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A characterization of the product of the
rational numbers and complete Erd6s space

Rodrigo Hernandez-Gutiérrez® and Alfredo Zaragoza

Abstract. Erdés space € and complete Erdos space &, have been previously shown to have topological
characterizations. In this paper, we provide a topological characterization of the topological space
Q x &, where Q is the space of rational numbers. As a corollary, we show that the Vietoris hyperspace
of finite sets F(&,) is homeomorphic to Q x .. We also characterize the factors of Q x .. An
interesting open question that is left open is whether 0 €?, the o-product of countably many copies of
€&, is homeomorphic to Q x €.

1 Introduction

All spaces will be assumed to be separable and metrizable. We denote the set of
positive integers by N, the set of natural numbers by w = Nu {0}, and the space of
rational numbers by Q. Erdds space is defined to be the space

€ = {(Xn)new € £*: Vi€ w, x; € Q},
and complete Erdds space is the space
€= {(xn)new € 2 View, x; e {0} u{l/n:neN}},

where ¢7 is the Hilbert space of square-summable sequences of real numbers. These
two spaces were introduced by Erdés in 1940 in [6] as examples of totally disconnected
and nonzero-dimensional spaces.

It was soon noticed that some interesting Polish spaces are homeomorphic to &,
(see [7]). Due to the interest in these two spaces, Dijkstra and van Mill obtained
topological characterizations of €, and € (see [2, 3], respectively), and applied them
to show that some other noteworthy spaces are homeomorphic to either one of
these two. Notice that &, is Polish, but & is an absolute F,s, so €. and & are not
homeomorphic. We also mention that €¢ is not homeomorphicto &, as it was proved
in [4]. A characterization of &2 was given in [1].
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88 A characterization of Q x &,

The objective of this paper is to continue this line of research by providing a
topological characterization of Q x &_; this is Theorem 3.3 below. Since Q x & is not
Polish, it is not homeomorphic to €. or €Y. As it is easy to see, Q x &, is both an
absolute G4, and an absolute F,s (see Remark 2.2 below). Since it is known that € is
not Gy, (see Remark 5.5 in [3]), we obtain that Q x &, is not homeomorphic to €.
Thus, this space is different from the ones studied before.

In fact, we give two characterizations of Q x & : one extrinsic and the other
intrinsic. The choice of these two terms follows the idea of [3]. By extrinsic, we mean
that Q x &, is homeomorphic to a subset of the graph of a upper semicontinuous
(USC) function defined on the Cantor set that has certain characteristics. By intrinsic,
we mean a characterization given by topological properties of Q x & itself. Our
extrinsic characterization is defined in terms of a class 0.£ of USC functions, and our
intrinsic characterization is given by a class o€ of spaces; both of these are defined in
Section 3.

The statement of the characterization (Theorem 3.3) is given in Section 3, but the
hard part of the proof is done in Section 4. We also give a concrete application of our
characterizations: in Section 5, the Vietoris hyperspace of finite nonempty subsets of
&, is shown to be homeomorphic to Q x &, (Corollary 5.3). This result is connected to
previous work of the second-named author, who proved that the Vietoris symmetric
products of &, are homeomorphic to &, (see [14]) and that the Vietoris hyperspace
of nonempty finite sets of € is homeomorphic to & (see [14, 15]). In Section 6, we
consider the o-product of w copies of &,. At first, it seemed that this space would also
be homeomorphic to Q x &.. However, we were not able to prove or disprove this, so
we leave this as an open problem. In Section 7, we give a characterization of factors of
Q x €. Finally, in Section 8, we consider dense embeddings of Q x &,.

2 Preliminaries

Following the example of van Douwen, we call a space crowded if it has no isolated
points. The definitions and equivalences that we will use here can be found in [3]. The
notation X ~ Y means that X and Y are homeomorphic topological spaces.

A C-set in a topological space is an intersection of clopen sets. A topological space
is almost zero-dimensional if it has a neighborhood basis consisting of C-sets. Given
a topological space (X,T)and Ac X, wewrite T 1 A={UnA:U eT}.

Definition 2.1 Let (X,T) be a topological space, and let (Z,W) be a zero-
dimensional space such that X c Z. We will say that (Z, W) witnesses the almost
zero-dimensionality of (X,T) if W | X ¢ T and there is a neighborhood basis of
(X, T) that consists of sets that are closed in W.

It easily follows that a topological space (X, T) is almost zero-dimensional if and
only if there is a zero-dimensional topology W in X that witnesses the almost zero-
dimensionality of (X, T) (see [3, Remark 2.4]).

Let X be a space, and let A be a collection of subsets of X. The space X is called
A-cohesive if every point of the space has a neighborhood that does not contain
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nonempty clopen subsets of any element of A. If A = {X}, we simply say that X is
cohesive.

Let ¢:X - [0,00). We say that ¢ is USC if, for every te (0,00), the set
f[(=o0,1)] is open. Let

M(g) = sup ({lo(x)[:x € X} U {0}),
where the supremum is taken in [0, oo ]. We define

Gy ={{x,9(x)):x € X, p(x) >0} and

LY ={{x,t):xeX,0<t < g(x)}.

We say that ¢ is a Lelek function if X is zero-dimensional, ¢ is USC, {x € X: ¢(x) > 0}
is dense in X, and G(‘f is dense in Lg’ . The existence of Lelek functions with domain
equal to the Cantor set 2 follows from Lelek’s original construction [9] of what is
now called the Lelek fan.

