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Abstract

This research studies the robustness of permanence and the continuous dependence of
the stationary distribution on the parameters for a stochastic predator—prey model with
Beddington—DeAngelis functional response. We show that if the model is extinct (resp.
permanent) for a parameter, it is still extinct (resp. permanent) in a neighbourhood of
this parameter. In the case of extinction, the Lyapunov exponent of predator quantity
is negative and the prey quantity converges almost to the saturated situation, where the
predator is absent at an exponential rate. Under the condition of permanence, the unique
stationary distribution converges weakly to the degenerate measure concentrated at the
unique limit cycle or at the globally asymptotic equilibrium when the diffusion term
tends to 0.
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1. Introduction

Predator—prey relations refer to the relationship between two species where one species is
the hunted food source for the other. This relationship plays an important role in the evolution
of ecosystems, existing not only in the simplest life forms on Earth like single-celled organ-
isms, but also in complex animal communities. The earliest mathematical model describing
this relationship belongs to Lotka [20] and Volterra [28]. Since then, it has become an inter-
esting topic in mathematical biology [8, 17, 24]. In order to describe the predator feeding
rate with increasing prey density and quantify the energy transfer across trophic levels, the
functional response is added into the standard Lotka—Voltarra equation to make it more real-
istic. Depending on the characteristics of specific environments, several types of functional
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Stochastic predator-prey models 1011

responses have been chosen. The Holling Type II functional response (with the most com-
mon form as [14]), where the rate of prey consumption by a predator rises as the prey density
increases, but eventually levels off at a plateau (or asymptote) at which the rate of consump-
tion remains constant regardless of the increase in prey density, is introduced in [12]. Similarly,
Type III responses are sigmoidal and characterized by a low-density refuge from predation, a
mid-density peak in per capita mortality, and then declining mortality owing to predator sati-
ation [23]. Independently, [2, 4] proposed a functional response which is similar to Holling
Type II, but containing an extra term describing mutual interference by predators. It became
the most common type of functional response and is well documented in empirical studies.

Leta =(r, K, m, B, v, a, b, c) be the vector of parameters, whose components are appro-
priate positive constants. Then a deterministic predator—prey model with the Beddington—
DeAngelis functional response has the form

1 — xoz(t)> mxe ()Y (?) > dr.

dxy (1) = <rx0!(t)< K B a—+ byy (1) + cxy (1)

Bmxy (1) ) d
a+ by (1) + cxqo (1) |

(1.1)

dya () = ya () <_V +

where x4 (¢) is the prey population and y,(?) is the predator population at time ¢ (see also [29]
and references therein).
It is well known that the quadrants of the plane RZ = {(x,y):x>0,y>0} and its inte-

rior R%_’O ={(x,y): x>0, y> 0} are invariant with respect to (1.1). We denote by @g(z‘) =
(x4 (), yo (1)) the unique solution of (1.1) with initial value ¢ = (x, y) € Ri. Let

-
X mxy Bmxy

,o) = l—= ) - —_— .

/9. ) (rx( K) a+by+cx yy+a+by+cx)

Consider the Lyapunov function V(¢, o) = Bx + y. It can be seen that

_Be+y’K
r

V(¢,Ot)=V¢(¢,06)f(¢,Ot)=ﬂFX(1 —%) —yy= n —yV(@, a).

From this inequality, it is easy to prove that the set

2
Rla):= {(x’y)GRi:ﬁerys M}

4ry

is also an attractive set with respect to (1.1).
For any vector parameter « = (r, K, m, 8, y, a, b, c) € R3 , construct the threshold value

BmK
a+Kce’

Aoy =—y + (1.2)

When 1, > 0, the system in (1.1) has three non-negative equilibria: (0, 0), (K, 0), and
(x%, ¥%). The long-term behaviour of the model in (1.1) has been classified (see [13, 30], for
example) by using the threshold value 1, as follows.

Lemma 1.1. ([30].) Let Ay be a threshold value that is defined by (1.2).

(i) If Aoy <0 then the boundary equilibrium point (K, 0) is globally asymptotically
stable.
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(ii) If \q > 0 and

2
b> mm{ m,B—cy }

B yBmpB —cy)+mrp?
then the positive equilibrium point ¢} = (x5, yi) of the system in (1.1) is globally
asymptotically stable.

(iii) If .y > 0 and

{ m?B% — c2y? }
b < min

B’ yB(mp —cy)+mrp?

then the positive equilibrium point ¢} = (xa, ya) is unstable, and there is an exactly
stable limit cycle T'y.

Furthermore, by the clarity of the positive equilibrium point formula and [9, Theorem 1.2,
p- 356], we have the following lemma.

Lemma 1.2 Let o = (r, K, m, B8, y, a, b, ¢) be the parameters of (1.1) such that 1, > 0.

(i) On the set

{ c m2ﬂ2 _ c2y2 }
b > min

B’ yB(mp — cy)+mrp?

the mapping o — (x:;, J’Z) is continuous.

(ii) On

{ m*B* — c?y? }
b < min

B’ yB(mpB —cy)+mrp?

the mapping a — Ty is continuous in Hausdorff distance.

