — dymyp; + d, [f; (“/d “/d) —m;] g,
k=1
+dalalg + daublge™ —idvg, j=1,--- ,n. (3.18)

Then plugging (2.7), the first equation of (3.15), and v =(d, —d)h into (3.18), we have y=
01>+ > ya)" =0, where

yis = d (d* Z Wy + mjwj>

k=1
+(d. — d) [m; + d.q; (d, B*, §') — id,h] (rn; + w))
+d.(d, — B’ [0+ (d. — DE'] (a! + ble™) (rm; +w)) . (3.19)
Since

C"=span{p} ® (X)) with p=(1,---, 1),
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we see that
y=(d, — DFw,r,h,0,d)p + (Fr,0,7,1,0,d),- -, Fy(w,r,h,0,d))" .

Therefore, y = 0 if and only if Fo(w,r, h,0,d)=0and F,;(w,r,h,0,d)=0forallj=1,- .- ,n. Clearly,
the second equation of (3.15) is equivalent to F3(w, r, h, 8, d) = 0. This completes the proof. ]

We first show that F(w, r, h, 8, d) = 0 has a unique solution for d =d,.

Lemma 3.4. Assume that (H0)-(H1) hold, and a — b > 0, where @ and b are defined in (2.5). Then the
following equation:

Fw,r,h,0,d,)=0

(3.20)
weX)e, r>0, >0, 6 €[0,2r]
has a unique solution (w,,, ¥4, hy,, 6,4,), where
/B2 — g2 .
we, =0, r, =1, hy = Mj 6,, = arccos (—Zz/b) , (3.21)
Zj:l n;Si

and B* is defined in (2.8).

Proof. Set F, = (F,;,--- ,F,,)", and F,(w,r, h,0,d,)=0 if and only if w=w, = 0. This, together
with Fs(w, 7, h,6,d,) =0, implies r = r,, = 1. Note from (2.7) and (3.2) that a/ = @; and b{ = b; for d =
d,, where a; and b; are defined in (2.6). Then, substituting w =w,, and r =r,, into F>(w,r, h,0,d,) =0,
we see from (2.5) and (2.8) that

d.p* (a+be ™) ~id.h 3 =0, (3.22)
j=1

which implies that
G+bcosh = 0,
- (3.23)
Bébsin® +hy_ . nig=0.
It follows from (H1) (see also (2.12)) that & + b < 0. Then if & — b > 0, we have
b<min{a, —a}<0and — 1< —a/b < 1. (3.24)
This, combined with (3.23), yields
B+ /b2 — &2
27:1 ns
This completes the proof. O
Then we solve F(w,r,h,0,d)=0for0 <d, —d < 1.

0 =6, = arccos (—Zz/l;) , h=h, =

Theorem 3.5. Assume that (H0)-(H1) hold, and a — b >0, where @ and b are defined in (2.5). Then
there exists d, (0 <d, —d, < 1) and a continuously differentiable mapping d — (w,, rq, hy, 6,;) from

[&’2, d*] to (X))¢ x R? such that (wy, 4, hy, 6,) is the unique solution of the following problem:

F(w’r3h’97d)=0
(3.25)
weX)e, r=0, h>0, 0 €[0,27)

forde[d,, d,).
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Proof. LetT(x,«,€,0)=(Ty1, -+ s Tin To, T3)T 1 (X))e X R¥ = (X))¢ x C x R be the Fréchet deriva-
tive of F(w, r, h, 6, d) with respect to (w, r, h,0) at (w,,, 1y, hg,, 0., , d,). A direct computation yields

T]_/'(X,K,G,'[?)Id* (d*ZO{/ka—I—ijj) N ]: 1’. <. Ln,
k=1

To(x. ke €. 0) =D ik + ) {my +d.p* (a;+b;) my + d.p* (a; + by, — id.h, |

j=1

—ied, Z S — ivd, % be %

j=1

Ty(x. k6. => 1 (6+%;) +2clnl,
j=1
where we have used (2.5) and (2.14) to obtain 7.

Now, we show that T is a bijection and only need to show that T is an injective mapping. By (2.1)-
(2.3), we see that d.A + diag(m;) is a bijection from (X)c to (X;)c. Then if T\;(x, k, €, ) =0 for all
j=1,---,n,wehave x =0. Substituting x = 0 into 73(x, «, €, %) = 0, we have k = 0. Then plugging
x =0andx = 0into T, (x, «, €, V) = 0, we see from (3.21) Qhate =1 = 0. Therefore, T is an injection. It
follows from the implicit function thgorem that there exists d, € [d,, d,) and a continuously differentiable
mapping d +— (Wg, rq, hy, 0,;) from [d,, d,] to (X))c x R? such that (w, 4, hy, 6,) satisfies (3.25).