We will need to extend USC functions. Assume that X isaspace, Y ¢ X,and ¢: Y —
[0, 00) is a USC function. Then there is a canonical extension extx(¢): X — [0, c0);
we will not need its definition (which can be found in [3, p. 12]) but only the following

property.

Lemma 2.1[3,Lemma 4.8] Let X be a zero-dimensional space, let Y be a dense subset
of X, let y: Y — [0, 00) be a USC function, and let ¢ = extx (). Then ¢ is USC, v C ¢,
and the graph of y is dense in the graph of ¢.

As mentioned in the introduction, &, is a cohesive almost zero-dimensional space.
An extrinsic characterization of &, is given by Lelek functions as follows: if ¢:2¢ —
[0, 00) is a Lelek function, then G{ is homeomorphic to &, (see [7]). An intrinsic
characterization of &, was given in [2]. We make the following remark about the
descriptive complexity of Q x ..

Remark 2.2 Q x &, is an absolute G,4 and an absolute Fs,.

Proof  To see that Q x &, is an absolute Gy, it is sufficient to notice that Q x &, is
a countable union of Polish spaces.

Next, assume that Q x €. c X where X is any separable metrizable space. For each
geQ,let Fy = {q} x €. Then G = X N\ U{F;:q € Q} isa G5 in X.

Fix g € Q. Since F,, is Polish, we know that F, \ F, is a countable union of sets that
are closed in F, and thus in X. But closed sets in separable metrizable spaces are Gs.
Thus, FTI N F,is Ggg in X.

Since X\ (Qx &) =GuU (U {Fj NFyiqe Q}), we obtain that the complement
of Q x €. isa Gg4, 50 Q x &, itself is F s in X. [
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3 Classes 0L and ¢&

In this section, we define the two classes of spaces £ and ¢& that we will use to
characterize Q x &,. These definitions are made in the spirit of the class CAP(X) from
[12] and classes SLC and E from [3].

Definition 3.1 We define 0L to be the class of all triples (C, X, ¢} such that C is
a compact, zero-dimensional, crowded metrizable space (thus, a Cantor set), ¢: C —
[0,1) is a USC function and X = U{X,:n € w} is a dense subset of C such that, for
each n € w, the following hold:

(a) X, isa closed, crowded subset of C,
(b) Xn c Xn+1>

() ¢ I X, isaLelek function, and

(d) Gg’ 'Xu s nowhere dense in Gg’ st

We will say that a space E is generated by (C, X, ¢) if E is homeomorphic to G X,

As mentioned in the previous section, by the extrinsic characterization of &,
from [7], in Definition 3.1, we will have that Gg’ e s homeomorphic to &, for each
n € w. So, indeed, E is a countable increasing union of nowhere dense subsets, each
homeomorphic to complete Erdés space.

Definition 3.2 We define o€ to be the class of all separable metrizable spaces E such
that there exists a topology W on E that is witness to the almost zero-dimensionality
of E, a collection {E,: n € w} of subsets of E, and a basis 3 of neighborhoods of E such
that

(@) E=U{E;:necw},

(b) foreach n € w, E, is a crowded nowhere dense subset of E,, 1,

(c) foreachn € w, E, is closed in W,

(d) Eis{E,:n € w}-cohesive, and

(e) foreachVep, VnE,iscompactin W | E, for each n € w.

By the intrinsic characterization of &, from [2], we have that, in Definition 3.2, E,,
is homeomorphic to &, for every n € w. So, again, E is a countable increasing union
of nowhere dense subsets, each homeomorphic to complete Erdés space.

We first prove that the space that we want to characterize is an element of ¢€ and
then, that spaces from o€ can be generated by triples from o L.

Lemma31 Qx¢€, eof.

Proof By (2),in [2, Theorem 3.1], there exists a topology W, on €., witness of the
almost zero-dimensionality of €, such that €. has a neighborhood basis 3¢ of subsets
that are compact in W;. Let W be the product topology of Q x (&, W;). Let 8 be the
collection of all sets of the form V x B, where V is nonempty and clopen in @Q, and
B € fo. Choose asequence {F,: n € w} of compact subsets of Q such that (i) F,, ¢ Fy,4;
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for every n € w, (ii) F,41 \ F, is countable discrete, and dense in F,,; for every n € w,
and (iil) Q = U{F,:n € w}.

Let E, = F, x &, for every n € w. We claim that the topology W, the collection
{E,:n € w}, and  satisfy the conditions in Definition 3.2 for Q x &,.

First, notice that W witnesses that Q x &, is almost zero-dimensional. Conditions
(a)-(c) follow directly from our choices.

Next, we prove (d). Let (x, y) € Q x €., andlet m = min{k € w:x € F} }. Since €. is
cohesive, there exists an open set U of &, such that x € U and U contains no nonempty
clopen subsets. Let V be open in Q such that x € V and V n Fy = @ if k < m. Define
W =V x U. Let n € w, and we argue that W n E,, contains no nonempty clopen sets.
This is clear if n < m, so consider the case when n > m. Assume that O c WN E,, is
clopen and nonempty, and consider (a, b) € O. Then ({a} x €.) n O is a nonempty
clopensubsetof {a} x & suchthat ({a} x €.) n O c {a} x U. Thisisa contradiction
to our choice of U. We conclude that (d) holds.

Finally, let us prove (e). Let V x Be fand n € w. Then (V x B)nE, = (VN F,) x
B, which is compact. Moreover, it is clear that f is a basis for the topology of Q x &,.
This completes the proof of this result. |

Proposition 3.2 IfE € o€, then there exists (C, X, ¢) € oL that generates E.

