CONSTRUCTION OF PRIMITIVES OF GENERALIZED
DERIVATIVES WITH APPLICATIONS TO
TRIGONOMETRIC SERIES

P. S. BULLEN

1. Introduction. This paper is an extension of the ideas discussed in
(3, §§ 14-16); the extension consisting of the use of the third and fourth sym-
metric Riemann derivative instead of the Schwarz or second symmetric
Riemann derivative.

The Jo-integral, due to James (1), is defined in (3) as follows. Let f(x) be
measurable on [a, 8] and finite at each point; if there exists a continuous func-
tion F(x) such that D*F = f everywhere on (a, b),

Dip = pi P B) = 2F () + Pl — b)

2
h-0 h

then

X

an f SOt = P@) = S0 F@) = 2L ) = Ha(Fia,b,%),

The definition is unique since if F(x) and G(x) are continuous and D?*F =
DG everywhere then

Hy(F:a,b,x) = Hy(G:a, b, x).

This integral has application to convergent trigonometric series, (3).

Using the third and fourth symmetric Riemann derivatives J;3- and J4-
integrals are defined and applied to (C, 1) and (C, 2) summable trigonometric
series.

2. Definitions. With the notation of Kassimatis, (4), we write for any
function F(x) defined at the points x1, X3, x3, X4,

(2]) Hg(Fle, X9, X3, x4) = F(x4) - F(xg) gﬁ: : zi; Ei: : ;z;

_ (x4 - xs) (QC4 - xl) _ (x4 — xz) (.’X,’4 — xg)
P s e —xn) — F ) (o ) Gor = )

H3(F:x1, X2, X3, X4)
X4 — x1)(x4 - xz) (x4 - x3) )

(2.2)  V3(F:x1, xs, x3, x4) = (
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V3 is then the third divided difference of F(x). In particular if 2 > k& > 0 we
write

2.3) wiy(F:x;h k) = ws(x; b, k) =31Vs(Fix+ h,x+ kx —kx—h)
__3 {F(x-{-h) ~— Fle—h) _Fle+k) ~ F(x—k)}
-k 2 k ’
(2.4) wi(F:x;3h, k)
_ A*(F:2h)  F(x +38k) — 3F(x + k) +3F(x — h) — F(x — 3h)

@n)?° (2h)? '
From (2.3) and (2.4) we define
(2.5) A" F(x) = hl,ik—rgo ws(x; hy k), 8"'F(x) = thikrI:10 ws(x: h, k),
(2.6) D’F(x) = i}ﬁ wy(x:3h, 1),  D'F(x) = Lm ws(x: 3k, k),
- >0

and if D3F(x) = D3F(x) we say that F(x) has a third symmetric Riemann
derivative at x and write it D3F(x).
Clearly
2.7 8"F L D}FDYF < A"PF.
The following lemma, which generalizes Theorem 19, (3), is needed later.
LEMMA 2.1. If F exists in an interval containing x and if A1(8,) is the greater
(smaller) of the first derivates of F'' then
(2.8) b < 8" < A< Ay
All points will be assumed to be interior to the interval mentioned in the
statement of the lemma. It is sufficient to prove 6; < § as a similar argument
will complete (2.8). Further we may obviously assume §; > — . The proof
is in two parts.
(a) Assume §; < . From the definition of 4, if ¢ > 0 is given, there exists
u > 0 such thatif 0 < 5, £ < u then
F'(x +m) — F'(x) > 7(81 — ¢),
Fllx — & — F'(x) <£01— ¢
Consider the function X (#) defined by

2 3
— G F) = 57 61 = ),

X)) = Flx +u) — F(x) — uF'(x) )

The following properties of X (#) are immediate,
X'(u) = F'(x + ) — F'(x) — uF"(x) — 57 (1 — o),

X"(u) = F'"(x +u) — F'"(x) — u(61 — ¢),
X(0) =X'(0) = X"(0) =0,
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X'"(u) >0if0<u<p,
X"(u) <0if —p < u <0,
(2.10) wy(X:0;h, k) = ws(F:x; b, k) — (01 — ¢).
It follows, from (2.10), that it is sufficient to show that, for all %, £ small
enough, w3(X:0; %, k) > 0. To do this define, for 0 < u < g,

Y(u) = X(u) —uX(—u) .