Then, we prove the uniqueness of the solution of (3.25). Actually, we only need to verify that
if (w?, r?, h?,67) satisfies (3.25), then (W', ", h*,0) — (W, 14, ha.,64.) = (0,1, hy,,0,.) as d — d..
It follows from Lemma 3.1 that 4¢ is bounded for d € [le, d,). Then, up to a subsequence, we can
assume that lim,_, 4, 69 = 0% and lim,_,,, i’ = h*. It follows from Lemma 3.1 that lim,_, r' =r, =1,
lim,_., w* =w,, = 0. Taking the limits of F(w, , h’,6¢,d) = 0 as d — d,, we have

F(wd*’ rd*’hd*9 Qd*v d*) =0
This, combined with Lemma 3.4, implies that 6% =6, and h%* = h,_, Therefore, (w" Jrt he, 9") —
(wd*, Ta,s Na, Qd*) as d — d,. This completes the proof. O
By Theorem 3.5, we obtain the following result.

Theorem §.6. Assume that (HO)-SHI) hold, and @ — b > 0, where a and b are defined in (2.5). Then for
each d € [d,, d,), where 0 < d, — d, < 1, the following equation:

Ald,iv, )y =0
v>0,7>0, ¥(£0)eC"

has a solution (v, T, ¥), if and only if

0,421
v=y,=(d, — dhy, ¥ =c¥,, r:rd,,zﬂ, [=0,1,2,---, (3.26)

Va

where ¥, = r,n + w,, ¢ is a nonzero constant, and wy, 1y, 84, hy are defined in Theorem 3.5.
For further application, we consider the adjoint eigenvalue problem of (3.3). For ¢, 1’/; € C", we have
(¥, A, ive, t)¥) = (A(d, ive, T )W, V) s
where
A(d, vy, 1) ¥ =dA™Y + diag(f; (u!, u!)) v+ diag(u!a) "
+ diag (u'b?) Y + iv . (3.27)

Here, Add, iv,, 7,4,) is the conjugate transpose matrix of A(d, iv,, t,,). Clearly, O is also an eigenvalue
of A(d, ivd, Td,]).
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Proposition 3.7. Let 1; o be the corresponding eigenvector of Z(d, vy, T4,) with respect to eigenvalue 0.
Then, ignoring a scalar factor, ¥, can be represented as follows:

V=TS +Wa, Wy € (Xl)c T4 =0,

~ (3.28)
1.5 =1sl3,
and satisfies
(}g}} v,=s, (3.29)

where ¢ is defined in (2.1).

Proof. It follows from (3.28) that l/l 4 is bounded. Then, up to a subsequence, we can assume that
lim,_ 4, 1/! = w Substituting 1# 1/fd into (3.27), and taking d — d,, we have

(d. AT + diag(m) ¥~ =0, (3.30)

Noticing that (d,A” + diag(m;))s = 0, we see from (3.28) and (3.30) that 1/7* = g. This completes the
proof. O

For simplicity, we will always assume d € [d,,d,) in the following Theorems 3.8-3.10, where 0 <
d, —d, < 1. Actually, d, may be chosen bigger than the one in Theorem 3.5 since further perturbation
arguments are used. Next, we show that iy, (obtained in Theorem 3.6) is simple, and the transversality
condition holds.

Theorem 3.8. Assume that (H0)-(H1) hold, & — b > 0, and d € [d», d.), where 0 < d, — d, < 1. Then
w=1ivy, is a simple eigenvalue of A, (d) for [=0,1,2,- - -.

Proof. It follows from Theorem 3.6 that AA,, (d) — iv,] = span[e™“¥ ], where 6 € [—7,;,0] and ¥,
is defined in Theorem 3.6. Then, we show that

MA(d) —iv]” = AA,, (@) — iva].

If ¢ € MA,, (d) — ivy]’, then
[Aw, (@) — iv,] ¢ € AA,,,(d) — iv,] = span [y ]

and consequently, there exists a constant y such that

[Afd,/(d) - iUd] ¢ = yei”119 'I’d,

which yields
$©O) =ivhp(®) +ye" 'y, 6 €[-14,0],
#(0) = dA¢p(0) + diag(f; (!, u!)) $(0) + diag(u!a’) ¢(0) + diag(ub!) $(—14)). (3.31)

By the first equation of equation (3.31), we obtain that
$(0) = p(0)e"’ + yoe" 'y,
$(0) = iv,9(0) + y ¥, (3.32)
This, together with the second equation of (3.31), yields
A (d, ivy, 14)) $(0) = dA¢(0) + diag(f; (u/d u_;”)) ¢(0) + diag(u_;’a_;i) ¢(0)
+ e “diag(ub]) $(0) — ivap(0)
=y (¥, + te " diag(u/b)) ¥,) . (3.33)
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Multiplying both sides of (3.33) by (;d’] o ,?d‘n) to the left, we have

0= (A (d, v, Ta) ¥ $O) = (¥, A (d, v, 701) $(0))

’ (Z Vo Waj + Tase™ Z by WJWJ) .