Let K C ]Ri be a compact set, and write R(K) = Uy R (). It is clear that R(K) is a
compact set. Since f has continuous partial derivatives Vgf and V,f, these derivatives are
uniformly bounded on R(K) x K. As a consequence, there exists a positive constant L; such
that

f (@1, a1) — f(@2, )|l < Li(llp1 — 2| + llar — a2}, ¢1, $2 € R(K), a1, a0 € K.

From this inequality, for 7' > 0 and for any ¢ € R(K), o1, a2 € K, we have

sup || @2 (1) — @ (1] = sup
0<t<T 0=<t<T

t
| (@200, 01) = (0,50 )] 0
T
< [ 108, c) ~ (080 00) s
T
<LiT|ai — a2l + Ly / sup [[®% (s) — @Y (s)| dr.
0 0<s<t
Applying the Gronwall inequality, we obtain
sup @ () — L (1) <LiTller — enlle™”  forall ¢ e R(K), a1, cn K. (1.3)

0<t<T

We now discuss the evolution of the predator—prey model in (1.1) in a random environment,
in which some parameters are perturbed by noise (see [7, 15, 16, 22, 25, 27). Currently, an
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important way to model the influence of environmental fluctuations in biological systems is to
assume that white noise affects the growth rates. This assumption is reasonable and practicable
since there are many small factors involved in the evolution of systems. Hence, the noise must
follow a Gaussian distribution by the central limit theorem. Thus, in a random environment,
when the parameters r, y are perturbed, they become r + o181, y—>y— o2B>, where B; and
B, are two independent Brownian motions. Therefore, (1.1) subjected to environmental white
noise can be rewritten as

dx (t)=(rx (z)<1_’“‘”(”>_ Moo (a0 (1)

K a+byg,o(t) + X0 (t)
Bmxy, (1)
a—+ bya,a(t) + cxot,o(t)

) dt + 01xe,0 (1) dB1 (1),

dya,a(t) = ya,a(t) (_7/ + ) dr + 02)’05,0(0 dB (1),

(1.4)

where o0 = (01, 02). The existence of a stationary distribution and the stochastic bifurcation for
(1.4) was considered in [30], where it was proved that there is a critical point b*(o71; 0,) which
depends on o7 and o7 such that the system in (1.4) undergoes a stochastic Hopf bifurcation at
b*(o1; 02). The shape of the stationary distribution for the system in (1.4) changes from crater-
like to peak-like. However, the conditions imposed on the parameters are rather strict; hence,
some of the results in [30] need careful discussion. In [7], a threshold was constructed between
distinction and permanence (also the threshold of the existence of a stationary distribution) for
the system in (1.4). The extinction and permanence have been considered in a more generalized
contextin [3, 10, 11] by studying the stochastic permanence of Markov processes via Lyapunov
exponents (expected per capita growth rate) and Lyapunov functions. Specifically, they applied
these results to give the permanence condition of the stochastic Kolmogorov equations. Also,
in [3, 10, 11, 26] the authors have shown that in the case of stochastic persistence there exists
a unique invariant probability 77* such that the transition probability P(t, x, -) of the solution
(1.4) converges in total variation norm to 77* with an exponential rate. Robust permanence was
considered in [26] under the name of §-perturbation for a system with compact state spaces;
[11] studied the robustness of discrete systems for stochastic ecological communities.

The results obtained in [3, 10, 11, 26] are very strong and it is easy to see that some of
the results in [7] can be obtained by careful calculations. However, in these works, the authors
have mainly dealt with conditions ensuring the permanence of (1.4) but have not focused on
studying the robustness of the system.

This paper continues to study this model by considering the robustness of permanence and
the continuous dependence of the stationary distribution of (1.4) on the data if it exists. This is
important in all mathematical models because in practice, observations do not perfectly reflect
biological reality, which causes the threshold estimates to be mere approximations. Precisely,
we prove that if the model is extinct (resp. permanent) for a parameter, it is still extinct (resp.
permanent) in a neighbourhood of this parameter. In the case of extinction, the Lyapunov expo-
nent of predator quantity is negative and the prey quantity converges almost to the saturated
situation, where the predator is absent. Further, if Ay, > 0 and & — a, o — 0, the stationary
distribution fiy,, of (1.4) will converge weakly to the degenerate distribution concentrated on
the critical point (xj;o, yjlo) or on the limit cycle I', of the system in (1.1). Thus, if the model
without noise has a critical point (xzo, y;fto) or a limit cycle I'y,, with parameter «g, then when
the intensity of the noise is small, the long-term population density is almost concentrated at
any neighbourhood of (xzo, yéo) or of the limit cycle I, for any parameter close to ag. This
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is an important conclusion as the small-noise asymptotics are very relevant in mathematical
biology.

The paper is organized as follows. The next section discusses the main results. In section 3,
we provide an example to illustrate that when («, o) — («g, 0), the stationary distribution
a0 Weakly converges to the degenerate distribution concentrated on (xzo, yzO) or on the limit
cycle T'y,.

