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Abstract. Under certain conditions, we construct a countable Markov partition for
pointwise hyperbolic diffeomorphism f : M — M on an open invariant subset O C M,
which allows the Lyapunov exponents to be zero. From this partition, we define
a symbolic extension that is finite-to-one and onto a subset of O that carries the
same finite f-invariant measures as O. Our method relies upon shadowing theory of
a recurrent-pointwise-pseudo-orbit that we introduce. As a canonical application, we
estimate the number of closed orbits for f.
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1. Introduction

In this paper, we consider a family of systems which is called pointwise hyperbolic,
introduced by Chen, Hu, and Zhou in [10], and we construct countable Markov partition
with a finite-to-one almost everywhere induced coding for it. A pointwise hyperbolic
diffeomorphism f : M — M is different from the uniformly hyperbolic situation since the
expansion and contraction depend on points. If the system is defined on an open invariant
subset O C M, as stated in [10], hyperbolicity may not be uniform near the boundary
of O. Under some additional conditions (see [10, Assumptions U and S]), the authors
proved that such a system has unstable and stable manifolds over any orbit with initial value
x € 0. As applications, they give two examples, the almost Anosov diffeomorphisms [15]
and gentle perturbations of Katok’s map [17], and show that under certain conditions, the
requirements given in Assumptions U and S can be verified. For more details, see [10].

In 2013, Sarig constructed countable Markov partitions with full topological entropy for
C'**(0 < a < 1) closed surface diffeomorphisms [22]. His method has been proven to be
successful for other classes of systems. Here are some of the recent developments: surface
maps with singularities [20], C!T® closed manifolds diffeomorphisms in dimension
d > 2 [6], non-invertible and/or singular maps [4, 18], and injective semi-conjugacies
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2 C. Wuand Y. Zhou

[9]. A comprehensive survey on the construction of Markov partitions for non-uniformly
hyperbolic systems can be found in [19].

As pointed out in [7], the key engine that allows Sarig’s methods to be applied to more
suitable adaptations and generalizations is the Pesin theory. For a fixed constant x > 0 and
a non-uniformly hyperbolic orbit, Pesin’s idea [S] was to construct local charts to represent
the action of the differential as a small perturbation of a hyperbolic matrix. After the local
change of coordinates, although the domain of the chart is no longer uniform in size, as
it is in the uniformly hyperbolic situation, this approach produces uniform estimates in
charts, that is, one contracts in rate at most e~ %, and one expands at least eX. Thanks to
these uniform estimates in charts, one can carry out Pesin’s unstable and stable manifold
theorem over a chain (no longer than an orbit), which is then used in Sarig’s and subsequent
work mentioned above to construct a coding for big classes of systems.

Unfortunately, similar to O-summable points considered in [7, Definition 2.1], the orbits
in pointwise hyperbolic systems may not be the x-hyperbolic ones mentioned above
since hyperbolicity may become weak near d 0. An extreme case is an almost Anosov
diffeomorphism on the two-dimensional torus studied in [13, 15], where the orbit spends
almost all the time near the boundary of O for almost every initial point in the sense of
Lebesgue measure. Therefore, the estimates in charts may not be held uniform over an
orbit. To construct unstable manifolds, in [10], they require a prior condition that the
expansion of the map along unstable directions is stronger than the rates of the point
moving away from the boundary [10, Assumption U(ii)].

Since a chain or a pseudo-orbit is an orbit up to small errors at each iteration, a
slightly stronger assumption (see Assumption US(ii) and (iii) in §2) than [10, Assump-
tions U(ii) and S(ii)] is indeed necessary if we construct unstable manifolds over
the recurrent-pointwise-pseudo-orbit we introduce in Definition 5.1 of §5. However,
Assumption US(i) is weaker than [10, Assumptions U(i) and S(i)] since they constructed
unstable manifolds along the orbit of f and thus they required the assumption of pointwise
dominated splitting. At the same time, the Assumption US(ii) and (iii) we require in this
paper were designed to be sufficiently lax that allows us to cover the examples considered
in [10].

The paper is organized as follows. In §2, we give definitions and statements of the
main results. The results apply to counting the number of closed orbits for pointwise
hyperbolic diffeomorphism f under certain pointwise hyperbolic conditions (Assumption
US) and regularity assumption (Assumption R). In §3, we represent the dynamics as a
small perturbation of a pointwise hyperbolic block-form matrix in a suitable (varying)
size of a neighborhood in tangent space (rather than Euclidean space as was done in
[22]) and estimate some inequalities for the ratio of two adjacent neighborhoods under
the action of f. Since the charts no longer have uniform estimates (the orbits may have 0O
Lyapunov exponents), we need to find a suitable definition for admissible manifolds on
which the graph transform is operable over some suitable edge, this is the content of §4.
Section 5 is devoted to the construction of local unstable and stable manifolds over the
recurrent-pointwise-pseudo-orbits, which are the limit points of compositions of a graph
transform acting on admissible manifolds. Finally, in §6, we show how to employ the
shadowing theory of a recurrent-pointwise-pseudo-orbit to construct a Markov partition
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Symbolic dynamics for pointwise hyperbolic systems on open regions 3

which induces a finite-to-one almost everywhere coding for pointwise hyperbolic systems
on open regions O satisfying Assumptions US and R.

Although our coding works on some examples, the question of whether or not there is an
example to clarify the results of the present paper are not included in the work of [7], which
is an interesting and unresolved question so far. In [7, Theorem 8.3 and Corollary 8.4], Ben
Ovadia shows that if an almost Anosov diffeomorphisms defined in a two-dimensional
torus is topologically transitive and the contraction rates along the stable direction are
smaller than 1 even at indifferent fixed point p, then it is O-summable for every x # p,
and moreover it is codable. Note that the example of almost Anosov diffeomorphisms in
this paper is not necessarily topologically transitive and the contraction rates can reach 1
at p. However, this does not mean that our example includes the former, because near p,
the rates in the expansion direction are not limited in [7, Definition 8.2(3)], but we require
the rates of expansion to be greater than the distance from the point to p (see Assumption
US(i)). We mention that there are non-uniformly contracting maps satisfying Assumption
US(ii) in a subset of an open invariant set with every point near p that is not summable.
For details, see Example 2.1 in §2.

2. Definition and statements of results
Let M be a C* connected compact Riemannian manifold with dimension d > 2, and
O C M an open connected subset of M. We will always assume that the diameter of
M is smaller than one (just multiply the metric by a small constant).

Let f: M — M bea Cclte diffeomorphism (o > 0) such that f(O) = O. Denote by
| Dy f 1l and m(Dy f) the norm and the minimal norm of D, f, respectively. Note that we
have m(Dx f) = Dy f 17"

Definition 2.1. The C'** diffeomorphism (« > 0) f is called a pointwise hyperbolic on
an invariant set O C M if there exist two continuous functions A, A* : O — R4 with
A(x) < 1 < A*(x) for any x € O, and an invariant decomposition To M = E" & E* such
that for any x € O,

A(x) < m(Dy flEn(x))s

IDx flEs (i ll < A7 (x),

where EY and EY are called unstable and stable subspaces, respectively.

Remark 2.1. Although it is possible that m (D f|gu(x)) = 1or | Dy fles@x)ll = 1asx —
00, hyperbolicity is uniform when restricted to any compact set contained in O because
of continuity of A*(x) and A®(x).

The following Assumption US is motivated by [10, Assumptions U and S].

Assumption US.
(i) The distributions E* and E* are continuous.
(i)  (U-boundary control) There exist ry, 8 > 0, y* > max{l, g*/a}, 0 < «" <1,
and C* > 1 such that for any x € O satisfying d(x, 00) < r, we have

d(f @), 80>>V" - 1}

m(Df |p)" 1> C”max{d(x’ w07 ( d(x.90)
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(iii))  (S-boundary control) There exist rg, B° >0, y® > max{l, 8°/a},0 < «’ < 1, and
C*® > 1 such that for any x € O satisfying d(x, 30) < ré, we have

d(f~' ), 80>)V“ ~ 1}

m(Df*1|ES(x))KS —1> Csmax{d(x, d0)F’, < 0. 30)

Remark 2.2. Assumption US(i) is a corollary of [10, Assumption U(i)], see [10, Lemma
3.1]. It is therefore weaker than the latter.

Remark 2.3. Near the boundary, the forward images of wu-admissible manifolds
defined in Definition 4.2 grow essentially m(Dy f|gu(x)) — 1 as x — 90, that is, the
hyperbolicity may become weak. A priori, the ratio of size of u-admissible manifolds
d(f(x),00)/d(x, 0 0))”" may be bigger and far from 1. Fortunately, this is not the case
in our setting: Assumption US(ii) means that near the boundary, the expansion rates along
the unstable direction are stronger than the ratio of size along the orbit which is near the
boundary. Therefore, Assumption US(ii) is required for the unstable manifold theorem
(Proposition 5.2(1)) since the size of local unstable manifolds can be recovered under the
forward iteration of f when orbits are near the boundary of O.

Assumption US is similar to the boundary condition control in [10, Assumptions U
and S]. The additional requirements of «* and «* were designed to recover the local
unstable and stable manifolds, but also sufficiently lax that allow us to cover the examples
considered in [10]. It is needed since the local unstable and stable manifold in this paper are
constructed over the recurrent-pointwise-pseudo-orbit defined in Definition 5.1 rather than
an orbit of f as done in [10]. In fact, under certain conditions (see [10, Assumptions A and
K]), for the almost Anosov diffeomorphisms and gentle perturbations of Katok’s map, we
can take (n +28)/(n +38) <k’ <1 and 2a +1)/QRa + 1.5) < k! < 1, respectively,
where t = u, s. For more details, see [10, Theorems D and E].

Givena, b > 0, we write a A b := min{a, b}, a vV b := max{a, b}. The next assumption
is on the regularity of f.

Assumption R. o > (B/y), where y = y* Ay*, 8 = g% v B°.

Remark 2.4. This is stronger than y* > max{l1, 8%/} together with y* > max{1, 8°/«}
given in Assumption US(ii) and (iii). However, at the end of the proof of [10, Theorems D
and E], we can see that for almost Anosov diffeomorphisms and Katok’s map with gentle
perturbations, the authors took « =n > 2, * =n +§, y* = n + 2§ where § € (0, 1/3)
and o > 2, g% =2« + 1/2, y* = 2« + 1, respectively. Because of symmetry between the
expression of the mapping and its inverse, we can take B* = B“, y* = y". Therefore,
a > 2 selected in [10, Theorems D and E] is enough for Assumption R.

We now give a non-uniformly contracting map satisfying Assumption US(iii) in a subset
of O which is unsummable in the sense of [7, Definition 2.1]: a point x € M is called
summable if its tangent space decomposes uniquely into Ty M = H*(x) & H"(x) where
forall £° € H(x), &% € H"(x),

Y UIDSTEN < 00, Y IDfTEY? < 0.

m=0 m>0
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We mention that contrary to the present work, the distribution H*(x) & H"(x) is usually
not more than just measurable.

Example 2.1. For simplicity, let us consider a C'*%(a = 2k, k € N ) diffeomorphism f
of a two-dimensional closed (compact without boundary) connected smooth Riemannian
manifold M that has a fixed point p. Suppose f is a non-uniformly contracting map on
O = M/ p and that there exist a neighborhood U of p and a local coordinate system (x, y)
with p = (0, 0). We assume further that on U, f has the form

FOy) = —x“Ty —eryx®),

where g1 > 0.
Denote z = (x, y). From

D.f = <1 - +Og3xa 0 >’

—elayx I —ex®
it is easy to verify that if z € U, we have

Dl = 1+ +a)x*+0x* 0 .
: erayx® 1+ yox2h 14 81x% + O(x*th

Now let us consider a subset of U:

Up:=UN{ze€U:|yl <|x|* where &5 > 1}.

CLAIM 1. If &1 > 1, then there exist ry, B* > 0, y* > max{l, g*/a}, 0 < «* < 1, and
C® > 1 such that for any z € U\ satisfying ||z|| < rg, we have

, s
m(D-f~ — 1> cAvmax{nznﬁx’ (%) - 1}.

Proof of Claim 1. Note that if z € Uy, we get

D = I1+A+a)x*+0x*th 0
z 0(|x|a+sz—1) 1+81xa+0(x°‘+1) s

and thus m(D, f~1)*" — 1 = gkx® + O(|x|@ 22D,
It is easy to see that

@) =+ x4 0™, y +eryx® + 0(1z]T2)).

One can choose rj small enough such that f ~I(z) € U forany z € Uy satisfying ||z|| < o
and therefore

@ =+ xT + 0*T?), y + O(|x|*Fminte22)y)
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Let us compute

() - eV -]

_cs x2 + 22t + y2 + 0(|x|a+min{2£2,3})>yx/2 .
- X2 4 2
2x2+0! + 0(|x|a+min{252,3})

2(x2 + y?)
< CSVSxOl + 0(|x|o{+min{2£2—2,1})'

— CSVS

Hence, we get
_1 y.S
m(D f7 —12 CsmaX{Hzllﬂs’ (W) - 1}’
2z
where 1/ /61 <k’ < 1,1 < C* =y* < e, and o < B° < ay”. O

CLAIM 2. If &1 < (a/2) + 1, then ), ¢ | D. f™(d/0y)||*> = oo for all z € U, where
(3/3y) = (0, DT,

Proof of Claim 2. Denote z,, = (Xp, ym) := f™(2). Notice that z,,, € U forall z € U. By
using induction, we get for all m > 1 that

0
sz’"5 = (0, gCtm—1)xm)",

where g(x) = (1 — £1x%) /(1 — x%))g(xm—1) and g(x) = (1 — &1x%)/(x — x**1).
Clearly, x,,—1 = x; + xf,‘fl + O(x,‘}lH) for all m > 1 since z,, € U for all z € U, so
by [14, Lemma 3.1], for all large m, we have

1 1/e 1
o = (a(m +k>> * 0(W>

for some integer k, where 6 > 1/c.
Now it is easy to get

; < 1D-f™ @ /0y) )
m m 1 7 — 1
m—oo \ | D, fm+1(0/dy)]
2.2
= lim m<—g(x’"l) m_ 1)
m—00 g(xm)zx,%H,]
2 - 1)
N a
< 1.

Therefore, ZmZO D, f™(3/3y)||> = oo from Raabe’s test. This concludes Claim 2. [

In §6, we show how Assumptions US and R for pointwise hyperbolic diffeomorphism
f on O are sufficient for the construction of a Markov partition. The conclusion is the
existence of a symbolic model for f. Let us give the definitions in the general situation.
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Letd = (V E ) be a directed graph with a countable collection of vertices V such that
every vertex has at least one edge coming in and at least one edge coming out, that is, for
ecach v € V, there are u, w € V and a path u — v — w which is made up of two edges.
The topological Markov shift (TMS) associated to 7 is the pair (E, o) which is the set

% = {{valnez € VE : vy — vy foralln € Z)

equipped with the left-shift & : T -3, o ({vn)nez) = {Uns1lnez. An element of s

is denoted by v = {v,},cz for the sake of simplicity. We endow $ with the distance

d(v, w) := exp[— min{|n| : n € Z such that v, # w,}]. With this metric, Sisa complete

separable metric space. Recall that > is compact if and only if 7 is finite. Additionally, b)

is locally compact if and only if every vertex of & has finite ingoing and outgoing degree.
Let % be the recurrent set of £ which is due to Sarig [22]:

= {v € X : there exists u, w € V, there exists ng, my 1 00

such that v,, =u and v_,,, = w for all k € Z}.

By the Poincaré recurrence theorem, every o-invariant probability measure is carried by
>*. Furthermore, every periodic point of 7 is in =*. Notice that when V is finite, & = .
Let M be a Riemannian manifold and f M — Mbea diffeomorphism.