j=1 j=1

Define

n

SUd) = 3 Ty + ™ Y wlbi . (334)

j=1 j=1

By Theorems 3.5, 3.6 and (3.29), we have ¥, — 0, ¥, — ¢, 0, — 0, (d, — d)ts; — ”h;z’ and b! — b,
forj=1,--- ,nasd— d,, where 6, and h,, are defined in (3.21). Then we see from (2.7) and (3.21)
that

lim S(d)=Y _ gm; [1 + (64, +217) <_—“ + 1” £0,
d—dsy = /b2 )

which implies that y = 0 for d € [d», d,), where 0 < d, — d, < 1. Therefore, for any [ =0, 1,2, - -,
‘/V[Afd.l(d) - ivd]j = JV[A,{”(d) —iyl, j=2,3,---,

and consequently, iv, is a simple eigenvalue of A, (d) for[=0,1,2,---. O

By Theorem 3.8, we see that u=iv, is a simple eigenvalue of A, (d). Then, it follows from
the implicit function theorem, for each [=0,1,---, there exists a neighbourhood O, x D, x H,
of (t,,1v4, ¥,) and a continuously differentiable function (u(t), ¥(t)):0,, — D,; x H,, such that
u(tqy) =1ive, ¥ (zay) = ¥, and for each v € O,, the only eigenvalue of A,(d) in D, is u(t), and

Td|l

AW, (), DY (1) = dAY (t) + diag(f; (u/, ) ¥ (1) + diag(ua!) ¥ (r)
+ e’“(”rdiag(u;’bf) Y () — n@y¥(r)=0. (3.35)

Then, we prove that the following transversality condition holds.

Theorem 3.9. Assume that (H0)-(H1) hold, & — b > 0, and d € [d», d.), where 0 < d, — dy < 1. Then

aRe [ (r)]
dt
Proof. Differentiating equation (3.35) with respect to t at T = 7,,, we have

>0, [=0,1,2,---.

_ du (Td,z)
dt

(rd,[diag(ufbf) '/’deiwd + '/,d) +A (d’ g, rd’l) %

— ivydiag(u/bf) ¥ 7% =0. (3.36)

Clearly,

<;&d’ A (d, ivg, T4)) d]/,d(;dl) > = <Z (d.ive, Tas) v, 4y (1) > =0.
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Then, multiplying both sides of equation (3.36) by (74“, e ,Edﬂ) to the left, we have

Q) v T e
dr Z;l:l wd,deJ + Ty Z;-l:l u_/'dbjdl//d}j'(ﬂd,jeiwd

1 L e - ~
:—S e |:—1Vd€ b < '(pdjwci‘/) “;lb;‘/fd,/‘pdj
R ijl 2

j=1
—ivTyy (Z ujbjl/NfdJWd,j) (Z u;-’b,‘-%ﬁ@)] :
j=1 j=1

It follows from Theorems 3.5, 3.6 and (3.29) that ¥, — 3, ¥, — ¢, 6, — 0.,

Va
d*——d = hd —> hd* and
b;f — b;forj=1,--- ,nasd— d,, where 6,, and h,, are defined in (3.21). Then we see that

1 dRe[u(tu)] (,Bd*)z ([}2 _ &z)

lim = 2 ’
d~d.(d, —d)? dr limg_..q, |S(d)]
where we have used (3.24) in the last step. This completes the proof. U

By Theorems 3.6, 3.8 and 3.9, we obtain the main result for this subsection.

Theorem 3.10. Assume that (H0)-(H1) hold and d € [212, d,), where 0 <d, — le <« 1. Let u? be the
positive equilibrium of model (1.2) obtained in Lemma 2.2. Then the following statements hold.

() If@a—b <0, where @ and b are defined in (2.5), then u® is locally asymptotically stable for T €
[0, 00).

(ii) If@— b > 0, then there exists T40 > 0 such that u? of (1.2) is locally asymptotically stable for T €
[0, 740), and unstable for t € (t,4, 00). Moreover, when T = t,, system (1.2) undergoes a Hopf
bifurcation at u.

3.2. Thecase of 0 <d K 1

In this section, we will consider the case of 0 < d « 1. First, we give a priori estimates for solutions of
(3.3).

Lemma 3.11. Assume that (u’,7% ¢%) solves (3.3), where Rep’,t*>0, and ¢°=
(¢, -, (p,‘;’)T (#£0) € C". Then for any d > 0, |1?| is bounded for d € (0, d].

Proof. Without loss of generality, we assume that [|@“||3 = 1. Substituting (u’, 7%, ¢“) into (3.3) and
multiplying both sides of (3.3) by (¢{, - - - ,(72’) to the left, we obtain that

(F. - i) [aag" + ding(f (. ) @ + diag (i) o
+e’“d’ddiag(u]‘.’bj‘.”) 0! — Md(p"] =0.
Then, for d € (0, Zi], we have

|| < max  |f (uuf) |+ max |ulall+ max  |u/b!| +dn max |oyl,
de[0.d),1<j<n del0,d),1<j<n del0,d),1<j<n 1<jk=n

and consequently, || is bounded for d € (0, dl. O
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Using similar arguments as in the proof of Theorem 3.2, we can obtain the following result, and here
we omit the proof for simplicity.

Theorem 3.12. Assume that (H0)-(H1) hold, and &} — b} <0 forallj=1,--- ,n, where a] and b are
defined in (2.10). Then there exists 31 € (0, d,], such that

o (A(d) C{x+iy:x,yeR,x <0} for d €(0,d,] and T > 0.

