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Abstract. We develop combinatorial tools to study partial rigidity within the class
of minimal S-adic subshifts. By leveraging the combinatorial data of well-chosen
Kakutani—Rokhlin partitions, we establish a necessary and sufficient condition for partial
rigidity. Additionally, we provide an explicit expression to compute the partial rigidity
rate and an associated partial rigidity sequence. As applications, we compute the partial
rigidity rate for a variety of constant length substitution subshifts, such as the Thue—Morse
subshift, where we determine a partial rigidity rate of 2/3. We also exhibit non-rigid
substitution subshifts with partial rigidity rates arbitrarily close to 1 and, as a consequence,
using products of the aforementioned substitutions, we obtain that any number in [0, 1] is
the partial rigidity rate of a system.
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1. Introduction

A measure-preserving system (X, X', u, T) is partially rigid if there exist a constant
y > 0 (called a constant of partial rigidity) and an increasing sequence (ni)xeN such
that lim infy_, oo (AN T™A) > yu(A) for every measurable set A. When y = 1, the
system is said to be rigid, and the sequence (ny)ien is called a rigidity sequence. The
rigidity notion was introduced by Furstenberg and Weiss in [27] and can be regarded as

Check f
https://doi.org/10.1017/etds.2025.4 Published online by Cambridge University Press Updates.


http://creativecommons.org/licenses/by/4.0
http://dx.doi.org/10.1017/etds.2025.4
https://orcid.org/0000-0001-9870-7984
https://orcid.org/0000-0002-7038-4527
https://orcid.org/0000-0001-9284-5657
mailto:sdonoso@dim.uchile.cl
mailto:amaass@dim.uchile.cl
mailto:tristan.radic@u.northwestern.edu
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2025.4&domain=pdf
https://doi.org/10.1017/etds.2025.4

2 S. Donoso et al

the obstruction to mild mixing (a system is mildly mixing if and only if it does not possess
any non-trivial rigid factor). Rigidity, rigidity sequences, and their topological counterparts
have been extensively studied (refer, for example, to [3, 10, 17, 24, 30]).

Friedman is credited with pioneering the concept of partial rigidity in his seminal paper
[26] and we use King’s definition from [35]. In early studies, this notion was closely
intertwined with the partial mixing property, that is, there exists a sequence (ny)xen and
a constant @ > 0 such that lim inf; oo p(ANT7*B) > au(A)u(B) forall A, B € X,
and was primarily explored for rank-one systems (see [26, 31, 35]). Additionally, the
exploration of the partial rigid property has been significantly less extensive than that
of rigid properties. Little is known about partial rigidity constants or partial rigidity
sequences, let alone explicit calculations of the partial rigidity rate §,, that is, the
supremum of the partial rigidity constants of a system.

Indeed, for other types of systems, the study of partial rigidity has been only considered
as a cause of an absence of mixing. For instance, the non-mixing property was established
for substitution subshifts in 1978 [14], followed by interval exchange transformations in
1980 [34], linearly recurrent subshifts in 2003 [11], and exact finite rank Bratteli-Vershik
systems in 2013 [6]. In more recent works, the partial rigidity property has been highlighted
by Danilenko [13], who showed that indeed the aforementioned classes of systems are
partially rigid (hence, they cannot be mixing), and by Creutz [12], who proved that
non-superlinear complexity subshifts are partially rigid. In the context of interval exchange
transformations, we remark that there exists a previous study by Ryzhikov that incorporated
all the necessary points to establish partial rigidity [42].

Despite the number of results presented above for substitution, linearly recurrent, and
non-superlinear complexity subshifts, for the more general class of S-adic subshifts, there
is not a real unified framework allowing one to study partial rigidity and determine the
partial rigidity rate of a system in this class. Our aim in this paper is to provide tools based
on the combinatorial data inherent in any S-adic subshift to address these problems.

The class of S-adic subshifts of finite alphabet rank (see §2.2) is a natural class
of subshifts to study partial rigidity. This class contains well-studied classes of low
complexity subshifts, such as substitutions, linearly recurrent subshifts, and, more gen-
erally, non-superlinear complexity subshifts [16]. Although systems within this class may
be combinatorially more complex than non-superlinear complexity subshits, they share
structural dynamical properties such as having zero topological entropy, having a finite
number of ergodic measures [28], having a restrictive structure of its automorphisms group
[23], and having a finite number of factors [22].

In this paper, using the concepts of complete words and Kakutani—Rokhlin towers, we
provide a combinatorial insight to the notion of partial rigidity, which is valid beyond the
realm of finite rank S-adic subshifts. We first state a very general necessary and sufficient
condition for an ergodic and non-atomic measure-preserving system to be partially rigid.
Although this theorem may seem technically intricate, it can be applied in examples and
is the main ingredient in the proofs of other results in the article. To state it, we need the
following definitions.

A non-empty word w is a complete return to a letter, or just complete for short, if
its first and last letters coincide. For a standard Kakutani—Rokhlin partition of towers
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AN, ..., Ty, and a complete word w = wy - - - wy € {1, ...,d}* (w; = wy), we let F,
denote the set of points that start and end in tower .7, crossing consecutively the towers
Fwys - -+ » Ty, (see Definition 3.2 for the precise definition).

We denote u ~w if u=u;---u, and w = wy --- wy are complete words and
hy, + - +hy,_, =hy, + -+ hy,_,, where h; is the height of the tower .7;.

THEOREM A. Let (X, X, u, T) be an ergodic system with (1 a non-atomic measure and let
(PM),en be a sequence of Kakutani—Rokhlin partitions satisfying standard assumptions
called properties (KRI)—(KR4). Then, the following properties are equivalent:

i) X, X, u,T)isy-rigid;

(i) there exists a sequence of complete words (w(n)),eN Such that

limsup Y pu(Z") = y. (M

n— 00
u~w(n)

Here, the superindex (n) in Z,(") denotes that we use the towers associated with
partition 2™,

The following theorem ensures the existence of a good sequence of complete words.
Recall that §,, is the supremum of all partial rigidity constants of the system (X, X, u, T).

THEOREM B. Under the same assumptions of Theorem A, there exists a sequence of
complete words (w(n)),eN such that

du=lim »  w(Z"). )

u~w(n)

Using this characterization, we derive that §,, is itself a constant of partial rigidity.
This has been pointed out in the past (see for instance [35, §1]), but our proof has the
advantage that is constructive and allows us to compute such a constant for different classes
of S-adic subshifts, while giving explicit partial rigidity sequences. Indeed, the proof of
Theorem A shows that, by constructing a sequence of complete words (w(n)),eN, the
sequence ny = (h:(f()k)l +-+ hl(llj()k)\w(kﬂ—l )keN 1s a sequence of partial rigidity.

In the context of S-adic subshifts, there is a natural sequence of Kakutani—Rohklin
partitions where Theorems A and B can be applied directly. From this, we derive in §5.2
several sufficient conditions for partial rigidity, specially relevant for subshifts of finite
alphabet rank. These include the proportionality of the tower heights or the repetition of
a positive morphism in the directive sequence defining the S-adic subshift (Theorems 5.5
and 5.21). We remark that these conditions can be tested in concrete examples, as long as
we have S-adic representations of them. Indeed, in §5.2.2, we introduce a rich family of
S-adic subshifts, which allows us to illustrate our methods and to construct a partially rigid
superlinear complexity subshift.

For substitution subshifts, we derive an expression for the partial rigidity rate in terms
of measures of cylinder sets. More precisely, we show the following.
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THEOREM C. Leto : A* — A* be a primitive and constant length substitution. Let . be
the unique invariant measure on the substitution subshift (X, S). Then,

8 = sup > u(lwlx, ), 3)

22, complete word

on L(Xg) and |w|=¢L

where [w]x, is the cylinder set given by w on X.

A similar result can be derived for S-adic subshifts with constant length directive
sequence, see Theorem 7.1.

We obtain as applications that the partial rigidity rate for the Thue—Morse subshift
is 2/3 (Theorem 7.12) and construct for every & > 0 a substitution subshift such that
1 —¢& <6, < 1(Corollary 7.15). Using these substitutions, we prove in Theorem 7.17 that
any number in [0, 1] is the partial rigidity rate of a measure-preserving system.

Organization. In §2, we provide the essential background in measure-preserving, topo-
logical, and symbolic dynamics needed in this article. Section 3 is devoted to stating the
necessary and sufficient condition for a system to be partially rigid. The introduction and
characterization of the partial rigidity rate are presented in §4. Sections 5 and 6 delve
into the study of partial rigidity and rigidity within the context of S-adic subshifts. The
computation of partial rigidity rates for constant length substitution subshifts is presented
in §7, together with some applications. Except for the proof of Theorem 7.1, this last section
can be read independently. We end the document with some open questions.

2. Preliminaries

2.1. Measure-preserving and topological systems. A measure-preserving system (or a
system for simplicity) is a tuple (X, X, u, T), where (X, X, ) is a probability space and
T: X — X is a measurable and measure-preserving transformation. That is, T~'A € X
and uw(T~'A) = u(A) forall A € X. In this paper, we assume without loss of generality
that T is invertible, with a measurable and measure-preserving inverse 7~!. We will also
assume without loss of generality that (X, X', u) is a standard probability space.

We say that (X, X, u, T) is ergodic (or simply that T or p is ergodic) if whenever
A € X verifies that W(AAT ' A) = 0, then w(A) =0 or 1. A strictly stronger notion is
that of mixing. We say that (X, X, u, T) is mixing if u(ANT"B) — n(A)u(B) as n
goes to infinity for all measurable sets A, B € X.

A measure-preserving system (X, X, u, T) is partially rigid if there exists an
increasing sequence of positive integers (ny)ren and a constant y > 0 such that
lim infy o0 u(ANT " A) > yu(A) for any measurable set A € X. In such a case, we
also say that the system, or just i, is y-rigid and the sequence (ny)xen is said to be a partial
rigidity sequence. It is not complicated to prove that to state partial rigidity, one only needs
to consider sets A in a semi-algebra that generates X and that any subsequence of a partial
rigidity sequence remains a partial rigidity sequence for the same constant y > 0.

The case y =1 has been extensively studied in the past. In this case, the
measure-preserving system (X, X', u, T) is said to be rigid and the limit inferior is
actually a limit. By standard density arguments, the system is rigid if and only if for any
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f € L*(), we have that || f — f o T"||» goes to 0 as k goes to infinity for an increasing
sequence of positive integers (ny)xeN- In this context, the sequence (ny)xeN is said to be
a rigidity sequence for (X, X, u, T). Note that for every positive integer c, the sequence
(cnp)ren 1s also a rigidity sequence for (X, X, u, T). For recent developments on the
rigidity notion and the sequences one can obtain, we refer to [3].

Remark 2.1. The study of partial rigidity for ergodic systems is only interesting when the
system is non-periodic and so we will consider only non-atomic ergodic measures.

A measure-preserving system is mildly mixing if for every measurable set A € X
with w(A) > 0, inf, ey u(AAT " A) > 0. A measure-preserving system (X, X, u, T) is
weakly mixing if the product system (X x X, ¥ ® X, u x u, T x T) is ergodic. It is well
known that mixing implies mildly mixing, mildly mixing implies weakly mixing, and
weakly mixing implies ergodicity, and all implications are strict. For example, there are
weakly mixing and rigid systems (see [3]), and also partially rigid and mildly mixing
systems (see [9]).

Let (X, X, u, T) and (Y, Y, v, S) be two measure-preserving systems. If there exists
a measurable map 7: X — ¥ such that 7 o T = Soxm and u(r~'A) = v(A) for all
A € ), we say that 7 is a measurable factor map, (Y, Y, v, S) is a measurable factor
of (X,X,u,T), and (X, X, u, T) is a measurable extension of (Y,Y, v, S). When
is invertible and 7! is a measurable map, (X, X, u,T) and (Y, Y, v, S) are said to
be measurably isomorphic. We have that ergodicity, partial rigidity, rigidity, and mixing
properties are inherited via measurable factor maps.

A topological dynamical system is a pair (X, T), where X is a compact metric space and
T is a self-homeomorphism. The orbit of a point x € X is the set orb(x) = {T"x : n € Z}.
We say that (X, T) is minimal if the orbit of any point is dense in X. A point x € X is
periodic if its orbit is finite and aperiodic otherwise.

Let (X,T) and (Y, S) be two topological dynamical systems. If there is an onto
continuous map 7w: X — Y such that 7 o T = S o 7w, then we say that 7 is a factor
map, (Y, S) is a factor of (X, T), and (X, T) is an extension of (Y, S). When 7 is a
homeomorphism, (X, T') and (Y, S) are said to be topologically conjugate. Remark that
minimality is preserved under factor maps.