Proof  From Definition 3.2, let us consider for E the witness topology W, the basis
B of neighborhoods, and the collection {E,:n € w}.

We may assume that  is countable. For every B € f3, let By be a countable
collection of clopen subsets of (E, W) such that B=Bp. Then, by a standard
Stone space argument, there exists a compact, zero-dimensional, and metric space C
containing (E, W) as a dense subspace and such that clc(O) is clopen in C for every
O € U{Bp:B € B}. For every n € w, let X,, = clc(E,); notice that X,, nE = E,, since
E, is closed in W. Define X = U{X,:n € w}.

We claim that X is witness to the almost zero-dimensionality of E; we will prove
that B is closed in X for every B € f8. It is enough to prove that if m € w and B € f3 are
fixed, then

(N{clc(0): 0 € Bg}) N Xy = B X (%)

The right side of () is contained in the left side by the definition of Bg. So take z € C
that is not on the right side of (*), and we will prove that it is not on the left side.

We may assume that z € X,,. By the choice of §, we know that B n X,, is compact.
So there is an open set U of C such that z € U and clc(U) n (BN X,,) = @. Let F =
clc(U) N E,,. Notice that F is closed in (E,,;, W I E,;,), and thus in (E, W). Moreover,
since U n X,, is open in X,,, E, is dense in X, and z € U n X,,, then it easily follows
that z € clc(F). Finally, F is disjoint from B because FNB = (clc(U)NE,,)NB =
ce(U)n(BNEy) =clc(U)n(BnX,)=. Then F and B are two disjoint closed
subsets in (E, W), so there exists O € By such that O n F = @. Since clc(O) is open
in K and disjoint from F, it is also disjoint from clc (F). But z € clc (F), so z ¢ clc(O).
This shows that z is not on the left side of (*).

We have proved that X is witness to the almost zero-dimensionality of E. By Lemma
4.11 of [3], there exists a USC function yy: X — [0,1) such that ;5 (0) = X \ E and the
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function ho: E — GJ° defined by ho(x) = (x, yo(x)) is a homeomorphism. By con-
dition (d) in Definition 3.2, we know that G} is { G}° M. 1 € w}-cohesive. Moreover,
{x € X:yo(x) >0} = E, isdense in X,, for every n € w. Lemma 5.9 of [3] tells us that
we can find a USC function y;: X — [0,1) such that y; | X, is a Lelek function for
each 71 € w, and the function h;: GJ° — GJ" given by by ({x, ¥o(x))) = (x, y1(x)) isa
homeomorphism. Now, let ¢ = extc(y;): C — [0,1). Then (C, X, ¢) can be easily seen
to be an element of ¢£ and hy o hg:E - G isa homeomorphism.This completes
the proof of this result. ]

Our main result will be the following.

Theorem 3.3  Let E be a space. Then the following are equivalent:

(i) Eeocé,
(i)  there exists (C, X, ¢) € 0L that generates E, and
(iii) E is homeomorphicto Q x €.

The proof of Theorem 3.3 will be given as follows. First, notice that, by Proposition
3.2, (i) implies (ii). That (iii) implies (i) is Lemma 3.1. Moreover, by Lemma 3.1, 0€ is
nonempty, so 0L is nonempty as well. Thus, in order to prove that (ii) implies (iii), it
is enough to show that any two spaces generated by triples of ¢ £ are homeomorphic.
This will be the content of Section 4.

Given a separable metrizable space X, in [12], CAP(X) is defined to be the class
of separable metrizable spaces Y = U{X,: n € w} such that X,, is closed in X, X, isa
nowhere dense subset of X,,,1, and X,, ~ X for each n € w. So &€ c CAP(€,), but we
do not know whether the other inclusion holds.

Question 3.4 Is 0€ = CAP(&,)?

4 Uniqueness theorem

In this section, we give the proof of Theorem 3.3. Let ¢, y: X — [0,00) be USC
functions. In Chapter 6 of [3], ¢ and y are defined to be m-equivalent if there is a
homeomorphism h: X — Y and a continuous function a: X — (0, o0) such that y o
h = a- ¢. It follows that when ¢ and y are m-equivalent, then G¢ is homeomorphic
to G§ . So, according to the discussion at the end of the previous section, in order to
prove Theorem 3.3, it is sufficient to prove the following statement.

Proposition 4.1 Let (C, X, ¢),(D,Y,y) € 6 L. Then there exists a homeomorphism
h:C — D and a continuous function a: C — (0, 00) such that f[X]=Y and yoh =

a- Q.

The rest of this section will consist on a proof of Proposition 4.1. The construction
of the homeomorphism 4 will require us to use two different techniques and mix
them. First, we need the tools used in [3] to extend homeomorphisms using Lelek
functions.
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Theorem 4.2 [3, Theorem 6.2, p. 26]  If 9: C — [0, 00) and y: D — [0, o0) are Lelek
functions with C and D compact, and t > [log (M (y)/M(¢))|, then there exists a
homeomorphism h: C — D and a continuous function a: C — (0, 00) such that y o h =
a- ¢ and M(logoa) < t.

Theorem 4.3 [3, Theorem 6.4, p. 28]  Let ¢: C — [0, 00) and y: D — [0, 00) be Lelek
functions with C and D compact. Let A c C and B c D be closed such that G " and

Gy '® are nowhere dense in G and G}, respectively. Let h: A — B be a homeomorphism
and a: A — (0,00) a continuous function such that yoh=oa-(@ ' A). If teR is
such that t > [log (M(y)/M(¢))| and M(logoa) < t, then there is a homeomorphism
H:C — D and a continuous function f3:C - (0,00) such that H} A=h, 1 C=a,
yoH=p-¢,and M(logof) < t.