2. Main result

Let (2, F, P) be a complete probability space and let By(¢) and B,(f) be two mutually
independent Brownian motions. It is well known that both R%r and ]Ri’o (the interior of Ri)
are invariant to (1.4), i.e. for any initial value ¢ = (x(0), ¥(0)) € Ri (resp. in Ri’o), there exists
a unique global solution to (1.4) that remains in ]R%r (resp. € Ri’o) almost surely [30]. Denote

by @i,a (t) = (Xq,5 (1), Yoo (1)) the unique solution of (1.4) with initial value ¢ € Rﬁ. For o =
(r,K,m, B,y,a,b,c)and § >0, let

Us)={o/' =" K',m', By d. b, c)eRE |l —af <6}

and Vs(¢o) = {¢ S R%r o — ol < 8} be the balls with radius § > 0 and center « (resp. ¢p).
Write Rs(e) = Uy o) R(@). For any R > 0, write Bg = {¢ = (x, y) € Ri 1ol <R}. Let
c? (Rz, R+) be the family of all non-negative functions V(¢) on R? which are twice continu-

ously differentiable in ¢. For V € C? (Rz, R+), define the differential operator LV associated
with (1.4) as

LV($) =Vy(@)f (@, @) + jtrace[g" ($, 0)Vpp(@)g($, 0)],

where V(¢) and V() are the gradient and Hessian of V(- ), and g is the diffusion coefficient
of (1.4) given by
01X 0
g(p,0)= 0 :
02y

By virtue of the symmetry of Brownian motions, in the following we are interested only in
01>0,00>0.

Lemma 2.1 Let K C Ri‘o be a compact set and & > 0. Then, for any 0 <p < 2)/*/52,

H
E(V(®2, 1)) <e M'V(g) + FZ foralla €K, ||o|| <7, t>0, (2.1)
1

where

1+ o
H = ( : p) (y* _ pT)’ Hy= sup sup {LV(¢)+ H V(9)},
aek,|o|<T ¢peR?

ve=inf{B Ay :(r,K,m, B, y,a,b,c)e K}, and V(¢)=(Bx+ y)Hp. As a consequence,

sup {IE|| ¢ 0| :aek, ol <7, 1> 0] < o0. 2.2)
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Proof. The differential operator LV(¢) associated with (1.4) is given by

LV(g)=( +p)(ﬂx+y)”(ﬁrx<1 - %) - Vy> +p( D g+ yp- Y(B*oix*+ 03y7)

2
5(1+p)(— ””;” )(ﬂx+y)l+”+ﬂr(1+p)(ﬂx+y)”x<yjr —%)
—)
5(1+p)< y*+i>(ﬁx+y)1+”+ﬁr(l+p)(ﬁx+y)"x(yjr—%)
<Hy — HiV(9),

where

1+ 5
gy P (y* _ P_), Hy= sup  sup {LV($)+H V() < oo.
2 2 aek, o)< peR2

Thus, LV(¢) < Hy — H{ V(¢). By a standard argument as in [5, Lemma 2.3], it follows that
Hy(efit — 1)
H ’

Thus, E(V(@g,g(t))) <e Hi'V(¢p)+ Ha/H, i.e. we get (2.1).
By using the inequality [|¢||'*” < max {1, y*_(Hp)}V(qb) and (2.1), we have

E(eM'v (@2 (1)) < V() +

sup {E| @S, 0I'7:a € K, |oll <7, t>0} < o0. o

When the predator is absent, the evolution of the prey follows the stochastic logistic
equation on the boundary,

dgq,q (1) = r‘pa,a(t)(l - %?‘(t)) dt + 01,0 (1) dB1 (D). (2.3)

Denote by ¢y +(f) the solution of (2.3). By the comparison theorem, it can be seen that
Xa,6 (1) < @u.o(t) for all >0 almost surely (a.s.), provided that x, 4(0) = @y,5(0) > 0 and
Yoo (0) > 0.

Lemma 2.2 Let (x4, (1), Yoo (2)) be a solution of (1.4) and ¢, (t) a solution of (2.3).
(i) If r< 012 /2 then the system is exponentially ruined in the sense that the Lyapunov
exponents of Qoo (+), Xa.o(-) and yo o ( - ) are negative.
(ii) Inthe caser — 612/2 > 0, (2.3) has a unique stationary distribution vy s with the density

2 2
Da.o(X) = Cx(zr/al)_ze_(Zr/Ul K)x, x> 0. Further, vy, weakly converges to 8g(-) as
o1 — 0, where Sk (- ) is the Dirac measure with mass at K.

Proof. Itis easy to verify that with the initial condition ¢4+ (0) = xp > 0, (2.3) has the unique

solution
X0 €Xp {(r —0j /2)t + aBl(t)}

K + rxg fot exp {(r—o/2)s+oBi(s)} ds

(pa,o(t) = (24)

(see [18], for example).
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Therefore, by the law of iterated logarithm, we see that if r — (712 /2 < 0 then

1 t
lim —n%{’a( ) =r— il <0.
t—00 t 2

Using this estimate and the comparison theorem gets

1 t 1 t o?
lim sup —nxa,g( ) < lim —n(Pa,a( ) =r—-L <.
t—00 t t—00 t 2
On the other hand, from the second equation in (1.4),
Yoo ® _10yue® 03 1 f Bixa,o (s) RO
t t 2 t Jo a+byes(s)+ cxg,q(s) ’ ’

By using the strong law of large numbers and (2.5), we have

In t o2
limsupya—’o():—y -2 <0,
t—00 2

which proves item (i).
Consider now the Fokker—Planck equation with respect to (2.3),

OPao (i) _ Xl = x/K)pao(, D] | 0f 91°Pao ()]
ot ox 2 ax2 '

It is easy to see that for r — 012 /2 > 0 this has a unique positive integrable solution py,  (x) =

Cx2/oi =2e=Cr/ofK)x , x>0, which is a stationary density of (2.3), where C is the normalizing

constant defined by

1 o0 @r/od)-1
C=
r((2r/of) —1) <012K>

and I'(-) is the Gamma function. This means that (2.3) has a stationary distribution whose
density is a Gamma distribution F((Zr/alz) -1, 2r/012K). By direct calculation we have

. . Kolz
lim E(¢yo())= lim |K— — [ =K,
o—0 o1—0 2r

. . Kzaf 2r
Jlllgo Var(¢y (1) = U£1Ln0 12 0—12 —1)|=0.