Given a topological dynamical system (X, T'), we let M (X, T') (respectively £(X, T'))
denote the set of Borel T-invariant probability (respectively the set of ergodic probability
measures). For any topological dynamical system, £(X, T) is nonempty and when
E(X, T) = {u}, the system is said to be uniquely ergodic. For every v € M(X, T), there
is a probability measure p in M (X, T) such that v(A) = fS(X,T) w(A) dp(n) for every
Borel measurable set A. This is called the ergodic decomposition of v.

Remark 2.2. 1f every ergodic measure u € £(X, T) is y-rigid for the same partial rigidity
sequence (ny)keN, then every invariant measure v € M(X, T) is y-rigid. Indeed, for any
Borel measurable set A,

liminf v(ANT " A) = lim inf/ W(ANTT™A) do(p)
k—00 EX.T)

k—00

z/ lim inf 12(A (0 77 A) zf Y i(A) dp(u) = yv(A).
E(X.T) k=0 E(X.T)
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2.2. Cantor and symbolic systems. A Cantor system (X, T) is a topological dynamical
system such that X is a Cantor space, that is, the topology of X has a countable basis of
clopen sets (closed and open sets) and it has no isolated points. Cantor spaces are compact
and metric. An important class of Cantor systems is symbolic systems.

Let A be a finite set that we call alphabet. The elements in A are called letters
or symbols. For £ € N, the set of concatenations of ¢ letters is denoted by A’ and
w=w - - - wy € A’ is said to be a word of length £. The length of a word w is denoted
by |w]. We set A* =, cn A, where, by convention, A° = {¢} and ¢ is the empty word.

Given two words « and v, we say that they are respectively a prefix and a suffix of the
word uv. For a word w = wy - - - we and two integers 1 < i < j < £, we write wy; j11) =
wyi,j] = w; - - - wj. We say that u appears or occurs in w if there is an index 1 <i < |w|
such that u = wy; j 4,y and we denote this by u = w. The index i is an occurrence of u in
w and |w|, is the number of occurrences of u in w.

The set of one-sided sequences (x,),en in A is denoted by AN and the set of two-sided
sequences (X, ),z in A is denoted by AZ._ The notation and concepts introduced for words
can be naturally extended for sequences in AN and AZ.

The shift map S: A” — A% is defined by S((xp)nez) = (Xns1)nez. A subshift is a
topological dynamical system (X, S), where X is a closed and S-invariant subset of 4%
endowed with the product topology. Usually, X itself is said to be a subshift. Let X be
a subshift on the alphabet A. Given x € X, the language L(x) is the set of all words
appearing in x and £(X) = (J,cx £(x). For two words u, v € L(X), the cylinder set
[u - v]x is given by {x € X : x|_j,,ju) = uv}. When u is the empty word, we only write
[v]x. Cylinder sets are clopen sets that form a base for the topology of the subshift.

A word w € A* is said to be complete if |w| > 2 and w; = wyy,|. The set of complete
words in £(X) is denoted by CL(X). Foru € £(X), a right return word to u is a non-empty
word w such that uw € £(X), uw has u as proper suffix, and uw does not have an
occurrence of u# which is not a prefix or suffix. Symmetrically, one defines left return
words to u. We denote by Ry (u) (respectively R/X (u)) the set of right (respectively
left) return words to u. Every complete word v starting with a letter a € A satisfies that
v=aw; ---w,, Where wy, ..., w, € Rx(a). If (X, S) is minimal, then |Rx (u)| < oo
for every u € L(X).

The non-decreasing map py: N — N defined by px(n) = |£,(X)| is called the
complexity function of X, where £, (X) = £L(X) N A". If lim inf,,_,  px(n)/n = oo, we
say that X has superlinear complexity. On the contrary, X has non-superlinear complexity.

Let A and B be finite alphabets and o : . A* — 5* be a morphism for the concatenation.
We say that o is erasing whenever there exists a € A such that o (a) is the empty word.
Otherwise, we say that it is non-erasing. The morphism o is proper if each word o (a)
starts and ends with the same letter independently of a. When it is non-erasing, it extends
naturally to maps from AN to BY and from .A” to BZ in the obvious way by concatenation.
To the morphism o, we associate an incidence matrix M, indexed by B x A such that
its entry at position (b, a) is the number of occurrences of b in o (a) for every a € A and
beB (that is, (My)pa =lo(a)lp). If ©: B* — C* is another morphism, then
too0: A* — C* is amorphism and Mo = M M.
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A directive sequence o = (0, : ; s A*),en is a sequence of morphisms, where
we only consider non-erasing ones. When all the morphisms o, n > 1, are proper, we say
that o is proper, and, when all incidence matrices M,, , n > 1, are positive, we say that o
is positive. Here, we stress the fact that in the definition, there is no assumption (more that
non-erasingness) on the first morphism oy, since in many cases of interest, this morphism
is neither proper nor positive.

For 0 <n < N, we denote o[, n) = O[s,N—1] = 04 0 0p410---00N_1. We say that
o' = (oy: By = Bi)ken is a contraction of o = (0y: Ay | — AMnen if there is a
sequence (nx)ken such thatng = 0, A,, = By and o,é = Ofngniyy) Torallk € N. A directive
sequence ¢ is primitive if it has a positive contraction ¢”’.

For n € N, the language L") (0) of level n associated with & is defined by

LM (o) ={w e A% w E oy, n)(a) for somea € Ay and N > n},

and X,(,n) is the set of points x € .A% such that £(x) € £ (o). This set is the subshift
generated by £ (¢). It may happen that £(X((,")) is strictly contained in £ (¢), but in
the primitive case, both sets coincide and X ‘(,") is a minimal subshift. Finally, X, = X ,(,O) is
the S-adic subshift generated by the directive sequence o. Note that if ¢’ is a contraction
of o, then Xy = X .

We define the alphabet rank of o as

AR(0) = lim inf | A4,].
n— oo

When AR (o) is finite, via contraction and relabeling, (X, S) can be defined by a directive
sequence o', where for every n > 1, the morphism o, is an endomorphism on a free
monoid with AR(o) generators.

Let o : A* — B* be a morphism and x € BZ. If x = Sko (y) for some y € A% and
k € Z, then (k, y) is a o-representation of x. If y belongs to some subshift ¥ C AL we
say (k, y) is a o -representation of x in Y. Also, if 0 < k < |0 (y9)|, then (k, y) is a centered
o -representation of x in Y. Following [5], we say that o is recognizable in Y if each x € B%
has at most one centered o -representation in Y. If any aperiodic point x € B% has at most
one centered o -representation in Y, we say that o is recognizable in Y for aperiodic points.
A directive sequence o is recognizable at level n if o, is recognizable in X,(,"H). The
sequence o is recognizable if it is recognizable at level n for each n € N.

An endomorphism o: A* — A* is called a substitution. The S-adic subshift X,
generated by the constant directive sequence o is determined by £(X,) = L(o), where
L) ={w e A*: w E 0"(a) for some a € A and n > 1}. The subshift (X, S) is called
the substitution subshift associated with o. A substitution is primitive if M, is primitive.

A substitution o : A* — A* has constant length if there exists a number £ > 1 such that
lo(a)| = £ foralla € A. More generally, a directive sequence & = (0, : Ay | — Aj)neN
is said to be of constant length if there exists a sequence of positive integers (£,),eN such
that oy, (a)| = £, for every n € N and a € A,,+. In that case, we also say that the S-adic
subshift given by ¢ has constant length.

Another important family of subshifts is the linearly recurrent subshifts. Using the
result of Durand [20, Proposition 1.1], we say that an S-adic subshift (X4, S) is linearly
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recurrent if there exists a finite set of morphisms S such that the directive sequence o =
(on: A} +1 = Apnen is proper, positive, and o, € S for all n > 1. Minimal substitution
subshifts and linearly recurrent subshifts are uniquely ergodic.

For a minimal Cantor system (X, 7) and U C X a clopen subset, we say that (U, Ty) is
the induced system on U, where Tyx = T"®x and n(x) = inf{k > 0 : T*x € U}, which
is finite by minimality. The system (U, Ty) is also a minimal Cantor system (see [21,
Ch. 1.1.3]). If u € M(X, T) is an invariant (ergodic) measure of the original system and
w(U) # 0, then the induced measure uy = p/wu(U) is an invariant (ergodic) measure of
(U, Ty) (see [38, Ch. 2]).

2.3. Kakutani—Rokhlin partitions. Let (X, X, u, T) be a measure-preserving system.
We say that & is a Kakutani—Rokhlin partition of the system if it is a partition of X of the

form

P ={T'B,:1<a<d 0<j<hyg},
where d is a positive integer, By, . . ., By are measurable subsets of X, and Ay, . . ., hy are
positive integers. Fora € {1, ...,d}, 7, = Ui',"zf)l T/ B, is the ath tower of &, B, is the

base of this tower, and B = ngl B, is the base of Z. It follows from the definition of
2 that w(U?_, Zo) = 1.
Now, consider a sequence of Kakutani—Rokhlin partitions

(P ={T'B™ :1<a<d™,0<j<h™},en

with 20 = [X}. For every n e Nand a € {1, ..., d™}, we denote by %(") and B™
the ath tower and the base of 22, respectively.

We say that (PM), ey is nested if for every n € N, it satisfies the following two
properties:
(KR1) BO®+Dh c ),
(KR2) 20tD » ™). that is, for all A € 2@+ there exists A’ € 2™ such that

ACA.

We consider mostly nested sequences of Kakutani—Rokhlin partitions which also have
the following extra properties:
(KR3) im0 u(B™) = 0;
(KR4) U,y Z™ generates the o-algebra X.

Remark 2.3. The Jewett—Krieger theorem (see [33, 36]) asserts that any measure-
preserving system (X, X, u, T'), with a non-atomic ergodic measure, is measurably iso-
morphic to a minimal and uniquely ergodic Cantor system. Therefore, Kakutani—Rokhlin
partitions satisfying the properties (KR1)-(KR4) always exist (see, for instance, [32] or
[21, Ch. 4]).

3. Partial rigidity in ergodic measure-preserving systems

This section is devoted to giving a general necessary and sufficient condition for partial
rigidity (Theorem A in §1). To prove this result, we will need the following lemma and
some additional definitions.
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LEMMA 3.1. [13, Lemma 4.6] Let (X, X,u,T) be an invertible ergodic system
and (Ap)neN a sequence in X such that lim,_ o u(A,) =68 >0 and lim,_
W(A, AT Ay) = 0. Then, for every measurable set B € X, we have

wu(B N Ay) —— §u(B).
n—oo

Definition 3.2. Let & = {Tj B,:1<a<d,0<j < hg} be a Kakutani—-Rokhlin parti-
tion and w = wy - - - wy be a word in the alphabet {1, . . ., d}. We define B, as the subset
of X such that x € B,,, T""1x € B,, T"nFhvix € B,,, ..., Thethoeottho
By,,. We also define the subtower generated by w as

h11)171
Ty = U T'B,.
i=0

In words, this is the set of points that start in tower .7, and end in tower .7,,, crossing
consecutively the towers .7,,, . . ., Zy,_,. Depending on w, it can be the empty set.

When we consider a sequence of Kakutani—Rokhlin partitions (PM),cn, we define
the same objects and denote them in a natural way by Bl(,f ) and ﬁufn), where w is a word in
the alphabet {1, . . ., d™).

Definition 3.3. Let & = {TjBa 11 <a<d,0<j < hgy} be a Kakutani—Rokhlin par-
tition and consider two complete words w, u in the alphabet {1, ..., d}. We define the
equivalence relation w ~ g u by

[w|—1 lu]—1

Z B, = Z P
i=1 k=1

We let [w]4 denote the equivalence class of w for this relation. Note that the last
letters of each word u and w are not considered in the summations above, since that
formula represents the number of times the transformation 7 must be applied to follow
the trajectory indicated by the words and return to the tower of origin. The idea of this
equivalence class is that these numbers match.

When considering a sequence (), cn of Kakutani-Rokhlin partitions, we write
w ~, u and [w], instead of w ~ 5w u and [w] »w , respectively. Finally, we define

*?[w]gv: U T

u€lw] o
(n)

wly

and similarly 9[ . Note that the previous union is disjoint.

As mentioned above, this equivalence class tracks when different trajectories return at
the same time close to their starting point. In a sense, it is an arithmetic notion, where
the different ways of expressing an integer number in the numerical base {h1, . . ., hg} are
captured.

For an alphabet A, the abelianization map f4 : A* — R is the function such that
fa(w) = (Jlwlg)een for every w € A*. The following criterion, whose proof is straight-
forward, provides a simple way to determine that two complete words are equivalent.
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LEMMA 3.4. Let & = {Tj B,:1<a=<d,0<j < hgy} be a Kakutani—Rokhlin parti-
tion and consider two complete words u, w in the alphabet A ={1,...,d} such that
faiu-1) = fawiijw—1))- Then, u ~ 5 w.