(2.9)

Then by (2.3)
wy(X:0;k k) = Zz—i—kg (Y(h) — Y(k)).

If, therefore, ¥ () is monotonic increasing for all # small enough, then
w3 (X:0; h, k) > 0. Now

V') = = 5 (X @) = uX' @)} = (X(=w) = (—u)X'(=u)}]
=~ L2 ~ Z(~w)]

where Z(u) = X(u) — uX'(u). Z(u) is clearly defined wherever X (u) and
X' (u) are defined and

Z'(u) = —uX"(u) <0
by (2.9). Hence Z(—u) < Z(u) and hence Y’'(u#) > 0 wherever Y'(u) is
defined.
Thus we have shown that Y(u#) is monotonic increasing and the result
follows.

(b) Assume §; = . Then in the above argument replace §; — ¢ by an
arbitrary positive number 4 to arrive at §’"/ = §; = ».
The following lemma due to Saks, (5), will be required later.

LEMMA 2.2. If F'(x) exists everywhere in [a, b] and D*F > 0 in (a, d) then
F'(x) is continuous, convex, and
(2.11) AF(x:2k) >0

Jor every x, h > 0 (a < x — 3h < x 4+ 3k < ).

3. We now wish to define a class of funtions for which D¥F = DG every-
where in an interval implies H3(F: x1, X2, X3, x1) = H;3(g: x1, X2, x3, x4) for all
sets of four points in that interval. As has been pointed out by Kassimatis,
(4), continuity of F and G is not enough.

LEMMA 3.1. If F'(x) exists and is continuous in [a, b] then
3.1) min D_3F(x) < 3! Va(F:x1, %2, X3, x4) < max BEF(x)

a<z<d ~ a<z<b

for all x1, xs, x3, x4 in [a, b].
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The argument is that of Verblunsky, (6). Define
(3.2) flx) = F(x) — (ax® 4+ bx? + cx + d)
where a, b, ¢, d are determined by the conditions
J@1) = f(xe) = f(xs) = f(xs) =0
for some xy, X2, x3, ¥4 in (@, b). Simple calculations then show that
a = V3(F;x1, x2, X3, X4).

Since f(x) has four zeros, f’(x) has three zeros and a maximum at some point
£, say. Then we must have

(3.3) wy(f: &3k, k) <O
for a sequence of %, h; — 0. For if not, then for all # small enough
A? (féh??’h) >0
that is,
f(&+ 3h) — f(¢ — 3h) SIE+h) — f(E — k)
64 2h
> ... > (),

which contradicts the fact that f'(x) has a maximum at £ As we have (3.3)
it follows that

Dife) <0
that is,
23[,‘(;;‘) < 3' a = 3' V3(F: X1, X2, X3, x4).

This proves the left-hand inequality of (3.1). The right-hand inequality
comes from applying the above result to — F. Finally the result holds for
X1, X2, X3, X4, in [@, b] by continuity of F(x).

An immediate corollary of Lemma 3.1 is

LEmMMA 3.2. If the relation (3.1) holds for F(x) — G(x), in particular if
(F — G)' is continuous, then D* (F — G) = 0 implies

(3.4) Hy(F: %1, %3, X3, X4) = H3(G: %1, %3, %3, X4)
for all x1, x2, x3, x4 11 [a, b].

Let
Fi(x) = H3(F: x1, X3, X3, X)
Gi(x) = H3(G: x4, x2, X3, X).

Then D3(F; — G;) = 0 and hence, by (3.1),
V3(F1 — G191, Y2, Y3, 3’4) =0
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for all y1, ¥2, ¥3, ¥a. F1(x) — G1(x) is therefore a polynomial of degree at most
2 but it is zero at x1, x», x3 and hence is identically zero.

The following lemma, due to Kassimatis, (4), obtains (3.4) under weaker
conditions than the continuity of (F — G)’ but it is quite possible that (3.1)
holds under less restrictive conditions which would then generalize LLemma
3.2.