These equalities imply that the process ¢, (f) converges to K in Ly as o1 — 0, which proves
item (ii). O
By Lemma 2.2(i), from now on we are only interested in the case r > 012 /2. Forany « € Ri’o
and o > 0 we define a threshold
022 * mpx
Ago ==y — =+ ——Pa,o (x) dx.
2 0o a+tcx

We note that when o = 0 we have A4 0 = A4 as defined by (1.2).
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Lemma 2.3 The mapping (o, 0) — Ay o IS continuous on the domain

D= {oez(r,K,m,ﬂ, y,a,b,c):ae]Rs, r>012/2, o] 20}.

Proof. The integrability of the function x(zr/ of )_2e_(2r/ of K)x, x>0, depends on the two
singular points 0 and oo. For ag = (ro, Ko, mo, Bo, Y0, a0, bo, co) € D and op with 09,1 >0,
we can find a sufficiently small n > 0 such that the function

x((Zm—n)/(o&1+r/))—Ze—((Zro—n)/(a(ilKo+n))x forO<x<1,

h(x) =
D=1 s (ot )2 (o) o) oy <
is integrable on R, . Further, for all @ to be close to ¢ and o to be close to oy, we have
DPa.o(x) < h(x) for all xeRy. As the function mBx/(a + cx) is bounded, we can use the
Lebesgue dominated convergence theorem to get limy— 4,0 -0y 2,00 = Aa,0p-
The case o¢ = 0 follows from Lemma 2.2(ii). O

Theorem 2.1 If Ay » <0 then y4 5(t) has the Lyapunov exponent Ay o and xq o (t) — Qoo (1)
converges almost surely to 0 as t — 00 at an exponential rate.

Proof. Since the function h(u) = u/(A + u) is increasing in u > 0, it follows from (2.5) and
the comparison theorem that

Yoo @ _ yao® o 1 / Bmxe.o(s) . 0B
t t 2 t Jo a+Dbyyo(s)+ cxgo(s) t
e ® o L [T Bmeas) o oaBa(t)

t 2 t Jo a+cpq,o(s) t

Letting t — oo and applying the law of large numbers to the process ¢y -, we obtain

—pa,a(x) dx= )"(x,o . (2.6)

lim su
P a-—+cx

t—00 t - 2

In yo o (1) -, 0_22 N /oo Bmx

We now prove that the process Xy, 5 (f) — ¢, (f) converges almost surely to 0 by estimating
the rate of convergence @y o () — Xq,0 (tf) when t — oo. Using 1td’s formula, we get

t 2
In X, () = In xo + / (r(l - x"‘"’(”) = My (5) - "—1) ds + o1B (1),
0 K a+ bYOt,a(s) + Cxoz,o(s) 2

t 2
1N g (1) = I 0.0(0) + f ((1 - ‘”“’”(”‘)) _ "_1) ds + 01 B (0).
0

K 2
From these and the inequalities

my my
— < — forallx, 0, H< nH, t>0,
a—i—by—l—cx_ P X,y > xa,a()_(/)a,c()
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we have

0 <lim sup In ‘pot,a(t) —1In xoz,o(t)

1—00 t

) 1 [ /r m
fllmSUP; /0 E(xa,c(s)_(pa,a(s))‘i‘Eyoz,a(s) ds

—>00

m 1 !
< — lim sup n / Ya.o(s)ds =0. 2.7)
0

a  t—oo

From (2.4), it is easy to see that lim;—, oo (In ¢y, (¢))/t =0 a.s. Combining this with (2.7),
we obtain lim;—, oo (In Xy, (£))/t =0 a.s. Hence, from (2.6),

In Ya,o (#)—1In xa,a(t)

lim sup <Xao <O0. (2.8)
—> 00 t
Otherwise,
1 P {
d( ):(01 "Ly M0 (! )dt— L aBy(r),
xa,a(t) xa,a(t) K xa,o([)(a + bya,o(t) + CXg o () xa,a(t)

(U‘Z_r+ r)dt— o 4B,
Cuo) K Caot)

<¢Dl )
d
s0 (l)

Put
1

Yo Puo)

D=

We see that z(t) > 0 for all ¢ > 0, and

_ 2 _ mya,o(t) _
&@_0” Ow”kmmm+wmm+mmmgm 0 B

In view of the variation of constants formula [21, Theorem 3.1, p .96], this yields

(1) = wqfw*o Mo (5) d 2.9)
ar=a 0 g xa,a(s)(a + bYa,o (s) + Cx(x,a(s)) > .

where W(7) = e@1/2=N1=01B10) Tt g easy to see that

In W(t 2
lim YO _or (2.10)

t—00 t 2

Let 0 < A < max {(r — 012)/2, —Aa,g} be arbitrary, and choose ¢ > 0 such that 0 < r+

3e < max {r - 012 /2, =Xy } From (2.10), there are two positive random variables 11, 12 such
that

me(olz/z_r_g)’ <W() < nze(alz/z_”“e)[ for all > 0 a.s. 2.11)

Further, it follows from (2.8) that there exists a positive random variable 73 that satisfies

Yoo (£) <13 Craa el

< forall £ >0 a.s. 2.12)
Xo,o ®
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Combining (2.9), (2.11), and (2.12), we get

_ t

Y crm 2 2 .