We are now ready to prove Theorem A. Recall (as mentioned in Remark 2.3) that every
system (X, X, u, T) with u non-atomic and ergodic has a sequence of Kakutani—Rokhlin
partitions satisfying properties (KR1)—-(KR4).

THEOREM A. Let (X, X, u, T) be an ergodic system with @ a non-atomic measure
and let (P ™), en be a sequence of Kakutani—Rokhlin partitions satisfying properties
(KR1)—(KR4). Then, the following properties are equivalent:
i) X,X,u,T)isy-rigid;
(ii)  there exists a sequence of complete words (w(n))nen, where w(n) € {1, ..., d"™}*
foralln € N, such that
lim sup (T}, = 7-

n—oo

Proof. Assume statement (ii). Consider a sequence of complete words (w(n)),eN as in
statement (ii) and let N~ € N be an infinite set such that
: (n) T (n) _
podm (TG, = 10 SUP (T ) =8 =y > 0.

Due to the structure of a Kakutani—Rokhlin partition and property (KR3), it follows that
,u(ﬂ(”) AT(,?[(") )) < uw(B™), which goes to 0 as n goes to infinity.

[w(@)]n w(m)]y . .. .
Thus, by Lemma 3.1, for any measurable set A € X with positive measure, we obtain
that
(n) neN
w(ANJ; ) —— Su(A) > 0. )
lwml” 500

Fromnow on, fixn e N, u € [w(n)],, a =u = Uy, and g, = Zl“zlfl hf,’l.’). Note that

by the definition of ~,, the value g, is the same for all words in [w(n)],. Also, taking a
subsequence if needed, we may assume that (g,),c 1S strictly increasing. Since u is a
complete word, by definition of B™ it follows that for all 0 < ¢ < h,
-t [
Tt c 7l Q)

Let A € X be a set of positive measure of the form

do) dmo)
A= U A = U U T]Bl("O), (6)
=1 I=1 jeJ
where ng < n, Jy C {0, ..., hl("(’) — 1}, and the set A; is the disjoint union of some floors

of the tower Z("O) for all I € {1,...,d"0}. If we call D, = AN 9,4("), by equation
(4), we can assume that w(D,) > 0; otherwise, we take a larger n or another word
u' € [w(n)],. Since Kakutani—Rokhlin partitions are nested, then for all 0 < £ < h;") and
Le{l,...,d™), TtBY" is either disjoint from T7/B™ (for j € J;) or is included.
Thus, if x € D,,, then there exist 0 < £ < h[(,"), lef{l,..., d(”O)}, and j € J; such that
x € T'B™ and x € T/ B{"”, that is, they are not disjoint. Therefore, T*B\” < T/ B;”O).
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Then, using equation (5), it follows thatif x € D,,, then T9"x ¢ T+ g™ c T
TjBl(nO) C A. Therefore, D, € AN T~ A. Since this holds for any u € [w(n)], with
wu(Dy) > 0, by setting D,, = | D,=AN Zgl()n)]n, and thanks to equation (4),
we obtain that

liminf u(ANT™"A) > lgzrgg.gf u(Dy) = 8u(A) > yu(A). (7N

n—oo

uelwn)ly

We conclude by noting that by property (KR4), the collection of sets as in equation (6)
generates X’ and standard approximation arguments allow us to extend equation (7) to any
measurable set. This shows statement (i).

Now assume statement (i). Let (nx)xen be a sequence associated with y-rigidity. Fix
& > 0andm > 1. By assumption, there exists k. ;, € Nsuchthatforalla € {1, ..., d(’")},

(B AT BMY > (B — pi for all k > ke, @®)

m

(m)
where p, = Y0, h}m).

Then, observe that x € Bc(zm) NT" Bém) if and only if there exists a complete word
w = wj - - - we such that w; = wy = a, h,(ﬁf) +-- -4 h,(ﬁzll = ng, and x € By, (m). Note
that all words that satisfy this condition are equivalent, and we write [w],, to denote this
class (here, w depends on m and n; but we omit writing this dependency for the sake of
brevity of notation). It follows that

B"mnrB™c ) BM™.

uelwln
ul=a
We get
(U 2m)= ¥ u@™= ¥ arus)
uelw] uelwln uelwly
ui=a ui=a ui=a
— h;mm< U B;””) > h™ (B N T BI™)
ue[wly
uy=a
& e
> g (yu(B;"”) - —) =y (") = b —.
Pm Pm
Since a € {1, ..., d")} is arbitrary, it follows that
dm
i =u( U am)=Xu( U 2m)
uelwlny a=1 u€lwly
U =a
dm
£
>y (w(%(’")) - h;’")—> =y—s.
_ Pm
a=1
We get
lim sup M(y[r(vw(?n)]m) >y —e.
m—00
Since ¢ > 0 was arbitrary, we conclude statement (ii). O
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In particular, Theorem A provides the following characterization of rigidity.

COROLLARY 3.5. Let (X, X, u, T) be an ergodic system with |t a non-atomic measure
and let (P ™), en be a sequence of Kakutani—Rokhlin partitions satisfying properties
(KR1)—(KR4). Then, the following properties are equivalent:
i) X,X,u, T)isrigid;
(i) there exists a sequence of complete words (w(n)),ecN, where for all n € N, words
w(n) arein {1, ..., d™Y, such that
. (n) _
lim sup /L(ﬂ[w(n)]n) =1.
n—>oo
Remark 3.6. In Theorem A (respectively Corollary 3.5), any increasing subsequence of
_ ylw®=1 k) P, . o

ng=7y., hwi () s partial rigidity sequence (respectively a rigidity sequence).

We finish this section by stating a useful corollary which provides a sufficient condition
for partial rigidity. Versions of this condition have been used implicitly in other papers
(see, for instance, [6, 13]). Given a word w, it might be difficult to determine which words
are in its equivalence class, so the following corollary is easier to verify as it considers
towers given just by one word.

COROLLARY 3.7. Let (X, X, u, T) be an ergodic system with | a non-atomic measure
and let (P™),en be a sequence of Kakutani—Rokhlin partitions satisfying properties
(KRI1)—(KR4). If there exists a sequence of complete words (w(n)),eN associated to
(PM),en, where w(n) € {1, ...,d"™ Y foralln € N, such that

: ()

lim sup (7)) = v,

n—o0

then, (X, X, u, T) is y-rigid.

Proof. Tt follows directly from the fact that . ( guf'(’,)l)) < u(ﬁ[g’ ()n)]n) and Theorem A. [
4. Partial rigidity rate

When studying partial rigidity, it is natural to ask about the best partial rigidity constant.
More precisely, the following definition.

Definition 4.1. Let (X, X, u, T) be a measure-preserving system. The partial rigidity rate
of (X, X, u, T) is given by

8, =sup{y € (0, 1] : w is y-rigid},
where we set §, = 0if (X, X, u, T') is not partially rigid.

Notice that although we sometimes refer to the partial rigidity rate of a topological
dynamical system, we are always talking about the system endowed with a particular
invariant measure, since the definition of partial rigidity is a purely measure-theoretic
concept.

It is clear from the definition that (X, X, u, T) is y-rigid for every y < §,,. We will see
below the less obvious fact that (X, X', u, T') is also §,,-rigid. We first state a set of general
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properties related to the partial rigidity rate, some of which have already been outlined in
[35, Proposition 1.13]. Recall that for a sequence of systems ((X;, &j, ti, 7;))ieN such that
for every i € N, there is a factor map m; : X;11 — X, its inverse limit 1(i£1(X,-, X;, i, T;)
is the system (Z, Z, p, R) given by Z = {(xj)ien € [[;eny Xi : mi(xig1) = x;,i e N}, 2
the smallest o -algebra that makes all coordinate projections p;: Z — X; measurable,
and p the measure defined by ,o(pi_l(A)) = ui(A)) for all i e N and A € X;. The
transformation R is given by R((x;)ieN) = (Ti(x;))ieN.

PROPOSITION 4.2. Let m: X — Y be a factor map between the measure-preserving

systems (X, X, u, T)and (Y, Y, v, S).

(1) If(X,X,u,T)is y-rigid for the sequence (ny)en, then (Y, Y, v, S) is y-rigid for
the same sequence and §,, < 8. In particular, if (X, X, u, T) and (Y, Y, v, S) are
isomorphic, then §,, = §,.

(2) For the product system (X", l’.‘le, W' T x---xT), wehave §,n = SZ.

3 If(Z,Z,p,R)= 1(i£1(X,-, Xi, wi, Tp), then 8, = infjen 8y, = lim; o0 8y,

To show that the partial rigidity rate is indeed a partial rigidity constant, we need the
following lemma.

LEMMA 4.3. Let (X, X, u, T) be a partially rigid ergodic system with . a non-atomic
measure and let (P™),cn be a sequence of Kakutani—-Rokhlin partitions satisfying
properties (KRI1)—(KR4). Then,

8, = lim sup { sup (T )}. ©)
n—oo we{l,...,d(")}*
WI=W|y|

Furthermore, (X, X, , T) is 8,,-rigid.

Proof. Let M be the right-hand side in equation (9). Every sequence of complete
words (w(n)),en, With w(n) € {1,...,d™}*, satisfies lim sup,_ o, M(LZ](%L)J”) <M
and, therefore, by Theorem A, any constant of partial rigidity is bounded by M. That is,

8, < M. Conversely, letu(n) € {1,...,d M* pe a sequence of complete words such that

,,,,,

W =Wjy|

M > lim sup (T ™ L)

1
> lim sup { sup M(y[gl]) ) — _} =M.
n— 00 well,..., d(n)}* " n
Wi =Wy

We conclude, thanks to Theorem A, that (X, X, u, T) is M-rigid. Thus, §, = M and
the system is 8,,-rigid. O

We now state the main result of this section, namely the description of the partial rigidity
rate §,.
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THEOREM 4.4. Let (X, X, u,T) be an ergodic and partially rigid system. Then,
(X, X, u, T) is 8,-rigid. Moreover, if p is non-atomic and (PM), N is a sequence
of Kakutani—Rokhlin partitions satisfying properties (KRI1)—(KR4), then

8, = inf { sup [,(;L)")} (10)
nzl et .amy
W=W|y|

Proof. Notice that the atomic (periodic) case is trivial (see Remark 2.1), so we only
consider the non-atomic case. By Lemma 4.3, the system is §,-rigid and so we are left
to show that

lim sup { sup (T [w] )} = inf { sup u( [1(:]) )},
n—o00o n= G{l ’’’’’ d(n)}*
WI=Wjw| W =Wjw|

and then use Lemma 4.3 once again to conclude equation (10).

To this end, since (2™),cn is nested, if a € {1, . . ., d®*D}, then each floor of the
tower 7" "1 is a subset of a tower T ™ withl € {1, ..., d™}. We define the morphism
T {l, ..., dTO S (1, dW P as r(a) = wt = wd . - w{, such that B ¢

h(")+ +h<”>
B(") T wl B(n+1) C B(") . T w B("+1) g B(”Z) , and h(na) + . h(”) —
Wy, wy wza
h[(ln+1)_

Thus, if w =aj ---ay € {1,...,d"* D}* is a complete word, we have that if x €

ks,

Tt then there exists 0 < k < hg,?l suchthatx € T "i- 1B("+1) c TkB(n) (for 0 <
i J

J < {4), thatis, x € 9152’1) . Furthermore, x € «%5"), where 5; = w[ 1. la 1 More generally,

y(”Jrl) <7('14»1)

when x € 7"t we also know that x visits the towers w,  inthat order,

SO x visits 7 (f,'z), T (2’2) e yuff,z, e T (f,',z, Therefore, x € 7 (n)uz pm—1 gy - In
zaz [llm

particular, x € (")a2 w1 p , where p; = w” = w |- Therefore,
F0+D ¢ U yin)az ety (11)

If v(j) =s;w? - .- w-1p;, itis easy to check that it is a complete word with first and
last letters equal to w?l.Moreover, forevery j, j' € {1,...,4€q}, v(j) ~, v(j’), which is
a consequence of the fact that

v(j)-1 Is;| (w2 | [wm=1| lpjl—1
(n) (n) (n) (n (n)
Zhv(j)k Zh +Zhw‘?2 +th1+2h
k=1 i=1 Wit i=1
[w1 | w2 | Iw"m L
SRR IR S
i=1 i=1
g
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This clearly implies that Z‘v(m ! hf)'z.)k = Lli]]-/)l_l hf}'z/) forevery j, j' € {1, ..., €4}
To avoid any confusion with the above calculation, it is worth recalling that the summation
that defines the equivalence relation ~, does not take into account the height of the tower
given by the last letter.
Therefore, by equation (11),

y(l’l-i-l) C '7.1()"))]

Repeating the argument with another complete word w’ € [w],,+1, we conclude that for

v/(1) constructed as above, Ty (n+1) c g (”()1)] Moreover, as w ~,+1 w’, using the above

equalities, we have that v/(1) ~, v(1) because

v(j)I=1 lw|—-1 lw'|-1 v ()Hl-1

Z hl()rz.)i)k Z h(n+l) Z h(n+l) Z hg’l()j)k'
k=1

k=1

Thus, we conclude that

(n+l) (n)
y <7U(l)]n

This implies that

1
sup (ot < sp (),
well,...dntDy* vell,...dm)*
W =Wy VI =V)y|

which means that the sequence of supremums is decreasing, so the limit exists and is equal
to the infimum. O

Remark 4.5. If the measure-preserving system 1is not partially rigid, then
inf,>1 sup,, (Lood ™) w(F; 1(;1 )n) = 0; otherwise, Theorem A would imply that the system

W1 =W|y)|
is partially rigid. So, equation (10) actually holds for any measure-preserving system.