LemMA 3.3. If F(x) and G(x) are defined in [a, b] and (i) F — G is continuous
n la, ], (i) (F — G)' exists in (a, b) then D}*(F — G) = 0 implies (3.4).

4. The J;-integral. Let f(x) be defined and measurable on [a, 8] and finite
at each point. If there exists a function F(x), continuous on [a, 8] and differen-
tiable on (a, b) such that D*F = f then we define the J;-integral of f to be

(41) J;z f(t)d:;t = Ha(F: X1, X2, X3, x)

1,722,723

where x1, xs, X3, x are any four points of [a, 8] and a < x; < x2 < x3 < b.
Lemma 3.3 ensures that this definition is unique.

If f(x) is complex valued and f(x) = u(x) 4 7w (x) then we define the J;-
integral of f(x), if it is defined for both #(x) and v(x), by

ff (t)dat = J::'n'““(t)ds +3 f T'n'mv(t)dg(t).

The following elementary properties of this integral are immediate.
(a) If f(x) and g(x) are Js-integrable on [a, 8] so is af (x) + Bg(x) for any
numbers «, 8 and

z

w0+ s0ia=a | joaits | _ aas.

1,722,738 1,72,23

(b) If f(x) is Js-integrable on [a, 8] it is also J3-integrable on any subinterval
[a, B] and if

F(x) = f f)dst thenifa<dé< B and a<x < B
a,Y,b

fzs Bf(t)d;:.l = Hs(FI , 5, B, x)

5. Application to trigonometric series.

THEOREM 1. Let f(t) be the (C, 1) sum of the series
> ™, co =0,
and let

che™
(5.1) o = 3 S,
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then
(52) f f(t)dgi = Hg(F: X1, X2, X3, x)
71,72,23

To obtain this result we need the following lemma (6, II, p. 69).
LemMma 5.1, “If

X ,
2 @™, =0,
—o0

s summable (C, a), a > —1 at x, to s then it is summable R, at x, to s provided
r > 1 4+ «a. By this we mean that

LR e[ SIN nh)r o
311_1)101 ~Z¢, Cre <-*~mh = 5.
The result as stated in (8) requires @« > —1 but it is in fact true when
a = —1 when it is the result of (8, I, p. 322).
Simple calculations give

Fleth) = Fe =k _ A _ciem<sin nh>

2h ~ int mh
Pl +20) = 2P@) + P —20) _ $ o mz<§in nh>2

(2h)* T B\ ik
Fix+3h) —3F(x+h) +3F(x — h) — 3F(x +3h) _ i Cn m<§iﬂ_1zﬁ>3
@h)® =&\ )

By hypothesis the series 3 c,e™" is summable (C, 1) and hence the series

Z E_‘Qe‘inz and Z EI’% einz

n

are summable (C, 0) and (C, —1) respectively.

Hence by Lemma 5.1 D3F = f everywhere and D?F and D F exist and this
implies the existence of F’(x), (4). This then proves that f is Js-integrable and
gives (5.2).

THEOREM 2. If
Z Cneint
is summable (C, 1) to f(t) then

- _ 3 f ' —int
(53) = 87|-3 —41r,—27r,27;f(t)e d3t'

We first calculate ¢o. In Theorem 1 we assumed for simplicity that ¢o = 0
but this clearly involves no loss in generality.
Hence we know that
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J‘O ft)dst = H3(F: —47w, =27, 27, 0)

—A4r,—2r, 21
=F@)+%F«4ﬁ)—Fpawy—§F@ﬂ,

where

z

3 @ N,
- _ Cox’ , Cnf
F(x) 3/ + ;’0 (1n)3 .
Since the last term on the right-hand side is periodic its contribution to the
integral is zero. Therefore,
0
_ Loy _omp Loy
j:h'—%'hf(t)dgt =3% (—47) 6 (—2m) 36 2m°.
s

é—‘ Co.

To calculate ¢,, # > 0, requires f(x)e™® to be expressed as the (C, 1) sum
of a trigonometric series with constant term c¢,. This has been done by James,
(2), and then a similar calculation to the one above completes the proof of

(5.3).