() < ! N3 (o /2-r+e)t / (=02 /24ha 0 +2e)s 4o
any 0

Thus,

0 < hm eitz(l) < c1imn2ns3 hm (e()nu,o+x+3€)l‘ _ e(x+<7]2/27r+s)t) — O
—00

am(r— 012/2+ Ao + 28) 1—=00

As a result,

: At : At 1 1
lim e*z(f) = lim e — =0. 2.13)
=00 =00 xoc,a(t) (poz,tr(t)

Since limy— o0 (In Qg 5 (2))/t =0, limy— 50 e’X’/zgoig(t) = 0. Using (2.13) we get

o o 1 1
lim e)"/z(%,)(,(t) — Xq0(®)= lim e”/zgoa,g(t)xa,g(t)< — )
t—00 1—00 Xo,o (t) Qoot,a(t)
- 1 1
= lim e ™2y o (X0 (e | —— — =0.
t_l)Igo € Qa,0 DXy, ()€ Yoo Paol)

This means that x4 o (f) — @q.o () converges almost surely to 0 as # — oo at an exponential
rate.

We now turn to the estimate of the Lyapunov exponent of y, . From (2.5) we get

yao® _Wyee® _oF 1 / Brsas(s) o:Ba(®)
t t 2 t Jo a+byyo(s)+ cxgo(s) t
1 0 o} 1 (! B(t
_ nYyy,o(0) _y— o 4z / Bmey 5 (5) ds + 02B>(1)
t 2 t Jo a+ couo(s)

'
+ l / ,Bm( xa,a(s) _ goa,o(s) ) ds
tJo a+byyo(s)+cxao(s) a4+ ceyo(s)

Since limy— o0 (Xg,0 () — Pa.o () = 0 and lim;—, o0 Yo, (#) = 0, it is easy to see that

.1t Xo,o(8) P, ()
lim — | Bm — ds=0.
=00 f Jo a+bya,a(s)+cxa,cr(5) a+ c@g o (s)

Thus,

= Aa,o s

2
iy Meo® _ . (I0Yeo©) , %, 11 Bmga,o(s) ds + 2820
t— 00 t t—00 t 2 t Jo a4+ Py, (5) t

which completes the proof. (|
The following lemma is similar to one in [6].

Lemma 2.4 For T, ¢ >0 and ag € ]Ri’o, there exists a number k and § such that, for all o €
Us(ag) and 0 < |lo|| <k,

P{[| @2, (1) — &, (1)]| =  for some 1 € [0, TT} < exp {—ﬁ} b eRs(ag).  (2.14)
’ o
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Proof. Let 0 < 8 < ¢ /2L Te"T . From (1.3) we have

0sup |8 — @8 )] < % for all o € Us(e), ¢ € Rs(exp). (2.15)
<t<T

Let R > 0 be large enough that Rs(cg) C Bg, and let hg( - ) be a twice-differentiable function
such that, for 0 < hg <1,
L if [¢]l <R,
hegy=1' 9
0 if||¢|l>R+1.

Put

W) Do,
fh<¢,a>=h<¢>f<¢,a)=< @y @ “)),

)P, a)

oix 0
gn(P) = h(x, y)g(x, y) = h(x, y) ( 0 ) .
o2y

It can be seen that f;,(¢, ) is a Lipschitz function, i.e. there exists M > 0 such that

(1, @) — fulg2, ) <Ml — 11| for all € Us(ao), 1, 2 €RY. (2.16)
If we choose M > 2R? we also have
lgn(®)gs @) <Mllo > forall ¢ € R. (2.17)

Let 5§U (1) be the solution starting at ¢ € Rs(xg) of the equation
dd(1) = f,(D(1), &) dt + gu(D(r)) dB(),

where B(f) = (B1 (1), B2(1)) . Define the stopping time ‘L'[? =inf{r>0: | L (1) | =R}
It is easy to see that 5&0(0 = @5,0(0 up to time ‘L'I?. Since the state space Rs(cp) of (1.1)

is contained in Bg, the solution CDﬁ( -) of (1.1) is also the solution of the equation d®(7) =
Jn(®P(?), @) dt, t > 0, with initial value ¢ € Rs(p). For all ¢ € [0, T], using 1td’s formula we
have

~ [ ~ ~
|84 ,)— @S| =2 /O (B2 ,(5)— @L) " (@2, (5). @) — fir(PL(5), @)) ds
t
b [ (@2 0)mace(en (B2, gy (B2,5(6) s
0

t
+2 / (B2, (5) — D2(5)) " gn (B2, () dB(2).
0

By the exponential martingale inequality, for T, ¢ > 0 there exists a number « =« (T, )
such that P(Q) > 1 —exp { — k /[l ||*}, where

t
Ez:{ sup [ / (B2, (5) — DL(5)) " (DL, (5)) dB(1)
ref0,7) L Jo
1

2|lo |12

K, @ eRg(ao)}.