Remark 4.6. Theorem B stated in §1 follows from Theorem 4.4. Indeed, the sequence of
complete words (u(n)),en that appears in the proof of Lemma 4.3 fulfills that

1

sup () < (Tl )+ =

well,...d™}* n
W]=W|y)

) 1
8, = inf { sup w(T; [w )} =< hm mfﬂ/( [u(n)] ) + ;

< lim sup u (.9 [u(n) ) < 0.

n—oo
Therefore, lim;_, M(ﬂu(n)] ) = lim,_s 00 wanu(n) M(%”)) =8u.

Remark 4.7. In the S-adic case, which will be studied in the following sections, the
morphism constructed in the previous proof will be precisely the morphism of the directive
sequence o defining the subshift X, .
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Remark 4.8. Now, we are able to construct an ergodic, non-mixing, and non-partially rigid
system. First, notice that Theorem 4.4 implies that (X, X, u, T) is not rigid if and only if
8, < 1. Therefore, if (X, X, u, T) is weak mixing but it is not mixing (for example, the
Chacon subshift), then the countable product (X N N ,uN ,T xT x---) is an ergodic
non-mixing system such that §,v = lim,_, 8, = 0 and so it is not partially rigid. The
existence of such systems is already mentioned in [35, remark after Proposition 1.13].

5. Partial rigidity in S-adic subshifts

In this section, we focus on the study of partial rigidity for S-adic subshifts. From
the results of Creutz [12], we know that non-superlinear complexity subshifts, which
by [16] are S-adic of finite alphabet rank, are partially rigid. However, there are no
general conditions that allow us to deduce this property for an arbitrary S-adic subshift,
let alone provide sequences of integers giving partial rigidity. In this section, we exploit
the combinatorial structure inherent to each S-adic subshift to deduce from the results of
previous sections several sufficient conditions that imply partial rigidity.

5.1. Kakutani-Rokhlin partitions in S-adic subshifts. Let o = (0,: Ay | — A})nen
be a primitive recognizable directive sequence and let (X4, S) be the S-adic subshift
generated by o. We define its natural sequence of Kakutani—Rohklin partitions (™), cy
as follows:

P = (¥ o0 ([al) 1 a € Ay, 0 < k < |ofom (@)}

It is straightforward from [5, Lemma 6.3] that if w is an S-invariant probability measure
and we consider the measure-preserving system (Xq, B, i, S), then (2™),cy satisfies
properties (KR1)-(KR4) (here, B is the Borel sigma-algebra). Moreover, sets in 2™ are
not only measurable, but also clopen and, when the directive sequence o is proper, then
Mn>1 B™ is equal to a single point and U en ™ generates the topology (see [21, Ch.
5.3]_f0r more details). Another important aspect is that the induced system on the base
B coincides with X ((,"). So, each invariant measure on X, ,(,") can be treated as the induced
measure 1 (-)/(B™) of an invariant measure i on Xg.

If o is primitive and recognizable, for any w € A%, .7, ™ has a positive measure if
and only if w € £ (). This follows from the fact that Bw coincides with the cylinder
set [w] x on the induced system on B®™ and [w] X has positive measure whenever
w e LM (o).

The following two lemmas will be very useful in the next sections.

LEMMA 5.1. Let 0 = (0, .AZ_H — A¥)nen be a primitive and recognizable directive
sequence. For a € Apy1, ifo,(a) = pw's withr > 1, p, w, s € A%, and wy = b, then

M(y(n) N y(n+1)) > 5 ( o (y(n) N g(rwl))

and

M(yugz) y(n+1)) > | @ M(y(n) %(n—kl))'
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Proof. ltis clear that M(ﬂ(") Ny = |an(a)|bh,(,")u(Bé"+l)) and that for every j €

Pl g lwl )
{0,...,r =1}, ST i i B B < B{Y. Therefore, u(Z N 7" >
rh,g") (B(”“)) and

lon(a)lb , (n) B+D () (n+1)
w0 D) = r Y (BT = ——— (7" 0 D),
v ¢ |Un(a)|b |Un( Mo “
For the second inequality, the argument is analogous. O

More generally, we have the following lemma.

LEMMA 5.2. Let 0 = (o A;
sequence. For a € Apq1 and w € A} with wy = b, we have that

— A neN be a primitive and recognizable directive

lon (a )I
Proof. Fix neN, ae Ayq1, be A,, and w € A} as above. Let I be the set of
occurrences of the word w in u —an(a) that is, I ={i e{1,..., |ul}:upitjw) =

i—1
w}. Thus, for every i €1, SXi= h“J Bt < B Therefore, M(ﬂ(") n g0y >
1A w(BY Y)Y and |1] = |0, (@)1, We get that

| n( o |Un( e

O

Remark 5.3. Inequality (12) could be strict. For example, consider the substitution subshift
associated with the substitution o : {0, 1}* — {0, 1}* such that o (0) = 10111001 and
o (1) = 10001.

If w = 11, then |6 (0)|11 = 2 and so |6 (0)|11/|l0(0)]1 = % Also, since the substitution
is left proper with o (0); = o(1); = 1, then on G(O)U(C) the last 1 from o (0) is always
followed by another 1 for any ¢ € {0 1}, and S3h +4hl Bo(n + 1) is included in B (n).
Therefore, M(z(l'l) %(n-i-l)) — 5 (:71(") %('H-l)) - SM(Z(") %(WH‘])).

Using the same reasoning, choosing the substitution given by 7 : {0, 1}* — {0, 1}* such
that 7(0) = 0111001 and 7 (1) = 0001, if w = 11 and a = 0, the inequality (12) is, in fact,
an equality.

In general, the smaller the quotient |w|/|oy,(a)] is, the closer the inequality (12) is to
equality.

Finally, we define a clean directive sequence. This notion has different versions in the
literature (see, for example, [6, 7] or [1] in the S-adic context). Let o be a primitive and
recognizable directive sequence, and let u be an ergodic measure of (Xq4, S). We say that
o is clean with respect to w if:

(1) there exists ng € N such that A, = Ay, foralln > ng. Set A = A,;
(2) there exists a constant 7 > 0 and .4, < A such that

u(ﬂa(")) >n foralla e Ay, n>ng and
lim u(Z™) =0 foralla € A\A,.
n— 0o
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Combining the results from [5, 6], it is known that any recognizable and primitive directive
sequence o of finite alphabet rank can be contracted to become clean with respect to p.
More generally, we say that o is clean if it is clean with respect to every ergodic measure (.
When o is clean, if 4 and v are distinct ergodic measures of (X, S), then A, N A, = 0.

5.2. Sufficient conditions for partial rigidity. In the following, we provide a set of
sufficient conditions that guarantee partial rigidity of an S-adic subshift. These conditions
are of different nature: algebraic, combinatorial, and related to the order in which the
towers of level n intersect the towers of level n + 1. This allows retrieving results for
primitive substitutive systems, linearly recurrent systems [11], among others.

5.2.1. Conditions regarding tower heights. ~We start by extending the result concerning
exact finite rank subshifts, that is, S-adic subshifts such that A = .4,. The concept of
exact finite rank subshift was introduced in [6], where it was proved that these systems
are not mixing. Subsequently, partial rigidity was established in [13] and part of the proof
of the next lemma shares the approach used in that paper. However, the conditions of
Theorem 5.5 are also satisfied by some superlinear complexity and non-finite exact rank
S-adic subshifts.

LEMMA 5.4. Let 0 = (0,: :;-H — A¥)nen be a clean, primitive, and recognizable
directive sequence, with A, = A for all n € N, and n an ergodic measure on (Xg, S).
If A, # Aand for every letter b € A\A,,

w(By")
W(BMY) n—oo

then (Xq, B, w, S) is partially rigid.

Proof. Letn € Nand ag € A be such that M(B(”)) = maX,cA w(BY). We can take a; €
A such that

(n)
o (B
n(BYY N s"o By > TO’

where d = |.A|. Similarly, we can take a, € A such that

w(Big)

(n) (n)
M(Bc(zz) N Sha) (Bc(z':) N S"ao B(gg))) >

We can iterate this process to form a word w =ag - - - ag € A* such that u(B(”)) >
B(n))/dd Since the length of w is d + 1, there are two integers 0 <i < j < d such
that a; = aj. We will refer to this letter as a and we set u = a;a;41 - - - a;. Therefore,

(n) (n )
h h
since §"0 Tt ‘B(n) C B(") we have

w(Biy) _ (B
a — a4 -

hig) 4t

1(B") > (S 551 B0 = u(BY) =
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Multiplying by 1", we get

w(7My >

(T
— (13)

Now, assume that for all #, in an infinite subset N/ C N, letter ag such that M(BL(,:;)) =

max,ec A M(B,g")), the word u and the letter a that fulfill equation (13) are the same.
Claim. ag,a € A,.
Indeed, if ap € A\ A, then

_rB?) _ Xpea B p(Bay(n)
T w(BM™)y T w(BM) wW(BM™)  nsoconeN

0, (14)

which is a contradiction. Now, if a € A\A,,, then

1 u(Bi) _ pB”) _ w8
d? w(B™) = w(BM) = w(BM) n-soconeN

which produce the same contradiction given by inequalities in equation (14).
To conclude, we have that for n large enough,

)
n <u(% )

24 =T gd = M(%(n)),

where n > 0 is the constant stating whether the directive sequence is clean. The conclusion
follows from Corollary 3.7. U

THEOREM 5.5. Let 0 = (o : A, | = ADneN be a clean, primitive, and recognizable
directive sequence, with A, = A for all n € N, and v an ergodic measure on (X4, S). If
one of the following hypotheses holds:

nH A,=A

(2) thereisa € Ay such that lim sup,,_, o h((l")/hl(;l) < oo for every b € A\ A,

then (X4, B, 1, S) is partially rigid.

Proof. For the first assumption, it is sufficient to repeat the proof of Lemma 5.4 and
observe that we only need to prove that a € A,. However, since A, = A, this is
straightforward.

For the second one, we will prove that the hypotheses of Lemma 5.4 are fulfilled, that is,
for all b € A\A,, /L(BEE"))//L(B(”)) — 0. Indeed, as lim sup,,_, o, hf,")/h,‘,”) < oo for
every b € A\ A,, we can fix ¢ € (0, co) such that for infinitely many n» € N and for every
be A\A,, " < chl(,"). Then, for an arbitrary b € A\ A,,

B 1(B")

< c lim sup
n—oo

(hﬁ,’” u(B;'”))
hY w(B)
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AR
= ¢ lim sup —
n—oo pu(7"M)

c
< = lim sup u(7,") =0,

N n—oo
where n > 0 is the constant defining whether the directive sequence is clean. Finally, we
conclude by Lemma 5.4. O

Example 5.6. Theorem 5.5 allows to ensure the partial rigidity for systems that are not
of exact finite rank. Fix A, = {0, 1} for all n > 0 and recall that for o, : Ay | — A},
(Ms,)ba = lon(a)p, where b € Ay and a € A} . Let o be a directive sequence such
that for all n» > 1, the incidence matrix of o;, is of the form

a, by
M, =
Op ( c d ) )

where ¢, d are two positive integers and (a,),>0, (bn)n>0 are integer sequences such
that lim,,_,, @, = o0 and there is a constant K > 0, Kb, > a, for all n > 1. Then,
(Xo, S) is uniquely ergodic with invariant measure u satisfying lim,,_, o ,u(%(")) =1
and lim,,_, o ,u(ﬂl(")) = 0. That means .4, = {0} and, in particular, it is not of exact finite
rank. Also notice that

, hytt anhy” +ch” buh{" + (c/K)h|"”
lim sup ———= = lim sup — ~———— < limsup K
nsoo WD asoo” puh$Y +dh(V T n—oo  buhlY + dh("

and, by Theorem 5.5, (X4, B, w, S) is partially rigid.