Definition 2.2. A symbolic model for fis a triple (S*,5,7) satisfying:
(1) (=*,3) is a recurrent TMS;

) 7:3* - 7(E* C M is continuous and finite-to-one;

(3) Tod=Ffowont

In contrast to the notion of a symbolic model of uniform and non-uniform hyperbolic
systems, which requires the map 7 to define in the whole of 3, the notion here assumes
not necessarily in 3, but in a recurrent subset % Intuitively, a diffeomorphism can have
many symbolic models. Roughly speaking, an acceptable symbolic model is one for which
7?(/2\#) (rather than ?f(f])) contains a subset where fdisplays chaotic dynamics. For us,
this occurs when f: f is pointwise hyperbolic on an open invariant subset O C M
satisfying Assumptions US and R.

We assume the metric on M is taken in such a way that for any x € O, E*(x) and E*(x)
are pairwise orthogonal [10].

THEOREM 2.1. Let f be a pointwise hyperbolic diffeomorphism on an invariant set
O C M, and suppose it satisfies Assumptions US and R, then f possesses a symbolic
model (f#, O, 7). More precisely, there is a set o*c o0, a locally compact countable
topological Markov shift (f, 0), and a continuous map T : S* > O such that:

N ﬁob\|§# = fom;

(2) (0% = w(0) for every finite f-invariant measure [i;

3 7: St ot s a finite-to-one surjective map.

In fact, the subset O* C O in Theorem 2.1 is given by

ot = [x € 0 : limsup d(f"(x), 90) > 0 and lim sup d(f"(x), 00) > 0]. .1

n—00 n—-—=00
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By the Poincaré recurrence theorem, if p is an f-invariant probability measure supported
on O, then it is supported on O¥.

We stress the argument in the proof of Theorem 2.1(3) providing more details on
the number of the 7-pre-image, and traditionally refer to the following theorem which
precisely characterizes the loss of injectivity of 7.

THEOREM 2.2. For (f#, o, ) given by Theorem 2.1, denote the set of vertices off by V.
Then there exists a function N : V — N such that for every x € O which can be written
as x = 7 (v) with v, = u for infinitely many n > 0, and v, = w for infinitely many n < 0,
we have

77 x| < N@N (w).

Set P,(f) :={x e M: f"(x) = x}| and let hyp(f, O) := suplhwp(f, O) : O finite
open cover of O} denote the topological entropy of f|o, where the supremum runs over all
finite open covers of O. As an application, when f|o has an ergodic measure of maximal
entropy  satisfying s, (flo) = hwp(f, O), where h,(f|o) is the Kolmogorov—Sinai
entropy of f|p-invariant probability measure 1, we have the following consequence.

COROLLARY 2.1. Under the assumptions in Theorem 2.1, suppose that f|o has an
ergodic measure of maximal entropy, then there exists C > 0 and p € N such that f has
at least CeP™o1-0) periodic points of period pn for all n € N, that is,

Pyou(f) = CePher-0) for gl € N.

Proof. The proof follows the arguments in [22, Theorem 1.1], we provide some details.
Write ¥ = X(¥) and let ; be an ergodic measure of maximal entropy for f|o.
Proceeding as in [22, §13], we can lift 4« to an ergodic measure of maximal entropy &

for o via
1
n= _ Sy | d s 2.2
a /o|n—1(x)|( 2 ) #eo 22

ver~(x)

such that (@) = h,(flo).

By [11, 12], jx is supported on a subset f(@ ) C /2\3(52), where the smaller TMS
(/E\(%A’ ), o) is topologically transitive. For a topologically transitive TMS with countable
many vertexes, Gurevi¢ [11, 12] showed a good estimate on Per,(c): a topologically
transitive TMS (f(?\’ ), o) admits at most one measure of maximal entropy hmax(f(@ ),
and such a measure exists if and only if there exists p € N such that for every vertex
v e @, there exists C, > 1, such that

Per,,, (Cls zn, V)
-1~ IEEICR) <

VT opnhman(S(F) !

for all n € N, where

Nmax (f (gﬁ)) = hmax (0)

= max{h,(0) : v is G-invariant Borel probability measure on I )},
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and
Per (Gl V) = v € ST : v = v, 6" () = v},

From Theorem 2.1(1) and (3), every periodic point in {v € f(@) cvg=v,0"(v) =
v} C T* is mapped by 7 to a periodic point of the same period in O. By Theorem 2.2, this
mapping is at most N (v)2-to-one. Therefore, for any v € ¢’ and all n > 1,

1 ~
Ppn(f) = Ppn(f|0) = Wperpn((ﬂf(@)v v)- (23)

Finally, by assumption and construction, hma,((/f)(fé7 N =hz©@)=h,(flo)=hwp(f,0).
Therefore, we have

1 S 1 ]
P > —elmhmax(z:(c/ ) — elmh[op(fao).
)2 E N2 CyN (v)? 0
Remark 2.5. 1t should be noted that the reverse of the second inequality in equation (2.3)
above might not hold, because 7 may not code trajectories inside O/O%. A wealth of
diffeomorphisms such that the growth rate of P,(f) is superexponential can be found
in [16].

Notational convention and standing assumption. From now on, f will be a pointwise
hyperbolic on an open invariant subset O of a connected compact smooth Riemannian
manifold of dimension greater than 1, and satisfies Assumptions US and R.

Suppose P is a property. The statement ‘for all ¢, small enough P holds’ means
‘there exists &g > 0 which only depends on f, M, Ci_4 (see Lemma 4.1), and the
parameters given by Assumption US(ii) and (iii) such that for all 0 < ¢ < &g, P holds’.

3. Linearization up to small errors

In this section, we will show that Fy , := expy_l of oexp, is a small perturbation of

a hyperbolic block-form matrix for any x,y € O such that Fy, is well defined and

d(f(x),y) small enough. First, we denote some constants and introduce two main

functions, the e(x) and Q(x), which will be used many times throughout the paper.
Denote ro = r; A ry, where ryj and rj are given by Assumption US. Let

Co := Co(ro) = rgi(n ){min{m(DflEu(x)), m(Df g} 3.1
xe(ro
here
O(rg) ={x €0 :d(x,00) > rp}

is a compact subset of O since M is compact. Observe that Co > 1 as hyperbolicity is
uniform in O (ry).

Fix a small parameter ¢ > 0 (how small depends on a finite number of inequalities that
¢ has to satisfy). For x € O, set

e(x) = e min{r), d(x, 00)}, (3.2)

where § = % v ° as in Assumption R. We start with a basic lemma.
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LEMMA 3.1. For all &€ small enough and for every x € O,
Ce(x) < min{m(Df|gu)* — L m(Df g5 ) — 1}, (3.3)

where C = C* A C* and k = k" V k5.

Proof. Our first constraint on ¢ is that it has to be small so that
. [Ch—1
0 < & < min — 5 1¢.
Cr,
Recall that the diameter of M is smaller than 1. There are the following two cases.

Case l.e(x) = erg. In this case, we note that x € O (rp) and 1 < Co <min{m(Df|gu(y)),
m(Df | gs(x))}. Therefore,

Ce(x) < C§ — 1 < min{m(Df|gu(x)* — L, m(Df sy — 1}

Case 2. ¢(x) = ed(x, d0)P. Now we have d(x, d0) < ry. Since 8 = p* v g*, C =
C" AC%, and k = k" V k*, the required inequality is an immediate result of Assumption
US(ii) and (iii). O

Now we fix another parameter 0 < § < min{l, @« — §/y}, which is well defined from
Assumption R. Setting

0(x) = @™ min{r, d(x, 90)7}, (3.4)
note that Q (x)*~% < ee(x) because (o — 8)y > B and Q(x) < d(x,d0) for y > 1 when

0<e<l.

LEMMA 3.2. The following holds for all € small enough. For every x € O, we have

¢ o(f(x) 1
—(m(Df|pe) =1 +1 3.5
IDflmml =D = 0w =cm@Pllewr =+ (3.5)

and
Ce(x) < min{m(Df|gux)* — 1, 1 = IDf|ps I} (3.6)
A similar statement holds for f~'.

Proof. We give the proofs for equations (3.5) and (3.6). The proofs for f~! are almost
identical, the major change being the substitution of £~ for f.

For the companion inequality in equation (3.5), there are four cases. It is worth pointing
out that Case 2 is the most interesting, since it is the case where both x and f(x) are close
to d 0, and hence there is little hyperbolicity.

Case l. Q(x) = Q(f(x)) = 52/("‘_5)rg. In this case, equation (3.5) is straightforward
since for any x € O,

< 1=y LD lp — D+ 1.
IDflEsnlI7¢ +(C = 1) 0(x) C

Case 2. Q(x) = ¥ @ d(x,90)" and Q(f(x)) = ¥ @ Dd(f(x), d0)?. Equiva-

lently, d(x,00) <rg < r(‘)‘ and d(f(x),00) <rg < r(s). Taking Assumption US(ii) and
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(iii) into consideration, we find in this case that

(d(f(X), 00)

v 1 .
d(x,&O)) < GamDflgre)” =D +1

and

dx.90) Y"1 -1 pr
<m> = & mDf e ap)” —D+1

1 s
= E(HDfEJ(x)Il C-D+1,

where in the last equality, we used that m(Df~! |ES(f(X)))'<S = Df|Esx) 7%,
If d(f(x),00)/d(x,d0)) > 1, on the one hand,

QU () _ (d(f(x), am)V - c
0(x) d(x,00) T IDflEsoll T +(C - 1)
On the other hand, since y < y*, C < C", k* < k, we have

O(f(x)) _ <d(f(X),30)>”
0(x)  \ d(x,90)

3 <d(f(x), 80>>V”

d(x,00)

1 u
< a(m(Df|E”(x))K -D+1

1
< E(m(Df|E“(x))K -+ 1

Therefore, the companion inequality in equation (3.5) holds when (d(f(x),00)/
d(x,00)) > 1in Case 2.
Now if 0 < (d(f(x),00)/d(x,20)) < 1, then
0(f () _
okx)
Using y < y*, C < C%, k* < k, we obtain
o(f(x)) (d(f(X), 30))y
Q(x) \ d(x,30)

N (d(f(x), 30))“
d(x,00)

1
I = E(m(Df|E”(x))K -D+1L

1 o -1
> [E(HDfES(x)” — 1)+1}

1 . !
> |:E(||DfE5(x)|| -1+ 1]

_ C
IDflEsoll ™ +(C = 1)

This completes the proof of equation (3.5) in Case 2.
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12 C. Wuand Y. Zhou

Case 3. Q(x) = e¥/@Dd(x,30)” and Q(f(x)) = e/ @Drl. Now d(x,d0)" <
rg <d(f(x), d0)Y, so it follows that

O™ _ . c
0(x) d(x,90)Y = T IDflpswl*+(C -1)
In this case, since d(x, 00) < rg and (d(f(x),00)/d(x,d0)) > 1, we have

Q(f(x)) - (d(f(X)J?O))V
0(x) d(x,90)

A

1
< E(m(Df|E”(x))K -D+1

as in Case 2 when (d(f(x), 00)d(x,00)) > 1.
Case 4. Q(x) = @) and Q(f(x)) = e¥@Dd(f(x),90)”. In this case,
d(f(x),00) <r] <d(x,30)", then

Q(f(x)) d(f(x),d0) 1 )

Notice that d(f(x), 00) < rg and 0 < (d(f(x),00)/d(x,00)) < 1, so we obtain
QUf(x)) _ (d(f(x),30) v
O(x) —\ dx,00)
C
=
IDfEsiI7¢ +(C —1)
asin Case 2 when 0 < (d(f(x),00)/d(x,00)) < 1.
Hence, the companion inequality in equation (3.5) is proved. From Lemma 3.1, it
remains to show that Ce(x) < 1 — || Df|Es )|l for small & > O such that
Cs—1 1-Cy" 1 }
cry ool Al

O<s§min{1,

where A, := [(1/CHUCH =)+ 117" > 1 and C7 := maxeey{max{|| Dy f],
1D fH3.

For any x € O, f(x) € O, there are the following two cases.

Casel.e(f(x)) = srg. In this case, observe that f(x) € O(rp), so using equation (3.1),
we get

Co <m(Df Mes(ray) = IDFlEs ol
and hence
Ce(x) < Cerl <1-C3* <1—|Dflpswl*.

Case 2. e(f(x)) = ed(f(x),d0)P. Now d(f(x),d0) < ry» and from Assumption

US(iii), we find
< d(x,30) >ﬁ<A’3
d(fx),00)) — °
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Symbolic dynamics for pointwise hyperbolic systems on open regions 13

and
C*d(f(x), 00" <m(Df M ps(r) (1 =mDf Mps(re) ™)
=m(Df e (ren) 4= IDflEso )
< (€N A = IDflEs o I).
Therefore, we obtain that
Ce(x) < eCd(x,d0)P
<eAPCd(f(x),00)F
< ALY (1 = IDflEswl*)
<1—IDflEs)ll*. O

Before we begin, recall the following basic fact from Riemannian geometry: since M
is compact, there exist (M), p(M) > 0 such that for every z € M, the exponential map
exp, maps T, M (r(M)) :={v € T;M : ||v|]| < r(M)} diffeomorphically (that is, exp, is a
bijective C*° map whose expz’1 is also C*°) onto a neighborhood of B(z, p(M)) :={y €
M :d(y, z) < p(M)} in a 2-bi-Lipschitz way.

For any x € O, let BY(Q(x)) and B}(Q(x)) denote the closed balls of radius Q(x)
about the origin in E¥(x) and E* (x), respectively. Denote the Q (x)-square centered at x by

Sy = B{(Q(x)) & By (Q(x)). (3.7

Fix ¢ > 0 small enough such that Q(x) < min{r(M)/\/E, p(M)/Z\/E}, and exp, maps
Sy C Ty M (r(M)) diffeomorphically into a subset of B(x, 2V20(x)) C B(x, o (M)). It fol-
lows that f o exp, maps Sy C I+e diffeomorphically into a subset of B( f(x), 2v2¢ct 0(x)).
Moreover, if necessary, choosing a smaller ¢ such that Q(x) < (p(M) /ZﬁCf), then
for y € O satisfying d(f(x),y) < p(M) —2/2C/ Q(x), f oexp, maps S,C'** dif-
feomorphically into B(f(x), 2v/2C7 Q(x)) C B(y, d(y, f(x)) + 2+/2C7 Q(x)), which
is a subset of B(y, p(M)). Since expy_1 is a diffeomorphism on B(y, p(M)), the map
Fyy : Sy — Ty M defined by

Fyy:=exp;' of oexp, (3.8)

is well defined and a C'** diffeomorphism onto its image.
For x € O, denote by P} and P; the projections from 7yM to E“(x) and E*(x),
respectively. Whenever F, , is defined, with respect to E* @ E*, we have

Duu DMS
DoFyy = 50 A58 ) (3.9)
" (D;if‘y DY,

where D;fy = Pf o Dy expy_l oDy flgi(x) : BL(Q(x)) = E*(y), T,t =u,s.
We write Fy y|s, = DoFy,y + ¢y y in the form
Fx,y(vzv vfg)
= (DY) + D (vy) + ¢y, (v, v3), DY (0y) + Dy (v)) + ¢y (v, vy))
(3.10)
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14 C. Wuand Y. Zhou

under the basis (E”, E¥) forall v, = (v¥, v}) € Sy. Note that [|¢, ,(0)|| = d(f(x), y) and
D0¢x,y =0.

Since the distribution E* is continuous under Assumption US(i), for ¢ > 0 small
enough and any x € O, there exists a local monotone function §"(-) : (0, e(x)] —
(0, p(M) — 2+/2C7 Q(x)) in the sense that 8 (a) < §*(b) if 0 < a < b < &(x) such that
for all y € B(f(x), 8“(e(x))), we have

IDYYII < ee(x) and  [m(Dy)) — m(Df|pux))| < ee(x). (3.11)

Similarly, we have
IDY N < ee(x), and  [[IDf]esoll — 1D NIl < e (x). (3.12)

By the same reason, for any y € O and any x € B(f~'(y), 8°(e(y)), where 8°(e(y)) is
defined analogous to 8" (¢(x)), by considering F, | = exp; ! of ™! o exp, instead of Fy ,,
we can get that F. xfyl is well defined and a C!'* diffeomorphism from Sy onto its image,
also to get four similar inequalities like equations (3.11) and (3.12).