6. Construction of the J;-integral. The J:-integral can be constructed
by methods used in Jeffery, (3), to construct the J.-integral.

TurorREM 3. Let f(x) € L(a, b) and let f(x) be the finite third symmetric
Riemann derivative of a function continuous in [a, b] and differentiable in (a, b).
Further let

(6.1) $(x) = fz Jm fvf(t) dt dv du,
then
(62) fz f(t)dgt = H3(‘IJI X1, X3, X3, Z)C)

Since the construction follows the lines of (3) it is only sketched here to
point out certain differences.

We first determine a sequence of continuous functions U,(x) such that
D3y, (x) > f(x) and which converges uniformly to ®(x).

As in (1) define 4, (x) such that, with the notation of Lemma 2.1, §:,(x) >
(x) and 4,(x) converges uniformly to fz_f(t) dtasn — .

Then the required U,(x) is

U,(x) = J;xdu J;A,,(t) dt,

which clearly converges uniformly to ®(x) and, from the continuity of 4,(x),

viw) = [a0a, Ui = 4,0,
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By Lemma 2.1
5," Un(X) > 5] Un = 51An > f(QC) = D3F(x)
where F(x) is some function continuous on [a, 4] and differentiable on (a, ).
Hence
Di(U(x) — F(x)) > 0
and so, by Lemma 2.2,
A (U, — f)(x:2h) > 0
forallx, > 0,a <x —3h <x+3h<b
Hence letting n € «
A(D — F)(x2h) >0
which implies
Diy(e — F) > 0.
In a similar manner it can be shown that
D¥¢®—F) <0
which together with the previous inequality implies
D¥3(®d — F) =0.
From Lemma 3.2 this gives

H;(F: x1, X9, %3, x4) = H3(®P: x1, X9, 3, X4),

completing the proof of the theorem.

A function is said to be Lebesgue integrable at a point x, if it is Lebesgue
integrable in every sufficiently small neighbourhood of x,.

As in (3) the above result can be extended to functions f(x) which have a
finite number of points at which they are not Lebesgue integrable. This can
be done provided only that if 8 is such a point, then

Ax) = J;z J:‘f(t) dt du

is Denjoy integrable in some interval (e, v) containing g.

7. The fourth symmetric derivative. We now indicate the definitions
and results in the case of the fourth symmetric Riemann derivative. As in
§ 2 we define

(x5 — x1) (x5 — X9) (x5 — x3)
(x4 — 1) (%4 — x2) (%4 — %3)
(x5 — x4) (x5 — x1) (x5 — %2)

(xs - x4) (xa - x1) (x;; - xz)

(ws — x3) (x5 — x4) (x5 — x1) _ Fx) (s — x2) (x5 — x3) (%5 — x4)
(x2 — x3) (X2 — X4) (X2 — %1) ! (1 — 22) (01 — x3) (%1 — x4) ’

(7.1)  Hy(F:x1, %2, %3, %4, X5) = F(x5) — F(x4)

— F(x3)

— F(x2)
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H4(F: X1, X2, X3, X4, x5)
(x5 — x1) (%5 — x2) (w5 — x3) (x5 — %4)

(72) V4(F: X1, X2, X3y X4, x5) =

It may be noted in passing that the function f(x) in (3.2) is equal to
H4(FI X1, X9, X3y X4, x)
In particular if 2 > & > 0 we write

(73) ws(F:x;h, k) =4 Vy(Fix+ h,x+kx—Fkx—h)
12 {F(x +h) — 2F(x) + F(x — h) F(x 4+ k) — 2F(x) + F(x — k)}

h2 _ kZ h2 k2
74 A S ) _ (P 3 20, 1)
_ Ple+2h) — 4F(x + 1) + 6F(x) = 4F(x — h) + Flx = 2h)
h4
Using (7.3) and (7.4) we define
(7.5) AYF = lim wy(k, k), 8" F = lim w,(h, k)
] ka0
(7.6) D'F = lim w,(2k, k), D*F = lim w,(2k, k),
10 - 70

and if D*F = D'F we say that F has a fourth symmetric Riemann derivative
and write it D*F. Clearly

(7.7) §UVF < D'F < DAF < AUDF,
and we have the following lemmas.
LemMma 7.1. If F""' (x) exists in an interval containing x and if A((81) is the
greater (smaller) of the first derivates of I then
(7.8) 0 < 80 L AU L Ay
LemMma 7.2, If F" (x) exists everywhere in [a, b] and D*F > 0 in (a, b) then
F'(x) is continuous, convex, and
(7.9) A*F(x:h) >0
for every x, h > 0 (a < x — 4h < x + 4k < b).