COROLLARY 5.7. Leto = (o A;
directive sequence, with A, = A for all n € N, and p an ergodic measure on (Xq, S).
If there is a constant ¢ > 0 such that hé") < chl(jn) for every a, b € A and infinitely many
n €N, then (X4, B, 1, S) is partially rigid.

— A¥)nen be a clean, primitive, and recognizable

Proof. By assumption, lim sup,_, o h((l")/hé") < ¢ for every a,b € A, so one of the
hypotheses of Theorem 5.5 is satisfied. O

5.2.2. Conditions regarding the order. In what follows, we study partial rigidity
of S-adic subshifts that we call m-consecutive. Danilenko proved that consecutive
Bratteli—Vershik systems with a technical, but crucial, extra assumption are partially
rigid (we refer to [13, Theorem 7.6]). The m-consecutive property is slightly more general
than this family of systems and, as we shall see, is sufficiently rich to build interesting
examples. In addition, we show that the lower bound for the partial rigidity rate given for
general m-consecutive sequences can be improved if we know that the directive sequence
is of constant length.

Definition 5.8. A morphism o: A* — B* is m-consecutive, where m > 2 is an integer,
if forevery a € A, o(a) = blf‘bgz ... b whereky,...,k, >mandby,...,b, € B.In
that case, we can assume that consecutive b; terms are different.
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A directive sequence o is m-consecutive if there is n¢ € N such that 0;, is m-consecutive
for every n > ng.

Remark 5.9. 1If T: A* — B* is a morphism and o: B* — C* a m-consecutive mor-
phism, then o o v is an m-consecutive morphism. Therefore, every contraction of an
m-consecutive directive sequence is also m-consecutive.

THEOREM 5.10. Letm > 2 and o = (0y,: A;‘_H — A¥)nen be a primitive, recognizable,
and m-consecutive directive sequence with finite alphabet rank d. Then, every ergodic
measure for (X4, S) is (m — 1)/m - 1/d)-rigid.

In the following proof, for a letter b, we say that b* is a b-block on w if one of the
following holds: w4 = b* and Wiy1 7 b; OF W(jy|—k,jw|] = b* and Wyw|—k 7 b; or there
existsi € {2, ..., |w| — k} such that wy; ;1) = bk, wi_1 # b, and wjyr # b.

Proof. Fix p an ergodic measure and n > ng, where ny is taken as in the definition of an
m-consecutive directive sequence. Furthermore, since the alphabet rank of o is d, except
for contraction, as m-consecutivity is preserved, we can assume that |A,| = d for every
n = ny.

Consider a € A, 11 and b € A, such that b appears in o, (a). Observe that |o,, (a)|pp =
Zle (ki — 1), where k; is the length of the ith b-block in o, (a) in the order of occurrence
and r is the number of b-blocks in o, (a). By m-consecutivity, k; > m. So,

low(@lp —low@lpp _ 7 _ ¥ 1

lon (@)l T kT rm T m’
Therefore, by Lemma 5.2,

) (n+1) low (@) b
w(Zy)" N Ty > ————p
b~ 7a o (@)

m—1
(‘Zy(n) N %(ﬂ-&-l)) > — M(%(n) N %(n-‘rl)).
Thus, summing over a € A, 11, we conclude that ,u(ﬂb(lf)) >m—1)/m- u(ﬂb("))
(note that this conclusion only requires the m-consecutive condition, and the finite alphabet
range condition is not necessary). Since ), A, M(Z,(n)) = 1, there is at least one letter

b € A, such that u (7™ > 1/d.
In summary, for every n > ng, there is a letter b € A, such that u(ﬂb(g')) >
(m — 1)/m - 1/d and we conclude by Corollary 3.7. O

Example 5.11. As mentioned before, m-consecutive S-adic subshifts are a useful family
for constructing examples of partially rigid systems with a variety of desired properties. In
particular, by employing a construction similar to that in [16, Example 6.4] (see also [15,
§41]), we can create a partially rigid finite rank S-adic subshift with superlinear complexity.
Note that to achieve superlinear complexity, we necessarily need to build a system which
is not a substitution or linearly recurrent subshift.

Let (an)nen be an increasing sequence of integers larger than 4 and let o =
(0u: {0, 1}* — {0, 1}*),,cn be a directive sequence defined by

0,(0) = 00111 and o,(1) = 03110*11 - - - 110% 111,
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Let (X4, S) be the S-adic subshift generated by o. It is not complicated to see that this
directive sequence is recognizable, the proof is left to the reader.

To prove that liminf, ., px,(n)/n =00, we show the stronger condition
limy— o0 px,(n +1) — px,(n) = oco. Notice that for every n>1, px, (n+1)—
Dx,(n) =r(n), where r(n) is the number of right special words of length n, that is,
r(n) = l{w € L,(Xo) : w0, wl € Ly41(Xo)}.

CLAIM 1. Fixn > landk € {4, ..., ayy1}. Then, the word
Wi (k) = 010,11 (0* ' 110%670,1-11(00) - - - 39(00)00
is right special in Xq.

Proof. Indeed, 05='1110%0 and 0¥~'110%1 belong to £(XI ), 50 670,,(0F~1110%0) and
o10.1] (Ok’1 110%1) belong to L£(X4 ). However, a simple computation yields to
010,105 1110%0) = 070,11 (01110 670,,—17(00) - - - 50(00)00au
and
k—1110k1y k—1110k
0[0,,,](0 110 1) = U[o’n](o 110 )U[Q’n_l](OO) coee G()(OO)OObU,
where a, b € {0, 1} are different and u, v € {0, 1}*. Therefore, W, (k)0, W, (k)1 € L(X4),

which allows us to conclude. O

Forn e N, set A, = |oj0,,1(1)], By = |070,,1(0)|, and C;, = |070,,—17(00) - - - 59(00)00|
=2(By,—1+---+ By + 1), where Cyp = 2 by convention. A simple but tedious computa-
tion yields | A, /By, ]| > c a, for some positive constant c. Thus, by adjusting the values of
the a,, terms, we can assume that |A, /B, | > 4.

CLAM 2. Given n> 1, kef{4,...,apy1} and N € kB, +C, +1,...,(k+ 1)B, +
C,}, there are at least min(k, | A, /By ) different right special words in Ln(X).
Proof. First, a simple computation shows that

W,(\)|=C,+24, +R2i— 1B, >C,+(k+1)B, > N

foreachi € {4 + k — min(k, |A,/B,]), . . ., k}. Let w; be the suffix of length N of W,,(i).
Then,

wi = pio[0.)(0)00,2—11(00) - - - 71 (00)00,

where p; is a suffix of olo,n](Oi_l 11). From Claim 1, these words are right special. We
are left to prove that they are distinct. Consider i, j € {4 + k — min(k, |A,/B,]), . . ., k}
with i < j, and notice that

201010/ ") 610,11(0)570,1—17(00) - - - 01(00)00 = w; and
i 010.21(0)00,2—11(00) - - - 01 (00)00 = wy,

then w; # w; if and only if p; # p o0, (07 77).
As w; and w; have the same length, p; and p ja[o,n](Oj —1Y also have the same length,
which is at least |opg,(0)|. However, as oyp,(0) is not a suffix of oo (1), it cannot
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be a suffix of p;. Nonetheless, oy ,(0) is clearly a suffix of p jG[O,n](Oj —1. Thus, pi %
P;010,21(0/7") and we conclude. O

CLAIM 3. If the integer sequence (an)neN satisfies (ay4+1 + 1) > (5n +T7)A, /By, then
limy o0 px,(n + 1) — px, (n) = limy_, o r(n) = o00.

Proof. From Claim 2, we know that for every n > 1, ke {4,...,a,4+1}, and N €
kB, +Cp,+1,...,(k+ 1B, +C,}, r(N) > min(k, |A,/B,]). Also, since A,/B, >
¢ ay, lim,_, oo min(n, | A, /B, ]) = oco.

Now, we have that

Ap41
mm+1,..})= U U{kB,,—IrCn—H,...,(k+l)B,,+C,,}
n>4 k=n
= J0By+ Co+ 1., (@1 + DBy + Cy)
n>4

for some integer m (which can be computed explicitly). Indeed, as B, < A,,

m+1D)Byy1 +Cp1+1=m+1)2B, +3A,) +2B, +C, + 1
<Gn+NDA+Cu+1 = (apt1 + DBy + Cy.

Therefore, for any N > m, there exist n > 4, k € {n, ..., ay41} such that N € {nB,, +
Cpo+1,...,(an4+1 + DB, + Cy}, and thus

r(N) = min(k, |A,/Byp]) > min(n, A, /By)),
and we conclude. O]

In conclusion, (X4, S) has superlinear complexity and o is 2-consecutive, so for u €

E(Xs, S), by Theorem 5.10, (Xq, B, 11, S) is 3-rigid.

When specializing Theorem 5.10 to constant length m-consecutive directive sequences,
we get the following theorem that does not require the hypothesis of finite topological rank.

THEOREM 5.12. Letm > 2 and o0 = (0, : .AZ_H — A¥)nen be a primitive, recognizable,
constant length, and m-consecutive directive sequence. Then, every invariant measure for

Xo, S)is (m — 1)/m-rigid.

Proof. We can use the first part of the proof of Theorem 5.10 which does not require the
system to be of finite alphabet rank. Thus, let u be an ergodic measure and take n > no,
then for every b € A,, we have

m—1
w( Ty = ——u(7").
However, as the directive sequence has constant length, for every a, b € A,, aa ~, bb.
Therefore,

m—1 m—1
n T = D Ty 2 == 3 u(F") = ——
be A, be A,
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and, as u is an arbitrary ergodic measure, by Theorem A, we conclude that every ergodic
measure is (m — 1)/m-rigid (recall that in this context, ergodic measures are non-atomic).
Moreover, from Remark 3.6, it is known that the partial rigidity sequence is (A"),en,
which, in this case, is independent of the measure, so by Remark 2.2, every invariant
measure is (m — 1)/m-rigid. O

Remark 5.13. 1t is interesting to note that for every Toeplitz subshift (X, S) (see [18] for
a precise definition), there exists a minimal Cantor system that is rigid for every ergodic
measure p and is strong orbit equivalent to (X, S). A simple proof can be constructed with
the results of [29] and the elements developed in this section.

Remark 5.14. In [8, Theorem 1.4], there is a construction of a recognizable, infinite
alphabet rank, primitive, and constant length directive sequence o such that (X4, S) has
superlinear complexity and with infinitely many ergodic measures. A slight modification
of that example allows us to ensure that the directive sequence is also 2-consecutive and
therefore, by Theorem 5.12, the system is partially rigid for every ergodic measure. Thus,
the above criteria can be applied beyond non-superlinear complexity systems and exact
finite rank systems.

5.2.3. Conditions regarding return words. This condition may be one of the most
restrictive. Still, it can be used to prove the partial rigidity for the natural coding of interval
exchange transformations and, more generally, for dendric subshifts (see for instance
[4, 21]). Although the above are classical examples where the proposition can be used,
the range of applications is broader. This is because the condition only requires finiteness
of the return words sets for infinitely many levels and not for every level.

PROPOSITION 5.15. Let 0 = (oy,: AZH — A¥)nen be a primitive and recognizable
directive sequence. If there is a constant ¢ > 0 such that ), A, IRX(n> (a)| < c for
infinitely many n € N, then (X4, B, i, S) is 1/c-rigid for every ergodic measure L.

Proof. Observe that

7m=1J ZWw (15)

WERX((,") (u)

and thus

w-U U . (1)

acA, weR ) (a)
XU

Let N/ C N be infinite such that 3~ . 4 |R,m(a)| <c for all n € N. Then, we have

that there exists a sequence of complete words (w(n)),enr With w(n) = a,w’(n), where
w'(n) € RX@ (a,), such that /L(ﬂuf'z)) > 1/c. From this, we conclude using Corol-
lary 3.7. O

We deduce the following.
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COROLLARY 5.16. Let (X, S) be a minimal subshift on an alphabet A. If there is a number
d > 0 such that |Rx(w)| < d for every word w € L(X), then (X, B, w, S) is 1/d?*-rigid
for every ergodic measure (L.

Before proving the corollary, we state two lemmas whose proofs can be found in [21]. To
state them, note that given a word u € £(X) appearing in a minimal subshift X, the set U =
R x (u) is a circular code, that is, every word w € A* admits at most one decomposition as
a concatenation of elements of U and if uv, vu € U*, thenu, v € U*. A circular morphism
is a morphism ¢*: B* — A* whose restriction to B is a bijection into a circular code
U C A%

LEMMA 5.17. [21, Proposition 1.4.32] A (non-erasing) morphism o : B* — A* is recog-
nizable on B% if and only if o is a circular morphism.