PROPOSITION 3.1. The following holds for all ¢ > 0 small enough. For all x € O,
there is a local monotone function 0 < §"(e(x)) < ee(x) such that for y € O satisfying
d(f(x),y) < 8“(e(x)), Fxyls, = DoFx,y + ¢x,y can be put in the form

u S
Fyy(vy, vy

— (DY (u") + DI, (u3) + ¢, (0%, vd), DI, (D) + DI () + ¢, (vl vd)

under the basis (E*, E®) for all vy = (v¥, v}) € Sy, where ¢,y := (o% ;J,) satisfies:

(D) Ny O = d(f (x), y);
() IDgxylico < ee(x);
(3) 1D,y — Duwdryll < ee(x)llv — wl|*’? for all v, w € S.

A similar statement holds for Fx_,y1 = exp;1 of ! oexp, defined on Sy for all x €

B(f~1 (), 8 ().
Proof. Since Fy y is CH"", there is C > 0 such that for any v, w € Sy,
IDyFry — Dy Fyyll < Cllv — w]*

Fix ¢ > 0 small enough so that

1
8/(@—8) :
e <mini{l, —— ;.
{ (2ﬁ)a8/2c}

Part (1) is free and part (2) is a special case of part (3) when w = 0 since Dy¢y , = 0.
Then what we need to check is property (3).
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In fact, we have

”Dvd’x,y - Dw¢x,y” = ”Dva,y - Dwa,y”

a—38/2 5/2

<Clv—wl|
< 2V2)*2C Q)2 Q) v — w]¥/?

< (2V2)22C @) L ee(x) v — w]|*?
8/2

v —wll

<ee() v —w]

By considering f~! in the charts exp, of point y and exp;1 of f~1(y) when x is near
£~1(y), we can apply a similar treatment to F;yl. The details are left to the reader. O

4. Admissible manifolds and graph transform along the edge
In this section, denote ¢ := u, s. As usual, we give the canonical definition of f-manifolds
first.

Definition 4.1. Suppose x € O.

(1) A u-manifold at x is a manifold V} = exp,{(v*, o (v")) € TxM : V|| < Q(x)} C
M, where o : BY(Q(x)) — E*(x) is a C'*%/2 function such that 0| co < Q(x).

(2) Similarly, an s-manifold at x is a manifold V} = exp,{(g] (v%), V%) : [V¥]| < Q(x)}
where o} : B} (Q(x)) — E%(x)isa C'*3/2 function such that logllco < Q(x).

Thus, every t-manifold at x is contained in exp, (Sy). For any x € O, we call ¢! the
representing functions of V.

Among the r-manifolds, we are interested in those that can eventually represent unstable
and stable manifolds, and for that, we require some extra conditions on the representing
functions. We call them admissible manifolds.

Definition 4.2. For any x € O, a t-admissible manifold at x is a t-manifold V! where the
representing function o satisfies the following three conditions:

(AM1)  [loL(0)]| <1073 Q(x);

(AM2)  |Dotllco < VE:

(AM3)  [|Dollles2 == IIDol|lco + Hols/a(Dol) < %, with norms taken in B%(Q(x)).

Observe that the upper bound of |o(0)]| is linear in Q(x), while the estimate on the
derivative of a representing function is constant in our setting rather than of the order of
Q(x)%/% as in [22, Definition 4.8]. This distinction will be clear when we start to establish
an estimate in the graph transform along the edge (Definition 4.4).

Let ¥ be the space of all --admissible manifolds at x € O. We introduce two metrics
on ¥ as follows: for V|, V; € ¥ with representing functions o7, o, respectively, put

dei(VI, V3) == llof — o5llci, i =0, 1,

where

t t t t
lloy — oallco = maxy, epr oy oy (Vx) — o3 (V)

lof = o3ller = lloj = o3llco + 1Doj — Doyl co,
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and
t t t 12
||DGl — DO’2||C0 = maxuxeB;(Q(x))HDvxal — DUXO'2||.

If ¢ > 0 is small enough, from conditions (AM1) and (AM2), we have ||0;||Co < Q(x),
because for all v, € BL(Q(x)),

lolall < o)l + Lip(a) [luxll < 1072 Q(x)
+ Vel < (107 + V&) 0 (x) < 10720 (), 4.1)

where in the last inequality, we require & > 0 to be small. In particular, o maps the ball
B}C‘(IO_QQ(x)) into B;(IO_ZQ(x)), and maps B (Q(x)) into B (Q(x)).

PROPOSITION 4.1. For every x € O, the following holds for ¢ > 0 small enough. For

every V' € V! and Vi € V7, the following hold:

(1) V¥ and V] intersect at a single point P = P(V!, V}) :=exp,(w) € O, and
lw| < 507" Q(x);

(2)  Pis a Lipschitz function of (V¥, V), with Lipschitz constant less than 2 /(1 — \/¢).

Proof. We follow the same strategy of [22, Proposition 4.11].

(1) To prove the non-emptiness of V¥ N V¢, we fix V! with representing function o.
From a pedagogical perspective, the ideas of the proof are very simple. If we suppose the
intersections of V' and V;} are non-empty, it corresponds to points (v*, v*) that satisfy
exp, (v, o (v*)) = exp, (o (v*), v*), so it is the solution of the equation:

Iv“ =0} (v®),

s u u
v = o) (v").

Hence, the trick of the proof is to find the fixed points of o} o 0 on B¥(Q(x)).

We first note that o} o ¢ maps the ball By ( 102 Q(x)) into itself from equation (4.1)
if ¢ > 0is small enough. It follows that o} o ¢} is an e-contraction of B’;(IO_ZQ(x)) into
itself. Indeed, from condition (AM2), we have || D(0 0 6)||co < | Do || coll Dal||co < e.
By the Banach fixed point theorem, o} o oy has a unique fixed point: (o} 0 0}')(vy) = vy,
where vl € BY(1072Q(x)).

Let vy =0 (vy), w:= (vy, vy), then V' intersects V7 at P :=exp,(w). Indeed,
P € V{' is evident because vy = o}/ (vy) and [Jvg|l < 10720(x) < Q(x). Since vy =
(07 0 0y)(vy) = oy (vy) and

Vsl < o) 4 Lip(e“)[[vé |l < 1072 Q(x) 4+ +/2 - 1072 Q(x) < 1072Q(x) < Q(x),

we have P € V. Moreover, we also see that [lw] < [lvgll + llvgll < 5071 0(x) <
d(x,00),and thus P € O.

To prove the uniqueness in the bigger ball By (Q(x)), we note that o} o o} maps
BY(Q(x)) into itself if £ > 0 is small enough, and the same calculation as above shows
that such a map has a unique fixed point even in B¥(Q(x)).

(2) Now we verify that P is a Lipschitz function of V, V. For every x € O, suppose
V! e ¥} are represented by o/, i =1,2. Let P; = exp, (w;) = exp, (v¥, v) denote the
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intersection points of V' N V. We saw above that v} = o//(v{') and that v} = o}’ (v})
because v/ is a fixed point of o} o 5.
Since exp, is 2-Lipschitz, this gives that d(Py, P») < 2|lw; — wz||. We have
lwi — w2l < o] — vyl + v — vl
= [loy (v]) — o3 (W)l + llo} (v]) — o5 (V)|
< llo} (v]) — a7 W)l + llof (v3) — o3 (W)l
+ lloy' (v)) — oy W)l + lloy (vy) — o5 (V)|

< Ve(lv} = vl + lvf — V51D + llof — a3 llco + llof — o3[l co-

Therefore, we conclude that

d(P1, P2) < 2(Jlvf — vy ]l + [lv] — w3

=

2 u u N N
1_\/E(dC0(V1’V2)+dC°(V1’V2))~ O

Although the spaces 7" and the action of f or f~! are hard to work with due to
the nonlinearity, from the definition of admissible manifold, through the inverse of the
exponential map, the action of f or f~! on an admissible manifold can be locally lifted
to the tangent space. For example, for the action of f, if V! is a u-admissible manifold at
x, then f(V{) = exp{Fyx,y (vy, oy (vy)) @ lvgll < Q0)}if d(f(x), y) < 8"(e(x)), where
8"(-) is given by Proposition 3.1. To prove that f(V}) contains a u-admissible manifold
Vy" aty, we write Fy y|s, = DoFx y + ¢,y in the form

oy, 0 0) = (GZ (), LT, (), .2)
where
GTH() i = DU + D%, 0 0 () + ¢ (- 0l (),
LE() 1= DY, 0 0l () + DY) + 65, (- o (). 43)

If BY(Q(y) C ng?y(B)’j(Q(x))) and Gixuy is injective, we can define o := Lg'?y o

y
of \—1
(GxYy)™ ', and we have

FVI = expy((GTL 9, LTy 0 (G5 o GI5(0) : 0] < Q)
D exp, {(vy, oy () : vyl < QW)

thatis, f(V}) contains a u-admissible manifold V}’,‘ = expy{(v;, O’)'f (v;‘,)) : ||v;‘ | <0}
when a; satisfies properties (AM1)-(AM3). If Vy” obtained in this way is unique, then the
graph transform f;"y (see Definition 4.4 below) sends a u-admissible manifold at x with
representing function o to a y-admissible manifold at y whose graph of the representing
function oy is contained in the action of F  on the graph of 0.

Similarly, when d(f~'(y), x) < 8°(e(y)), the case of f‘l(Vys) is symmetric and the
corresponding graph transform %, ;’y maps an s-admissible manifold at y to an s-admissible
manifold at x.
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We start with a definition and a basic lemma which will be used many times throughout
the paper.

Definition 4.3. For x, y € O, the edge x — y means

d(f(x),y) <8((x)Q@)*Q(f(x) and d(f'(y),x) <8 €A Q(f ().

LEMMA 4.1. Fix any positive constants C1, Ca, C3, C4, and suppose x — y. If ¢ > 0 is
small enough, we have:

(1) C1OM») +d(f(x),y) = CiQX)(m(Df|gux))" — Caee(x));

() GOH) —d(f(x),y) = CG3OX)UIDf|Es ) I + Cace(x)).

A similar statement holds for f~'.

Proof. We give the proof for part (1), the proof of part (2) follows in a similar manner and
is left to the reader.
First, we fix

1 Cr\“ ™V c-1
0 < & < min {1, I (2)/C1)_(“—5)/2, (_1> }
‘)/ —

2 T14+C

Since d(f(x),y) < 8“(e(x))Q(x)*Q(f(x)), we have (d(f(x),y)/d(f(x),00)) <
84 (e(x)0(x)? < &. By the fact that (1 +a)” <1+2yaif 0<a =<{1/(y —1)), we
obtain

0(y) <&@ min{r), @(f(x), d0) +d(y, f(x)))"}

o d(y, f(x))
2/(a—5) v v d(f(x).90)
< min {ro,d(f(x>,80> (” 2Vd<f<x>,80>>}

< O(f () +2ye¥@Dd(y, f(x))

do,
< o0y + LD,

Recall that 0 < §“(e(x)) < ee(x) in Proposition 3.1 and using Lemma 3.2, we have

CLOM) +d(f(x), y) + C1Ce8(x) Q(x)
C1ow
_QU@) | 20 f)
T oW oW
_oUa) 2

+ Cree(x)

gY@ s (g(x)) 4+ Cree(x)

- 0W) Cy
1
< E(m(Df|E”(x))K — D+ 1+ 1+ Creelx)
1 Cc—-1
< E(m(Df|E”(x))K -D+1+ T(m(D.ﬂE“(x))K -1
= m(Df|Egux)",
proving part (1). O
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PROPOSITION 4.2. The following hold for all ¢ > 0 small enough. Suppose x — 'y, then:
(1) the map G, : B(Q(x)) — E“(y) defined by
GT @)
= D\ (vY) + DY oo (vy) + ¢ (vy, o (v)))  forall vy € BY(Q(x)),
is injective, and Gg'fv(B)‘C‘(Q(x))) D BY(Q();
(2) the map 0;‘ = Li“uy o (Ggi)_l defined on G?};(BXM(Q()C))) satisfies properties
(AM1)~(AM3), where the map L?, : BY(Q(x)) — E“(y) is defined by

LTy = DYy 0 0 (v}
+ Dy (vy) + ¢y, (vy, o (V) forall vy € By(Q(x)).

The symmetric statement holds for F, yl

Proof. The proof is a straightforward adaption of arguments in [22, Proposition 4.12]. We
give the proof in the case of Fy y. The case of F )} is symmetric.

(1) The well-defined nature of (Ggfuy)’1 is a consequence of the expansion property of
Df |gu(x). For every vy € B{(Q(x)), by property (AM2), we know that || Dyeoy[| < 1 if
0 < & < min{1, C/4}. Therefore, from Proposition 3.1(2) and Lemma 3.1, we have

o! ;
1Dy Gyl = m(DY) — | D11 1Dy | — [ Doty @y I(1+ [ Dyeorl)

> m(Df|gu)) —ee(x) — ee(x) — 2ee(x)
> m(Df|gux) — 4ee(x) > 1.

It follows that G;’fuy is [m(Df|Egu(x)) — 4ee(x)]-expanding and hence one-to-one, and
(G%,)~ ! is well defined on G (B (Q(x))).

By invariance of the domain, to prove Gi’};(Bx”(Q(x))) D B;‘(Q(y)), the problem
reduces to show that

1G] = O

for any v¥ € dB¥(Q(x)).
According to

IGZ5 ) = 1D, 0 0y (0) + ¢ (0, o ()|
< D1 o O] + Iy (0. 0)[| + Lip(¢wy) o O],

by property (AM1) and Proposition 3.1(2), we have

IGT, ()]l < 2ee(x) x 1073 Q(x) 4+ d(f(x), y). (4.4)
In particular, using Lemma 4.1 for C; =1,Cy =15, and the fact that Gigy is

[m(Df|gu«(x)) — 4ee(x)]-expanding, we have that for any v{ € dB¥(Q(x)),
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IGZ, @I = 1GF,(") — GZL O — 1GE, )]
> (m(Df | i () — 46(x)) O(x) — 2e8(x) x 1073 Q(x) —d(f (x), y)
> (m(Df | ()" — 56e(x) Q) — d(f(x), y)
> 0.

(2) We first prove 0)‘,4 satisfies property (AM1). Denote vg, := (G;’?y)_l (0), since GZTL';
is [m(Df|gu(x)) — 4ee(x)]-expanding on B} (Q(x)), in particular,
1Dy (G DIl <1 forall vl € Gy (BY(Q(x))).

By equation (4.4), we have

ol = 1GT5) 71 0) = (GF) ™ 0 G0
< IDGE) Dol GO ]
<2ee(x) x 107°Q(x) +d(f(x), )
< 3ee(x) x 10730(x).

Note that from equation (3.6) of Lemma 3.2, it follows that || Dy, | < [[Df|gs )l +
ee(x) < 1if 0 < ¢ < min{l, C}. According to properties (AM1), (AM2), and Lemma 4.1
for C3 = 1073, C4 = 13, we obtain

lok Ol = I L (i)l

= ||DY)y 0 0 (vg,) + Dy (vg,) + ¢y (v, 0 (g )|
< 1D, Iloy (Ol + Lip(oy) llvg, 1) + 1D 1 v, | + Ny (0, )]
+ Lip(¢y,,)(1 + Lip(ay)) llvg, |l
< (IDflesoll* +££(x)) 107> Q(x) + 12e8(x) x 107 Q(x) +d(f (x), y)
<107 Q(y),
proving property (AM1).