Theorem 4.2 is called the Uniqueness Theorem for Lelek functions; Theorem 4.3 is
the Homeomorphism Extension Theorem for Lelek functions.

The second tool we will need is that of Knaster-Reichbach covers (KR-covers). KR-
covers were used by Knaster and Reichbach [8] to prove homeomorphism extension
results in the class of all zero-dimensional spaces. The term KR-cover was first used
by van Engelen [5] who proved their existence in a general setting. However, in this
paper, we will not need the existence of KR-covers in general. We will only need the
following straightforward result which is a specific case of KR-covers.

Lemma 4.4  Fix a metric on 2¢. Let F c 2° be closed, and assume that U = {U, : n €
w} is a partition of 2° \ F into clopen sets such that, for every € > 0, the set {n € w:
diam(U,) > e} is finite. Assume that h:2° — 2% has the following properties;

(1) his a bijection,

(2) h!F=idp

(3) foreachn e w, h[U,] =U,, and

(4) foreachnew, h | U,:U, - U, is a homeomorphism.

Then h is a homeomorphism.

We then remark that our proof will be an amalgamation of the Dijkstra—van Mill
proof of Theorem 7.5 from [3] and the van Engelen proof of Theorem 3.2.6 from [5].
The functions h and « in the statement of Proposition 4.1 will be uniform limits of
functions. The following discussion can be found in [13].

Let X and Y be compact metrizable spaces, and let p be a metric on Y. In the set
C(X,Y) = {f € YX: fis continuous}, we define the uniform metric p by p(f,g) =
sup{p(f(x),g(x)):x € X}, when f,ge C(X,Y). It is known that this metric is
complete, so we may construct complicated continuous functions using Cauchy
sequences of simpler continuous functions.

For a compact space X, H(X) denotes the subset of C(X,X) consisting of
homeomorphisms. However, even though Cauchy sequences of homeomorphisms
will converge to continuous functions, they will not necessarily converge to a home-
omorphism. In order to achieve this, we will use the Inductive Convergence Criterion.
We present the statement of this criterion as it appears in [5].
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Theorem 4.5 [5, Lemma 3.2.5] Let X be a zero-dimensional compact metric space
with metric p, and for each n € w, let h,: X — X be a homeomorphism. If for every
n € w we have that p(hy.1, hy) < €,, where

&, = min{27", 37" - min{min{p(h; (x), hi (y)):x, y € X, p(x,y) > 1/n} :i < n}},

then the uniform limit h = lim,,_, o h, is a homeomorphism.

The exact values of the numbers ¢, in the statement of Theorem 4.5 are not
important. What we will use is that ¢, is a positive number than can be calculated
once the first #n + 1 homeomorphisms hy, . .., h, have been defined.

Before we continue with the proof of Proposition 4.1, we stop to give two final
ingredients in the proof.

Lemma 4.6 If (C,X,y) € 0L, then there exists a Lelek function ¢:C — [0,1] such
that (C, X, @) € 0L, ¢ | X =y | X and the graph of ¢ | X is dense in the graph of ¢.

Proof Let dy be a metric for C, and consider the metric d((x,y),(z,w)) =
do(x,z) + |y — w| defined on C x [0,1]. Define ¢ = extc(y | X).

We show that ¢ is a Lelek function. Let p € C with ¢(p) >0, ¢ € (0, 9(p)),and ¢ >
0, and we want to find g € G} such that d(g, (p, t)) < . By Lemma 2.1, we know that
the graph of y ' X is dense in the graph of ¢, so there exists k € w and x € X such that
d({x,w(x)), (p, 9(p))) < €/2. We may also assume that y(x) > t. Since y | Xy is a
Lelek function, thereis z € X such thatd({z, y(2)), (x,t)) < &/2.Soletq = (z, y(2)).
We know that y(z) = ¢(z), s0 q € G§. Then

d(q,(p, 1)) do(z, p) + |y(z) - 1]

do(z,x) +do(x,p) +[y(z) - 1]

d({(z,y(2)), (x, 1)) + do(x, p)

d({(z,y(2)), (x, 1)) + d((x,y(x)), (P, o(P)))
ef2+¢/2

[ AN VAN | I VAN ||

This shows that ¢ is a Lelek function. The remaining condition holds directly from
Lemma 2.1. u

The constant function with value 1 will be denoted by 1.

Lemma 4.7 Let F c 2° be closed, and let {V,:n € w} be a partition of 2° \ F into
clopen nonempty subsets. Assume that a:2° — (0, o) has the following properties:

1 alF=T1"F,

(2) limy,eoM(logo(a 1 V,)) =0, and

(3) «a | V, is continuous for each n € w.

Then « is continuous.

Proof Itisenough to prove thatif (x;: i € w) is a sequence contained in 2 \ F such
that x = lim;_,  x; € F, then lim; oo a(x;) = 1.
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Let ¢ > 0. By the continuity of the exponential function, there is § > 0 such that if
te(-0,0),thene’ € (1-¢,1+ ¢).Bycondition (2), there exists N € w such thatifn >
N, then |[M(logo(a | V,,))| < 8. On the other hand, there exists k € w such that if i >
k, then x; € U{V,:n > N}. If i > k, we obtain that |log (a(x;))| < &, so log(a(x;)) €
(-6,0). Thus, a(x;) € (1-¢,1+¢),s0 |a(x;) -1 < e. |

We now prove our main result. In our proof, we will use the tree w<“ of finite
sequences of natural numbers. This includes the concatenation s~ i where s € 0<*
and i € w, that is, the unique sequence with dom(s~i) = dom(s) +1, s ¢ s”i, and

(s7i)(dom(s)) = i.