LEMMA 5.18. [21, Lemma 6.4.11] Let (X, S) be a minimal subshift on an alphabet A
and (uy),eN be a sequence of words in L(X), with uy = &, such that u, is a proper
suffix of up41 for everyn € N. Let A, = {1, ..., |Rx(uy)|} and ap: A — A* a coding
morphism for Ry (u,). Let T be the sequence of morphisms such that o, o T, = o, for
everyn € N. Then, T is a primitive directive sequence such that X = X.

Proof of Corollary 5.16. Let (un)nen be a sequence of words in £(X) such that ug = e,
Unt1 € Rx(up), and |up41] > |uy,|. In particular, u, is a proper suffix of u,y;. Let
T = (1: A} s A*),en be the directive sequence associated with (u,)nen as in
Lemma 5.18.

By construction of t, 7,(A,;+1) = Rxgn) (a,), where a, € A, is the letter such that
T[0,n) (@) = un+1. Thus, by Lemma 5.17, 7, is recognizable for every n € N and, therefore,
T is recognizable.

By assumption, for every n € N, |Rx(u,)| < d, and then |A,| < d. Moreover, for
everyn € Nand a € A, r[o,,,)(RXgl) (@)) = Rx(t[0,n)(a)) and therefore |RX<rn) (a)] <d.
Therefore, ) . A, IRX@ (a)| < d?. Applying Proposition 5.15 to the directive sequence

7, we obtain that X is 1/d?-rigid for every ergodic measure. O

Remark 5.19. Every statement involving the set of right return words R x (w) (Proposition
5.15, Corollary 5.16, and Lemma 5.18) also applies to the set of left return words R’X(w).

5.2.4. Condition regarding the directive sequence. The repetition of a positive mor-
phism o infinitely many times in a recognizable directive sequence o implies the unique
ergodicity of (Xg4, S) (see [43] or [6]). This condition applies to substitution subshifts
and, more generally, to linearly recurrent subshifts. It is not clear whether this condition
implies non-superlinear complexity or not. In this section, we will see that this condition
also implies partial rigidity.

For a morphism o : A* — B*, denote |0 || = max,c 4 |o(a)|.

LEMMA 5.20. Let 0 = (0,: A:H — A")neN be a primitive and recognizable directive
sequence. For an integer n > 1 and a letter b € Ay, if |o,(a)|p > 0 for every a € Ay41,
then |w| < 2||lon|| — 1 for every w € RX<n) D).
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Proof. If w € RX(’” (b), then |w|p =1 and bw € L™ (¢). Thus, there is a word u €

L7*D(g) such that bw C o, (u). Since |o,(a)|, > 0 for every a € A, 1, there exist
two letters a; ap € A, 41 such that bw C o, (a1az). Then, |bw| < |o,(a1)| + |on(az)| <
2|loy, ||, from which we conclude. O

THEOREM 5.21. Leto = (on: A, | — Aj)neN be a primitive and recognizable directive
sequence such that there exists a positive morphism t©: A* — B* which is repeated
infinitely many times in o (that is, IN'| = |{n € N: 0, = t}| = 00). Then, (X4, B, i, S)
is partially rigid, where [ is its unique invariant measure.

Proof. Fix ne N. So o, =1, A, = B, and A,;1 = A. By hypothesis, |0, (a)|, >0
for all b € A, and a € A, 41. Then, Lemma 5.20 gives that |w| < 2||z|| — 1 for every
be A, and w € Ry (b). Therefore, |R wm(b)| < |APPITI=1 for every b e B and

Ypes IRy (B)] < B| - |APPITI=1. We conclude by Proposition 5.15. O

Question 5.22. In this section, we presented several sufficient conditions to ensure partial
rigidity on S-adic subshifts, especially for finite alphabet rank subshifts. When this paper
was first released on arXiv, we wondered whether a mixing finite alphabet rank system
existed. B. Espinoza has communicated to us that he has found such an example, and he
is currently working on a publication. It is still open to give a complete characterization,
or even to have sufficient conditions, to determine whether a directive sequence o defines
an S-adic subshift that admits a mixing or a partially mixing measure. Similarly, we do
not know if there are uniquely ergodic finite alphabet rank S-adic subshifts that are neither
mixing nor partially rigid.

6. Rigidity in S-adic subshifts

In this section, we focus on conditions under which S-adic subshifts are rigid (that is, the
partial rigidity rate equals 1). We provide necessary conditions for a subshift to be rigid,
based on its language. As a consequence, we show that most words are complete (see
Theorem 6.3 and Remark 6.5). We also construct families of examples of subshifts, which
are rigid thanks to the criteria developed in §3.

6.1. Necessary conditions for rigidity. ~We recall that for a subshift X, a set of complete
words on £(X) is denoted by CL(X). We start with a general lemma.

LEMMA 6.1. Let 0 = (0n: Ay | — A})uen be a primitive and recognizable directive
sequence, and | be an ergodic measure on Xq. If (Xo, B, 1, S) is rigid, then

lim sup [M( U [w]Xa)] =1, a7

oo weCL,(Xq)

where CLy(Xg) = CL(Xg) N Ap.
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Proof. As (X¢, B, 1, S) is rigid, by Corollary 3.5 and Theorem 4.4, there is a sequence
of complete words (w(n)),en, w(n) € CC(X(")) such that

: () _
00 T, = 1

FixneN,u=uy - ur € [wn)ly, and £ = |oj0,) (u1)|. For 0 < k < ¢, let p;"" be the
kth prefix of oy0,) (ul) (thatis, |p;""| = k and it is a prefix of o7 (u1)) and 5;"" be the
kth suffix of 0[0 m(u1) (thatis, [s;""| = € — k and it is a suffix of 670, (u1)). Notice that

pO’ " and Se " are empty words. Then,

7" < | lx,.

n
veCl

where CJf = {s;"" o0 (u2 - - - ur—1) py 1 0 <k < £} € A5. Moreover, every word
v e C); is a complete word because the last letter of pZ L? is equal to the first letter of

s¢"™". Thus, by definition,
y(")

o, € U U ol (18)

uelwn)l], veCl

To conclude, notice that by the definition of ~,, for m, = |oj0,)(u1 - - - u,—1)| + 1, one
has that if v € Uue[w(n) C;;, then |v| = m,,. Therefore, for every n € N, Uue[w(n)]n Cr <
CLy, (X) and then

1 = lim sup u(ﬁg’()n) ) < hm sup u( U U [v]xa>
— 00

n—oe uelw(n)], veCr

slimsupu( U [v]xr,>

n—oQ

veCLy, (X)
§limsupu( U [v]Xa>.
n—oe veCLy(X)
This allows us to conclude. O]

Remark 6.2. Similarly to Remark 3.6, in the previous proof, it can be observed that
(my, — 1)pen is a rigidity sequence for the system (X4, 5, 1, S).

We recall that a linearly recurrent subshift is an S-adic subshift (X4, S) such that there
exists a finite set of morphisms S such that the directive sequence 0 = (0,: A; | —
A*)nen is proper, positive, and o, € S for all n > 1. Linearly recurrent subshifts are
uniquely ergodic. We will use that if (X, S) is linearly recurrent, then there is a constant
L > 0 such that u([wlx,) < Lu([ulx,) for all words u, w € L(X4) of the same length

(see [19, Proposition 13]).

THEOREM 6.3. Let (X4, S) be a linearly recurrent subshift and let w be its unique
invariant measure. If (X4, B, 1, S) is rigid, then

T qx, (n)
im sup ———
n—oo PXg (n)

where PXs (n) = |L,(Xg)| and qX, (n) =|CL, (X))

=1 19)
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To prove this theorem, we use the following lemma.

LEMMA 6.4. Let (X4, S) be a linearly recurrent subshift and let |1 be its unique invariant
measure. Let (Wy)nen such that W,, € L,,(Xg) for all n € N. Then, for any increasing
sequence of integers (my)neN, we have that

W,
Wl if and only ifu( U [w]x‘,> — 0.
Px (mn) n—00 n—o00
o weWp,
Proof. Form € N,letw,,, um € L, (Xo) suchthat u((wylx,) = maxyer,, (x,) #(wlx,)
and M([”m]Xq) = minweﬁm(Xa) M([w]XU)- Let L > Osuch thatﬂ([wm]XU) < LM([”m]X.,)

for all m € N. Combining this with the equality
“Upew, [wlx,) > wew, M(wlx,)
w( U iy, ) = _ ,
H(Uweﬁm(xa)[w]Xa) Zwecm(x,) w(wlx,)

weW,,

we obtain that

- Wl <u< U [w]xa> EYLLTE

L px,(m) — wel, Px, (m)
from where the conclusion follows. O
Proof of Theorem 6.3. By Lemma 6.1, since u is rigid, we have that

ngngou( U [w]xa>=1

wec£77zn (Xo)

for an increasing sequence of integers (m,),eN. Setting W, = L, (X4)\CLp, (Xs), by

Lemma 6.4,
W,
lim — 2l _ 0
n—00 px, (ny)
We conclude by noting that |W,| + gx, (m,) = px, (m,) for every n € N. ]

Remark 6.5. As in Remark 6.2, the sequence (m,,), <N for which the limit in equation (19)
is reached was constructed so that (m, — 1),¢N is a rigidity sequence. Thus, Theorem 6.3
implies that, under the same assumption, there is a rigidity sequence (ny)ren such that

limy 00 (gx, ik + 1))/ (px, (nx + 1)) = 1.

Remark 6.6. It is worth mentioning that for aperiodic subshifts, gx (m) < px(m) for all
m € N. Indeed, assume that CL,,(X) = L,,,(X) for some m, and let u = u; ---u,, be a
wordin £,,,(X) anda € Asuchthatuuy - - - upa € L(X). Then, ususz - - - uya € L, (X)
and so a = uj. Therefore, every word of length m is uniquely extendable, and so X is
periodic.

6.2. A rigid S-adic subshift with multiple ergodic measures. To illustrate some applica-

tions of the results in §5, we construct an S-adic subshift with » > 0 ergodic measures,
each one rigid for the same rigidity sequence. Examples with the same property can
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be found for some Toeplitz systems [44]. To introduce the S-adic subshift, we quote
the following lemma. We need the following notion: for a vector v € RA, set |v] =

ZaeA |v(a)|

LEMMA 6.7. [2, Theorem 11] Let 0 = (0,: A},
able, and constant length directive sequence. The following are equivalent.

— A"),en be a primitive, recogniz-

(1) There exists a contraction ¢’ = (O’]é = Olmymis1))keN Of 0 such that the vectors
(vik)ken given by

ve(@) = min |0 (b)|a, a € Ay, keN
€ my+1

satisfy

[vg|
D 1on =
keN Tk

(2)  The system (Xq, S) is uniquely ergodic.

PROPOSITION 6.8. For every r > 1, there exists a minimal S-adic subshift (X, S) such
that |E (X4, S)| = r and every ergodic measure is rigid for the same rigidity sequence.

Proof. Let A ={ay, b1,az,b,...,ar,b}. We define 0 = (0,,: A* - A*),en such

that
onla)) = araz - - - ap(aib)> biby - - - by,
on(bi) = a1az - - - ar(bia;))* biby - - - by
fori € {1, ..., r}, which is recognizable, positive, and proper. Moreover, o has constant

length and we denote by 2™ the height at level n.

Claim. There are r ergodic measures (g, ..., u, and for each i e {1,...,r}, A, =
{ai, bi}.

Notice that if u is an ergodic measure, then it is clear that a; € A, if and only if b; €
A, because

(n)

)y _
W Ty") = JXCES))

(2"“(“(%5"“)) + (T )+ Y Z) + u(%ﬂ"*”»)
J#
= ().

To conclude the claim, note that there are two possibilities: either there is a unique
invariant measure w such that A, = A or there are r ergodic measures u; such that
Ay, ={a;, b} for all i e {1,...,r}. This is trivial when r € {1, 2}. Suppose without
loss of generality that r > 3, ay, a2, b1, by € A, for some ergodic measure p and
define ¢;: Xy — X, as the homeomorphism that, for every x € X4, interchanges the
letters ay, b1 with a;, b;, respectively, for i € {3,...,r}. Then, ¢; commutes with S,
and the pushforward measure u' = ¢; i is an S-ergodic probability measure such that
a;, bi, az, by € A,y. In particular, A, N A,/ # ¢ and, therefore, u = u" and a;, b; € A,.
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Sincei € {3, ..., r}is arbitrary, we conclude that A, = A. Finally, assuming that A, =
{a1, b1}, if we define u; = ¢;uy foreveryi € {1,...,r}, then A, = {a;, b;}.

Now, using the same notation as in Lemma 6.7, for every contraction ¢’ of o,
|Uk|/|a,£| = 0(1/2") for every k and, therefore, ), . |vk|/|a,£| < 00. Thus, by Lemma 6.7,
the system cannot be uniquely ergodic and we conclude the claim.

Claim. Fori e {l,...,r}, u; isrigid and hM),en is a rigidity sequence.