It follows from Theorem 3.12 that if a_? - bj‘.) <Oforallj=1,--- ,n, then Hopf bifurcations cannot
occur for 0 < d < 1. Then we define
./\/l={j€1,~o,n:a;.’—b;)>0}, 3.37)
and show that Hopf bifurcations can occur when M # @. For simplicity, we impose the following
assumption:
(H2)a;)—b]‘.)>0f0rj: 1,--- ,p,anda;?—b](.)<0forj:p+l,--~ ,n,where 1 <p <n.

In fact, if the patches are independent of each other (d = 0), we have
u_}:ul-]_’i(u,-,u,-(t—r)),t>0, j=1,--- ,n (3.38)
A direct computation implies the following result.

Lemma 3.13. Assume that (H1)-(H2) hold. Then for each 1 <j <n, model (3.38) admits a unique
positive equilibrium u/0 where u? (defined in Lemma 2.3) is the unique positive solution of f;(x, x) =0.
Moreover, the following statements hold.

(i) For each 1 <j<p, the unique positive equilibrium uj(.’ of model (3.38) is locally asymptotically
stable when t € [0, T), and unstable when t € (t{, 00). Moreover, when t =1/, model (3.38)
undergoes a Hopf bifurcation, where

6" 2 2
T = ﬁ with 67 = arccos (—a}/b) € (0,7) and v) =ul\/ (b)) — (a))" > 0. (3.39)

J

(ii) Foreach p + 1 <j <n, the unique positive equilibrium u](.) of model (3.38) is locally asymptotically
stable for T > 0.

Now, we consider the solution of (3.14) for d = 0.
Lemma 3.14. Assume that (H1)-(H2) hold, d =0, and
(v,67) # (v, /) forany j#k and 1 <j, k <p, (3.40)

where 00 and v} are defined in (3.39) for j=1,-- -, p. Then

{(v.0):v>0, 6.€[0,27], S°0v.0) £ (0} = {(12.69) )/, . (3.41)
where (vf;, 6(?) € (0, 00) x (0, ), and

S, 60):= {p:H(0,v,6,9)=0}

with H(d, v, 0, @) defined in (3.14). Moreover, denoting S, = S° (v;), 9;) foranyg=1,--- ,p, we have
S, ={cgy:ceC}, where )= (¢;,,- - ,¢,), ¢y, =1 and ¢);=0forj#q.

Proof. It follows from Lemma 2.3 that u;.) satisfies f; (ujo, ujo) =0 forj=1,--- ,n. Therefore, if there
exists ¢ # 0 such that H(0, v, 6, ¢) = 0, then

n
0.0 0720 —i0 s\ _
H(ujaj + u/ble 1v)—0,

i=1
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and consequently, forj=1,--- ,n,
al + b} cos 6 =0,
ufb? sinf +v=0.

It follows from (H1) and (H2) that a_? + bj.) <Oforj=1,---,nand a;’ - bj’ >0forj=1,---,p. Then,
forj=1,---,p,

b;) < min {a](.), —aj(.)} <0and — 1 < —a;.)/bj(.J <1, (3.42)
which leads to v =19, 0 =67 forg=1,--- , p, where v{ and 6! are defined in (3.39). Since (v}, ) #
(v,?, 9,?) for any j # k and 1 <j, k < p, it follows that Sf; = {cgog : ¢ € C}. This completes the proof. [
Remark 3.15. We remark that if

0 po
LO;AU—'B forany j#k and 1 <j, k <p, (3.43)
)j k

then (3.40) in Lemma 3.14 hold. By Lemma 3.13, we see that (3.43) implies that the first Hopf bifurcation
values of model (3.38) for 1 <j < p are not identical. That is, the first Hopf bifurcation values of each
isolated patch j for 1 <j < p are not identical.

Then we consider the solution of (3.14) for 0 <d < 1.

Lemma 3.16. Assume that (H0)-(H2) and (3.40) hold, and d € (0, d) with 0 < d < 1. Then there exists
p pairs of (vj, 9:) € (0, 00) x (0, ) such that

[v.0):v>0, 0 €[0.27). S%v.0) £ (0} = { (/. 69))"_, . (3.44)
where
S‘w,0):= {p:H(,v,6,¢)=0}
with H(d, v, 6, @) defined in (3.14). Moreover, denoting S¢ =S (v?,6¢) for any g=1, - - - , p, we have
S = {C(p;’ :ceC}, and

: d__.0_ .0 02 _ (0 1 d__ po __ 03,0 . d__ 0
lim v = vy = g (b0)" = ()", Ll_r)r&@q_é?q_arccos( a)/b)) and lim @ = ¢,

where ), 07 and ;) are defined in Lemma 3.14.