Proof of Proposition 4.1 ~ Without loss of generality, we assume that C = D = 2,
and we fix some metric p on 2“. By an application of Lemma 4.6, we can assume that
¢ and y are Lelek functions, that the graph of ¢ ' X is dense in the graph of ¢, and
that the graph of y | Y is dense in the graph of y. After this, apply Theorem 4.2, so
we may assume that ¢ = y. Then (2%, X, ¢), (2“, Y, ¢) € 0L, so there are collections
{Xu:n € w}and {Y,:n € w} that satisfy the conditions in Definition 3.1. Notice that
since the graphs of ¢ | X and ¢ | Y are dense in the graph of ¢, it is easy to see that

(%) if U c X is open, then
M(ptU)=sup{M(p 1 UnX;):icw}=sup{M(p | UNY;):iecw}.

Given s € 0, we construct clopen sets Us and V; of 2¢, closed nowhere dense
sets D and E; of X and Y, respectively, and for every m € w, a continuous function
Bm:2¢ — (0,1) and a homeomorphism h,,:2¢ — 2. We abbreviate the composition
hyo---ohg=f, for all new. We will use the Inductive Convergence Criterion
(Theorem 4.5) to make the homeomorphisms converge, so at Step 7, we may calculate
the corresponding ¢, > 0. Our construction will have the following properties:

(a) Uy =Vy=29.

(b) Foreachse w<®, Ds;c Usand E; c V.

(c) Foreverynewandse w”, {Us;:i € w} is apartition of Us \ D and {V;~;:i €
w} is a partition of V; \ E;.

(d) Foreveryn e w, X, c U{Ds:s € 0"} and Y, c U{Es:s € 0*"}.

(e) Foreveryn e wandse ™!, diam(U,) < 27" and diam(V;) < min{27", ¢, }.

(f) Foreverynewandse w”, f,[Ds] = Es.

(g) Foreverynewandse w”, hyy 1 Es =idg,.

(h) Foreveryn e wandsew", £,[Us] = V..

(i) Forevery n, k € w, {s € w":diam(U;) > 27} is finite.

(j) Foreveryn e wandx € 2%, [log(Bn1(x)/Bn(x))| <27".

(k) Foreverynew,¢=(Bn-¢)o f, "

Let us assume that we have finished this construction, and we claim that f =
lim,,_, o f, exists and is a homeomorphism, and f[X] =Y.

First, let x € 2° and n € w. If x € Uen Ds, then f,,(x) = f,41(x) by conditions (f)
and (g). Thus, p(f,(x), far1(x)) = 0. Otherwise, by (c), there exists t € w"*! with x €
U;. By (h), fu(x) € Vi. If x € Dy, by (f) and (b), f,41(x) € E; ¢ V;. Otherwise, by (c),
there is i € w with x € U;~;, so by (h), fy+1(x) € Vi~; € V4. In any case, we obtain that
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frr1(x) € Vi. So p(fu(x), fus1(x)) < &, by the second part of (e). Thus, p(fu, fu+1) <
€y, and we can apply the Inductive Convergence Criterion to conclude that f is well
defined and, in fact, a homeomorphism.

Next, let x € X, so x € X,, for some m € w. Thus, by (d), there exists s € 0*™ such
that x € D. Then fyom(s)(x) € Es ¢ Y by (f). By (g), it inductively follows that f, (x) =
faom(s)(x) for every n > dom(s). This implies that f(x) € Y. A completely analogous
argument shows that if y € Y, then there is x € X such that f(x) = y. This shows that
f[X]=Y.

By (j), we know that {8,:n € w} is a Cauchy sequence with the uniform metric,
so f = lim,_, 8, exists and is a continuous function. Using the first part of (e), it is
possible to prove that { f,': # € w} isalso a Cauchy sequence and converges to f!; this
proof is completely analogous to the proof that f = lim,_,, f,, so we omit it. Then, by
uniform continuity, we infer that lim, ., B, o f;* = B o .. So, using that ¢ is USC
and (k), we obtain the following:

B() - 9(x) = lim £,(x) - p(x)
- lim ¢(f,(x))
<9(f(x))
lim g(fu(;(f()))
Tim £,(f; () 90 (F())
<B(x) - 9(x).

Thus, ¢ o f = 8- ¢. This argument is completely analogous to the one in [3,
Theorem 7.5].

Now, we carry out the construction. Let y: w<“ \ {@} - w be any function such
that y | w™*! is injective for all m € w.

Step 0. Let Uy = Vi = 2%, as in condition (a). From (*), we infer that there exists
kg € w such that

log (M(¢)) —log(M(¢ I Xi,)) <1 and
log (M(¢)) —log(M(e | Yi,)) <L

Define Dy = X, and Ey = Y. Then ¢ | Dy and ¢ | Eg are Lelek functions, and
log(M(¢ I Ez)/M(¢ I Dg))| <1, so we may apply Theorem 4.2 to obtain a home-
omorphism hg: Dy — Ey and a continuous function ag: Dy — (0,00) such that
@ohy=(¢ ! Dy)-ayand M(logoay) < 1. After this, apply Theorem 4.3 to find a
homeomorphism hy:2¢ — 2 and a continuous function 3y:2¢ — (0, c0) such that
ho | Dg =hg, Bo | Dg = ag, ¢ o hg = ¢ - Py, and M(logoay) < 1.