Next we prove || Dol ||co < /€, where the norm is taken in Ggfy(B;‘(Q(x))).

For all o€ Gyy(BYQW)), v¢=(Gy) ') € BY(Q(x)). Thanks to
| Dus (G5) ™M1l < 1. property (AM2) is easy to be verified from

Uu _1 O,Ll _1
[Dwoll = 11Dy - Dueoy - Dye(Gyly) ™ + Dy - Do (Gily)
O.M _1
+ Dvﬁg(ﬁ;,y : Dv;‘. (foy) l
< 1D, 1 Dol co + 3ee(x)

< IDf|gs () INE + dee(x)
< e

if 0 < & < min{1, (C/4)?}.
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Finally, we have to show that o/ satisfies property (AM3) also. From

ol = LT 0 (GY) ™" = [DY, 0. 0() + D) + 5, (, o (D] 0 (GTy) ™,

we have
1D} llcsr2 = (DY, - Do + DY, + D¢} ) - D(Gy) " o2
< (1D, 11 - 1D I con + 1D + 20D yll s, VI DG T o

CLAIM. Ife > 0 is small enough, ||D(G§fuy)_1 lcs2 < 1.

Proof of Claim. For vy, wy € Gifuy(Bx”(Q(x))), notice that Dy (G;',gy)_] - Dyu G?cjl:y and

u u u u
Dy Gy - Dy (Gyy) ™" are identity maps, where v¥ = G5 (v%), w¥ = (G7) ™" (wh).

Thus, we have ’
I D (GT) ™" = Dug (G|
— 1Dy (GT5) ™" (D Gy — DuGihy) - Du(GT) ™|
= [IDw(G) ™" - (DY, Dy + Dy,
— DI, Dygal — Dy ) - Du (GT) |1

First, to estimate || Dyu ¢;,y — Dy M,y | in parentheses, a little manipulation is needed. If
0 < & < 1, by property (AM3) and Proposition 3.1(3), we can get

[ Dwedy (- 0 ()) = Doyl (-, ol ()]
= H Dt o win Px.y [D ! ui| ~ Dot Pry [ ! u]
K wh Oy ? vagax
< ” Dt o win P,y [ D ! u} — Dot in ¥y [ ! u]
; wi Oy Dyuo)

I I
+ H Dwt ot )P,y [ Dvmu} ~ Doty [ Dvmu}
x X x X

ee(x)
= = Y+ dee (o)l — vy
9ee(x)
= — Iy — %2,
For the rest in the parentheses, from property (AM3), we find
IDY, Dyuolt — DY Dot || < See(x)|wl — v¥]|*/2;

therefore, we obtain that
1D (GT4) ™" = Dug (GT) ™|
< IDGT)™! ||2C0 See(x)|wi — v¥ |2
< 5ee DG P llwt — vt /2
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or

248/2

Hols/2(D(G) ™) < See(x) [ DG 1207 < See(x).

Using Gixuy is [m(Df|gu(x)) — 4ee(x)]-expanding again, that is,
1
m(Df |gu(x)) — 4ee(x)’

ID(G7) o <
we get finally

ID(GY) s = ID(GT) ™ I co + Hols (DG ™

1
< + See(x)
m(Df|gu(x)) — 4ee(x)
<1
if 0 < & < min{1, C/5(CY + 4)}. This completes the proof of the claim. O]

We are now turning to the proof of ||Da lcsr2 < 5. From Proposition 3.1(2) and (3),
we have || Déx yllcs/2(s,) < 2¢€(x). By using equation (3 6) of Lemma 3.2 and combining
with the claim above, we obtain that

I1Doy s < (1D N - Doyl core + D3| + 21| Dby ”C‘s/z(SY))”D(Gx y) Yesn
IDYS - 1Day csr + DY I+ 21 Dy ll o2 s,
LUIDS 1 ps ol + ££(x)) + See(x)

IAIA

IA

1
2

when 0 < ¢ < min{l, C/11}, and the proof of this proposition is completed. O

As has been said, since
FVE) = exp, ((GTH(01), 0l 0 G () : [v!] < Q(x))

and Gx S(BY(0((x)) D B”(Q(y)) Proposition 4.2 above shows that f(V}') restricts to a
unique u#-admissible mamfold V“ at y, where

Vi = exp, (0!, ot (01) 1] < Q).

Thus, we can summarize what we have proved as the following definition which is well
defined for ¢ > 0 small enough.

Definition 4.4. Suppose x — y.

(1)  The unstable graph transform F{ , : ¥ — ¥ is the map that sends Vy' € 7}
to the unique 7 v[V);‘] € ”f/y" w1th representlng functlon 0} such that .# ”’ [Vi]=
exp, (0", o (@) 1 0| < Q) € f (V).

(2) The stable graph transform 9’;} 15 — ¥ is the map that sends Vi € 77 to
the unique Js [VS 1 € ¥ with representing function o such that .% gs [V 1=

Xy
xp (o3 (v). 09 £ I < Q) € 171V,
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COROLLARY 4.1. The following holds for ¢ > 0 small enough. Suppose x — y and V! €

V! Then:
(1) if V¥ is represented by the function o) and p = exp,(0, c(0)), then f(p) €
T VYL

(2)  f(VY) intersects any V| € V' at a unique point.

Similar statements hold for the f~'-image of an s-admissible manifold at y.

Proof.
(1) Since ﬁ)’j’y[V;‘] = expy{(v;, 0)‘,‘(1);’,)) : ||v;‘,|| < Q(y)}, it suffices to check that

Fry(0,01(0) = (GT(0), LT (0) € {0, o (v!)) : 0]l < Q1)

or check ||GfiV (O)|I < O(y), which is straightforward.

(2) For any V)f € ”I/ys with the representing function ¥, by Proposition 4.1(1), ﬁ}j’y (VI
and V§ intersect at a single point. According to Definition 4.4, f(Vy’) contains a
u-manifold .7, ;"y[V;‘] € ”f/y”; therefore, f(V}) and Vys intersect at least at one point.

Since
FVE = expy (0 0l @) < vl € GT4(BL(Q())))

with Lip(oy) < /€, by the Kirszbraun theorem, we can extend oy to a Lipschitz

function 6;‘ on G;‘My (B}:~ (Q(x))) with Lip(&ys) = Lip(a;') < J/e. The extension represents
a Lipschitz manifold V}‘? D V}‘?. Hence, the proof is quite similar to that given earlier
in Proposition 4.1(1) to conclude that f (V) N \7; consists of a single point and so is
omitted. O

PROPOSITION 4.3. If ¢ > 0 is small enough, then the following hold. Suppose x — y, if
VI”, Vz" € V', we have:

() deo(FL, (VI FL(VE) < IDflEs ol 2deo (Vi VI,

Q) dei(FLE V), FLL (V) < IDFlEs ol der (V] VD 4 deo (VY V3H).
Similar statements hold for 7y .

Proof. The proof is similar to the proof of [22, Proposition 4.14]. We prove the proposition
for Z} , and leave the case of .7 | to the reader.

Let Vi, Vo with representing functions oy, 0, and let 61,67 be the representing
functions of ﬁ;"y(%), g“;"y(VZ), that is, 6; = LZ’;y o (Gg’;y)_l |B§¢(Q(y)), i=1,2.

(1) For any v¥ € By (Q(y)), denote vf, = (G;}y)—l(v;’), vy = (G;?y)—l(v;'). Some

tedious manipulation yields
161" — &2 = 1161 0 GZ,Wl,) — &2 0 G W]
< 610 GT(v,) — 62 0 G, (W) + 162 0 G (v],) — 62 0 GT, (vl
< IDY (01(vy) — o2 (Wi + llgy (V] s 01(0]))) — ¢y, (V] s o2 (V)]

+Lip(@)IG2,(t,) — GL, (vt
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+Lip(@e ) o2 () — 01 (W)
< (1D 11+ 1D, + 2 Lip(@ey) lo2(vy) — o1 (W)
< (IDf 15|l + 686D o2 (0%) — 01 (W)

We remind the reader that Ce(x) <1 — [|[Df|gs) I <1 — |Df|Egs)ll and introduce a
new constant

DflesollV? = IDf | gs
2= inf IDflEsoll 1Df1Ees ol 0. @.5)
x€0 1= IDflesoll

then if 0 < ¢ < (aC/6), we get finally

lo1 — 62llco < (IDflEs)ll +aCe(x))llor — 02|l co
< IDf1Es 2 llor — o2l o
(2) In view of part (1), our task now is to estimate | D&; — D&2|| o in terms of || Doy —
Dos||co and oy — 02|75 We will show that
D61 — D62l o

8/2
< (IDf g5 | + 3ee(x) [ Dor — Doallco + 5(I1Df | s | + 25ee(x)) o2 — o1 ||C/0~
For any v‘y‘ € B;(Q(y)), let v}, = (Gg’;y)_l(va‘) as part (1), where i = 1, 2. We have

[DyuG1 — Dyuon|
= 1Dy LYy - Duy G~ - Dy Ly - Dvﬁ(G;,zy)il I
< 1Dy, LYy - Doy (G Dy LT - D”,’ﬁ(Gg?y)il I
+ Dy LY, - Dy (GP) ™ = Dy LY - D (G2~
+ Dy LY, - Dyu(GP) ™ = Dy LP, - Dy (GZ) I,

02
X,y
so we need to estimate each term above. We divide our proof of part (2) into four steps.
First, note that the last term is easy to estimate because || D(Gj‘fy)_l | < 1and Lj'c,'y )=
D3, 0 01() + DI () + 65, (L a1 (),
1Dy LSy - Do (G2) ™" = Dy LE, - Dy (G|
< Dy L, — Dy L2
< ID, 1 - 1Dy 01 — Dy 0l + 1Dy ¢, 01()) — Dy ¢, 2.
However, if 0 < ¢ < 1, using Proposition 3.1(2), (3), and property (AM3), we get

1Dy #3,C.01() = Dy ¢ (. 2D

I I
= | Dt o102 ) Pr.y [ Do } = Dt oyt )Py [ Do } ‘
UZx 1 U2x 2

https://doi.org/10.1017/etds.2024.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.47

Symbolic dynamics for pointwise hyperbolic systems on open regions 25

1 1
< [Pt 01080 Px.y [ Do } = Dy o104, Px.y [ Do } |
vy 01 vy 02
S I N I
TPty | p oy | T P04ty | b, o
2x 2x

§/2
< ee(x)[| Doy — Donllco + 4ee()llor — oall2l-

Consequently, we infer that the last term satisfies

1Dy LT, - Dy (GP) ™" = Dy LY, - Dy (G2 7|

x o XY

8/2
= (IDflEesoll +2ee(x) | Doy — Dozllco + 4ee(x)llor — Gzllc/o . (40
The next thing to do is to estimate the second term:

-1 -1
1Dy LS, - Dus(G2) ™" = Dyg L - Dy (G2
o o
= ”Dvluxl‘x}y - Dvg'\_ Lx,]y”
< IDE, - 1Dy, 01 — Dy 01l + 1Dy 65, 01() = Dyg 85, 1Dl

Similarly, if 0 < & < 1, using Proposition 3.1(2), (3), and property (AM3), we have
1Dy 65 (. 01()) = Dy ¢, 1))
I

. . 1
= ‘ Dy 14,0 Py [Dvu (,I} = Doy oy n Py [Dvu al] ‘
1x 2x

1 1
Dot o) Py [Dvu m} — Dot o) Py [Dvu U]} H

1x 2x

S I S I
D(vlllx’gl (vlll,\‘))q&x’}y D.u o] - D(vg,x’gl (ng))‘px’y D, u o1
Vo V2x

ee(x) 5/2 §/2
< — vl — vl /2 4 2ee(x) |0l — vy 1

See(x)
= 5 Il — o

=

+

Due to G7'y(-) = D¥%(-) + D¥S,0i () + ¢¥., (-, 0i(-)), we obtain

Ity = V5 Il = G @) — (G2 ]
=GN o (GP, 0 (G2 W) = (G 0 (G, 0 (G2 W)
< IDGY) Mo lIGP, (s,) — GTL (sl
< D11 o2 (vs,) — o1 (W51l + Lip(¢a.y) 02 (v8,) — 01 (V5|
< 2ee(x)lloz — atllco

< lloz — a1l co. “.7)
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Hence, the second term is estimated as

-1 -1
1Dy, LS}y 0 Dug (G ™" = Dyg LTy 0 Doy (G2 ™|

X,y
1 See(x)
<UD Sl = o5 17+ == o, — vg 17
§/2
< QDS 1o ll + 3ee@))llor — o125 (4.8)

Another step in the proof of part (2) is to establish an estimate of the first term. Since
IDye LTI < 1 and ||D,,§,(Gj‘({y)*1|| < 1,i =1,2, we have
1Dy LY - Dy (GFL) ™" = Dy LYY, - Dy (G2 7|
< IDw (G~ = Dy (G2
= 1Duy (G7,) ™ (Dyr G, — Dy GT) Dy (GP) ™|

X,y
< Dy G2, — Dy G2, [l + 1Dy G2, — Doy G .

From the proof in property (AM3) of Proposition 4.2 and equation (4.7) above, we obtain
that

8/2 8/2
| Dy G2y — Dyw G2l < See(x) v, — vt |2 < Seen)lloa — o125

At the same time, if 0 < ¢ < 1, using Proposition 3.1(2), (3), and property (AM3), we
get

1Dy ¢ (. 02()) = Dy ¢4 (01 ()]

u I u I
= D(ulllx,o'z(vlux))(px,y Dy o - D(v]”X,al(vluX))qsx,y Dy o1
1x 1x
u I u I
= | Poteoeion®ey | p o, o, | T Potenroion®y | b, o
1x 1x
u I u I
TPttty | p o, oy | T Poteorein ey | p o, o
1x 1x

8/2
< e6(x) [ Doy — Doyl|co + 2e6(x) o2 — o1 [ -
Hence, by using property (AM3) and equation (4.7) again, we get for this term that

-1 -1
1Dy L3y - Dy (G~ = Dy LI - Dy (G2

< 1Dy Gy = Dy G+ 1Dy Dy 02 — D3y Dyt on|
+ 1Dy ¢ (. 02()) = Dy § (-, 01 ()l
5/2
< See()loa — o112 + See()lloa — o111
5/2
+ee(x)||Doz — Doil|co + 2ee(x)llor — o1 ||C/0
15 52
=¢e(x)||Doy — Dot co + ?se(x)Hog — 0] ”CO . 4.9)
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Finally, plugging all estimates in equations (4.0), (4.8), and (4.9) together, it holds that
D61 — Donllco
15 5/2
= ee()[|Doz = Darllco + —-ee)lloz = o1l o

8/2
+ (1DF | psoll + 3ee@)) o2 — 011120

+ (IDf g5 Il + 266(0)) | Doy — Doallco + dee(x) o1 — 02|

co
1 5/2
< (1Df 2ol + 3e£(0)) [ Dot — Donllco + 5 (1 Df 1o | + ee () o2 = o1l
§/2
< 1Df s I*(1Do1 — Doallco + lloz — o1l )

if 0 < & < min{l, aC/29}, where a is defined in equation (4.5). With the estimates of part
(1), we conclude finally that

~ ~ 1/2 8/2
161 = G2ller < IDf sl (lor — oaller + llon — a2ll ),

proving part (2). O

5. Shadowing lemma and an infinite-to-one coding for f
Since O is second countable, we would like to replace O by a countable subset &7 which
will be used to construct the set of vertices of a directed graph related to the dynamics of f.

PROPOSITION 5.1. Forall ¢ > O sufficiently small, there exists a countable subset </ C O
with the following properties.
(1) Discreteness: for all r > 0, the set {x € o/ : d(x, d0) > r} is finite.
(2)  Sufficiency: for every x € O, there is a sequence {x,}ncz, in &/ such that for every
nez:
@ e P < (e(f"(x)/e(xn)) < P and e < (Q(f"(x))/Q(xn)) < €7,

(b))  xu = xXpy1.
Proof. Fix a countable subset .o/ of O such that

0= BGr@).
€

where r(z) = & min{8" (¢ - £(2)), 8°(¢ - £(2))} - Q(2)* - min{Q(f (), Q(f ™ (@))}.