t
/0 (88,05 = L) 8n(BL0 ()81 (B0 () (BL 5 (9) — DE(s)) ds}
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From (2.16) and (2.17), this implies that, for all » € <,
|32, — 220)|* <2 /0 t |®% 5 (5) = DL | /(DL 5 (5), @) = fir(PL(s), @) | ds
+ [ 0 ace(n (B2, 9)e] (B2,6) s
o ) 1380~ 020 a8, 0 @2, 0] 0

!
—|—2/ Kk ds
0

t
§3M/ |32, (5) — D2(s)|* ds + M| o | + 20)T.
0

For all ¢ € [0, T], an application of the Gronwall-Belmann inequality implies that

|82 (1) — @) < \/ (M||o' |12 + 2«)T exp{3MT}
in the set 2. Choosing « sufficiently small that (M2 + 2x)T exp{3MT} < ¢2/4 implies that

|88 (1) — @) < % for all a € Us(ag), 0 < || || <k, w € K. (2.18)

From (2.18), (2.15), and the triangle inequality, we have ||CI> o) — dDgiO(t)H < ¢ for all
o elUs(ag), t€[0,T], we Q. It also follows from this inequality that when w € Q we have
tg > T, which implies that

P{[| @ , (1) — &%, (0] < ¢ forall 1€ [0, T1} = P(Q21) = 1 — exp {'u K|‘|z}
’ o

holds for all 0 < ||o|| < k and o € Us(ap). This completes the proof. O

Theorem 2.2 Let ag = (rg, Ko, mo, Bo, Y0, ao, bo, co) be a vector of parameters of the system
in (1.1) such that Ay, > 0 and

bo < min { <0 mO'BO _ COVO }
Bo” yoBo(moBo — covo) + moroB?

Then, there exist §1 >0 and & > 0 such that, for all o € Us, (o) and 0 < ||o|| <, the
Markov process szZ,J(t) = (Xq,6 (?), Yoo (1)) has a unique stationary distribution [Ly, . Further,

Ha.o IS concentrated on Ri’o and has a density with respect to the Lebesgue measure. Also, for
any open set V containing I'y, we have

im  peoc(V)=1, (2.19)

(r,0)—> (00, 0)
where Ty is the limit cycle of the system in (1.1) corresponding to the parameter .

Proof. Since

Km, C m2B2 — c2y?
hay = —0 + _KmoPo_ >0, bo < min { 0 0Py — <% }

ao + Kco Bo” yoBo(moPo — covo) +morof3
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we can use Lemma 2.3 to find §; > 0 and & such that

A 622+/OO mpx (x)dx>0, b <min mp? —cy?
=—y - = X
A T A /3 yB(mB — cy) + mrp?

hold for all o € Us,(atg) and O < ||o|| <. By virtue of [7, Theorem 2.3, p. 192], the Markov
process @g,d(t) = (Xg,0 (1), Yoo (¢)) has a unique stationary distribution (1o » With support R2°,
Further, by [1, 19], the stationary distribution (44, has a density with respect to the Lebesgue
measure on R>° by the non-degenerate property of g(¢).

On the other hand, it follows from (2.2) that for any ¢ > 0 there exists R = R(¢) such that
Ha,o Br)>1— ¢ for every a € Us, (ap) and 0 < ||o || <.

By the assumption of Theorem 2.2, it can be seen from Lemma 1.1(ii) that ¢;O is a source
point, i.e. two eigenvalues of the matrix Df (¢;0, ozo) have positive real parts. Therefore,
the Lyapunov equation Df (¢, . ozo)TP + PDf(¢3,. @) =1 has a positive definite solution P.
Since Df(¢, o) is continuous in ¢, «, there exist positive constants 0 < d < 81, 0 < 83, and ¢
such that

V($, @) = Vy(p, a)f (¢, @) > cllp — Il
trace(g ' (¢)Pg(¢)) = clo||?

for all¢eV53( ) o € Us, (o), where V(g, o) = (¢ — ¢ Y P(¢p — ¢2). Hence,

LV(¢, &) = Vg, 0)f (¢, @) + trace(g ' ($)Pg(e)) = clio ||

for all ¢ € Vs, (¢%,) o € Us, (o).
Writing § = V53/2(¢a0) and Z = Vs, (7). we now prove that lim(,o)— (ap.0) He.o (S) =0

First, we note from (2.14) that there is 7* such that if ¢ € Bg \ S then CDf/; (t) e Bg \ Z for all
t > T*. Further, for any T > 0 we have

Hao®= [ Puca(T. 9. St (0)

R

:/ Pot,a(Ts¢7S)Ma,o(d¢)+/Pa,a(T»¢sS)Ma,o(dqs)'i'/‘ Poo(T, ¢, ita,o(d9),
Br\S s BS

R

where Py o (T, ¢, -) = ]P’(Cbgg(T) € ) is the transition probability of the Markov process @ﬁ,c,.
It is clear that

