Some sufficient conditions for the absolute Cesaro
summability of series
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1. Let ¢/ denote the n-th Cesaro mean of order k for the series

X a,, that is,
8 . QU AUk
off) = S| AP,

ap = (FEm) gwo g (M,

»=0 n—v

where

and let
alf = e — e n =1,

alf) = cb.

Then the series T a, is said to be summable (C, k) to the sum s if
M—>s as n-> o, and absolutely summable (U, k), or summable
1C, k], if XaP| is convergent. Throughout this paper we shall
suppose that £ = 0.

It is well known that a series which is summable or absolutely
summable (C, k) is respectively summable or absolutely summable
(0, k) for every « > k.

An important relation connecting a'¥ and q, is provided by the
formal identity!

o0 ac
(1) ZnAR gk gn = (1 — )% 2 na, 2"
0 n=>%0

=

2. The object of this note is to obtain some simple relations
connecting Cesaro and absolute Cesaro summability. It is well known
and, in any case, follows at once from the definition of absolute
summability that, if a series is summable |C, k[, it is also summable
(C, k). The converse of course is not true. Indeed an example has

1 1. Kogbetliantz, Bull. des Sciences Math. (2), 49 (1925), 234-256.
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been constructed! to show that a convergent series need not be
absolutely summable by Abel’s method and, a fortiori?, need not be
summable |C, k| for any value of k. In view of this result the
inference

Xa,=s(C, k) implies Za, = s |, «| for some «

is bound to be false, and it is natural to ask what alteration in the
hypothesis would suffice to make the above conclusion valid. An
answer is suggested by a recent paper® dealing with series which are
more than summable (C, k) in the sense that they satisfy a condition
of the form
cP=354+0(n"?%, 0<6=1.

It will be shown that such series and series satisfying a slightly wider
condition are always summable | C, « | for some «.

3. We proceed to obtain these results.

THEOREM 1. If the series X a, satisfies the relation

(2) C%) =8 + ¢)l7 ¢7l-> 07

where Tn=1|¢,| is convergent, then X a, is summable | C, « | for k=k+1.
Without loss of generality we may suppose that « =k + 1.
From (1) we have

0 £
S A%tV bt gn — (1 — 2)~*~1 X na, 2"
n=0 n=0

s o3
= (1 —2)"1 T nAPa® an,

=0

so that

n
R AL D F 4D o
v=0

"
k) otk k | k k
= nAP P~ % e (v +1) 48, — vAY)
r=0

n—1
=nd®P ¢, — T ¢, {(v+1) A7), — vA®}
v=0

n—1
=nAP ¢, —(k+1)Z $ 4D

»=0

== Tl - Tz,

1LJ. M. Whittaker, Proc. Edinburgh Math. Soc. (2), 2 (1930), 1-5.
2 M. Fekete, Proc. Edinburgh Math. Soc. (2), 3 (1933), 132-134.
3.J. M. Hyslop, Proc. Edinburgh Math. Soc. (2), 5 (1938), 182-201,
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say. Since A% ~n*/I" (k + 1) it is sufficient to prove that X n—% 2|7 |
and Zn~%-2|T,| are convergent. The first of these follows at once
from the hypothesis. Also

To=(k+1) X ¢ AP + o(nb),
=1

y=

so that
S k2T, < A{ £ [$|vF S n-t-24 B n-y
y=1 n=y n=1

n=1
<A{Zvl¢ |+ X n %
v»=1 n=1
<,
and the theorem follows.
The particular case of this theorem when ¢, =0(n"9%),0<3d <1,

deserves special consideration. We have just proved that series
which satisfy the condition

(3) W =5+0(n"?, 0<d< 1,

are summable |C, k£ + 1/, but it is possible to obtain more precise
information about such series.

THEOREM 2. If the series X a, satisfies condition (3) it is summable
tC, KIfOTK>k—§— 1 —38.
Without loss of generality we may suppose that
k+1—8<k<k+1.