Proof. First, we show the existence. Here, we will only show the existence of (vj’ s 91"’), and the others
could be obtained similarly. Let

Yl = {xz(-xh' t a-xn)TECn - X :O},
and consequently C" = span{g9} & Y,. Let
H (d,v,0,&) :=H(dv,0,9)+&) R xY,—>C"

Clearly, we have H, (O, v?, 910,0) =0, and the Fréchet derivative of H, with respect to (v,0,&,) at
(O, v?, 67, 0) is

. —igV .
—ie " Pule —iv

0.0 0.0 - . 0
(a2u2 + byuse™"t — 1v1> X2
D(U,H.EI)HI (09 V?, 910’ 0) [19, €, X]: . 5

0,0 0,0 ,—i6) _ < 0
(anun +Dbu, e —1v1> Xn
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where ¥, e Rand x = (1, , x.) € Y. Note from (3.40) that D, ¢ H, (O, VY, 67, 0) is a bijection.
Then from the implicit function theorem, there exists a constant § > 0, a neighbourhood N, of (v?, 9{’, 0)
and a continuously differentiable function

(v4,07, &) :10,8) > N,

such that for any d € [0, §), the unique solution of H,(d,v,0,&,) =0 in the neighbourhood N, is
(vd, 07, &). Letting ¢¢ = @9 + &, we see that

span () C S} forany d € [0, §). (3.45)

Since the dimension of 8¢ is upper semicontinuous, then there exists §, < & such that dim S¢ < 1 for any
d €10, 8)). This, together with (3.45), implies that S¢ = {c@?: ¢ € C}. By (3.39), we see that (v;), 9;’) €
(0, 00) x (0, 2m), which yields (vZ,6¢) € (0,00) x (0,27) for 0 <d < 1. This completes the part of
existence.

Now we show that (3.44) holds. If it is not true, then there exist sequences {d;}**, and {(v%, 8%, %)},

such that lim; ., d;=0, and foreachj=1,2,--- , (v%,6%) # (v,ff,@;’)(qz L-,p), e, =1,v% >
0, 0% € [0, 2), and

H (dj v 949, (p"f') =0.

By Lemma 3.11, we see that {v%} is bounded. Using similar arguments as in the proof of [7, Lemma
3.4], we show that there exists 1 < go < p such that (v%, 8%) = (v}, 6i) for sufficiently large j. This is a
contradiction. Therefore, (3.44) holds. ]

From Lemma 3.16, we obtain the following result.

Theorem 3.17. Assume that (H0)-(H2) and (3.40) hold, and d € (0, d), where 0 < d < 1. Then (v, 7, @)
solves

Ald,iv,T)p =0,
v>0,7>0, 90 eC,
if and only if there exists 1 < g < p such that

d d d 9‘;1 + 217[
v:vq,go:apq,r:rq,l:T, [1=0,1,2,---, (3.46)
q
where v;’, 9;, and (p;’ are defined in Lemma 3.16.
Then we show that the purely imaginary eigenvalue is simple.

Theorem 3.18. Assume that (H0)-(H2) and (3.40) hold. Then, for each d € (0, El), where 0 <d < 1,
n= iv;’ is a simple eigenvalue ofArgJ(d)for q=1,--- ,pand1=0,1,2,--- .

Proof. It follows from Theorem 3.17 that

JV[A,:J(d) - ivj] = span [e‘”gg(pj] ,
where 6 € [—7/,, 0], and ¢ is defined in Theorem 3.17. Then, we will show that

2
/[A,d () — iud] = /V[A,d () — ivd] .
q.l q .l q
If ¢ € JV[A,;,(d) —ivT?, then
[A,:’(d) — ivj] ¢ JV[A,:,(d) — iv(‘j] = span [e“’gegoj] ,

and consequently, there exists a constant y such that
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which yields

$O) =iv'$(0) + ye"i’pl, 0 e[-17,0],
$(0) =dA¢(0) + diag(f; (], u)) $(0) + diag(ua’) $(0)
+ diag(u/b) ¢ (—17) . (3.47)

q.l

From the first equation of equation (3.47), we have
$(0) = $(0)e"?" + y0ei’ !,
$(0) = ivy$(0) + y 9. (3.48)
Then it follows from equations (3.47) and (3.48) that
A (d.iv], 7)) ¢(0) = dA$(0) + diag(f; (!, u])) $(0) + diag(u!a’) $(0)
+ e diag (ub?) $(0) — iv(0)
=y ((pj + r;fle“"gdiag(uj’bj’) (p‘;) . (3.49)

~ . . . . ~ ~ ~, T
Let A (d, e, ‘L';{,) be the conjugate transpose matrix of A(d, iv¢, z¢,), and let (pj = ((p;{l, e ,(pjﬂ)

be the the corresponding eigenvector of A (d, iv;’ , r:l) with respect to eigenvalue 0. Then, using similar
arguments as in the proof of Proposition 3.7, we see that, ignoring a scalar factor, 5: satisfies

co~d 0

limg) =g, (3.50)
where (pg is defined in Lemma 3.14. Multiplying both sides of (3.49) by (53,1, e ,?Z,n) to the left, we
have

0=(A (d.iv?, 7") . $(0)) = (@, A (d.iv?, 72,) $(0))
=V (Z Zjﬂ’;j +le > Mﬂ,‘-@jﬁ,}%) = yS,(d).
j=1 j=1

It follows from Lemma 3.16, Theorem 3.17 and equation (3.50) that

lim S,(d) #0.

which implies that y =0 for d € (0, d), where 0 <d < 1, and consequently, iv;’ is a simple eigenvalue
ofA,qd[(d)forqzl,-n,pandl=0,1,2,~~-. O