/B Pao (T 6. Vo (@0) < oo (BF) < ¢
R

For ¢ € S, let to‘zg be the exit time of cbﬁ,a( -) from Z, ie. ro‘ff[, =inf {t >0: @ﬁ,g(t) o4 Z}
By 1t6’s formula, we have

r,fam
0 >EV(®L,(t2, A1) — V($)=E / LV(D2 ,(5)) ds
0

> cllo|I’E[t¢, At] = clolPP(zl, = 1), t>0,
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where 6 = sup {V(qb, a):peZ,ac Z/{SZ(O{O)}. Choosing

20 "
T, = max —, T
clloll

means that }P’(t‘ig >T,) < 3 forall ¢ €S, & € Us, (o). Thus,
Poo(Ts. ¢, 8) =P(®%(T,)€S)
=P(®*(T,) €S, 10, > To) + P(®?(Ty) €S, 10, < Ty)
s fa,0

1
=3 +P(d(T,) €S, 12, <Ty). (2.20)

By using the strong Markov property of the solution, we get

Ts
P(e?(Ty) €S, 12, <Ta)=/ [/ P{oY (T, —t)eS}]P’{@z[”U(t)edt/f}}P{rﬁig edr}.
0Z

0

Note that when Y € 92 we have CDQw (Ty — 1) € Z for all t > 0. Therefore, by Lemma 2.4
with ¢ =83/2 we can find o > k > 0 and 0 < 84 < §; such that IP’(CI)()I/[',U(T(7 —1e S) <exp { —
IC/||O’||2} for0<t=<T,,0<|lo|l <k, and a € Us,(ap). Hence,

P{¢¢(T0)es,rgfg<n}gnexp{—”"W}, aels, (), 0< ol <k.  (2:21)
’ o

Combining (2.20) and (2.21), we get

1 K
/P(Tg, @, Hita,o(dp) < EH«O[,U(S) + T exp {—W} a €Us,(ap), O < lo]l <k.
S

On the other hand, when ¢ € Bg \ S we see that CDg(Tg) ¢ Z. Therefore, using (2.14) again
we get

K
f P(T5, ¢, S)ita,o (dd) < exp {——2} a €Us,(ap), 0<lofl <k.
Br\S lloll

Summing up, we have

1
Ma,U(S) =< E,U«a,a(S)'i‘(Tc + l)eXP {_ } +e& o 6“84(010)5 0<lo]l <k.

K
lol?
Noting that lim(y, o) (ag,0) (T + 1) exp { — k/[lo]|*} =0, we can pass the limit to get
. |
limsup (g o(S) <= limsup pgo(S)+e.
(at,0)—(t,0) (at,0)— (g, 0)

Since ¢ > 0 is arbitrary, lim sup(y ), (aq,0) Ha.o (S) = 0.

We now prove (2.19). Let V be an open set containing I'y,. It suffices to show that, for
any compact set B intersecting neither V nor S, we have lim, ) (ag,0) Ha,o (B) =0. Let 3d =
dist(BV, Fao) and Vd(Fao) = {x : dist(x, Fao) < d}. From Lemma 1.2(ii), there exists 0 < §5 <

https://doi.org/10.1017/jpr.2023.98 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.98

1024 N. D. TOAN ET AL

84 such that Ty C Vg(Ty,) for all o € Us, (p). It is clear that dist(B, Va(Tg,)) > 2d. Let & >
0 and R=R(¢e) > 0 be such that S, BC Bg and jiq,0 (B) <é. Since 'y, is asymptotically
stable, we can find an open neighbourhood U of I'y,, such that U C V;(I'y,) and if ¢ € U then

CDZ?O(I) € Vy(Iy,) for all £ > 0. Further, the simple property of the limit cycle I'y,, implies that
lim;_s o0 dist((bﬁo(t), I,) =0 for all ¢ ¢ S. This means that, for every ¢ € Bk \ S, there exists
a T? such that <I>£0 ()e Uforallt>T9.

By the continuity of solutions on the initial condition, there exists d, > 0 such that ®f, (1) €

U for all z € Vs, (¢) and 7 > T%. Since Bg \ S is compact, there are ¢, ¢, ..., ¢, such that
Br\SC Ui_ Vs, (9). Let T = max {191, 7%, ..., T%}. It can be seen that @ﬁO(T) eUcC
Vu(Ty,) forall ¢ € Bz \ S. Similar to the above, we have

Ma,o (B) Z/ Pa,a(Ta 9, B)Ha,a(d¢) + / Py s (T, ¢, B)Ma,a (do)
Br\S S

+ ,/Bf Pa,a(Tv ¢’ B)/La,g(d(.b)

R

< [ Paro (T2 . Bt @) + e (5) + ravr (BS)
Br\S

< [ P (T, &, Bt (4)) + e () + .
Br\S
Using Lemma 2.4 again with ¢ = d, we can find §¢ < §5 and « such that

P{||®? () — ®%(T)| Zg}SeXp{—#}, @ €Usy(cn), ¢ €Br\S, 0 <ol <.

This inequality implies that

IP’{Hd)g’{,(T)EV}zl—exp{—#}, a €Uss(ap), peBR\S, 0<|o| <xi.