From (1) we obtain

n
nAP @Y = 5 vAD ab AT
v=0

n—1
k) L& (Y] k k—k—1 k k—k—1
=ndy’ e — T (v + 1) A, 4TI —vAP ALY
v=0

n—1
=nAP ¢, — 20 b, (v + 1) AB L ALTEZD _ yAH gE-k-1y
- Tl - TZ’

say. Now
Sn—l T« AXp—<"tnttl|g, ]|

<dZnF <,

and we have to show that the same is true of 7',.
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The difference involved in the 7', summation is equal to
b+1)....ktvHlc—k)....(k—k+n—v-2)
vi(n —v—1)!
(v— ! (n —)!
(k—jgl) (li+v)(K—]c) oo k—k+n—v-2)

—
\./

Y ' .
vl (n—v)!
{(k+v+1(n—v)—v(k—k+n—v— 1)
:(L+ 1)”"(k—*_V)(K—k)""(K—k_*—nf;'f_g) g

vl (n — v)!

(k4 1) (n—v) —v(c — & — 1)}
=(k+1) Afk) Agc_—vk_—ll) — VAfk) A;::Vk—?)’

and we therefore have 7'y = Ty y — T, », where

n 1
Ty,=(k+1) ‘Ib AR A== b,
n— ‘?
Typ= Z r@AmAﬁ‘
Now
n—1

Ty o= 0{mi+1=0 T ARTI=2 ]
y=0

= O {nk+1-° o (v 4 1)y—k-2)
v=0
— O (nk+1-8),

so that Zn—*"1| T, 5| is convergent.
Also
21;0{ i A% 4e=k=Dy
= O{Agf—i”} = nt 6),
except in the case when k=0, 8 = 1. In this case

Ty = 0(Sv1 APy +0( z T ASD ) 4 AGY 4%D
»=1

in n—1
=01 v} 40{n1 I AL} +0n Y
v=1 »y=0

=0 (n*"tlogn) 4+ O (n*71)
= 0 (n*~1 log n).

Hence Zn—<"1|T, ;| is convergent and the theorem is proved.
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It is not difficult to see that the inequality in the conclusion of
Theorem 2 cannot be replaced by the corresponding equality for, in
the case of theseries 1 — 1 +1....,

a=1+0(,)
n

and the series is not summable |C,1|. The example X (— 1)"n~!
illustrates the same point for the case k= 0. A simple example
illustrating the use of Theorem 1 is provided by the series
X (— 1)*(logn)~°, where a> 1.

4. Tt has been shown elsewhere! that if the series X nla,,
0<d=1,is bounded (C, k), where k is zero or a positive integer,
then the series X a, satisfies condition (3). We therefore have the

following theorem.

THEOREM 3. If the series Lnfa,, 0 <8 < 1, is bounded (C, k), where
k is zero or a positive integer, then the series X a, 1s summable | C, k| for
k>k+1—38.

The restriction that £ is to be a positive integer is probably
quite unnecessary, but the proof of the theorem for general positive
k would almost certainly be cumbered by much heavy algebraical
work. It is easy to show, however, that, in the particular case § = 1,
the theorem is true for all values of k= 0. 1Indeed it has been
pointed out to me by a Referee that the theorem is true when kis of
the form 7 -+ p, where ¢ is zero or a positive integer and 0 < p <3,
His proof is as follows. Choose &’ such that p <8 < 8. Then, by a
well-known theorem? on Cesaro summability, the series T n?~*qa, is
bounded (C, 7 + & — 8) and therefore bounded (C, ¢). Since ¢ is
a positive integer it follows that X«, is summable |C, «| for

1.J. M. Hyslop, loe. cit., 194.

2 (f. G. H. Hardy and J. E. Littlewood, Proc. London Muth. Soc. (2), 11 (1912),
436.
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k>t+1+4+p—38. Hence, since § is arbitrary, X, is summable
|C, k| for « >k + 1 — 3.

All three theorems may be regarded as tests for absolute
summability and, although it is the least general, the third is the
most convenient in application.
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