(1) For all » > 0, since O(r) = {x € O :d(x,d0) > r} is compact, if necessary, we
can remove some elements of 27 in O(r) to make the set {x € &7 : d(x, d0) > r} finite
and maintain the above denseness assumption.

(2) As mentioned above, we can fix a countable subset .27 of O such that O =
U.cr B(z,7(2)) and satisfying discreteness. For every x € O and any n € Z, since
f(x) € O, there exist {x,}ncz € &% such that d(f"(x), x,) < r(x,) for all n € Z. For
& > 0 sufficiently small, since r(x,) < (¢/2)Q(x,) < (¢/2)d(x,, 0 0), it follows that

d(f"(x),90) <d(f"(x), xp) +d(x,,90)
< e®d(x,, 00),
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and hence

e(f"(x) < fe(x,) and  Q(f"(x)) < €7 Q(xn).
Analogously, from d(f"(x),d0) > d(x,,d0) —d(f"(x), x,) > e ¢d(x,,00), we
have
e(f"(x)) = e Pee(xy), Q(f"(x) = e "¢ Q(xn).

Therefore, we obtain e #¢ < g(f"(x))/e(x,) < ePf and e7 7% < Q(f"(x))/Q(xn) < e¥¢
if & > 0 is small enough. It remains to prove part (b).
First we claim that

e(xni1) < APePee(x,), 5.1

where A, = [(1/C)((CH*" — 1)+ 117" > 1.
In practice, by using e™¢ < (d(f"(x), 30)/d(x,, d0)) < €°, equation (5.1) holds in
the case e(f"(x)) = e;"r(')6 since
e(xny1) = erf
< ed(f"(x),00)F
=< seﬂed(xn’ ao)ﬂs
which implies that &(x,4+1) < Agezﬂse(xn) when 0 < ¢ < Af.

However, if e(f"(x)) = ed(f"(x), d0)P, from Assumption US(ii) and e~¢ <
d(f"(x),00)/d(x,, 30)) < e° again, we obtain for all n € Z,

d(xy11,00) < efd(f"+'(x),00)
< Ayefd(f"(x),90)
< A e¥d(x,, 90).
Then e(x,41) < Ag e2P¢¢(x,,), which completes the proof of the claim.

Denote A := (l/C)((Cf)" — 1)+ 1 > 1, and according to property (a) and equation
(3.5) of Lemma 3.2, we get for all n € Z,

O(xnt1) < 2O (x))

< Ae”FQ(f"(x))

< Ae¥ Q(xy), (5.2)
and

Q(f(xn+l)) < AQ(xn+l)

< A%eP 0 (xy)

< A3PEQ(f (xa)). (5.3)
Combining equations (5.1), (5.2), and (5.3), we have

d(f" T x), Xnt1) < 7 (Xng1)

< 88" (e (Xp11)) Q(Xn11)> Q(f (Xn41))
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< e8"(eABePPee(xy)) - A2eMEQ(x)% - A2ePEQ(f (X))
= A - £e%7¢8" (AP - £e?P e (x,)) O (xn)? Q(f (xn)).

Now we can verify the half of x,, — x,41 for all n € Z from the local monotonicity of
8"“(+) if ¢ > 0 is small enough. In fact,

d(f (n)s Xat1) < d(f @), £ 00) +d (" (1), xag1)
< CTd (e, f1(0) +d(f" (x), Xps1)
< e[CT 8" (se(xn)) + A” - 56" (AL - £®P%£(x,))] Q(xn)* O (f (xn))
< 8“(e(xn)) Q(xn)> Q(f (),
where the last inequality holds if 0 < & < min{1, 1/A%e28, 1/(C/ + A5eS7)).
Similarly, we can perform as above to conclude that
d(f ™" Congn) Xn) < 85 (0ot ) Qe D> Q(f  (ng1))

if & > 0 is small enough.
Therefore, x, — x,41 for all n € Z when ¢ > 0 is small enough. The proof is
completed. U

Let 4 = (V, E) be the directed graph with vertex set V = o/ and edge set E =
{x > y:x,y e V},withx — ydefined in Definition 4.3 for x, y € V. This is a countable
directed graph. Every vertex of ¢ has finite degree if ¢ > 0 is small enough. In fact, for
every x € V,if y € V satisfies x — y, we have

d(y,0) = d(f(x),00) — d(y, f(x))
> d(f().00) = 3d(f(x). 90)
> ¢ “d(f(x), 90)
> Aye 8d(x,00),

and from the discreteness of V (Proposition 5.1(1)), there are only finitely many y € V
such that x — y.
We define X := X (¥) to be the set of Z-indexed paths on 4 :

Y = {{xplnez € VZ 1 x, = xu41 foralln € Z).

An element of X is denoted by x := {x,},cz. We equip X with the metric d(x, y) =
exp[— min{|n| : n € Z such that x,, # y,}] and the action of the left shift mapo : & - %,
0 {xnlnez > {xn+1}nez as before. Therefore, we get a TMS (%, o), it is locally compact
since every vertex of ¢ has finite degree.

Let =# denote the recurrent set of X, defined by

.= {x € X : there exists x, y € V there exists ng, my 1 oo such that x,, = x

and x_,,, =y forall k € Z}.

By the Poincaré recurrence theorem, every o -invariant probability measure gives X* full
measure.
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Definition 5.1. An g-recurrent-pointwise-pseudo-orbit (or e-rppo for short) in O is a
sequence X = {x,},ez € =*

Along an e-rppo {x,}nez € =¥, we can construct the local unstable and stable mani-
folds at x¢ since the pointwise dominated splitting holds for the property of recurrence.
The ideas are simple. Let {V<")};‘;0 denote a sequence of 7-manifolds at xo. We say that
V@™ converges to a r-manifold V at x if

deo (V™ V) =[o™ —6)lco — 0,
n—od

where 0™ and o are the representing functions of V™ and V, respectively.

Call a sequence x* = {xn}n>0 a positive e-rppo if x, — x,41 forall n > 0 and {x,},>0
has constant subsequence. Similarly, a negative e-rppo is a sequence x~ = {x_p},>0 such
that x_, — x_p,41 forall n > 1 and {x_,},>0 has constant subsequence.

Forany n > 1,let V*, be a u-admissible manifold at x_,. The unstable graph transform
along x_, — x_,41 maps V¥, to a u-admissible manifold at x_, 1, which we denote by
FH n—nt11VZ,]. Another application of the unstable graph transform, this time relative
t0 X_p4+1 —> X—p42, MAPps ﬁfnﬁnﬂ [V_,]l e V/fnﬂ to a u-admissible manifold at x_,, 4,
which we denote by .7" 12 © FH n—nt1LVZ,]. Continuing this way, we eventually
reach a u-admissible manifold at xo which we denote by .F#* 109" 0° T lni2 ©
F En’_n Jrl[V’_‘n]. If this limit converges to a u-admissible manifold as n — oo, we call
it a local unstable manifold of a negative e-rppo x ™. Similarly, any s-admissible manifold
VS at x,, is mapped by n applications of a stable graph transform .%#* to an s-admissible
manifold ﬂ’g’l 0---0 ﬁ’;flnil o 9271,,,[‘/;5] at xo. We call it a local stable manifold of

a positive e-rppo x 7 if this limit converges to an s-admissible manifold as n — oo. Set
U= . 12 au au u
VI@T) = Tim (F o0 TN, DIV,
and

VIGET) = lim (Fg 00 Ty )Vl

PROPOSITION 5.2. The following holds for all ¢ > 0 small enough. Suppose {x,}nez
is an e-rppo, and choose arbitrary u-admissible manifolds V", at x_, and arbitrary
s-admissible manifolds V; at x,, for n > 0. Then:
(1)  V*(x7)is a u-admissible manifold at xo, and V*(x) is an s-admissible manifold at
'xo;
(@) f_l[vu({x—n}nzo)] C V*({x—n—1}nz0) and fIV°({xn}nz0)] C V°{xn+1}n=0);
3) ify,ze V*(x7), then forall k > 0,
k-1
d(f ), @) <8060) [T I1DF ™ g 1M
i=0
Similarly, if y, z € V¥(x™), for all k > 0, we have
k—1

d(f* ), 520 <800) [ [ IDFlesun I

i=0
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(4)  we have the following respective shadowing property along the negative and positive
direction:

VU(x7) = {x € exp,,(Sx)) forallk > 0, f*(x) € exp,_, (Sx_)}.
VE(xh) = {x € expy(Sy,) forall k = 0, f*(x) € exp,, (Sy)};

(5)  if (xXndnezs Vnlnez € EF satisfy x; = y; fori = —N, ..., N, then
N
der (VU (7). VA7) < 2N + D) [T IDfles e 174,
i=1
N
der(V @), Vi) 2N + D) [T IDF g 1P

i=1

Remark 5.1. Unlike in [22, Proposition 4.15], since the recurrence might be very slow,
the convergence of H,N=1 I Df |Esx_pl or ]_LN=1 Df ! eyl to zero might be very
slow and hence the continuity of maps {x,},ez > V*(x ™), V*(x™) are not guaranteed
by Assumptions US and R.

Proof. The proof is quite similar to the proof of [22, Proposition 4.15]. We treat the case
of u-admissible manifolds and s-admissible manifolds in the proof of items (1,2,4,5) and
(3), respectively. By suitable modification to the proof, all the other cases are similar in its
opposite direction.

(1) We divide our proof into three steps. First, we verify that if the limit exists, then it is
independent of the choice of V¥, . Since ﬁzﬁ]’o 0---0 ﬁfn’_nﬂ [V¥,]1is a u-admissible

manifold at xo, by using Proposition 4.3, for any other choice of u#-admissible manifolds
W, at x_,, we have

dco(cngl,o ©---0 9ﬁn,—n+1[vfn]’ 951,0 6:--0 yﬁn,—n+l[WEn])

n
< [Tl ol Pdeo(VE,, WE,)

i=1

n
12
< s .
<[TI1Df e nll? — 0,
i=1
since doo(VY,, W*, ) <2Q(x_,) <1 if ¢ >0 is small enough and {x_,},>0 have
constant subsequence. Thus, if the limit exists, then it is independent of V¥, .
The next thing to do is to prove that the limit exists. For every m > n, we have

dco(le’o o---0F"

—n,—n+l[Vl—An]’ yﬁl,() 6:--0 yﬁm,—m-{-l[vzm])

n
<[T1Dflesn ! Pdeo(VE,, FH oy om0 Ty iy [VE,D)
i=1

n
<[T12flErenll? — 0.
i=1

Hence, {ﬁfl’o 0---0 yunﬁm [VX,1}n>1 1s a Cauchy sequence and therefore converges.
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Finally, we have to show the admissibility of the limit. Since #* 109" ©
Tl it V2] —> VU{x_n}uz0]. we have o™ —> o uniformly on By (Q(x0)),

where o and o ™ represent V#[{x=n}n>o0l and ﬂﬁl’o 0---0 ﬁﬁn’_nH[an], respectively.
Due to property (AM3), that is, Hola/z(Da(”)) < % and ||Da(")||co < % by the

Arzela—Ascoli theorem, there exists ny 1+ oo such that Do %) k—)  uniformly where
— 00

lwllcs2 < % Thus, for any v € By (Q(x0)),

1 1
o) (v) = 6™ (0) + / D;y0 ™) - vda k—) o(0) + / w(Av) - vdA
0 —00 0

and hence o is differentiable, and Do = w. We also see that {Do ™} can only have
one limit point. Consequently, Do™ — Do uniformly. It follows that ||o(0)| <
n—>oo

1073 Q (xp), | Dollco < /€, and || Do || sz < %; hence the u-admissibility of V*(x 7).
(2) By the continuity of ﬁﬁl’o and the definition of ﬂfl,o, we have

VM({xfn}nZO) = nl_i)ﬁgo(«?fl,o O0---0 yﬁn,—n—&-l)[vfn]

= Fh [ im (F o0 B, L IVE]
= yf]p[vu({x—n—l}nZO)]

- f[Vu({xfnfl}nZO)l

(3) We write
V¥ ({xn}n=0) = expy, {(og (vp), vp) = lvgll < Q(x0)}
and
V3 ({Xntktn=0) = expy, {07 (), v) : il < Q(xx)} forall k > 0.

Admissibility implies that [0} (0)] < 1073 Q(xx) and Lip(o}) < A€ forall k > 0.

By part (2), fk[VS({xn}nzo)] C V3({xntk}n>0) C CXka(Sxk) for all k > 0. There-
fore, for any y,z e VS({x,}u>0), one can write fX(y)= exp,, (o3 (vp), vp) and
FE(@) = expy, (0 (w)), wy).

For all £ > 0, since the exponential map has Lipschitz constant less than two, we get

d(f* ), @) < 201w} — will + Lip(o) v} — will)
< 4o} — wi|
if0<e<l.
Notice that
(O‘]?(U]i), U]bc) = ka_l,xk (Ulf_] (v]i_])’ U]i_l) and (O‘]?(w]&()’ w]i)
= Fy o (0p_ 1 (Wp_1), wp_y),

or in the s-direction,

A SSs S Su N A S N N A
Ve = Dy W) + Dy g © 01 () + 05 (03— (V1) V)
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and

wp =Dy (i) + Dy oog(wi) + ¢y, (0 (wi_ ), wi_p).
So we have
AR5, @) < lvf — wil
<Dy LI+ IDY I+ 2 Lip(85, | Dllvi_ ) —will

1/2.. K
< IDflEs e p I vi_y — wi_ I

as at the end of the proof of Proposition 4.3(1). Thus,

k—1
d(f* o). F@) < 4T IDF1es e 121105 — wil
i=0
k—1
<8Q0x0) [T 1D 1Es (e II'?.
i=0

(4) The inclusion C is trivial. In fact, notice that V*(x ™) is a u-admissible manifold at
x0, it is contained in exp, (Sx,). that is, for every x € V*(x7), x € exp, (Sx,). By part
(2), for every k > 0,

FR@) e FEVH Axondn=0)] € V*((X_n—inz0) C exp,_, (Sx_)

because V" ({x_n—k}n>0) is a u-admissible manifold at x_;. We have C.

Now we prove D. An outline of the proof of this inclusion is as follows. For every point
x satisfying f*(x) e exp,_, (Sx_,) forall k > 0, write x = exp, (v, vy). We show that
x € V*({x_n}n>0) by proving that vy = o (v;), where 0" is the function which represents
VE({x—n}n=0)-

Introduce for this purpose the point x = exp, (v, y) € V" ({x—n}n>0), where vg = vy
and vy = 0" (vg). Our task now is to prove vy = vj.

For every k > 0, write

fR@) =exp, (v, v and  fTRE) = exp, |, (0%, %) € VE({xon—itnz0),

where [[v2, [, 02 11, (102,11, 102, 11 < Q(lx—k) forall k > 0. 1 1 1
By Proposition 3.1 in its version for f~°, foreveryk > 0, F,”, . =exp, of "o
exp,_, can be put in the form

Floo vy
=Dy 0O +DY @)+ v ). DY ()
+ DY ) F DY W e v)
under the basis (E", E®) forall vy = (v, v%;) € Sx_,, where
DY . =Pl oDri, yexpr oD, f gyt Bl (Q(x_p))

— E"(x_x—1), T, t =u,s.
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Since d(f ' (x_k), x_x—1) < 8°(e(x_y)), in the s-direction, we have

NSu
”Dx,k,x,k,l | <ee(x—k),

m(Df Mps ) <mDY, ., )+ se(x_p).
While in the u-direction, we have

1D, oy I < ee(x),

IDY I < IDf N Eu | + ee(x—p),
and moreover,
Lip(d_)xfk,x_kq) =< 88(_x_k),
where ¢ = (¢“, ).
Let Av*, :=v", — ", and Av®, :=v®, —v%,. Observe that for every k >0,

u K} _ 1 u K} —u =S -1 —u =S
W vl ) = B 05 vl and (08, 0%, ) = F o (00, 02,), we

have
TAVE Il < IDE I AV I+ 1D - AVl
+Lip(@Y , ., DUAV" |+ [Av* )
< UIDf MEue_p | + 2e_)) | AV | + 288 (x_) | AvE |
and
[AVS il = m(Dy . DIAV = IDS 1 1AVl

—Lip(@y o, DUIAVY I+ 1AV, )
> (m(Df M psep) — 2ee @) AV Il — 2e8(x_p) [| AV I.