Since BNV =4, PW,(T,¢,B)=P{||©£,G(T)GB}gexp{—/q/||0||2} for all ae
Uss (o), @ € BR\ S, 0 < |lo|| < «1. Hence,

K
Ma,G(B) < exp {__1} + I’LC{,U(S) + e,

lol?
and thus
K
limsup peo(B)<  lim (exp {— 3 } + Ua,o(S) + 8) =e.
(@,0)—(@0,0) (@,0)—(a0,0) llo|l
Since ¢ is arbitrary, lim SUP(y.0')— (. 0) Het.0 (B) =0, which completes the proof. U

Corollary 2.1 Suppose that all assumptions of Theorem 2.2 hold. If H is a continuous and
bounded function defined on R%, then

T*

1 —
li H(x)d =— H(®? (1) dt,
(a,g)in(lao,m - () dppg, o (%) T J, (g, (1)

where ¢ is any point on Lo, and T* is the period of the limit cycle, i.e. c1>20 t+T%)= CDgO .
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Proof. Let 6“( -) be the stationary solution of (1.4), whose distribution is (. We can
see that

/ H(¢) dita,0(#) = EH(®y (1)), forall 1> 0.
R}

In particular,
1
f H(¢)dua,a(¢)=—*/ H (D0 (1) dr
R2 * Jo

where T* is the period of the cycle. Since the measure (4 (- ) becomes concentrated on the
cycle 'y, as (o, o) approaches («g, 0) and H is a bounded continuous function, we obtain

(a,0)—(20,0) JR2

. 1 ?
lim / H@) dpar )= - /0 H(F, (1) dr

where ¢ is any point on the limit cycle Iy, This completes the proof. O

Theorem 2.3 Let ag = (ro, Ko, mo, Bo, Y0, ao, bo, co) be a vector of parameters of the system
in (1.1) such that Ay, > 0 and

202 2.2
€0 moBy — Yy }

bo > min {
Bo” yoBo(moBo — coyo) + moroBy

Then, there exist 6 >0 and & > 0 such that, for all @ € Us(ag) and 0 <o <o, the pro-
cess (Xq,5 (1), Yoo (1)) has a stationary distribution [Ly . concentrated on Ri’o. Further, for any
open set V containing the positive equilibrium point ¢)a0 (xao, Yao) Of the system in (1.1),
lim(a,ﬂ)ﬂ(ao,O) Ha,o(V)=1.

Proof. The proof is quite similar to that of Theorem 2.1, so we omit it here. O

3. Numerical example

Consider (1.1) having the parameter o9 with ro=1, Ko =5, mo=9, ap=1.75, by =1,
co=1, yp=0.6, and By =0.5. Direct calculation shows that Ay, =2.7582 > 0 and a posi-
tive equilibrium (x*, y*) = (0.3, 0.233) with Df(x*, y*) has two eigenvalues, 0.0016 + 0.66i.
Further,

bo < min { co mO'BO _ COVO }

Bo” yoBo(moBo — coyo) + moroB3

Thus, this system has a limit cycle I'g, as shown in figure 1, starting from the point
(0.67, 0.25). Let V be an e-neighbourhood of I'g with ¢ = 0.01. For ||o || < 1, we have A, 5 > 0.
This means that (1.4) has a unique stationary distribution (g,

We estimate the probability pq (V) as 0 — 0. To simplify the simulation, we fix all the
other parameters, except for the variation of a, and list the results in table 1. The simulation
phase pictures of the solution (1.4) are presented in figures 1 and 2.

4. Discussion

Robustness plays a very important role in studying mathematical models in biology and
other fields since it ensures the output and forecasts are consistently accurate even if one or
more of the input variables or assumptions vary. In fact, we know that the parametric model
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TABLE 1. Simulation results for numerical example.

o (0.5, 0.5) (0.1, 0.1) (0.01, 0.01) (0.001, 0.001)
a 1.8000 1.7500 1.7200 1.7100
Ao 2.3975 2.7200 2.7450 2.7500
Ha,o (V) 0.1575 0.3380 0.7001 0.8960

The limit cycle I'; of the system (1.5) when a=1.78, =0

The sample of phrase picrure when a=1.75, 7=0.1

vt
°
&

v
e e
[
vt

X(t)
FIGURE 1. Left: Limit cycle I'g of (1.1). Centre: A sample path of (1.4) when a =1.78, o =0.5. Right:
A sample path of (1.4) when a =1.75, 0 =0.1.

The sample of phrase picrure when a=1.72, +=0.01 The sample of phrase picrure when a=1.71, =0.001

0.6 0.6 T
(xy)(t)- (xy)(D)-
—
051 1 05} 0 1
041 04
g o3t s 03f
0.2 02t
041 01kh
0 . . . . . . 0 . . . . . .
0 01 02 03 04 05 06 07 0 01 02 03 04 05 06 07

X(t) x(t)

FIGURE 2. Left: A sample path of (1.4) when a =1.2, 0 =0.01. Right: A sample path of (1.4) when
a=1.71,0 =0.001.

is not quite true, and therefore we require that the distribution of the estimator changes only
slightly if the distribution of the observations is slightly altered from that of the strict parametric
model with certain parameter values. In this paper we have proved that the predator—prey model
perturbed by white noise with Beddington—-DeAngelis functional response (1.4) is robustly
permanent and the stationary distribution depends (in weak topology) continuously on the data
if it exists. The fact that the long-term population density concentrated at any neighbourhood
of (xj;o, y;‘;o) or of I'y,, when the parameter o approaches «y is significant in practical problems
since it allows us to know that the long-term behaviour of the population is very close to the
evolution of the corresponding deterministic system.
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