By Theorem 3.18 and the implicit function theorem, we see that, for each g=1,--- ,p and [=
0,1,2,- - -, there exists a neighbourhood O, x Dy x Hy, of (z,.iv¢,?) and a continuously differ-
d

entiable function (14(t), @(7)): Oy — D,y x H,, such that p (zf) =ive, ¢ (z¢) = @¢, and for each
T € Oy, the only eigenvalue of A.(d) in D, is u(7), and

Ad, 1(7), )@(1) = dAg(t) + diag(f; (uj’f’, uj")) o(T) + diag(uj‘.’a]‘.’) o(1)
+ e diag (ub]) @(7) — () (7) =0. 351

>

Then, using similar arguments as Theorem 3.9, we obtain the following transversality condition.
Theorem 3.19. Assume that (H0)-(H2) and (3.40) hold. Then
dRe [ (v;,)]

dt
By Theorems 3.12 and 3.17-3.19, we obtain the following result.

>0, g=1,---,p, [=0,1,2,---.
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Theorem 3.20. Assume that (H0)-(H1) hold, and d € (0, El), where 0 <d < 1. Let u® be the unique
positive equilibrium obtained in Lemma 2.2. Then the following statements hold.

(i) Ifa)—b) <0forallj=1,--- ,n, thenu’ is locally asymptotically stable for t & [0, 00)

(ii) If (H2) and (3.43) holds, then u‘ is locally asymptotically stable for T € [O ‘L'd ) and unstable

for T € ( Tios oo), where T 40 = min ¢ o- Moreover, when T = 5 200 System (1.2) undergoes a Hopf
1<q<p
bifurcation.

4. An example

In this section, we apply the obtained results in Section 3 to a concrete example and discuss the effect
of network topology on Hopf bifurcations. Choose the growth rate per capita as follows:

£ u(t — 1)) =m; — au(6) — bu(t — ) for j=1,-- ,n
Then model (1.2) takes the following form:

d . n R

a0y e+ (m_,- — auy(r) — buy(t — r)) L 150, j=1,--- ,n,

dt o @.1)
u®) =9 =0, te[-1,0],

where (o) satisfies assumption (HO), m; represents the intrinsic growth rate in patch j and a;, @j >0
represent the instantaneous and delayed dependence of the growth rate in patch j, respectively. Clearly,
assumption (H1) holds. We remark that the continuous space version of model (4.1) with spatially
homogeneous environments has been investigated in [38].

4.1. Stability and Hopf bifurcations

For case (I) (0 < d, — d « 1), the quantities a and b take the following form:
a=- Y ams, b==> bnlg, 4.2)
j=1 j=1

where 1 and ¢ are defined in (2.1). Then, by Theorem 3.10, we obtain the following result.
Proposition4.1. Let u be the unique positive equilibrium of (4.1) obtained in Lemma 2.2 for d € (0, d..).
Then, for d € [d,, d,) with 0 < d, — d, < 1, the following statements hold.

6)) Ifzj . ( a — ) n; ;> 0, then u’ of model (4.1) is locally asymptotically stable for T € [0, 00).

adi) If Z] ) ( a; — ) 17 G; <0, then u® is locally asymptotically stable for T € [0, t,0), and unstable for

T € (740, 00), Where 1, is defined in Theorem 3.6. Moreover, when T = t,, system (4.1) undergoes
a Hopf bifurcation at u®.

Now we consider case (II) ((0 < d « 1). The quantities for this case take the following form:

. m; (bj) - (@) a
al = —a, b;’ =—b, v;) = 9],0 =arccos | —= ] . 4.3)
j + b j

Moreover, (H2) is reduced as follows:

(I~{2)&j—l;j<0forj:l,--- ,p,and&j—5j>0forj=p+1,--~ ,n,where 1 <p <n.
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Then, by Theorem 3.20, we have the following result.

Proposition4.2. Ler u be the unique positive equilibrium of (1.2) obtained in Lemma 2.2 for d € (0, d,).
Then, for d € (0,d) with 0 < d < 1, the following statements hold.

() Ifa; — Ej >O0forallj=1,--- ,n, thenu® is locally asymptotically stable for T € [0, 00).
0 0
(ii) If (H2) holds and j # v—'; foranyj#kand 1 <j, k <p, thenu is locally asymptotically stable for
j k
t € [0, tf,), and unstable for T € (¢, 00), where t, is defined in Theorem 3.20. Moreover, when
T= 15{0, system (1.2) undergoes a Hopf bifurcation at u®.

Remark 4.3. We remark that Proposition 4.2 (ii) also holds if (H2) is replaced by the following
assumption:

(A2) {4 — Bj};’:l changes sign and & — b; £ 0 forall j=1,- - - ,n.

The proof is similar, and here we omit the details for simplicity.