We claim that an easy induction gives [AvY, | < [[Av® || < [[Av?, | for all
k > 0. In fact, for k =0, this is because [|[Avg| =0 by definition and Cee(x_y) <
m(Df -1 |Es(x_y)) — 1if &€ > 0 is small enough from Lemma 3.1. Assume by induction that
[AVY || < [[AvE || < [JAvE,_,|l. Notice that Ce(x—) < 1 — ||Df_1|Eu(x7k)” from the
case f ! of Lemma 3.2, and choosing a smaller ¢ if necessary such that ¢ < min{1, C/4},
then we have

1AV < AIDF el + 28 ) [ AV | + 288 (x_p) | AVS |
< UDF N gup_p I + 4G AV LI < AV ]| < [[AVY ]|
and
1AV, 5l = m(Df e y) — 266 AVE 1| — 28 (x—g—D) | AV |
> (m(Df M ps ) — dee i) IAVE Il = 1AVl

Hence, the claim is verified.
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We now return to the proof of this part. If we introduce a new constant

b e inp MO Esw) = mDf g

— >0,
xe0 m(Df |E~‘(x)) —1

and choosing a smaller ¢ if necessary such that 0 < ¢ < (bC/4), then by Assumption
US(iii), we see that

AV, LIl = (m(Df pe, 1)) — bCe(x_i—1)) 1AV, ]
>m(Df e ) VPIAY,

for all k > 0. Therefore, we get [|Av® || > [TiZg m(Df " pse )72 Avs|| and hence
either |Avy|l = 0 or [|[Av? || gl However, [[AvY || = [[vi, — v, | <20(x ) <
2, so [[Avyll = 0. Recall that Avy = vy — vy, we have vy = v and then vy = vy =
o (vy) = 0" (vg) by definition. Thus, x = exp, (v, 0 (vg)) € V*({x—n}n=0)-

(5) Given n > N, let V¥, be a u-admissible manifold at x_, and let W be a
u-admissible manifold at y_,. For the sake of simplicity in notation, let .Z(V¥,)
(respectively .Z£(W",)) denote the result of applying % “ ¢ times to V", using the path
X_p —> + -+ = X_p4g (respectively using y_,, — - - - = y_,4¢).

Here, #"~N(V*)) and Z~N(W",) are u-admissible manifolds at x_y and y_y,
respectively. Let o_y, 6_y be their representing functions. Admissibility implies that

lo-ny —c-nllco < llo-nllco+ I5_nllco <20(x_n) < 1,
|Do_n — DG_nllco < [Do—nllco + IDF_Nllco <24/6 < 1

if € is small enough.
For every 0 < k < N, represent .Z"K[V" ] and .Z!~*[W",] by functions o_; and
o, respectively. By Proposition 4.3, we have

lo—kt1 — F—k1llco < IDfIEs eI * ok — Tl co (5.4)
and

~ ~ ~ 8/2
1Do_k41 — DF—ks1llco < IDflEsepl V> (1Do—k — DGkl co + 2llo—k — F—ill}o)-
(5.5)

Iterating equation (5.4), from k = N and going down, we get

lo—k —&—llco < IDf1es eyl llo—k—1 — F—k—1llco
N
[T 1Df1Esen ' llo-n = F-nllco
i=k+1
N
[T 12f1es el

i=k+1

IA

IA
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and hence dgo(Z2VY,1, ZEIW™, D) < [T, IDf|esepll'/?. Passing to the limit
n — 00, we obtain

N
deo(V* (X _nbnz0), V' (y-nlnz0)) < [ [ I1DF1Escen I

i=1
Apply |lo_x — G kllco < ]_[,N:kH IDf|gse_yI'/? to equation (5.5), and set
c—k := ||Do_x — DG_g||co for every 0 < k < N. Then c_j41 < ||Df|ES(x_k)||l/2(C—k +
2 ]_[lN:k+l ||Df|ES(x,,-)||5/4) for every 0 < k < N. Now an easy induction gives that for
every0 <k <N,

k k N
co < [T IDflEs e Per +2 x [1‘[||Df|E-v(xi>||”2- [T 1Df1Esn

i=1 i=1 i=k+1
k—1 N
+TIDA s - TTIDA e 177 + -+ IDf s eI
i=1 i=k
N
<[] ||Df|Es<x,->||“/4}.
i=2

We now take k= N, paying attention to the inequalities |[Df|gs_ll'/? <
||Df|Ex(x_,.)||‘3/4 for all i =1,..., N since 0 < § < min{l, « — §/y} and noting that
c_n <1, we have

N N N
co < [TIDFlesn'? +2N [T IDflesnI”* < @N + 1) [T IDf1es e 174

i=1 i=1 i=1

Immediately, it follows that d1 (Z7[VY, 1, ZIIW 1) <2(N + 1) [T, 1Df ey 174,
In part (1), we saw that #[V¥ ] and #][WX,] converge to V"({x_,},>0) and
V¥{y-n}n=0) in C I respectively. If we pass to the limit as n — oo, finally we get

N
der(V*((x_nlnz0), VEUy-ntn=0)) < 2N + 1) [T IDf1es e 174 O
i=1
We will see that Proposition 5.2 ensures that every e-rppo x € X* is associated to a
unique point.

Definition 5.2. We say that an e-rppo x € =% in O shadows a point x € O when
S"(x) € exp, (Sy,) foralln € Z.

The following lemma is the so called the shadowing lemma, which is at the heart in the
proof of Theorem 5.1. The general idea is similar to what Sarig does in [22, §4.3].

LEMMA 5.1. Every e-rppo x € ¥¥ in O shadows a unique point x € O.
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Proof. Let x € ©* be an e-rppo. From Proposition 4.1(1), there is a singleton set
{x} ;== V%@ )N VS(xT) C O, we claim that x shadows x and x € O. By Proposition
5.2(2), for all k > 0, we have

FR@) e FEVH Axondn=0)] € V*((x_n—k}nz0) C exp,_, (Sx_)

and

A € AV Gxntn=00] € VE (g tn=0) C expy, (Sx).

that is, fX(x) e expy, (Sx,) for all k € Z, and hence x shadows x.
If y € O is any other point shadowed by x, according to Definition 5.2 and
Proposition 5.2(4), it must lie in V¥ (x ™) N VS (xT) = {x}. ]

For every e-rppo x € ©¥, let 7 : ©* — O be defined by
T} =viaHnviah. (5.6)

By the shadowing lemma in Lemma 5.1, 7 (x) is the shadowed point of x, and the
uniqueness guarantees that 7 is well defined for every element of X*.
Here are the main properties of the triple (£¥, o, 7).

THEOREM 5.1. The following hold for all ¢ > 0 small enough.

(D) noa:forronE#.

2 #=% = o*

3) w:x* > 0 is continuous. More specifically, if x = {xp}lnez, Y = {¥nlnez € >#
satisfy x; = y; fori = —N, ..., N, then B

N N
d(r(x), 7(y) < 6[ [TiDflesen > +]] ||Df“|Eu<x,.>||1/2}.

i=1 i=1
Remark 5.2. (¥, o, ) is not a symbolic model for f, since 7 is usually infinite-to-one.

Proof. (1) Notice that for all x € X¥, from the shadowing lemma in Lemma 5.1 and
Definition 5.2, we can denote x = 7 (x) which satisfies f"(f ox(x)) = f*"t!(x)
eXPy, ., (Sx,.;) for all n € Z. However, since o (x) = {Xpt1}nez € >*, using the shad-
owing lemma in Lemma 5.1 again, we can denote y = 7 o o (x) which satisfies f"(w o
o(x)) = f"(y) € eXPy, ., (Sx,.;) for all n € Z by Definition 5.2 again. From the unique-
ness of the shadowing point, y = f(x), thatis,m oo (x) = fonm(x) forall x =#,

(2) First we prove m(X*) > O*. For every x € OF c 0, looking closely into the
proof of Proposition 5.1(2), we see that there exists a sequence {x,},cz € X that
satisfies d (f" (x), x,) < €Q(x,) and d(x,, 00) > e d(f"(x), d0) foralln € Z. By the
definition of 0%, d(x,, 30) > e~°d(f"(x), O) means there exist sequences ny, my 1 0o
for which d(x,,, 00) and d(x_,,,, dO) are bounded away from zero. By the discreteness
of & (Proposition 5.1(1)), x,, must repeat some symbol infinitely often in the past and
(possibly a different symbol) in the future, that is, {x,},cz € >*. Since d( (X)), x) <
eQ(xy), that is, f*(x) € expxn(Tng(eQ(xn))) C expxn(an) if ¢ > 0 is small enough,
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from the uniqueness of the shadowing point, we have x = 7 ({x,},ez) € m(X¥) for all
n € 7. Thus, we get 7(=%) > 0%,

In the opposite direction, for every x = {x,},ez € L¥, the shadowing lemma in
Lemma 5.1 claims there is a unique x € O such that x = 7w (x). Since d(f"(x), x,) <
(1/50)Q(xp) < (1/50)d (x;, 3 O) from Proposition 4.1(1), we have

A" (), 80) = d(x, 0) — d(F"(x), x0) = %d(xn, 20,

and then x € O*. Therefore, 7(X*) c O*.
(3) Write {r(x)} = V*@ )NV &h), {z(y)} = V*(y )N V(y"). From Proposi-
tions 4.1(2), 4.3(1), and using induction, we have

2
d(r(x), 1(y) < —=ldeo(V*(x7), V¥ (y7) +deo(V: @), VE(y )]

1— e
2 N N

< —[ [T lesen > +T] ||Df‘1|Eu<xi>||1/2}
i=l i=1

1— /e
N N

< 6[ [T1DflEscn I +T] ||Df‘1|Eu<x[>||”2}
i=1 i=1

if0<e<g.
Finally, the continuity is obvious since

N N
lim Dflesy |l = lim DFf Yeupnll = 0.
N;wal flesep] NW]‘!H 7 e 0
1= 1=

6. Markov partitions and symbolic dynamics

Let (X, ') be the TMS constructed in §5, and let 7 : £ — O as defined in equation (5.6).
In what follows, we use Theorem 5.1 to construct a cover of O* that is locally finite and
satisfies a (symbolic) Markov property.

Definition 6.1. Call & :={Z(z) : z € &/} the Markov cover, where
Z(z) = {r() :x € =¥ xo = z}.

In other words, 2 is the family defined by the natural partition of ©# into a cylinder at
the zeroth position. Although every element Z(z) of 2 is a subset of the much smaller set
exp,(T;M(2/50Q(z))) (Proposition 4.1(1)), it is a cover of 0" since

U z=U z@ ==E=* = 0"
Ze% e

Thus, O = |J,. 4 Z mod p for every f-invariant probability measure 1 supported on O.
Suppose x € Z(z) € Z, then there exists x € ># such that xo = z and m(x) =x.
Associated to x are two admissible manifolds at z : V#(x~) and V*(x*). The following
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proposition says that these manifolds do not depend on the choice of x : if y € ># is
another ¢-rppo such that yo = z and 7 (y) = x, then
Vi@ =V"(yT) and V)=V,
which allows us to define invariant fibers inside each Z € % (see Definition 6.4).
PROPOSITION 6.1. Forany x, y € =% such that xo = yo and w(x) = 7(y) = x, we have
Vi) = Vi) and Vi) = Vo).

Proof. As proven in [22, Proposition 6.4], we show the proposition for V¢ by dividing our
proof into three claims, and leave the case of V* to the reader. Suppose ¢ > 0 is small
enough.

CLAIM 1. fK[vs (X+)] - expyk[B’y’k(%Q(yk)) @ B;k(%Q(yk))]for all k large enough.
Proof of Claim 1. Recall that by Proposition 5.2(2), for all £ > 0, we have

AV G C VP Wnidnz0) = expy, (0F @D, v)) : v}l < Q) C expy, (Sy,),

where o} is the function which represents s-admissible manifold V¥ ({y,44}n=0) at yx
for all £k > 0. Hence, for any y € VS(X+), one can write fK(y) = eXpy, (o (v)), v3),
logll < @ (k).

Notice that (o (v}), v;) = Fy,_, .y (07 _; (v;_,), v;_;), or in the s-direction,
s __ Ss N Su S S N N S N
Ve = Dy i W) + Dy © 0o W) + g,y (051 (W) V)

Using equations (4.1), (3.12), and ||¢;k71’yk 0,0 <ee(yk—1)O(k—-1), it follows that

gl < 108 Iy I+ DS o oI+ 1165, 4, (0, O)]

+Lip@},_, ) Uloi_ @il + vi_, 1))
< (IDS 15 Il + dee o) 10y | + 266 0k—1) Q1)

We see that [|[vi|| < ax where ay is defined inductively by
ap:= Q(yo) and ax = (|Df|esu_pll +4ee(yr—1))ax—1 + 2ee(yr—1) Q(yr—1)-

We claim that a; < %Q(yk) for some k > 0. If the assertion would not hold, then
O(k) < 8ay for all k > 0, and hence ay < (||Df|gsy_pll +20ee(yk—1))ax—1 for all
k > 0, which implies that
k—1
ar < [ JUDS1Es iy | + 20e8(3i))ao.
i=0

Fix ¥ < k1 < 1, and introduce a new constant ¢ associated to x; given by

Df|gs Kl — IDFf| s
¢l = inf IDfgsoll IDfgsoll -0,

x€0 1 —IDflEs @l
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then if 0 < ¢ < (c1C/20), we get
k—1
ar < [T IDf1Es I a0,
i=0

Whereas by assumption, a; > %Q(yk) forall k > 0. Since yy—1 — yx, from Lemma 4.1
in the case C3 = C4 = 1, we obtain

OWyk) > Qk) —d(f (Yk—1)s i)
> (IDf1Es e I + ee(k—1) Q (k1)
> [IDf|es (I Q(k—1)-

Therefore,

ar > $00x) > $IDf1Es e I¥ Q1)

k-1
l K
>3 -|_0| I Df 1 Es vy " ao.

Combining with the above, we have

| —

k—1
<[TIDflEsol™ — 0.
i=0

which is a contradiction. Consequently, we infer that there exists ko > 0 such that

ak, < 50 (ko)-
Moreover, we have a; < %Q(yk) for all k large enough by using induction. In fact,
suppose that the inequality is true for £ — 1, we have by the definition of a; that

ar < (IDf1es (e | + 486 (=) § O (k—1) + 266 (Ve—1) Q (Ve—1)
< UIDflesu_pll + 2088(yk—1))§Q(yk—1)
< IDflEs I § @ k=1

IDf sy I § @ Gk—1)

FO).

IA

IA

Thus, a; < %Q(yk) for all k large enough.
In particular, [[vi]l < %Q(yk) for all k large enough. Since [lo} (vp)Il < [lo} (0)] +
Lip(a) v Il < 1073 + /&) Q) < %Q(yk), if ¢ is small enough, we have

kryss ¢yt u 1 K 1
PV oIS ey, | B (000 ) @ By, (g0

for all k large enough. O
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CLAIM 2. fk[Vs (X+)] - eprk(Sxk)for all k large enough.

