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NOTE ON AUTOMORPHISMS OF A FREE
ABELIAN GROUP

BY
OLGA MACEDONSKA-NOSALSKA

Let F be a free group. Denote by F=F/F’ the quotient group by the
commutator subgroup which is a free abelian group. The fact that the natural
map from Aut(F) into Aut(F) is an epimorphism, in case when F is finitely
generated, was known as a consequence of the theory of Nielsen transforma-
tions ([2]) Proposition 4.4 and [3] Corollary 3.5.1).

This fact was proved recently by R. G. Swan in [1] for any free group F. We
give here a much simpler proof of the theroem for F countably generated with
the use of Nielsen transformations. The general case follows from the counta-
ble case in the same way as in [1] (except for misprints).

Let x;, i=1,2,... generate F freely, then the cosets X, =xF’, i=1,2,...
constitute an abelian base in F.

TueOREM. Every automorphism of F is induced by some automorphism of F.

Proof. Let @ be an automorphism of F. Denote @(%)=a, i=1,2,.... The
cosets @;, i=1,2,... give us another abelian base in F. To show that & is
induced by some automorphism a of F we shall find a set of representatives
a;€a, i=1,2,... which freely generate F. Denote
(1) angp(ila"'afn)s
2 A,=gp(a,,...,a,.

Let ¢, L, (¢, =1) be successively defined as the minimal numbers satisfying

X cALc X, o e X, CAL X, S

We complete each set {X;,..., f“i} to an abelian base in A;, and each set
{a., ..., a.}toan abelian base in X,, , k=1. Let these bases be fixed. Then
(3 ALk =gp(xy,. .., Xew Uer1s++ + 5 ﬁLk)’

4 Xekﬂ = gp(db ey de, 1_’14c+1, ceey 1—5&(*,),

(5) X =8Py, ..., Xy Ugats -« o5 Uy Drrts - - - > Do)

Consider that automorphism of )_(ek“ which maps X, i=1,2,..., €., into the

successive generators in (5). By [3] Corollary 3.5.1 there exists a Nielsen
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transformation N which induces this automorphism and is identical for ele-
ments with indices i <¢,. Then

(6) N(xl, ey Xekﬂ) =(x1, ey xgk, u€k+1, ceey uLk, ULk+l’ ceey 'Uek+l)

for some representatives w,€ii, €, +1<i=<L,, and v;€v, L, +1=i=€,,.
Now (3) and (6) suggest the following definition of inverse-image subgroups for
X, and A;,, k=1in F

(7 Xe, = 8p(x1, ..., Xe,),

(8) Ap, =gP(X1, ..., X Ugi1r - - -5 Up,).

We then have

) X, CA X, CX,CA,LCX, T .

To prove the Theorem we will find a set of representatives a,€a;, i=1,2,...
such that its subset {a;, i=<L,} freely generates A, , k=1. We proceed by
induction on k. For k=1 we have by (3) A, =gp(@,...,a. )=
gp(Xy, @1, ..., Ur,). Let N, be a Nielsen transformation such that

Ny(%y, U, ..., 0,)=(8y, . .., L),

then we apply N,; to generators in A, given in (8) to define
N(xl, Uz, ..., uLl) = (ala LR ] aLl)'

Suppose now that a free base {a;,...,a;, } for A;  has been chosen as
required. Now from (8), (6) for €, and the inductive hypothesis for A, |

(10) ALk = gp(al’ L] aLk_ﬂ va_,+15 L] Uek, u€k+19 LRI ] uLk)-

Consider A_Lk, then it follows from (10) and (2) that there exists a Nielsen
transformation N,, identical for elements with indices i <L, _, such that

Nk(di, ceey de_l, 6Lk,1+1’ o sy 6€k, ﬁ(k+1, ey ﬁ,_,k) = (dl, e ey de)'
Using (10) we then define the required abelian base in A;, of representatives
a;ea, i=<L, by

Ne(@y,...,a0, 0, 15«5 Vg Ugrrs - - o> U, ) =(ay, ..., a,).

Thus we have defined the set {a,i=1,2,...} of representatives in a; i=
1,2,... which by (9) generate F freely. Hence the mapping a:x; > a;, i=
1,2, ... defines the required automorphism on F. The Theorem is proved.
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