4.2. The effect of network topologies

In this subsection, we discuss the effect of network topologies on Hopf bifurcations values for 0 <d < 1.
Since the computation is tedious, we only consider a special case for simplicity. Letting @, =0 and b; = 1
forj=1,---,n, model (4.1) is reduced to the following system:

du; -

ﬁ=dZo¢,~kuk—i-uj(mj—uj(t—r)), t>0, j=1,---,n,
dr 5 (4.4)
u(t):'p(t)z(h re [_T, 0]9

where () satisfies assumption (H0), and m; >0 for j=1,--- ,n. Clearly, (H1)-(H2) hold. By
Proposition 4.2 (ii) and a direct computation, we see that, if

m; 7 my for any j #k, 4.5)

then model (4.4) undergoes a Hopf bifurcation for 0 < d « 1 with the first Hopf bifurcation value 7 =

74, Where § satisfies m; = max m;. By Lemma 3.16 and Theorem 3.17, we see that
’ 1<j<n

03 T
d = _q i Ad =
T =7, z and ‘ljlilg T30 G (4.6)

Therefore, to obtain the effect of network topologies, we need to compute the first derivative of t;jo with
respect to d in the following.

Proposition 4.4. Let r,;fo be defined in (4.6), where g satisfies my; = max, .., m;. Then

/ T(A)
(tf;{()) |d:0 = m_z’ 4.7)
where
4 N 1
T(A) = —Zag + (1 - 5) . ;aijkmk- (4.8)
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Proof. By (4.6), we have

04\ (69) ve — e (vd)
(T;O):<_qd>:(q) vtz q(vq), “4.9)
vV

2
)
where ’ is the derivative with respect to d. Substituting v = vé’, 6= 95’ and ¢ = (pg into (3.14), we have
. p —io¢ 1. p .
dA] + diag(m; — uf) @i — e "1 diag (u!) @] — ivigl =0. (4.10)
Differentiating (4.10) with respect to d, we have
. ’ I d .
A (divd, ) (02) <At — ding() 92+ (62) ¢ ding (i) o
—e 4d1ag((uj)) ol —i(v) ¢, 4.11)

where A(d, i, T) is defined in (3.3). Let @ ((pjl, e ,g?)“j”)r be the corresponding eigenvector of
Add, 1vq rq,o) with respect to eigenvalue 0, where A (d 1v ST 0) is the conjugate transpose matrix of
A (d, iv;f , r{;fo). Using similar arguments as in the proof of Proposmon 3.7, we see that, ignoring a scalar
factor, a; satisfies

lim '(/3;’ = gog, (4.12)

d—0

where (pg is defined in Lemma 3.14. Note that
0= (Z (d.ivy, 73,) 95, (<PZ),> = (53, A (d,iv], ) ((pZ)’> )

Then, multiplying both sides of (4.11) by (<p -, 5;1‘") to the left, we have

0=—<$q, (d.iv{, 7)) ((02)/>
= (9], A03) — (95, diag(())) 03) +1 (65) ¢ (5], diag () 93)

—igd [~ . / d . !~
— e (g diag (()) 02) — 1 (v5) (5. 05). (4.13)
It follows from Lemma 2.3 that u? is continuously differentiable for d € [0, d,), if we define u;.) =m;
forj=1,---,n. A direct computation yields

Z apmy. (4.14)

m 3

By (4.12) and Lemma 3.16, we have
~ b4
gog, (pg — gog, vg — my, and 9; — 9;? = 0} as d — 0, 4.15)

where @ satisfies ¢, = 1 and g7, =0 for k # g. This, combined with (4.13) and (4.14), implies that

©)'] ., Z aumy and ( Z Qg (4.16)
‘1 k#q ny
Substituting (4.16) into (4.9), we obtain that (4.7) holds. This completes the proof. ]
Therefore, for 0 < d <« 1 and a given dispersal matrix A, we obtain from (4.6) and (4.7) that
b4 d
rf’o =—+=5T@A+ o), 4.17)
& 2m;  my

where T (A) is defined in (4.8).
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Figure 2. Two different network topologies. (Left): A =A,; (right): A =A,.

Then, by Proposition 4.4, we obtain the effect of network topologies as follows.
Proposition 4.5. Let f;Zo(Ai) be the first Hopf bifurcation of model (4.4) for A = A;, where A; = (oe},?) (i=
1,2) satisfies (HO). If T(A,) > T (A,), then there is d>0, depending on A, and A,, such that T;ZO(Al) >
td(A;) for d € (0, d).
Remark 4.6. We remark that if o <o forallk=1,--- ,n, then T(A;) > T(A,).

By Proposition 4.4, we can also show the monotonicity of TZZO for0<d < 1.

Proposition 4.7. Let rfzo be the first Hopf bifurcation of model (4.4), where q satisfies m; = max,;<, m.
Then the following statements hold.

(i) IfT(A) >0, then (‘L';O)' >0for0<d< 1.
(i) IfT(A) <O, then (‘E;O)’ <0for0<d<xk 1.

Therefore, network topologies also affect the monotonicity of qu,o for0<d <« 1.

4.3. Numerical simulations

Now, we give some numerical simulations to illustrate our theoretical results for model (4.4). Let n =4
and (m;) =(7.5,7, 6.5, 6) and choose the following two dispersal matrices:

1 02 05 06
05 —12 02 01
(68}
Ar= (o) = 01 -09 o1 |
01 02 —12
and
2 02 05 0
05 —12 02 01
?2)
A== 0 o1 oo o
0 01 02 -l2

Then, corresponding network topologies with respect to A, and A, are different, see Figure 2.