Notice that as Ay, = f{a;, b}, (T U Z"™yn (U7 ) — 1
i 1 n—>0o0
Also, by Lemma 5.1,

Wi T ) = wi( T 0V T 4 i (T, 0 T D)

aibja; a;b;a; ajbja;
n’—1 (n) (n+1) n’ -1 (n) (n+1)
zn2+1m(«%i NI, )+n2+lui(%i NI, "),

and the same applies to /A(ﬂb%?bi). As fa(aib;) = fa(bia;), by Lemma 3.4, a;b;a; ~y,
bia,’b,‘, SO

IO TS a0 gy

HilTlabiait,) = n2 +1 Kl l n—oco
Jletaibi}

Then, (X4, BB, i, S) is rigid for every i € {1, ..., r} and a rigidity sequence is given by
hﬁ,’? + hl(:i') = 2h™ . Finally, by Remark 2.2, every invariant measure is rigid. O

7. Partial rigidity rate and constant length morphisms

In this section, we show the relationship between the partial rigidity rate and the induced
system on the basis of an S-adic subshift with constant length directive sequence. Thanks
to this, we find an upper bound of the rigidity rate for a family of substitution subshifts that
allows us to compute the exact value in some cases. The most notable is the Thue—Morse
subshift.

7.1. Partial rigidity rate in constant length S-adic subshifts.

THEOREM 7.1. Let 0 = (0n: A, | = AneN be a recognizable, constant length, and
primitive directive sequence. Let |1 be an S-invariant ergodic measure on X4. Then,

5, = inf sup { > ,u(")([w]x(n))}, (20)
nzl g>2 ’
=" tweCLM(0)
|w|=¢

where n™ is the induced measure on the base B™ of the natural sequence of
Kakutani—Rokhlin partitions (P, N associated with (X, S).

Proof. By Theorem 4.4,

8, = inf { sup u(ﬂ[fﬁl)}.

n>1
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First, note that two complete words u, w € A’ are ~, equivalent if and only if |u| = |w|.
Indeed, for any word v € A7, Zl‘vz‘l_l hf}',’) = (Jv| — DA™, where h™ is the height of
every tower.

In addition, if w ¢ £ (o), then ;L(yw(")) = 0. Therefore, we can consider only the
complete words of the language of X((,"). Finally, for w € CL™ (),

(T
ZaeA,l M(«%(n))
R (BYY)
R S peq w(BIM)

By
Cop(B™)

u( M) =

1wl ).

Thus, we have proved that M(Zl(l’:])n) = ZwECL(")(a) w™ ([w]x(n>) and we are done. [J

lw|=¢

COROLLARY 7.2. Leto = (0oy: Ay | — A})uen be a recognizable, constant length, and
primitive directive sequence. Let p be an S-invariant ergodic measure on Xg and u"™ the

induced measure on X((,m) form € N. Then,
8/"“ = (Slu(m) . (21)

Proof. As was proven in Theorem 4.4, (sup@ZQ{Zwecﬁn)(a) u(")([w]xgm)})neN is a
lw|=¢
decreasing sequence. Therefore,

infsup{ > m”)([w]xyn}: inf sup{ > M(")([w]xgm)}-

= weCL™ () = weCL™ ()
lw|=¢ |w|=¢
So, equation (21) follows from Theorem 7.1. O]

Remark 7.3. The previous corollary can be useful in the following situation. If we know
the partial rigidity rate of (X4, B, i, S), then for T = (¢1, . . ., ¢, 00, 01, . . .), where
(é1, - - ., ¢r) is a finite sequence of primitive and recognizable constant length morphisms,
the system (X, B, v, S) has the same partial rigidity rate as that of (X4, B, u, S).

As a consequence, we obtain Theorem C announced in §1.

COROLLARY 7.4. (Theorem C) Let o: A* — A* be a recognizable, primitive, and
constant length substitution. Let | be the unique S-invariant measure on (X, S). Then,

6M=sup{ > M([w]xg)}- (22)
€22 w|€C|[—:(zg)
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Proof. Note that if o is the directive sequence made up only of o, then X,(,") = X, for
everyn > 1. So, foreveryn > 1 and £ > 2,

A (T N N W17 P}

weCL™ (a) weCL(o)
|w|=¢ lw|=¢
which implies equation (20). O

The last corollary allows us to conclude that the necessary condition for rigidity of
Theorem 6.3 is also a sufficient condition in the case of constant length substitutions.

COROLLARY 7.5. Leto: A* — A* be a primitive and constant length substitution. Let
be the unique S-invariant measure on (X4, S). Then, (X5, B, 1, S) is rigid if and only if

i qx, (m)
im sup =1
m—oo PX, (m)

where px,(m) = |L(Xo)| and gx, (m) = |CL(Xo)!.

(23)

Proof. Remark that by [37], the substitution is recognizable. Note that Theorem 6.3 gives
one implication. For the other, remark that by Lemma 6.4, if W, = L,,(c)\CL,(0),
the limit in equation (23) implies that there is a sequence (my),cN such that
lim, s Zwewmn M([w]Xg) = 0. Thus,

lim Y p(wly,) =1,

n—o0

weCLy,, (o)
and by Corollary 7.4, (X4, B, ., S) is rigid. O

7.2. The Thue—Morse family. In this section, we compute the partial rigidity rate for a
family of constant length substitution subshifts. This family of substitutions is inspired
by the Thue-Morse substitution. The measures of the cylinder sets of the substitution
subshifts are computed using techniques from [39].

We need to fix some additional notions and notation. For a substitution o : A* — A*,
i, j € Nand a non-empty word v € A*, we define o; ;(v) as the word obtained from o (v)
by deleting its first i and last j letters (assuming i + j < |o(v)|). We say that a non-empty

word w € A* admits an interpretation s = (Vivy - - - Uy, i, j) if 05 (V1 - v) = w,
where i < |o(vy)| and j < |o(v,)|. We denote a(s) = vy - - - vy, and say that a(s) is an
ancestor of w. The set of interpretations of w is called I (w). We will need the following
result.

LEMMA 7.6. [25, Theorem 3] Let o : A* — A* be a primitive substitution and ) be the
Perron—Frobenius eigenvalue of M. If i is the unique S-invariant measure on X5, then

1
wllwlx,) =5 Y7 wla)ly,).

sel(w)

Notice that for a primitive and constant length substitution o: A* — A*, the
Perron—Frobenius eigenvalue of M, is ||o]|.
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From now on, we assume that the alphabet A is a finite abelian group with addition +.
Letu = ujus - - - ug be a non-empty word in A*. We define the morphism oy, : A* — A*
as follows:

ou(@ =W +g)ur+g) - (ug+g) forallge A

For example, if we consider 4 = {0, 1} with the addition modulo 2, and u = 01, then o,
is the Thue—Morse substitution.

We call 0, the Thue—Morse type substitution given by u. It is easy to check that for any
finite abelian group .4, and any u € A*, the morphism o, is recognizable. The family of
Thue-Morse type substitutions is closed under composition, meaning that if u, v € A*,
with |u| = £ and |v| = r, then

oy 0 0u(g) = op((u1 + )z +g) - - - (e + 8))
=i tur+g - tur+g) - (itu+g - v +ue+g)
= oy (g),

where w = o, (u).

Note that X, is not always infinite (for example, if u = aa for some a € A). Even if we
require u to contain all the letters of .A, we may have a finite X, (for example, for u = 010,
the substitutions O — 010 and 1 > 101 give rise to a periodic subshift).

In all the following, we will assume that X, is infinite. The following lemma shows a
recursive formula that will be very useful for computing the partial rigidity rate of many
Thue—-Morse type substitution subshifts.

LEMMA 7.7. Let (X,,, B, i, S) be an infinite substitution subshift, where o,,: A* — A*
is a primitive Thue—Morse type substitution and |u| = £. Then, for every n > 1 and i €

{1,.... ¢},
C4+1—i i—1
1(Cre+i(+8)) = Z( D w(Copr(—ttrgio1 +ux + @) + Y (Copa—ug + up—iy1 + g))>,
k=1 k=1
where

Cin(+8) = U [wlx,, -

w=wp-wp €L(0,)
such that w,=w;+g

Proof. We define W, (+g) ={w=wi---w, € L(o,) : wy =w1 +g} (so that
Cpn(+g) = UweWm(-i-g)[w]X(,u ).

Letusfix ge A,n>1,andi € {l,...,¢}. Let w € Wy,4;(+g) and assume that w
has a unique interpretation. Thus, it has a unique ancestor v = a(w) (this last assumption
does not play a role other than simplifying the notation; see Remark 7.8). Note that v, being
an ancestor of w, can have lengthn 4+ 1 or n + 2.

If [y =n + 1and (Gu)j,j’ = w, then |0y, (v)| — j + [0 (Vg )| — ' +lou(va - - - V)| =
m+1)€—j—j =|w|=nl+i. Therefore, £—i=j+j and j€{0,...,¢—1i}.
Then, if k = j + 1, it follows that £ — j* = k + i — 1. Putting together the following three
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equalities:

w1 = 0y (V1)k = u + v,
Wyoti = Oy (U1 ki—1 = Ukti—1 + Vpt1,
Wpeti = w1 + 8 (w € Wen+i(+8)),

we derive that uy 4+ v + g = Ug+i—1 + vy41 and it follows that v, = (—ugyi—1 +
ur + g) + v (note that here is the only moment where we use that (A, +) is abelian).
Then, v € W41 (—ttgti—1 + ur + g)-

A similar reasoning is used for the case |v| = n + 2, in which it follows that u;_; 1 +
V1 + & = ur + vp41 and, thus, v € Wy o (—up + up—iy1 +g) fork e {1,...,i —1}.

Finally, it is clear that every word v € Wy 1 (—ug4i—1 + Uk—i+1 + &) U Whio (—ux +
Ur—i+1 + g) is an ancestor of a word w € Wy, +; (+g). Hence, from Lemma 7.6, it follows
that

1
W(Crritte) = > uwlg,)= Y JHat)lx,,)

wWEWpn+i (+8) WEWpn+i(+8)
1
= g( > n(lvlx,,) + 3 u([v]x,,u))
VEW) 1 (—ltgpi—1 Utk +8) VEW, 2 (—up+ug_iy1+g)
41— i—1
= z( Z M(Crp1 (—ttieyi—1 + i+ 8)) + Z U(Crio(—uk + uk—it1 + g))>. O
k=1 k=1

Remark 7.8. In the previous proof, it was artificially assumed that if w € Wy, (4+g),
then it has a single ancestor. However, it is possible to make the same proof without that
assumption. If it has more than one interpretation, they would appear in the last summation
of the proof. Strictly speaking, the last summation of the proof corresponds exactly to the
following expression:

% > (Z M([a(S)]x”u)>,

weWpn+i(+g) ~ sel(w)

which is nothing more than the measure of Cy,+;(+g) (see Lemma 7.6).

Remark 7.9. If 0 € A is the neutral element of the group (A, +), then

+1—i i
(Cro4i (+0)) = Z( ; P(Crp1 (—Ugi1 +up)) + ; ((Crya(—ug + ukm))),

and for every g € A, it follows that
m(Cnet1(+8)) = n(Cny1(+8)).

LEMMA 7.10. Under the same assumptions of the previous lemma, for all m > 2 and
g € A, it follows that

m(Cn(+g) < 1.
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Proof. If u(C,,(+g)) = 1, then every word of length m satisfies that w,, = w; + g, so

every word would be uniquely extensible. Indeed, for a € A, if wiw; - - - wya € L(oy,),
then wy - - - wya € Ly, (0,) and, therefore, a = wy + g. This would imply that p(m) =
p(m + 1) and, thus, that the system is periodic, which is a contradiction. O

With both lemmas, we can prove that Thue—Morse type substitution subshifts are not
rigid.

PROPOSITION 7.11. Let (A, +) be a finite abelian group and let u € A* be a non-empty
word. Assume that o, is a primitive substitution and that X, is infinite. Then, the system
(Xo,, B, p, S) is not rigid, where i is the unique invariant measure. Moreover,

8y < max u(Ci(+g)). (24)
ie{2,...,0}

geA

Proof. Let us first note that if 0 € A is the neutral element of the group (A, +), then by
Corollary 7.4 and using the notation of Lemma 7.7, we have that

3y = sup u(Cp (+0)).
m>1
Then, by induction, it follows that for all m > 2, u(C,,(+0)) is a convex combination
of elements in the set {u(C;j(+g)) €[0,1):2<i <¢¥, g€ A}. Therefore, for every
m > 2, it follows that 1t (Cy, (+0)) < max{u(C;(+g)) €[0,1):2<i <¥, g € A}and we
conclude inequality (24) with Corollary 7.4.
Using Lemma 7.10, the maximum is strictly smaller than 1, so the system is not rigid.