Proof of Claim 2. Forany y € V* (f‘), since 7w (x) = T[(X) = x, from Proposition 4.1(1),
we get

1
d(V, xk) < d(k, fR)) +d(fFF (), x0) < —

1
=5 Oy + %Q(Xk),

and  hence  d(f*(y),xx) <d(f*(y).y) +d(k. xx) < p(M) and we have
fk(y) € B(xk, p(M)). Now for k > 0 large enough, by Claim 1, we have

lexpy,' A < llexpy,' A+ d (ks xi0)
1 1 1
< ZQ(yk) + %Q(Xk) + %Q()’k)
< 120G + Q).
Note that Q(xg) < e2/@=9d(x;, d0), then
d(f*(x), 80) < d(xx, 30) + d(x, f*(x))

1
<d(xx, 00 —
<d(xx )+50Q(Xk)
£2/(@—3)

<e d(x, 00)

and we have Q(f¥(x)) < e7*“ ™ 0 (xp).
Similarly, from

d(f*(x),00) = d(y, 80) — d(yk, f*(x))

1
> d(y, 90) — —
> d(yr ) 5OQ(yk)
eV d(w. 90),

we have Q(f*(x)) > e—re@® O (yr). Thus, we arrive at two useful inequalities:

£2/(@—8)

d(yk, 90) < e d(f* (), 80) < 7 d(x, 90) 6.1)

and

£2/(@=5) £2/(@=5)

O(w) < e O(fFx)) < e 0 (xp). (6.2)

This leads to

lexpy! fXOI < 32O + Q)

<102 L 1o
< 0(x)

if k is large enough and 0 < ¢ < ((log 3 — log 2)/2y)@=9/2,
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It is now obvious that the claim holds since we have assumed as in [10] that the metric
on M is taken in such a way that for any x € O, E*(x) and E*(x) are pairwise orthogonal,
we thus prove

VO] C expy, (Sk)
for all k large enough. O
CLamM 3. V¥(xt) =Vo(y™).

Proof of Claim 3. The proof of this claim is made exactly as in [6, Claim 3 on p. 102] by
using Claims | and 2. O

This completes the proof of Proposition 6.1. O

Definition 6.2. Suppose Z = Z(z) € Z. For any x € Z, the local unstable manifold
through x is defined by V*(x, Z) := V¥(x™) for some (any) x = {x,},ez € ¥ such
that w(x) = x and xo = z. Similarly, the local stable manifold through x is defined by
VS(x, Z) := VS(x) for some (any) x = {x,}nez € E* such that 7 (x) = x and xo = z.

By Proposition 6.1, the definitions above do not depend on the choice of x. Since
Uzc# Z = OF, we only construct locally unstable/stable manifolds on O rather than
O as done in [10].

THEOREM 6.1. ForeveryZ ¢ &, |{Z' €¢ & : Z' N Z # @} < o0.

Proof. Fix some Z = Z(z) € Z. If Z' = Z'(7’) intersects Z, then there must exist two
e-Ippo X, y € ># such that xg = z, yo =2/, and w(x) = JT(X). From equation (6.1), we
have

d(z,90) = d(x0,90) < e d(yo, 80) = 7“7 d(Z, 30).

It follows that Z’ belongs to {Z'(z') : 7/ € «/,d(z/, 00) > e=2¢7 " 4(z, 90)). This set

is finite because of the discreteness of .7 (Proposition 5.1(1)). O]

PROPOSITION 6.2. Suppose Z € %, then for any x,y € Z, V¥(x, Z) and V*(y, Z)
intersect at a unique point z, and z € Z.

Proof. Tt follows from Proposition 4.1(1), proved as in [22, Proposition 10.5]. O]

Definition 6.3. The Smale bracket of two points x,y € Z € Z is the unique point
[x, ylz € V¥(x, Z) NV (y, Z).

LEMMA 6.1. Ifx,y € Z € Z, then
Vi(Ix, ¥z, 2) = V*(x, Z) and V*([x,y1z, Z) = V'(y, 2).

Proof. Write Z = Z(z) where z € &/. There are two e-rppo x,y € »* such that
X0 =Yy =2, 1mw(x) =x, ”(X) =y, and so that

Vi(x,Z)=V"(x") and V'(y,Z)=V'(y").
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It holds that {[x, y]z} = V*(x7) N VS(X+) = {n(2)} C Z(z), where z9 = z, and

By Definition 6.2,
Vilx,y1z. 2) = V') = V") = V'x, Z)
and

Vilx,ylz, 2) = V) = VpH) = V(. 2). O

LEMMA 6.2. Suppose x,y € Z(zo0), and f(x), f(y) € Z(z1). If zo = z1, then
Fx, yY1z@g) = 1), fOD ]z

Despite the definition of staying in window [22, Definitions 6.1 and 6.2] and the
conclusion that any two local stable manifolds either coincide or are disjoint [22,
Proposition 6.4], which are used in the proof of Lemma 6.2 above in [22, Lemma 10.7], we
can still circumvent the problem just by using the weaker Proposition 6.1 above to prove the
conclusion, and we will see that this conclusion is just from the Markov structure of >#,

Proof. Compared with the proof of [22, Lemma 10.7], the difference is in the proof of
FIVI(y, Z(zo)] C V(£ (), Z(z1)) and f[V"(x, Z(20))] D V*(f(x), Z(z1)). We give
the details of the first half, the other half is proved in the same way.

Since V7 =V (f(y), Z(z1)) = V*({xn+1}n=0) for any {x,11}n>0 € ># such that
X0 =20, X1 =21, and w({xp41}nez) = f(y), it is an s-admissible manifold at zj.
By Definition 4.4, fzso’z 1 [stl] is the unique s-admissible manifold at zo contained in
f! (stl)’ and thus our problem reduces to prove V*(y, Z(zp)) = ﬁzso’m [VZS]].

According to Theorem 5.1(1) and (2), ?;O’ZI[V;I] = V¥({xu}n>0), Where xo = zo
and 7 ({x,}nez) = y since the shadowing point is unique. Notice that V*(y, Z(z9)) =
VE({yntn=0) for any {yu}nez € =* such that Yo =20, and 7({yn}nez) =y, from
Proposition 6.1, so we ‘have V®(y, Z(z0)) = V'({yn}n=0) = Vi {xn}n=0) =

9;0,11 [Vz“l]. O

Definition 6.4. For any x € Z € &, the u-fiber of x inside Z is defined as W (x, Z) :
V% (x, Z) N Z, and the s-fiber of x inside Z is defined as W*(x, Z) .= V*(x, Z) N Z.

Obviously, since V*(x, Z) N V¥ (y, Z) C Z, Proposition 6.2 and Lemma 6.1 hold for
an u/s-fiber also, that is, W"(x, Z) N W¥(y, Z) = V*¥(x, Z) N V¥(y, Z), and

W'(x, ylz, Z) = W"(x,Z) and W'([x, ylz, Z) = W'(y, Z)
ifx,yeZeZ%.

PROPOSITION 6.3. Suppose Z € %. For any x,y € Z, W*(x, Z) and W"(y, Z) are
either equal or they are disjoint. Similarly for W*(x, Z) and W*(y, Z).

https://doi.org/10.1017/etds.2024.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.47

44 C. Wuand Y. Zhou

Proof. We prove the proposition for a u-fiber and leave the case of an s-fiber to the reader.

For any x,y € Z, assume that W"(x, Z) N W¥(y, Z) # @. Let z € W¥(x, Z)N
W¥(y,Z) C Z. Since x,z € Z, {[x, zlz} is well defined and equal to W"(x, Z) N
WS(z, Z), notice that z € W"(x, Z) N W¥(z, Z), and thus

z=[x,zl]z.

By Lemma 6.1, we have W¥(z, Z) = W"([x, zlz, Z) = W"(x, Z).
Similarly, W (z, Z) = W*(y, Z). Hence, W (x, Z) = W¥(y, Z). O

The following proposition states the symbolic Markov property of a u/s-fiber, which
also follows from the Markov structure of .

PROPOSITION 6.4. If x = mw(x) where x = {x,}nez € >* then
FIWS(x, Z(xo)] € WH(f(x), Z(x1)) and  f~HW*(f(x), Z(x1))] € W*(x, Z(x0)).

Proof. The proof is the same as in [22, Proposition 10.9]. We prove the inclusion for the
s-fiber. The case of the u-fiber follows by symmetry.

By Definitions 6.4 and 6.2, W*(x, Z(xp)) C V*(x, Z(x0)) = V ({xn}n>0). Using
Proposition 5.2(2), we have

TV {xntn=0)) € V¥ ({xns1tn=0),

the last manifold is equal to VS(f(x), Z(x1)) since {xXp+1}n=0 € ># satisfies X0+1 = X1
and

T({Xn+1}n=0) =T o0 (x) = fom(x) = f(x).

Therefore, f[W*(x, Z(xp))] C V5(f(x), Z(x1)).

Suppose y € W*(x, Z(xp)). Since y € Z(x), there exists an e-rppo y € E# such that
Yo =xp and 7w (y) = y. From y, x € Z(xo), we know that {[y, X1z} is well defined and
equal to V*(y~) N VS (xT). However, y € V¥ (x, Z(x0)) = V*(xT) and y = 7 (y) implies
thaty € V*(y~) N VS(x™), and thus a

Yy =1y, X1z = 7(2),

where zo = xg, and

Yu, n =<0,
n = " e x*
xna 207

Therefore, f(y) € Z(x1) since {z,11}nez € L¥ satisfies 70,1 = z1 = x1 and

T({zZnt1lnz0) =m00(2) = fom(z) = f (). O

LEMMA 6.3. Suppose Z,Z' € & and ZNZ # @.
() IfZ=Z()and Z' = Z'(Z'), where z,7' € o, then Z C exp,(S;).
2) Foranyx e ZNZ,W'(x,Z)C V'(x,Z")and W(x, Z) C V*(x, Z").
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Proof. We follow a similar strategy in [22, Lemma 10.10].
(1) Note that by Proposition 4.1(1),

2 4 , 4 ,
Z(z) C exp, (TZM<%Q(Z)>> - B(z, %Q(z)> - B(z , %Q(Z) +d(z,z )).

Fix some x € ZN Z' C O, so from equation (6.2), we have

0(z) < e’

0(2)

and

4 , 5 1 ,
%Q(z)—kd(z,z)f %Q(z)—i- %Q(Z)

5 2/(a—3)
_62)/8

] /
< I
= (50 + 50>Q(z)
16 ,
<< —
< 550G
if 0 < & < (log 3/2)/)(0‘*5)/2.
Therefore,

/7 4 / / 8 /
Z(z) C B<z , %Q(Z) +d(z,z )) C B<z , EQ(Z )) C exp,(Sy).

(2) We show that W*(x, Z) C V*(x, Z'). The case of the u-direction follows by symmetry.

Since x € Z(z) N Z'(z'), we can write x = (x) where x € %, xo = z, and x = 7(y),
where y € £*, yg =7/, Observe that for all k € Z, f*(x) = f*(n(x)) = 7(c*(x)) €
Z(xx), we have fX(x) € Z(xp). Similarly, since f*(x) = f*(m(y) =n(c*(y)) €
Z'(yr), we have f¥(x) € Z’(y), and hence f¥(x) € Z(xx) N Z'(yx). By the first part
of the lemma, Z (xx) C expy, (Sy,).

Since x = w(x) and Z(z) = Z(x¢), we have by the symbolic Markov property of an
s-fiber iterated forward k times

FHIW (e, Z(2)] € WP (F5(0), Z(x)) © Z(xi) C expy, (Sy,)

for all £ > 0. By Proposition 5.2(4), W¥(x, Z) C V‘Y(X"’) =V, Z). O

The next step to do in the construction of a Markov partition is to refine 2 to destroy its
non-trivial intersections. The result will be a partition of O by sets with the (geometrical)
Markov property. This method is the so called Bowen—Sinai refinement procedure, first
developed by Sinai and Bowen for finite covers [8, 23, 24], and also works for countable
covers satisfying the local finiteness property [22, §11].
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Write & = {Z,, Z», . . .}. Following [8, 22], we define a partition of Z; such that for
every Z;, Z; € Z,

Ti’;S ={xeZ: W“(x’ ZHN Zj + &, Ws(x, ZHn Zj ” o),
T[z;@ ={xeZ :W'x,Z)N Z,#+ 92, WS (x, Z)) N Z; = o),
Ti?s ={xeZ: W (x, Zi) N Zj =@, Wx, Z) N Zj £ o),
Tijgoz ={xeZ :W'x,Z)N Z;, =2, WS (x, Z)) N Z; = o).
Laﬁwzugﬁujeﬁazmzj¢@ﬂe{mahﬁem®n.

Clearly, T/** = Z;; therefore, 7 covers the same set as 2, namely 7 (X*) = 0. Using
Proposition 6.3 and Lemma 6.3(2) above, we prove that Tl:;s — 7N Z; as in [22, p. 386].

Definition 6.5. For every x € 7(T*) = 0%, let R(x) := (T and set Z :={R(x):

TeT
xeT

x € 0%}
PROPOSITION 6.5. Z is a countable pairwise disjoint cover of O*.

An outline of the proof of this proposition is as follows, the details of which we
omit. Proceeding as in [22, Proposition 11.2], first, from the locally finite property of 2
(Theorem 6.1), R(x) is a finite intersection of elements of 7, that is, for every R € %,
{Z € 2 :Z D R}| < oc. Second, since 7 is countable and the fact that T'* = Z;,

we conclude that % is a countable cover of O, that is, U R= 0*. Moreover, it
ReZ#

is a countable pairwise disjoint cover of O*. The key point to destroy the non-trivial

intersection is to prove that R(x) is the equivalence class of x for the following equivalence

relation on O: for every x, y € O, define

xeZ & yelZ,
x ~ yifand only if forall Z, Z' € &, Wix,Z)NZ' #0 & W'y, Z)NZ #o,
W 2)NZ #8 & WOZNZ £

Soforeveryx,ye |J R= O*, either R(x) = R(y) or R(x) N R(y) = @. Thus, Z is a
Re#
Bowen-Sinai refinement of 2. For more details, see [22, Proposition 11.2].

By Definition 6.5 and the local finiteness property of 2, the following inclusion relation
and local finiteness properties for % are proved exactly as in [22, Lemma 11.3].

LEMMA 6.4. Z is a locally finite refinement of % :

(1) foreveryRe ZandZ € Z,ifRNZ # &, then R C Z;
2) foreveryZe Z,{ReZ:RCZ} < oo;
(3) foreveryRe Z,|{Z € % :Z D R} < oo

Now we follow [22, §11] to show that & is a Markov partition in the sense of Sinai [24].
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Definition 6.6. For any R € &% and x € R, we define the u-fiber and s-fiber of xinside R
respectively by

W'e, Ry = ) W“(x,z,-)mTi‘;ﬁ and W'(x,R):= [ WS(x,z,-)mTl.jfﬁ.
Ti‘;ﬁey Ti‘;ﬁeﬂ
Ti‘;ﬂDR Tif’,f'sDR

Proposition 6.3 implies that any two u-fibers (s-fibers) either coincide or are disjoint:
suppose R € # and x, y € R, either W*(x, R), W¥(y, R) are equal or they are disjoint,
and similarly for W¥(x, R) and W®(y, R). The proof is straightforward as in [22,
Proposition 11.5(2)].

PROPOSITION 6.6. Suppose R € # and x,y € R.

(H W"(x,R), WS(x, R) C Rand W"(x, R) N WS(x, R) = x.

(2)  The intersection W"(x, R) N W*(y, R) consists of a single point and this point
belongs to R. Denote it by [x, y]r and call the Smale bracket of x, y in R.

(3) Markov property: let Ry, Ry € Z. If x € Ry and f(x) € Ry, then

FOW*(x, Ro) C W(f(x), R1) and =" (W"(f(x), R1)) C W"(x, Ro).