Notice that since kg = fo, this implies (k) for n = 0. Let {V,;: n € w} be a partition
of Eg into clopen sets with their diameters converging to 0. We may assume that
diam(V,) < min{ep,1} for every n € w. We define U, = h; [V,] for each n € w.
Without loss of generality, we may assume that for all n € w, diam(U,) < 1. With this,
we have finished Step 0 in the construction.
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Inductive step: Assume that we have constructed the sets D, E; for s € w=", the

sets Uy, V; for s € ™"*!, the homeomorphisms h; for i < m, and the continuous
functions 8; for i < m. Notice that by condition (c), it inductively follows that
U{Ds:s € @™} and U{E;:s € =™} are closed because their complement is U{Us :
se ™}, and U{V; : s € 0™}, respectively.

Fix t € @™*!. First, notice that by (*) we have that there exists k; €  such that

log (M(p 1 Vi) ~log (M(¢ 1 Vin Yy,)) <27 (),

Notice that ¢ | V; nYy, is a Lelek function.

Recall that (k) says that ¢ = (B,, - @) o f,'. In particular, this implies that ¢ | V; =
(Bm @) I Uso f;1 1 Vi; from this, we infer the following. First, using (*), we may
assume that k; € w is such that

log (M(¢ I V;)) —log (M(¢ I Vi fu[Xy,])) <27 (m(0),

Moreover, ¢ | Vi N f,,[ X, ] is a Lelek function.

So define Dy = V; N fu[ Xy, ] and E; = Vi n Yy,. Then ¢ | D; and ¢ | E; are Lelek
functions, and [log(M (¢ | E;)/M(¢ I D;))| < 2~ "*¥(1) 50 we may apply Theorem
4.2 to obtain a homeomorphism ﬁt: D; - E; and a continuous function @;: D; —
(0, 00) such that ¢ o h, = ¢ - @ and M(logo@,) < 2-"+7())_Then apply Theorem
4.3 to find a homeomorphism h;: V; - V; and a continuous function a;: V; — (0, c0)
such that b, | D, = hy, o | Dy = 60, pohy=¢ | Vi a;and M(logoa,) < 2~ (my(D)

Let E,, = U{Es:s € @™ }. Then define

Byt = idg, U J{hss € 0™},
and by Lemma 4.4, it follows that /1, is a homeomorphism. Moreover, define
Ami1 =1 P EpuU{ags e 0™},

and Bu41(x) = a1 (fin(x)) - B (x) for all x € 2°. By Lemma 4.7, a,,41 is continu-
ous, s0 f3;,4+1 is continuous.

Now, fix t € ™*! again. Write V; \ E, as a union of a countable, pairwise disjoint
collection of clopen sets, all diameters of which are smaller than min{e,,,27"} and
converge to 0. Let {V;~;:i € w} be such partition, and for each i € w, let Us~; =
fr1[ Vi~i]- Without loss of generality, we may assume that for i € w, diam(U;~;) <
27",

We leave the verification that all conditions (a)-(k) hold in this step of the
induction to the reader. This concludes the inductive step and the proof of this
result. ]

5 The hyperspace of finite sets of &,

For a space X, K (X) denotes the hyperspace of nonempty compact subsets of X with
the Vietoris topology. For any n € N, F,(X) is the subspace of K(X) consisting of
all nonempty subsets that have cardinality less than or equal to n, and F(X) is the
subspace of K(X) of finite nonempty subsets of X.
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Given n € N and subsets Uy,...,U, of a topological space X, {{(Up,...,U,))
denotes the collection {F € X(X):F c U;_o Uk, Fn Uy # @ for k < n}. Recall that
the Vietoris topology on X(X) has as its canonical basis all the sets of the form
{{(Uo, ..., U,)), where Uy is a nonempty open subset of X for each k < n.

Foreachn e N,let7r,: X" - F,(X) bedefined by 7, (xo, - .., Xn-1) = {x0>-+->Xn-1}
It is known that this function is continuous, finite-to-one, and in fact it is a quotient
[11, Proposition 2.4, part 3].

Lemma 5.1[15]  Let X be a space that is { A, : s € S}-cohesive, witnessed by a basis B
of open sets. Consider the following collection of subsets of F(X):

A={mp[As, x - x A, ]ineN, Vie{l,...,n}(s; €S)}.

Then F(X) is A-cohesive, and the open sets that witness this may be taken from the
collection C = {{{Uy,..., U, ):Vie{l,...,n}(U; € B)}.

Before starting the proof, we remind the reader that if X is separable and metriz-
able, then K (X) is also separable and metrizable (see [11, Proposition 4.5, part 2],
[11, Theorem 4.9, part 13]). Thus, with the Vietoris topology, we are not leaving our
self-imposed universe of discourse.

Proposition 5.2 F(€.) e g€.

Proof  According to (2) in [2, Theorem 3.1], there is a witness topology W, for &,
and a basis 3¢ for &, of sets that are compact in Wy. Let W, be the Vietoris topology in
K(€;, Wy),and define W = W; | F(€&,). Let § be the collection of all sets of the form
((Uo, ..., Un)) nF(&.) where n € w and U; € f3, for each j < n. Moreover, for every
new,let E, = F,1(€.). We will now check that these choices satisfy the conditions
in Definition 3.2.

By [11, Proposition 4.13, part 1], we know that W, is zero-dimensional, so W is also
zero-dimensional. In [14, Proposition 2.2], it was proved that W witnesses that F(&,)
is almost zero-dimensional. Condition (a) clearly holds.