O

Now, we can compute the partial rigidity rate for the Thue—Morse substitution.
THEOREM 7.12. The partial rigidity rate of the Thue—Morse subshift is §,, = %

Proof. First, note that 1(C2(+0)) = n([00]x,) + 1([11]x,) = 1 and w(Ca(+1) =
u((01]x,) +u([10]x,) = 3. So, 8, < max{z, 3} = 3.

Second, wu(C4(+0)) = n([0010]x,) + w([0100]x,) + w([0110]x,) + w([1011]x,) +
n((1101]x,) + u([1001]x,) = 2. So, 8, > % and we are done. O

Remark 7.13. Once we know that the partial rigidity rate of the Thue—Morse substitution
subshift is 2/3, we can state that the §,,-partial rigidity sequence is (3 - 2"),en. Indeed,

if we take w(n) = 0100, it is straightforward to check that M(‘Z(()rll())o]n) =2/3 and by

Remark 3.6, the partial rigidity sequence is m, = h(()") + hg") + h(()”) =3.2"

This fact is interesting because we know that the ‘natural’ rigidity sequence of the
maximal equicontinuous factor of this system (the odometer) is (2"),en and, with the
same proof, we can only guarantee that (2"),cn is a %—partial rigidity sequence of
the Thue—Morse substitution subshift. In any case, (3 - 2*),¢n is also a rigidity sequence
for the odometer.
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Example 7.14. The same type of reasoning can be done for A = {0, 1, 2} (with addition
mod 3), u = 0100, so that ¢,,(0) = 0100, o,,(1) = 1211, 0,,(2) = 2022. Here, we find that

1

. 1 -1
max, w(Ci+g) = and p(CaC+0) =}
geA

s0 8, = %
Note that, in particular, this system and the Thue—Morse subshift are not measurably
isomorphic, because their partial rigidity rates are different.

Thanks to Thue-Morse type substitutions, we can prove that if Ay is the set of partial
rigidity rates for substitution subshifts, then the number 1 is an accumulation point of Aj.
More precisely, we have the following corollary.

COROLLARY 7.15. For every j > 1 and d > 2, the primitive substitution o; : A* — A*
with A=1{0,1,...,d — 1} given by

0;(0) =071,
oj(1) = 1727,

ojd—1)=(d—j)0/,
satisfies that 1 — (1/j) < 8, < 1, where . is the unique invariant measure of (Xo;, S).

Proof. Set j <1,d <2, and let (XJJ., B, 1, S) be the substitution subshift defined by
oj. Then, by Theorem 5.12, (j —1)/j < J,. In addition, the substitution o; clearly
corresponds to a Thue-Morse type substitution in A = Z/d7Z given by the word 071/,
so by Proposition 7.11, §,, < 1. O

Question 7.16. Notice that in this section, all systems are uniquely ergodic so there is no
ambiguity in computing their partial rigidity rates. However, partial rigidity is a purely
measure-theoretic concept: a non-uniquely ergodic topological system could have two
ergodic measures with two different partial rigidity rates. For example, there are Toeplitz
subshifts with positive topological entropy and that have measures for which they are
measurably isomorphic to odometers (see, for instance, [44]). For such a system, there
is a measure w1 with positive entropy, so that it is not rigid and a measure w, that is rigid.

When this paper was first released on arXiv, we suggested that it would be interesting
to exhibit examples of zero entropy or finite alphabet rank minimal S-adic subshifts
with multiple partial rigidity rates. In particular, construct systems such that the set
{8, : p is an ergodic measure} is as large as the set of their ergodic measures. This was
fully answered by the third author for the finite alphabet rank case in [41] and it is still
open for systems with infinitely many ergodic measures.

7.3. Every number is a partial rigidity rate. It is natural to wonder what values in [0, 1]
can be partial rigidity rates of a system. We establish the following.
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THEOREM 7.17. For every § € [0, 1], there is a measure-preserving system (X, X, u, T)
such that 6 = 8.

Remark 7.18. In his seminal paper [26], Friedman proved that for every é € (0, 1), there
is an ergodic system (X, X, u, T) and a sequence (nx)xen (depending on §) such that

Jim W(ANT"B)=8u(ANB) + (1= Hu(A)u(B) forall A, BeX. (25)
—00

It is clear that equation (25) implies partial rigidity with respect to the sequence (7x)keN
and that § is the largest possible constant associated with that sequence. It is unclear that in
Friedman’s construction, (ny)ren is the sequence that maximizes the partial rigidity rate
(recall that in the definition of partial rigidity rate, all sequences are considered). Indeed,
a system can exhibit very different behaviors along different sequences. For instance, a
system can be 1-rigid for one sequence and 1-mixing for another (consider, for example, a
weakly mixing and rigid transformation).

Our approach uses a completely different construction than that of Friedman. This
allows us to guarantee that § is the actual partial rigidity rate. However, we note that,
unlike Friedman’s construction, our systems are not ergodic.

To prove Theorem 7.17, we will introduce a family of substitutions similar to the family
used in the proof of Corollary 7.15. For £ > 2, let £;: {0, 1}* — {0, 1}* be the substitution
given by ¢ (0) = 01¢71, ¢, (1) = 1041,

Notice that for every ¢ > 2, ¢, corresponds to a Thue-Morse type substitution in
A = 7,/27 given by the word 01¢~1.

PROPOSITION 7.19. The partial rigidity rate for (X¢,, B, u, S) is (¢ —1)/(£ + 1) for
every £ > 6 and the partial rigidity sequence is (£*)gen.

Proof. First, using classical methods for computing the measure of cylinder sets
for constant length substitutions from [39], we have that w([00] XQ) = u([11] Xq) =
(¢ —1)/Q2E+1) and pu([01]x,) = u([10lx,,) = 1/(¢ + 1). Therefore, w([00]x,, U
[ll]XQ) = ({ —1)/(£ + 1) and so, by Corollary 7.4, (£ — 1) /(£ + 1) < §,.

Using Proposition 7.11, it suffices to show that

~

-1
max Z u(wlx,,), Z u([w]xq)}g— foralli € {2,...,0).

. 4 £+1
weCL(g)NA! we ANCL(Ly)
(26)

To prove equation (26), it is not hard to see that for 3 <i < ¢,

i—1
Lio\CLE) = [ Jao/ 17y u /o7y,
j=1
Also, as for the Thue—Morse substitution, w([w] sz) = u([w] Xq)’ where 0 =1 and

1=0, so we can focus the analysis only on the words of the form 0/1'=/. Thus,
after computing £, (00) = 014710171, £,(01) = 01¢7110¢7!, £,(10) = 10¢~101¢~!, and
Ce(11) = 10471101, it is clear that 01°~! has only one interpretation in 0. Therefore, by
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Lemma 7.6,

i 1
(01" ) = S ((01x,) = -

For 0'~!1, there are two interpretations, on the word 11 and on the word 10. So using

Lemma 7.6 again, we get

i 1
(107 M) = 5 ((101x,) + u(11x,,) = 5

In the other cases, 2 < j <i — 2, 0/1¢=/ has only one interpretation on the word 10, so
Lemma 7.6 gives

o 1
O™ I, ) = r100x,,) = 7oy

Finally, for every 3 <i < ¢, with £ > 6 by assumption, we have

(lwlx,,) = < +5 +l§2 ) l(2+2"_3><1
Hwlx,, = - < -

L +1 1 41 2
weL; (E)\CL(Ge) j=2 €+ +

This implies that for every 2 < i < ¢, the maximum in equation (26) is achieved for the
sum over complete words of length i. Also, for every 3 <i < ¢,

u(wlx,)=1-— ! ( 2 3) t-1
E Xy, =<
wGCE(Q) ¢ ¢ . Z I

lw|=i

Therefore, the maximum in equation (24) is achieved for complete words of length 2. So,
by Proposition 7.11 and Corollary 7.4, 8, = (£ — 1)/(£ + 1). Reasoning as in Remark 7.13,
we can deduce that the partial rigidity sequence for §,, is equal to (h(k)) keN = (Kk YkeN. [

Using the family of substitutions studied in Proposition 7.19, for any é € [0, 1], we can
construct a system whose partial rigidity rate is equal to §. In the following proof, we will
work with different parameters ¢, but to not overload the notation, the unique invariant
measure of X, will be simply denoted by .

Proof of Theorem 7.17. The property is clear for § = 0 (e.g., taking a mixing system)
and § =1 (taking a rigid system). Let § € (0, 1). Notice that for every gy > 0, there
exist £ > 6 such that for some mqg > 1, (€ — 1)/(£ + 1))t < § < ((€ — 1)/(£ + 1)),
where 1 — (£ —1)/(£+ 1) < egg(andso, (£ — 1)/(£+ 1)) — (L — 1)/ + 1))mot+l <
((€ = 1)/ (€ +1))"0gp < &).

By Propositions 4.2 and 7.19, ((¢ —1)/(£ + 1))™0 is the partial rigidity rate of
(X B(X 9), w0, S x ... x §),s0 8 can be gp-approximated by a partial rigidity rate.
Recall that for (X [ ,B(X ¢ 0), u™0, S x ... x S), the partial rigidity sequence is still
(Ven. If 8 = ((€ — 1)/(€ + 1))™0, then there is nothing more to prove. If not, we
will construct inductively a better approximation, and, in each step, we will implicitly
assume that the equality is not achieved; since otherwise, we would have completed the
construction.
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Set &1 = g9/2. We can find an integer €' such that ((¢ — 1)/(£ + 1))™ (& — 1)/
(0 + D)ym+h <8 < ((6— D/ + 1)@ — 1)/ + )™, with (€' — 1)/t + 1))
< g1. Without loss of generality, we may assume that £’ is a power of £ (that is,
¢/ = £1v) and, therefore, (€ — 1)/(€ + 1))™0((¢' — 1)/(¢' 4+ 1))™! is the partial rigidity
rate of (X;'ZO X XZ"Z}, B(X?ZO X X:f;), W @ uM, S x - - x S), where the partial rigidity
sequence can be taken as (¢, £9!, p2a .), which is a subsequence of (Zk)keN and equal
to ((£9 )k)keN except for the first term.

Then, inductively, for ¢ = eo/Zk, we can find sequences (m)keN, (qk)keN, and (€) reN
such that 6y = £, {311 = EZ", and denoting &; = Hf:o((li —1)/(; + 1))™, we have

I —1
Sk <6 < &,
(lk+1) k=0="%

where 1 — g < (U — 1)/(¢x + 1) < 1. Therefore, §; \ § as k goes to oo.
By construction, § is the partial rigidity rate of

f%]-(:(Xk3B(Xk)’MmO®"'®Mmk,SX"'XS),

where X; = [T, X

Let Z& be the inverse limit of (Z1)ken, where the factor map 7y : Zj11 —> 2k is the
canonical projection. Thus, by Proposition 4.2, the partial rigidity rate of 2 is precisely
8 = infyen 6. O

Question 7.20. Theorem 7.17 states that any number é € [0, 1] can be the partial rigidity
rate of a measure-preserving system (X, X, u, 7). We pose the question of whether this
holds true when restricted to a particular class of systems, for instance, ergodic, finite rank,
Toeplitz, or weakly mixing. In the same direction, concerning the set of partial rigidity
rates for substitution subshifts A, we ask: is it dense in [0, 1]? Note that Ay is countable,
because there are only countable many substitutions (up to conjugacy), so density in [0,1]
is the most we can expect.

8. Open questions
This section gathers open questions that arose in the paper for the reader’s convenience,
and some further discussions.

Partial mixing. As mentioned above, when partial rigidity was introduced in [26], it
was closely related to the notion of partial mixing. It would be interesting to give a
characterization of this property for S-adic subshift. In particular, we do not know whether
any of the examples presented in this work are partially mixing or not.

Finite topological rank mixing subshifts (Question 5.22). Give a characterization or
condition on a directive sequence o so that it defines an S-adic subshift that admits either
a mixing or a partially mixing measure. Find a uniquely ergodic finite alphabet rank S-adic
subshift such that it is not mixing nor partially rigid.

Combinatorial characterization of rigidity. Can Theorem 6.3 be extended to a broader
class of S-adic subshifts? For instance, the limit in equation (19) also holds for arbitrary
Sturmian systems which are all rigid, but not necessarily linearly recurrent subshifts (see
[40, §3.4]). We also prove in Corollary 7.5 that the limit in equation (19) is also a sufficient
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condition for rigidity in the case of constant length substitution subshifts. Is it sufficient
also for other classes of subshifts?

System with multiple partial rigidity rates (Question 7.16). Find systems of zero entropy
such that the set {3, : u is an ergodic measure} is as large as the set of their ergodic
measures.

Realizing partial rigidity rates (Question 7.20). Prove Theorem 7.17 for more restrictive
classes systems. Similarly, determine if the set of partial rigidity rates for substitution
subshifts A is dense in [0, 1].
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