We first choose A = A; and numerically show that delay T can induce a Hopf bifurcation, and periodic
solutions can occur when 0 <d < 1 or 0 <d, —d < 1, see Figure 3.

Then, we discuss the effects of network topologies. Clearly, g =1 and T (A,) > T (A,), where T (A)
is defined in (4.8). This, combined with Proposition 4.4, implies that rl‘fo(Al) > rl‘{o(Az). To confirm this,
we fix 7;(=0.2144) and numerically show that the positive equilibrium of model (4.4) is stable with
A =A,, while model (4.4) admits a positive periodic solution with A =A,, see Figure 4. Therefore,
T{{o(Al) > Tf{o(AZ)-
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Figure 3. Periodic solutions induced by a Hopf bifurcation for model (4.4) with A =A,. (Left) The
small dispersal case: d = 0.3 and t = 0.5. (Right) The large dispersal case: d =10 and t = 1.2.
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Figure 4. The effect of network topologies. We only plot two patches for simplicity. Here T, = (0.2144.
(Left): A=A, (right): A = A,.

Moreover, an interesting question is whether Hopf bifurcation can occur when d is intermediate.
It is a challenge if n > 3. For the two-patch model, one can compute the Hopf bifurcation value Tf;j,o
for d € (0, d,), see [27] with a symmetric dispersal matrix. Now we consider the asymmetric case. Let
(my, my) = (1, 2) and choose the following two dispersal matrices:

-2 1 =20 1
A3 = N A4 = .
09 -1 15 -1
For A =A; with i = 3,4, we numerically obtain a Hopf bifurcation curve tZO(A,-), respectively. Here
lim,_ 7,(A;) = /4 and lim_ o 75/,(A;) = oo with d” satisfies s(d”A; + diag(m;)) =0 for i =3, 4. By
Proposition 4.7, we see that network topologies also affect the monotonicity of r;;‘fo for0<d <« 1. Asis

shown in Figure 5, ra‘fo(A3) is monotone increasing for 0 < d < 1 with T(A3) = 1.3139 > 0, and tgfo(A4)
is monotone decreasing for 0 < d < 1 with 7(A4,) = —2.7102 < 0.

5. Discussion

Due to the limits of the method, we only show the existence of a Hopf bifurcation for two cases: (I)
O<d,—d<land ()0 <d < 1.
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Figure 5. The Hopf bifurcation curve. (Left): A = As; (right): A = A,.

For case (I), & — b is critical to determine the existence of a Hopf bifurcation. We remark that a and b
are usually negative (see model (4.1) for example), where —& > 0 and —b > 0 represent the instantaneous
and delayed dependence of the growth rate, respectively. Therefore, a — b < 0 means that the instanta-
neous term is dominant, and consequently, delay-induced Hopf bifurcations cannot occur; a — b>0
means that the delay term is dominant, and consequently, delay-induced Hopf bifurcations can occur.
By (2.7), we conjecture that v(¢) in (3.1) can be represented as follows:

v(t)=(d. —d) [c(t)y + (d. — d)z(t)], where c(t) e R and z(1) € X;. (5.1)

Substituting (2.7) into (3.1), we rewrite (3.1) as follows:

V()= [di (d*A + diag(mj)):| v(t)+(d, — d)diag(’;ﬁ + g (d, B, gd)> v(1)

*

+ (d, — dydiag(a!B’ (n; + (d. — DE")) v(1)
+ (d, — dydiag(b!B* (n; + (d. — d)E)) v(t — 1), (5.2)

where g;(d, B, &) and af, b are defined in (2.14) and (3.2), respectively. Note that a! = a; and b = b, for
d =d,, where a; and b; are defined in (2.6). Then, plugging (5.1) into (5.2) and removing higher order
terms O(d, — d)*, we see that c(¢) satisfies

'ty = (ﬁ +q; (s B*, s"*)> nic(t) + Bhamict) + B bmict — 1), j=1,2,---,  (5.3)

d
where g; (d., B, §*) = % (a; + b;) n; by (2.14). Multiplying (5.3) by ; and summing these over all j,
we see that

n 1 n " ~
0 sm= [d— > mii+ B (a+ b)} () + B ac(n) + Bbe(t — 1)
=1 * =1

=B%ac(t) + B*be(t — 1), (5.4)

where we have used (2.8) in the first step. Therefore, removing higher order terms O(d, — d)?, the
linearized system (3.1) can be approximated by (5.4). This also explains why & — b is crucial for the
existence of a Hopf bifurcation.

For case (IT), we also show the existence of a Hopf bifurcation and discuss the effect of network
topology on Hopf bifurcation values for a concrete model. Our method can only apply to the case of
spatial heterogeneity, since it is based on the fact that S, is one dimensional (see Lemma 3.16). For
example, we need to impose assumption (4.5) on model (4.4) to guarantee the existence of a Hopf
bifurcation. The case of spatial homogeneity awaits further investigation.
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