For (b), fix n € w. Since &, is crowded and F,,1(€,) is a continuous image of
€"*! (under the function 7,,; defined above), then F,,;(€&,) is crowded. Recall
that F,(X) is always closed in K(X) for any topological space X and all n € N [11,
Proposition 2.4, part 2]. Thus, we only need to show that F,,,2(€.) N Fpi 1 (€,) is
dense in F,,,(&,); this is well known, but for the reader’s convenience, we give a
short proof. Since &, has no isolated points, then the set D of all x € &"*2 such that
if i,j<n+2and i# j, then x(i) # x(j) is easily seen to be dense in &"*2, Then
Tn+2[ D] = Frea(E) N F 1 (€, ) is dense in F, 15 (€, ). This proves (b).

Moreover, F,,.1(€.) is W-closed in F(&,) for all n € w, which implies (c). Let
S ={0} and Ay = &,. The collection A from Lemma 5.1 is equal to {F,41(E.):n €
w}. Thus, by Lemma 5.1, we obtain (d). Finally, it was proved [14, Proposition 3.4]
that if Ue B and n € w, then Un F,41(€E,) is compact in W I F,11(€,), which
implies (e). [ |

Corollary 5.3 F(&.)~Qx €.
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Here, it is natural to ask about F(Q x &,), and we will prove that this space is
homeomorphic to Q x & as well.

Proposition 5.4 LetE € 0. Ifn €N, then F,(E) € o&.

Proof LetW, {E,:n € w}, and f3 be witnesses of E € ¢&. By [14, Proposition 2.2],
the Vietoris topology Wy of F,,(E, W) witnesses the almost zero-dimensionality of
F,(E).Foreach m € w,let Z,, = m,,[ E" ]. We define B to be the collection of the sets
of the form {{Up, ..., Ux)) where k < w and U; € f3 for every i < k. We claim that W,,
{Zy : m € w}, and P, witness that F,(E) € €.

Conditions (a)-(c) are easily seen to follow. By Lemma 5.1, we infer that &, (E) is
{Fu(En): m € w}-cohesive, which is (d). Now, let U = ({Up, ..., Ug)) € Boand m € w.
Notice that Un Z,, c {{Up N Ey, ..., Ux N Ey)). Now, by the choice of f3, we know
that U; N E,, is compact in W for every i < k. Thus, the set {{Upg N Epy, ..., Uy N Ep))
is compact in Wy. Since U n Z,, is closed in Wy, it is also compact. This proves (e)
and completes the proof. ]

Proposition 5.5 IfE € o€, then F(E) € o&.

Proof LetW, {E,:n € w}, and B be witnesses of E € g€. Let W be the Vietoris
topology of F(E, W). For each m € w, let Z,, = m,[Ell]. We define B, to be the
collection of the sets of the form (U, ..., Ux)) where k < w and U; € 8 for every
i < k. The proof that Wy, {Z,, : m € w}, and B witness that F(E) € o€ is completely
analogous to the proof of Proposition 5.4, and we will leave it to the reader. ]

Corollary5.6 IfneN, thenF,(Qx €.) » Q x €.. Moreover, F(Q x €,) » Q x €.

6 The o-product of &,

Given a space X, a cardinal , and e € X, the support of x with respect to e is the set
supp, (x) = {& € k:x(«) # e}. Then the o-product of k copies of X with basic point e
iso(X,e)" = {x e X":|supp,(x)| < w} asasubspace of X*. It is known that o (X, e)"
is dense in X".

Now, consider X = &.. Since &, is homogeneous, the choice of the point e is
irrelevant. Denote o (€, e) = 0&¥. Since g€ is separable and metrizable, it is
natural to ask the following.

Question 6.1 Is 0¢.“ homeomorphic to Q x €2

We were unable to answer this question, but we make some comments. At first,
it seems that it would be possible to prove that ¢&.“ € ¢€ using the following
stratification. Given # € w, define 0, &, = {x € ¥:supp,(x) c n}.Itis easy to see that
0,€, is closed in ¥ and homeomorphic to € for each # € w; so, in fact, it is a closed
copy of &, if n # 0. In fact, using an argument similar to the one in [3, Remark 5.2,
p. 21], it is possible to prove the following.

Lemma 6.2 0¢.” is {0,E.:n € N}-cohesive.
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Furthermore, a natural witness topology for 0&¥ can be obtained by using the
restriction of the product topology of the witness topology for &,. The reader will not
find it difficult to prove that properties (a)-(d) of Definition 3.2 hold, but property
(e) does not hold. Thus, it is possible that ¢@¥ is a different type of space from
Q x &,.. Notice that a negative answer to Question 6.1 implies a negative answer to
Question 3.4.

7 Factors of Q x &,

Recall that a space X is a factor of a space Y if there is another space Z such that
X x Z ~ Y. In [2], the factors of &, were characterized, and in [3], the factors of &
were characterized. So we found it natural to try to characterize the factors of Q x €&,.

Lemma 71 (a) Q x €&, does not contain any closed subspace homeomorphic to E?.
(b) Q x &, does not contain any closed subspace homeomorphic to €.