Proof. Part (1) is proved exactly as in [22, Proposition 11.5(1)]. Using Proposition 6.3,
part (2) is a standard result which can be found in [22, Proposition 11.5(3)]. Along the
proof, we also obtain that [x, y]g = [x, y]z for every x, y € R and all Z € Z containing
R. Finally, part (3) is the heart to obtain a Markov partition which is proved as in [22,
Proposition 11.7], using Propositions 6.3, 6.4, and Lemmas 6.2, 6.3(2), and the equality
[x, y]r = [x, y]z holds for every x, y € R and every Z € Z containing R. O

We now construct a new symbolic coding of f, which is a symbolic model of f
generated by the Markov partition % that satisfies Theorem 2.1. Let G = (V, E ) be the
directed graph with vertex set V =% and edge set E = {R1 —> Ry : Ry, Ry € # such
that Ry N f~' R, # @)}. This is also a countable directed graph, and every vertex has finite
degree because for every Ry € %, if R| € Z satisfies Ry — R, by Definition 6.5 and the
local finiteness property (Lemma 6.4(3)) for Z, there are finite points of 7, say z such
that Ry C Z(z). Since Ry — R;, we can take x € Ry N f~'(R1) C Z(z), there exist by
Definition 6.1 an e-rppo x € ># such that xy = z and m(x) = x.Then f(x) € Ry N Z(x1)
and from the inclusion relation (Lemma 6.4(1)) for Z, Ry C Z(x1) and such R is finite
(Lemma 6.4(2)) since Z(x1) is finite for fixed Ry (Lemma 6.4(3)). Therefore,

{Ri€Z:Ry— R} < Y Y {RieZ:R CZ(E)} < oo

€ ed
Z(2)DRoz—7

Let (2, 3) be the TMS induced by ¢

S = {{Ru}nez € #* : Ry — R,y forall n € Z},
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where the & is the left shift and the element of & is denoted by R := {R,}ncz. We equip
% with the metric d(R, S) = exp[— min{|r| : n € Z such that R,, # S, }] as before. Since
every vertex of ¢ has finite degree, X is locally compact. Define as before

St= {R € S : there exists R, S € Z, there exists ny, my 1 00
such that R,, = R and R_;,;, = S forall k € Z}.

Again by the Poincaré recurrence theorem, every ¢ —invariant probability measure gives
># full measure. Furthermore, every periodic point of & is in X*.
ForneZandapathR_, — ---— R,on 9, (\'__, f~'(R;) # @. This follows by

i=—n
induction, using the Markov property of % (Proposition 6.6(3)), as done originally by
Adler, Weiss, and Sinai [1, 3, 23, 24]. For more details, see [22, Lemma 12.1].

LEMMA 6.5. For every finite path R_, — --- — R, on 5? there exists an &-rppo
x ={xnlnez € >* such that for everyi = —n, ...,n, R; C Z(x;), and

diam( N f"’(&-))sSQ(xn) [T1DF ewap ' +80G—) [T IDFles eyl

i=—n j=1 j=1

Moreover, for every R = {Ry},ez € ># we have

N
diam( ﬂ f‘i(Rl-)) .0

i=—N

Proof. Fix x,y e} f7'(R;). By Definition 6.5, we can pick some z € &/ such

i=—n
that Ry C Z(z) € Z. Since x € Ry C Z(z), there exists by Definition 6.1 an e-rppo
X € ># such that xo = z, m(x) = x. From fi(x) = fi om(x)=m oai()_c) € Z(x;) and
fi(x) € R;, we have fi(x) € Ri N Z(x;) foralli = —n,...,n.So we have R; C Z(x;)
by inclusion relation Lemma 6.4(1) for all i = —n, . . ., n. It follows that

M /7 ®yc () F1zenl.

i=—n i=—n

and hence y € ('__, £ [Z(x;)] C Z(x0).

Since x,y € Z(xp), we can let 7’ :=[x, ylz() € Z(x0). Notice that fi(x),
fi(y) € Z(x;) foralli = —n, ...,nand xyg — - - - — X, we have by Lemma 6.2 iterated
forward n times

1@ = f"(x, Y1zexo)
= "N A @), FODzan)
= =", f" O]z
= VA(f"(x), Z(xn) NV (), Z(xn))s

and thus f"(z") € V*(f"(x), Z(xn)) = V" ({X—k4n}k=0)-
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Similarly, since x_, — - - - — xp, we have by Lemma 6.2 iterated backward n times

7@ = F7Mx y1zig)

=/ @, T Wz )
= =", FT"Mzey
= V(" (x), Zx—n) N VT, Z(x-n)),

and thus f7"(2') € VS(f 7" (¥), Z(x-n)) = V* ({xk—n}k=0)-

Now using Proposition 5.2(3), for x, y € (/__, F~I(R;), we have
d(x.y) <d(x.2) +d(.y)
=d(fT" ("), fTUE) F A TED, T

n—1

n—1
<800 [ IDF e I +80C—) T] IDFlEs i 12

i=0 i=0
n n
=80, [[ 1D eyl + 80— [T 1D 1ese_pll'>
j=1 j=1
Therefore, for every finite path R_, - ---— R, on &, there exists an £-rppo

x = {x,}nez such that

diam( N f"’(Rl-))s 80Cn) [ [ 1D euepll'? +800—w) [T I1Df1esxpy 1M
j=1

i=—n j=1

Finally, if R = {R,}nez € /2\3#, then there exists R € %, such that R,, = R for infinitely
many m > 0. From Lemma 6.4(3), for this R, |{Z € & : Z D R}| is finite, so by the
pigeonhole principle, there exists x € <7, such that x,, = x for infinitely many m > 0.
Similarly, there exists y € o7, such that x,, = ¥ for infinitely many m < 0. Thus, for every
R e >#, there exists an e-rppo x = {x, }nez such that

N N N
diam( N f"'(R») <80Gwn) [T IDF  puapll'? +80G-n) [ I1DFles eI

i=—N j=l1 j=1

holds for every N > 1. So we have

N
dlam< ‘mN f (R,)) N::o 0. O
i—
For every R € S* let7 : % — O be defined by

n
F@RY =) ) f R
n>0i=—n
n
I=—n
whose diameters tend to zero as n — oo and the intersection [),- (V=_, f (R is a
singleton.

Here, 7 is well defined because [ f7H(R;) is a non-empty compact subset of M
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It is worthy to point out that we take the closures of (/__, f ~I(R;) because the R;
terms are not necessarily closed. A priori, the image of 7 on S* could be bigger than
7(T* = o*. Fortunately, this is not the case for Theorem 2.1(3), or see the proof of the
following Theorem 6.2(3).

The triple (S*,5, 7) is the one that satisfies Theorem 2.1, where the non-injectivity of
7 is analyzed using the following notion of affiliation, which was introduced by Sarig [22,

§12.3].

Definition 6.7. R, R’ € % are called affiliated if there exist Z, Z' € 2 such that Z D R,
Z' D R',and Z N Z' # @. If this occurs, we write R ~ R’.

For R € #, define N(R) :={(R',z2) e Zx &/ : R" ~ R and Z(z) D R'}. By the
local-finiteness of 2, and Lemma 6.4(2) and (3), N(R) is finite. See the proof of [22,
Lemma 12.7].

Definition 6.8. We say that R ~ R'if R, ~ R} foralln € Z.
LEMMA 6.6. IfR, R' € £* and #(R) = 7 (R'), then R ~ R'.

Proof. Suppose R = {Ry}nez € =*, By Definition 6.5, we can pick some xo € &7 such
that Ry C Z(xg) € Z. Since Ry — Rj, there exists a point x € Rg N f~1(R1) C Z(xo).
So there exists by Definition 6.1 an e-rppo x’ € ¥ such that x) = x0, m(x") = x. Then
f(x) € RyN Z(x}). From Lemma 6.4(1), we have Ry C Z(x}). Set x| = x|, so we
get xog — x1. Inductively forwards, one can proceed this construction to give us a path
X0 = - -+ — x, on X satisfies R, C Z(x,) for every n > 0. Similarly, repeating the
procedure inductively backwards gives us another path x_, — - - - — xo on X satisfies
R_, C Z(x_,) for every n > 0. Therefore, this procedure gives us a sequence
{(XnInez € T. We claim that {x,}ncz € S for R € &,

In fact, since R € f#, there exists R € %, such that R,, = R for infinitely many m > 0.
From Lemma 6.4(3), for this R, |{Z € & : Z D R}| is finite, so by the pigeonhole
principle, there exists z € </, such that x, =z for infinitely many m > 0. Similarly,
there exists 7’ € <7, such that x,, = 7’ for infinitely many m < 0. Thus, we construct an
e-rppox € ¥ for R € >* such that

z=a® e [) £ Zx),

n>0i=—n

that is, f"(z) € Z(x,) forall n € Z.

Recall that every element Z(x,) is a subset of the much smaller set expy, (T, M2/
50Q(x,))) (Proposition 4.1(1)), we have d(f"(z), x,) < diam(Z(x,)) = diam(Z(x,)) <
%Q(xn) and then f"(z) € exp,, (Sy,) for all n € Z. By Definition 5.2 and the shadowing
lemma (Lemma 5.1), 7(x) = z = 7T (R).

Analogously, for R’ € f#, there exist {y,}nez € ># such that 7(y) =T (R). Since
7T(R) = T (R) = z, we have for every n € Z, f"(z) =m oo™ (x) —_ o0o"(y) and so
f™(z) € Z(xy) N Z(yy), proving that R, ~ R/, for all n € Z. B O
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THEOREM 6.2. The following holds for all ¢ > O small enough.
(1) Tod=fomont

) 7 :3* = 0 is continuous.

3) Ts#: st otis a finite-to-one surjective map.

Proof. (1) Forany R € f#, because f is a homeomorphism, we have

[Fod(R)} = ﬂfn(Rnmm---mf—"(RnH)}:{ﬂ N f“'(Rm)}
n=0 n=0i=—n
>1) N f—<f+1>+1(R,-+1)}={f(ﬂ N f—<"+1>(R,-+1))}
n=0i=—n-2 n=0i=—n-2
o0 n+1
= f<ﬂ N f‘f(Rj))}z{foﬁ(ﬁ)}.
n=0 j=—n—1

(2) If otherwise, then there is a £ > 0 so that for every N > 0, one can find RWM),
SM e £* with RN = 5™ for all i = —N,..., N, but d@RM), 7(SM)) > &.
However, notice that 7(R™), 7(S™)) e ﬂfv:_N f—i(Ri(N)), and hence by Lemma 6.5,

there exists an e-rppo x = {x,(,N)}nGZ e 2% such that

d@RM), 7(sMy)

N
< diam( N f—i(Rl.(N)))

i=—N

N
= diam( [} (R

i=—N

N
<80y H 1DF ™ a1 + 80"\ 1‘[1 IDf s oy 172 = 0.
J

This leads to a contradiction.

(3) We first prove that 0% = ﬁ(f#). The proof of O* ﬁ(f#) is the same as [22,
Theorem 12.5(3)]. So it suffices to establish the opposite direction o* > 'ﬁ(f#).

Suppose R = {R,}nez € s proceeding as in the proof of Lemma 6.6, we can
construct an e-rppo x € X for R € >* such that

=R () ﬂ 7z,

n>0i=—n

that is, f"(z) € Z(x,) for all n € Z. Therefore, d(f"(z), x,) < diam(Z(x,)) =
diam(Z (x,)) < 30(xy) < 3d(x, d0), and we have

d(f"(z),00) = d(x,,00) —d(f"(2), xn) > %d(xn, 00).
Thus, z € OF, thatis, 7 (2#) ¢ O*.
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Finally, we prove 7|5« is finite-to-one. The proof is an adaptation of [21, Theorem
5.6(5)] and [6] to our context. The original proof [22, Theorem 12.8] has a small error that
was corrected in [21].

Suppose x € O, since T(£*) = O*, x has a 7-preimage R € ¥ such that R, = R for
infinitely many positive n and R, = S for infinitely many negative n. Let N := N(R)N(S)
and suppose by way of contradiction that there are N + 1 different R, R, .. RWN) ¢
># with E(O) = R and ﬁ(ﬁ(’")) =xforallm=0,1,..., N. As produced in the proof
of Lemma 6.6, we can construct for each R an e-rppo x™ e £# such that 7 (x™) =
F(R™M) = x,and RM™ < Z(x™) foralln € Zandallm =0, 1,. .., N.

Since the sequences {R' (’”)}ZZO are distinct, there exists some ng > 0 such that

(RO RDY# (RY) L RY)) forall0 <i, j < N withi # j.

—ng* —ng°

Denote by nt the first n > ng such that R, = R, and by n~, the first n < —ng such
that R, = S. Lemma 6.6 implies that there are at most N = N(R)N(S) distinct choices
of quadruple (R(m) r(l'f), R(m) ("f)) for m. By the pigeonhole principle, there are
0 <k, < N withk # [ such that (R, x,+ g) := (R%, x%) = (RY), x 1)), (8, x,- 5) ==
k k i 1
(R, x") = RV, x®), and
k k 1
RY, LR £ RY, R,

Now we apply the diamond a+rgument [2, Lemma 6.7] to finish the proof of part (3). Fix
xeMo,- 7 RY), y e E,- £71(RY), and define z,, z» by the equalities

) =0, T Ik and 7 (2) =1 @), f )

. . L. . + + k
These points are uniquely defined by Proposition 6.6(2) since f" (x), f* (y) € Rfl+) =

R,(jl R, " (x), f" (y) e R(k) R(l) S. We will obtain a contradiction once we
show that z; # z» and z1 = 2.

First, note that {f"" (zn)} = W*“(/"" (x), R nws (" (), RY)) € we(f"" (),
R,(jfr)), by the Markov property (Proposition 6.6(3)), we have z; € ﬂizn_ - (Ri(k)). Sim-
ilarly, since {f" (z2)} = W*(f" (), RE) N WS (/" (). R”) € WS (s (). R),

we have z; € ﬂl";n_ f”'(Rl.(l)). Therefore, we get z; # zp for (R,ik_),. (k)) *
I I
(R, ...,R").

We now show that z; = zp. Since f”+(zl) €RC Z(xy+g) and f" (z2) €S C
Z(x,-s), there are x = {x;}nez, y= {vnlnez € ># with Xpt+ = X+ R, Yn— = Xp-s such
that z1 = 7 (x), z2 = 7(y). Define 7' ={2),}nez € by

Yn, n<n-,
/ k _
=1, n~<n<nt,
Xp, n>nt

Since both x, y € ># also 7' e >#* We claim that 7; = n(Z) = z20.
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In practice, note again that from f nt (z1) € WH(f nt (x), Rr(lli)) and the Markov prop-
erty (Proposition 6.6(3)), we have f* (z1) € W4(f* (x), ngk,)). Naturally, f* (z2) €
W (x), Rr(lk,)). Hence, we have by Definition 6.6,

@0, 7 (22) € WU @, RY) € W (), ZG)) = W (), Z(2,)).

By the symbolic Markov property (Proposition 6.4), for all n < n™, Proposition 5.2(2) and
(4) imply that

[, fM(z2) € WH(f"(x), Z(2,)) Cexpy (Sy) foralln <n”.
Similarly, we obtain that for alln > n,
[z, f(z2) € W (" (x), Z(2,)) C expy (Sy) foralln > n™.

The next thing is to fix n~ <n <n*t. Observe that we have f"(z1), f"(z2) €
RPURY c zxPyu z(x). Since 7(x®) = 7(xD) = x, we get "(x) € Z(xF) N
Z(xr(,l)). Then Lemma 6.3(1) implies that Z(x,(,k)) U Z(x,(,l)) C exp, (Sx(k)). Recalling

xr(lk) =z}, foralln™ <n < n™, therefore,

f(z1), [(z2) € expy (Sy), n~ <n<n™.

In conclusion, for this e-rppo z' € =%, f™(z1), f"(z2) € exp (Sy,) for all n € Z. By the
uniqueness of shadowing point, z; = z;. This leads to a contradiction. O
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