The proof of Lemma 7.1 is very similar to that of Lemma 2.1. Making all

the obvious changes define
4

X(w) = Flx +u) — F(x) — uF'(x) — F”( ) = F"'( ) - ' (61 — €).

As in the previous proof it is sufficient to show that w,(X:0; %, k) > 0 for
all &, k small enough.
Defining

Xw) —2X0) +X(—u) _ X(u) -I—qX(—u)

2 2
u u

Y(u) =
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it is sufficient to prove Y () to be monotonic for # small enough, » > 0.
Then if we define

Z(u) = 2X(u) — uX'(u)
it is sufficient to show that Z () has a local maximum at # = 0. This follows
since Z’(u) is monotonic decreasing, Z”’ (u) being —u X’’’ (1) which by a result
similar to (2.9) is always negative.

The proof of Lemma 7.2 is exactly similar to that of Lemma 2.2 owing to the
reasons given by Verblunsky in (7).

LemMma 7.3. If F”(x) exists and is continuous in [a, b] then
(7.10) min D*F(x) < 4’ Vi(F: %1, %2, %3, %4, 5) < max D'F(x)
a<z<d T a<z<b
for all x1, %2, x3, x4, x5 11 [a, b].

LEMMA 7.4. If (7.10) holds for F(x) — G(x), in particular if (F — G)" is
continuous, then D*(F — G) = 0 implies

(711) H4(F3 X1, X2, X3, X4, x5) = H4(G: X1, X2, X3, X4, X5).

LeMMA 7.5. If F(x) and G(x) are defined in [a, b] and (1) (F — G) is continuous
in [a, b], (i) (F — G)" exists in (a, b) then D*(F — G) = 0 implies (7.11).

As the proofs of the corresponding lemmas 3.1, 3.2, and 2.3 depend on (6)
the proof of these are exactly the same but are based on (7).

Now let f(x) be defined at each point and measurable. If there exists a
function F(x), continuous on [, ] and with a second derivative on (a, b) such
that D*F = f, we define the Jsintegral of f to be

(7.12) f f()dst = Hy(F: x1, X2, X3, X4, X)

1,22,73,74

where x4, xs, X3, x4, x are any five points of [a, bl anda < x; < x2 < x3 < x4 <
b. The discussion of § 4 applies with obvious changes to this definition. Further,
the following theorems can be proved.

THEOREM 4. If
o .
> ™, 0 =0,
—co

is (C, 2) summable everywhere to f(t) and ¢, = o(n) and if

int
Cn€
then
(714) f f(t)dd = H4(F; X1, X2, X3, X4, DC)
z1,72,73,%4

where x; < x2 < x3 < X4, X are any five numbers.
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THEOREM 5. If
E Cneinz,
has ¢, = o(n) and is (C, 2) summable to f(t) then

0
3 f(t)e ™ dyt.

Cp = 8 4
™ —4r,—2r, 2, 4w

THEOREM 6. Let f(x) be the finite fourth Riemann symmetric derivative of a
Sfunction continuous on [a, b] and with a second derivative on (a, b). Let f(x)
be Lebesgue integrable except at a finite number of points By, ..., Ba. Further

suppose that
z v u
Ax) =f f f f@®ydtdudy i=1,2,...,n

1s Denjoy integrable in some interval (a;, v;) containing B, Then if we define

d(x) = J;x J:l J;u J;Uf(t) dt dv du dy

f f@)dst = Hy(®: x1, x9, X3, X4, X).

1,72,73,74

then
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