Proof  Assume that e: € - QQ x &, is a closed embedding. Choose some enumer-
ation Q = {g,:n € w}. Notice that F, = e~ [{g,} x €.] is a closed subset of € for
every n € w. By the Baire category theorem, there exists m € w such that F,, has
nonempty interior in . Recall that every open subset of 2 has a closed copy of &%
(see the proof of [4, Corollary 3.2]). Thus, this implies that there is a closed copy of &¢
in {gn } x €.. However, € is cohesive by [3, Remark 5.2], and every closed cohesive
subset of &, is homeomorphic to €, by [2, Theorem 3.5]. This is a contradiction to [4,
Corollary 3.2]. Thus, (a) holds.

Now, assume that e: & - Q x €, isa closed embedding. Again,letQ = {g,:n € w}
be an enumeration, and let F,, = e [{q,} x &.] for every n € w. Since e is a closed
embedding, for every n € w, F, is homeomorphic to a closed subset of &, so it is
completely metrizable. This implies that € is an absolute G, and this contradicts [3,
Remark 5.5]. This completes the proof of (b). [ ]

Theorem 7.2 For a nonempty space E, the following are equivalent:

(1) Ex (Q x €&,) is homeomorphic to Q x &,

(2) Eisa (Qx &.)-factor,

(3) there are a topology W on E witnessing that E is almost zero-dimensional, a col-
lection of W-closed nonempty subsets {E, : n € w}, and a basis of neighborhoods
B such that

Proof Condition (1) clearly implies (2).

Next, we prove that (2) implies (3). Since E is a Q x €.-factor, there is a space Z
suchthat Ex Z ~ Q x .. Let W, {X,:n € w}, and 8 be witnesses of E x Z € g€ as in
Definition 3.2. Fix a € Z, and let A = E x {a}; we may choose a in such a way that A n
Ep + @. We define E,, = X, n A forevery n€ w, Wo =W } A,and Bo = {UnNA: U ¢
B}. It is not hard to prove that these sets have the corresponding properties (i)-(iii)
replacing E for A.

Finally, we prove that (3) implies (1). Let Wy, {E,:n € w}, and S as in item (3)
for E. Let W, {X,:n € w}, and 8 witness that Q x &, as in Lemma 3.1. Let W, be
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the product topology of (E, Wy ) x (Q x &, W). Notice that E,, x X,, is W;-closed for
every n € w. Thus, W) clearly witnesses that E x (Q x &) is almost zero-dimensional.
Finally, let ; = {U x V:U € o, V € B }.

We claim that Wy, {E, x X,:n € w}, and f; witness that Ex (Qx &.) € ¢€.
Conditions (a)-(c) are easily checked. By [3, Remark 5.2], we obtain that E x (Q x &)
is {E, x X,:n € w}-cohesive. Finally, given U x V € ; and n € w, since UNE,, is
compact in Wy and V n X,, is compact in W, then (U x V) n (E, x X,,) is compact
in W;. This concludes the proof. ]

Question 7.3  Can we remove the mention of the zero-dimensional witness topology
in Theorem 7.2 by adding the following statement? (4) E is a union of a countable
collection of C-sets, each of which is a &.-factor.

Lipham has informed us that, however, if we change “C-sets” to “closed sets” in
(4) of Question 7.3, the resulting statement is not equivalent to E being a (Q x &,)-
factor. This is because, in [10], he gave an example of an F, subset of &, that is not an
&-factor.

Corollary 7.4 (i) Every € -factor is a (Q x &.)-factor.

(ii) The space Q is a (Q x &.)-factor but is not an €. -factor.
(iii) Every (Q x €.)-factor is an E-factor.

(iv) The space € is an €-factor that is not a (Q x &.)-factor.
(v) 'The space €¢ is an E-factor that is not a (Q x €.)-factor.

Proof  For (i), let X be an & -factor. By [2, Theorem 3.2], X x &, » €. Thus, X x
(Q@x¢e)~»Qx(Xx€E.)~Qx €&, For (ii), notice that since Q x Q ~ Q, then Q is
a (Q x €,)-factor, but it is not an & -factor because it is not Polish. For (iii), let X
be a (Q x &,)-factor. By [3, Proposition 9.1], €. x Q“ ~ €. Thus, X x € » X x (&, x
Q) »Xx(Qx€E)xQ°~(QxE)xQ”~ ¢, xQ ~ €& For (iv), it is clear that &
is an E-factor. However, € is nota (Q x &, )-factor because in that case Q x &, would
have a closed copy of € and we have proved that this is impossible in Lemma 7.1. For
(v), recall that €¢ is an &-factor by [3, Corollary 9.3] and it cannot be a (Q x &,)-
factor, again by Lemma 7.1. ]

8 Dense embeddings of Q x €&,

In this section, we consider when Q x &, can be embedded in almost zero-
dimensional spaces as dense subsets. Since every countable dense subset of &, is
homeomorphic to Q and €2 ~ &, we obtain the following.

Example 8.1 There is a dense F, subset of &, that is homeomorphic to Q x &,.

Moreover, using an analogous argument, ¢ can be shown to contain dense subsets
that are homeomorphic to Q x ¢, so they are nonhomeomorphic to Q x €. by
Lemma 71. Thus, we make the following questions.
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Question 8.2 Let X c &, be dense and a countable union of nowhere dense C-sets.
If X is cohesive, is it homeomorphic to Q x & ?

Question 8.3  Is there a dense F, subset of €2 that is homeomorphic to Q x &.?

Notice that Question 8.2 is related to Question 3.4. Moreover, a positive answer
to Question 6.1 implies a positive answer to Question 8.3. We recall that it is still
unknown whether the hyperspace K (€, ) ishomeomorphic to &, or €¢ (see Question
5.5 of [14]), but now, we know that it has a dense copy of Q x &, by Corollary 5.3.
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